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1. Introduction

In this paper, we study contact symmetries of general second-order nonlinear evolution equations of the form
ut ¼ Fðt; x;u;u1;u2Þ; ð1Þ
where u ¼ uðt; xÞ;ut ¼ @u=@t; ui ¼ @ iu=@xi (i 2 NÞ, and F is an arbitrary sufficiently smooth real-valued function with Fu2 – 0.
In fact, we intend to construct all possible forms of the function F such that the corresponding equation admits nontrivial
contact transformation group which contains a semi-simple subgroup. The class (1) includes a number of important and
fundamental equations of modern mathematical and theoretical physics, such as the heat, Fisher, Newell–Whitehead and
Burgers equations, to mention just a few (see, e.g., [17,22,31]).

Lie group analysis is universally recognized as a versatile and convenient tool for analysis of partial differential equations
(PDEs). However, there is a necessary prerequisite for efficient utilization of any group-theoretical method. Namely, the
equation under study has to admit a nontrivial Lie group. By this very reason, the problem of group classification of nonlinear
PDEs has attracted so much attention and resulted in numerous publications recently.

In the case when a transformation involves dependent and independent variables only, it is called point transformation.
For the more general case of transformation including first derivatives of the dependent variables, the term contact
transformation has been adopted in the literature. Nowadays, the point group classification of the class (1) has been
extensively studied (see [32,3,33] and the references therein). In contrast, much less attention has been devoted to the
contact symmetries of the class (1).

The notion of contact (tangential) transformation within the context of differential equations (DEs) was first presented in
Sophus Lie’s doctoral thesis [15]. He obtained a number of classical results on contact symmetries of ordinary differential
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equations (ODEs). In addition, Lie described linear PDEs in two independent variables admitting contact symmetries [16].
Classification of contact symmetry groups of wave and related equations has been performed in [8]. Contact transformations
of nonlinear hyperbolic type equations have been studied in [13,19–21]. The paper [27] tackles the contact symmetry
reduction of second-order PDEs. The inter-relationship between contact symmetries and conservation laws has been
investigated in [14]. Recently, local conservation laws of second-order evolution equations have been classified up to contact
equivalence [25], and the action of contact equivalence transformation on low-order conservation laws of evolution
equations of an arbitrary order has been considered in [26]. The concept of discrete transformation group has been modified
to include contact transformations in [11].

Sokolov [28,29] dealt with the evolutionary symmetries of the evolution equations
ut ¼ Fðx;u;u1;u2; . . . ; unÞ; n P 2; ð2Þ
and Magadeev [18] performed contact group classification of the equations of the form
ut ¼ Fðt; x;u;u1;u2; . . . ; unÞ; n P 2: ð3Þ
They obtained a number of nontrivial results on structure and dimension of contact symmetry algebras and described all
possible realizations of symmetry algebras of the equations above by Lie vector fields over the field of complex numbers.

What is missing in the research of Sokolov and Magadeev is analysis which of the symmetries listed in [29,18] can be
admitted by nonlinear evolution equations in the class (3) of a specific order n. What they have provided is the existence
theorem, meaning that for any symmetry presented in [29,18] there exists an order n such that the corresponding PDE
(3) can admit the symmetry in question. To utilize the results of [29,18] for complete description of second-order evolution
equations admitting contact symmetries, one needs to solve the determining equations (if they are compatible) for each
presented Lie algebra realization.

Consequently, description of all possible realizations of admissible symmetry algebras is only part of the group classifi-
cation of nonlinear evolution equations. Another crucial element of the classification is an actual construction of inequivalent
invariant equations of the form (3). Construction of invariant equations has not been considered in the papers [28,29,18] and
therefore their solutions of group classification problem of the class (3) is incomplete, to some degree.

One more important point is that the method for computing algebras of contact symmetries developed by Sokolov relies
heavily on the fact that an evolution equation by definition involves only the first-order derivative in the temporal variable t.
As a result, the transformation law for t involves t only and the variable t enters contact symmetry almost like a parameter.
This ensures that contact symmetries of an evolution PDE are closely related to contact symmetries of ordinary differential
equations (ODEs) obtained by putting ut ¼ 0. So that efficiency of Sokolov’s approach relies on the well-known classification
of contact symmetries of ODEs. In fact one can search for finite-dimensional contact symmetries of (3) by considering linear
combinations of the generators of contact symmetries of the corresponding ODEs and of the operator @t with coefficients
depending on t. In addition, the evolution equations that admit infinite-dimensional contact symmetry groups are known
to be linearizable. Evidently, such approach has limited applicability beyond the class of parabolic type PDEs.

In this paper, we develop the alternative approach to classification of contact symmetries of PDEs, which is also a varia-
tion of the infinitesimal Lie method. As an application, we perform group classification of second-order evolution equations
of the form (1) admitting contact symmetries. We solve completely the problem of constructing all inequivalent realizations
of contact transformation groups containing semi-simple sub-groups. Utilizing these results, we construct all Eqs. (1) that
are invariant with respect to semi-simple groups or groups containing semi-simple subgroup.

The approach of this paper is the direct generalization of the method used in our papers [3,33] to classify Lie point sym-
metries of second-order evolution equations. Action of the group of contact transformations imposes stronger equivalence
relations than that of point transformations. By this very reason, we get fewer inequivalent realizations than we did for the
case of point transformation groups in [3,33]. Any symmetry algebra containing a semi-simple subalgebra obtained in [3,33]
is equivalent to one of the realizations derived in this paper with respect to a suitable contact transformation.

If a finite-dimensional algebra L contains the radical N (the largest solvable ideal in L), then due to the Levi–Mal’cev
theorem, there exists a semi-simple subalgebra S such that.
L ¼ S N; ð4Þ
where S is the Levi factor. The relation (4) is called the Levi decomposition of L. Consequently, any Lie algebra falls into one of
the following three categories: (i) semi-simple algebra, (ii) solvable algebra, and, (iii) semi-direct sum of solvable and
semi-simple algebra.

Here we restrict our considerations to the cases when symmetry group is either semi-simple or have a nontrivial Levi
factor. Note that we have obtained the complete group classification of the PDEs of the class (1) invariant under solvable
groups of contact transformations of the dimension n 6 4 in [10].

If one adopts the definition of potential symmetry of evolution PDEs suggested by Bluman in [5,6], the following assertion
holds. Any potential symmetry of this type admitted by an evolution equation in one spatial dimension can be mapped into a
contact symmetry of a related evolution equation of the same order [9,25,26,34]. Consequently, group classification of the
class (1) admitting contact symmetries yields, as a by-product, description of PDEs possessing potential symmetries. In other
words, it provides nontrivial insight into the largely unexplored world of non-local symmetries of PDEs, since a potential
symmetry is a specific case of nonlocal symmetry.



186 Q. Huang, R. Zhdanov / Commun Nonlinear Sci Numer Simulat 26 (2015) 184–194
To classify the class (1) admitting contact symmetries, we modify the classification approach of [32] based on point sym-
metries. Our group classification procedure is implemented in three major steps. First, we compute the most general group of
contact symmetries that leaves the class (1) invariant. This yields the classifying equation for infinitesimal symmetry
generator and unknown function F. And what is more, one gets the explicit form of the equivalence group of contact
transformations for (1). Second, based on the well-known results on classification of low-dimensional abstract Lie algebras
(see, e.g., [2,4,30]), we describe all inequivalent realizations of contact symmetry algebras by basis infinitesimal generators
admitted by (1). Finally, we solve the classifying equations for the obtained realizations of Lie algebras, which gives the
explicit forms of invariant equations.

The paper is organized as follows. In Section 2, we give a summary of the necessary facts and definitions which are used
throughout the paper. There the classifying equation for the function F is also given. Section 3 is devoted to the classification
of the class (1) admitting semi-simple groups. In Section 4, we construct all inequivalent equations of the form (1) which
possess symmetry algebras with nontrivial Levi factors. The last section contains a brief discussion of the results obtained.

2. Admissible transformations of evolution equations

To keep exposition self-contained, we summarize below the well-known facts from the theory of contact symmetries of
evolution equations. An interested reader can find further details in the monographs [1,7,12,23].

It is common knowledge that the most general contact transformation group admitted by (1) is generated by the
infinitesimal operator
Vg ¼ �gut
@t � gu1

@x þ ðg � utgut
� u1gu1

Þ@u þ ðgx þ u1guÞ@u1 þ ðgt þ utguÞ@ut ; ð5Þ
where the arbitrary real-valued smooth function g ¼ gðt; x;u;ut ;u1Þ is called generating function or contact Hamiltonian for
the vector field Vg . Since function g uniquely defines Vg , we usually use g as a short form of Vg throughout the paper. Vg can
also be represented in the equivalent form of Lie-B€acklund vector field (LBVF)
g@u þ ðDxgÞ@u1 þ ðDtgÞ@ut þ ðD
2
x gÞ@u2 þ � � � ; ð6Þ
where Djþ1
x ¼ DxðD j

xÞ, the symbols Dt and Dx stand for the total differentiation operators with respect to the variables t and x,
respectively. Namely,
Dt ¼ @t þ ut@u þ utt@ut þ uxt@u1 þ � � � ;
Dx ¼ @x þ u1@u þ utx@ut þ u2@u1 þ � � � :
Furthermore, provided the generating function g is linear in ut and u1
g ¼ gðt; x;uÞ � sðt; x;uÞut � nðt; x; uÞu1;
both the vector field (5) and LBVF (6) are equivalent to the vector field sðt; x;uÞ@t þ nðt; x;uÞ@x þ gðt; x;uÞ@u which generates
Lie group of point transformations. If g do not explicitly depend on t and ut , it is called evolutionary symmetry [29].

As the form of (6) is uniquely determined by the corresponding function g, it is convenient to use the shorthand notation
g@u instead of its full version (6). The class (1) is invariant under the LBVF g@u or, equivalently, under the vector field (5) if
and only if the condition
½gFu þ DxgFu1
þ D2

x gFu2
� Dtg�jut¼F ¼ 0
holds.
Inserting ut ¼ F and its differential consequences into the invariance criterion and splitting the obtained relation with

respect to the functionally independent variables yield an over-determined system of linear PDEs for unknown functions
g and F. Solving it, we arrive at the following assertion.

Lemma 1. The most general contact symmetry admitted by (1) is of the form
gðt; x;u;ut ;u1Þ ¼ aðtÞut þ Gðt; x; u;u1Þ; ð7Þ
where a and G are real-valued functions satisfying the classifying equation
� Gu1 Fuu1 þ Fu2 Guu2 þ 2Fu2 Gu1xu2 þ 2Fu2 Guxu1 þ Fu1 Guu1

þ Fu2 Guuu2
1 þ Fu2 Gu1u1 u2

2 þ 2Fu2 u1Gu1uu2 þ FuGþ Fu2 Gxx

� Gu1 Fx þ Fu1 Gx � aFt � FGu � atF � Gt ¼ 0:

ð8Þ
Hence the problem of classifying the contact symmetries of the class (1) reduces to constructing all possible solutions of
(8). The difficulty, however, is that (8) is an under-determined system of one PDE for three unknown functions a;G and F. To
proceed with the classification, we need to get additional information on the structure of a;G and F. This information is
provided by the classical results on the structure of abstract low dimensional Lie algebras.
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Following the approach of [32], we have succeeded in obtaining constraints on the admissible forms of the functions a
and G. This enabled constructing all inequivalent contact symmetries of the form (7). Inserting the obtained functions a
and G into classifying equations and solving the latter, we derive the explicit forms of F.

We now look for contact transformations which map the class (1) onto itself and form the contact equivalence group of
(1). The direct computation shows that the contact equivalence group admitted by the class (1) read as
~t ¼ TðtÞ; ~x ¼ Xðt; x;u;u1Þ; ~u ¼ Uðt; x;u; u1Þ; ð9Þ
where the functions T;X and U satisfy the regularity
Tt – 0; rank
Xx Xu Xux

Ux Uu Uux

� �
¼ 2
and tangency conditions
Xu1 ðu1Uu þ UxÞ ¼ Uu1 ðu1Xu þ XxÞ: ð10Þ
Consider now the action of a contact transformation on the generating function and the corresponding equation. One can
verify by straightforward computation that contact transformation (9) maps the generating function
~gð~t; ~x; ~u; ~u~t ; ~u~xÞ ¼ ~að~tÞ~u~t þ eGð~t; ~x; ~u; ~u~xÞ
of contact symmetry of the equation
~u~t ¼ eF ð~t; ~x; ~u; ~u~x; ~u~x~xÞ
into the generating function
gðt; x;u;ut ;u1Þ ¼
~aðTÞ

_T
ut þ

DðXÞ
J

DðXÞUt � DðUÞXt

DðXÞ _T
~aðTÞ þ eGðT;X;U; ~u~xÞ

" #
; ð11Þ
and the equation reduces to
ut ¼
DðXÞ

J
_TeFðT;X;U; ~u~x; ~u~x~xÞ þ Xt ~u~x � Ut

h i
:

Here D ¼ @x þ
P1

i¼0uiþ1@ui
, D2 ¼ D � D; J ¼ DðXÞUu � DðUÞXu and
~u~x ¼
DðUÞ
DðXÞ ;

~u~x~x ¼
DðXÞD2ðUÞ � DðUÞD2ðXÞ

½DðXÞ�3
:

The formulas above reflect the simple fact that there exist infinitely many equivalent realizations of a contact symmetry.
Choosing appropriately the transformation functions T;X and U in (9), one can obtain g of the canonical form. If a contact
symmetry can be mapped into a point symmetry by a suitable contact transformation, it is called reducible symmetry.
Reducibility is an important concept in the theory of contact transformation groups and Lie algebras of contact vector fields
[7]. Given a choice, inequivalent representatives of reducible contact realizations should be chosen among point realizations
of the corresponding group or algebra. So, whenever possible, the generating function g should be transformed to become
linear in ut and u1.

Lemma 2 ([28,29,18]). Given an arbitrary generating function (7), there exists contact transformation (9) reducing it to either 1
or ut.

Solving the corresponding classifying equations yields the forms of all inequivalent equations belonging to (1) admitting
one-dimensional Lie algebras of contact symmetries.

Theorem 1. There exist only two inequivalent equations in the class (1) invariant under one-parameter contact symmetry groups
A1
1 ¼ huti : ut ¼ Fðx;u;u1;u2Þ;

A2
1 ¼ h1i : ut ¼ Fðt; x;u1;u2Þ:
Next, we give the definition of the Lie bracket for generating functions f and g, which corresponds to the commutation
relation of the respective LBVFs. Denoting
f �ðgÞ ¼ f ut
Dtg þ f ug þ f u1

Dxg;
we define the Lie bracket as follows
½f ; g� ¼ g�ðf Þ � f �ðgÞ:
Computing the right-hand side of the above formula gives
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½f ; g� ¼ ðgut
f u � f ut

guÞut þ ðgu1
f u � f u1

guÞu1 þ gut
f t � f ut

gt þ gu1
f x � f u1

gx þ fgu � gfu: ð12Þ
Hence we find that ½f ; g� does not depend on u2;utx or utt . Consequently, contact symmetries of the class (1) form a Lie algebra
with respect to the so defined Lie bracket. It is straightforward to verify that ½Vf ;Vg � ¼ V ½f ;g�, where ½Vf ;Vg � is the standard Lie
bracket and ½f ; g� is given by (12).

In what follows, we will concentrate on the PDEs of the form (1) invariant under semi-simple algebras and algebras
having nontrivial Levi factors.

3. Equations invariant under semi-simple Lie algebras

In this section, we analyze equations from the class (1) whose contact symmetry algebras are semi-simple.
The lowest possible dimension of a semi-simple Lie algebra is three. There are two non-isomorphic three-dimensional

semi-simple Lie algebra over the real field, namely,
slð2;RÞ : ½g1; g2� ¼ g1; ½g1; g3� ¼ 2g2; ½g2; g3� ¼ g3;

soð3Þ : ½g1; g2� ¼ g3; ½g1; g3� ¼ �g2; ½g2; g3� ¼ g1:
Note that only non-zero commutation relations are given. The following assertion holds.

Theorem 2. There are at most three appropriate inequivalent contact realizations of the Lie algebra slð2;RÞ. The realizations and
the corresponding invariant equations are as follows
sl1ð2;RÞ ¼ h1;uþ xu1;u2 þ 2xuu1i : ut ¼ xu1F t;
3u1 þ 2xu2

x4u3
1

� �
;

sl2ð2;RÞ ¼ h1;uþ xu1;u2 þ 2xuu1 þ u1i : ut ¼ ðu1 � x2u2
1Þ

1
2F t;

u2 þ 6xu2
1 � 4x3u3

1

ðu1 � x2u2
1Þ

3
2

 !
;

sl3ð2;RÞ ¼ hut ;�tut þ xu1; t2ut � 2txu1 � u1i : ut ¼ �x2u1 þ
1
u1

F u;
u2

u2
1

� �
:

What is more, any contact realization of the algebra soð3Þ is equivalent to
so1ð3Þ ¼ h1; tan x sin u� u1 cos u; tan x cos uþ u1 sin ui:
The most general so1ð3Þ invariant equation in the class (1) has the form
ut ¼ ðsec2 xþ u2
1Þ

1
2F t;

u2 cos x� ð2þ u2
1 cos2 xÞu1 sin x

ð1þ u2
1 cos2 xÞ

3
2

 !
:

Proof. We begin by analyzing inequivalent realizations of the algebra slð2;RÞ. Choosing the basis operators gi ði ¼ 1;2;3Þ in
the general form (7), inserting them into the commutation relations of slð2;RÞ, and solving the equations obtained provide all
possible realizations of the algebra under study.

In view of Lemma 2, we can assume, without any loss of generality, that one of the basis elements, say g1, can be reduced
to 1 or ut . We consider the case g1 ¼ 1 in full detail.

Let g1 ¼ 1 and g2; g3 be of the form (7). Inserting g2; g3 into the first two commutation relations from slð2;RÞ gives
g2 ¼ uþ /ðt; x;u1Þ:
Hereafter / is an arbitrary real-valued smooth function of indicated variables.
To get all possible forms of the function g2, we need contact transformations (9) preserving the basis element g1 ¼ 1,

namely,
~g1 ¼ 1! g1 ¼
DðXÞ

J
¼ 1:
Hence, we conclude that
DðXÞ
DðXÞUu � DðUÞXu

¼ 1 ð13Þ
and
Xu1 DðUÞ ¼ Uu1 DðXÞ: ð14Þ
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Eq. (13) can be rewritten as follows
1 ¼ Uu �
DðUÞ
DðXÞ Xu: ð15Þ
Consider the cases Xu1 – 0 and Xu1 ¼ 0 separately.
Case 1. If Xu1 – 0, then it follows from (14) that DðUÞ=DðXÞ ¼ Uu1=Xu1 . Inserting this expression into (15) gives the first

order linear PDE
Xu1 ¼ Xu1 Uu � XuUu1
for U. Writing its associated system of ODEs in symmetric form as follows
dt
0
¼ dx

0
¼ du

Xu1

¼ du1

�Xu
¼ dU

Xu1
and solving the obtained equations, we get the functionally-independent first integrals t; x;X and U � u.
Consequently, we can choose the contact transformation in the form
~x ¼ Xðt; x;u;u1Þ; ~u ¼ uþ Yðt; x;XÞ: ð16Þ
In view of (16), tangency condition (14) leads to
Xu1 ðu1 þ YxÞ ¼ 0;
whence
Yx ¼ �u1: ð17Þ
Thus the most general contact transformation leaving g1 ¼ 1 invariant is given by (16), where Y satisfies the condition (17).
Case 2. If Xu1 ¼ 0, we have DðXÞ – 0 (otherwise X ¼ XðtÞ and the non-degeneracy assumption does not hold).

Consequently, (14) implies that Uu1 ¼ 0 and contact transformation (9) turns out to be a point transformation.
It follows from (15) that the relation
Xx þ u1Xu ¼ XxUu � XuUx
holds. As functions X and U are independent of u1, we have Xu ¼ 0. Hence X ¼ Xðt; xÞ and Uu ¼ 1. Then the most general point
transformation that preserves g1 ¼ 1 is of the form
~t ¼ TðtÞ; ~x ¼ Xðt; xÞ; ~u ¼ uþ Yðt; xÞ; ð18Þ
where Xx – 0.
Consider now the action of contact transformation (16) on g2,
~g2 ¼ ~uþ /ð~t; ~x; ~u~xÞ ! g2 ¼ uþ Yðt; x;XÞ þ /ðT;X; YXÞ:
By choosing Y which satisfy the compatible system of PDEs
Yðt; x;XÞ þ /ðT;X;YXÞ ¼ 0
and (17), we arrive at g2 ¼ u. The commutation relations imply that g3 ¼ u2 þ wðt; xÞu2
1, where w is an arbitrary function.

Performing transformation
~t ¼ TðtÞ; ~x ¼ Xðt; xÞ; ~u ¼ u; Xx – 0;
that preserves 1 and u, we get
~g3 ¼ ~u2 þ wð~t; ~xÞ~u2
~x ! g3 ¼ u2 þ wðT;XÞ

X2
x

u2
1:
With properly chosen X and U, the function w=X2
x reduces to 0, 1 or�1. As a result, we obtain the following three inequivalent

contact realizations of slð2;RÞ:
h1;u;u2i; h1;u;u2 � u2
1i; h1;u; u2 þ u2

1i:
In view of the reducibility requirement, the inequivalent representatives of reducible contact realizations should be
chosen among point realizations, whenever possible. Let us analyze reducibility of the last two realizations. Applying the
contact transformation
~t ¼ t; ~x ¼ ln jx2u1j; ~u ¼ uþ xu1;
to the realization h1;u;u2 � u2
1i, we get
h1;uþ xu1;u2 þ 2xuu1i:
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Analogously, the realization h1;u;u2 þ u2
1i can be reduced to h1;uþ xu1;u2 þ 2xuu1 þ u1i by the contact transformation
~t ¼ t; ~x ¼ arcsinð2x2u1 � 1Þ; ~u ¼ uþ xu1:
Turn now to the case g1 ¼ ut . Analysis of this case yields two more inequivalent realizations of the algebra slð2;RÞ,
namely, hut ;�tut þ xu1; t2ut � 2txu1 � u1i and hut ;�tut ; t2uti.

The algebra soð3Þ is handled in a similar fashion. We get the realization so1ð3Þ listed in the theorem.
To complete the proof, we need to construct the corresponding invariant equations. Inserting the realizations obtained

above into the classifying Eq. (8), we verify that the algebras h1;u;u2i and hut ;�tut ; t2uti cannot be symmetry algebras of (1).
The remaining realizations give rise to the invariant equations given above. h
Remark 1. The realizations sl1ð2;RÞ and sl2ð2;RÞ are equivalent when considered over the field of complex numbers.
Replacing the underlying field of real numbers by complex numbers, we have stronger equivalence relation and fewer
inequivalent cases. Consequently, there are two inequivalent realizations of slð2;CÞ evolutionary symmetries
h1;u;u2i; h1;u;u2 � u2
1i;
and another realizations of slð2;CÞ algebra of type III [18]. These results coincide with the realizations obtained in [18,28,29].
Remark 2. The algebra soð3Þ over the complex field is isomorphic to slð2;CÞ. So that the realization so1ð3Þ is equivalent to the

realization sl1ð2;RÞ.
Theorem 3. Any equation of the form (1) invariant under a semi-simple Lie algebra of contact symmetries is equivalent to one of
the PDEs listed in Theorem 2.

Proof is carried out in the same way as it has been done in our paper [33], where we studied the less general case of Lie
point transformations.

4. Equations invariant under the algebras having nontrivial Levi factor

In what follows, we utilize the results of the previous section to classify equations of the form (1) admitting the contact
symmetry algebras having nontrivial Levi decomposition. Namely, we consider contact symmetry algebras that are
represented as either direct or truly semi-direct sums of semi-simple and solvable Lie algebras. These two cases are to be
considered separately.

A. Direct sums of semi-simple and solvable Lie algebras

It suffices to consider only the direct sums of each realization given in Theorem 2 and solvable algebras. Take sl1ð2;RÞ, as

an example. We look for all possible extensions of the realization sl1ð2;RÞ by functions (7) which commute with its basis
functions. Analysis of the commutation conditions gives the most general form of the generating function
g ¼ aðtÞut þ /ðtÞxu1: ð19Þ
Now we need to construct all possible solvable Lie algebras having the generating function (19). Skipping the intermediate
computations, we formulate the final result: any solvable Lie algebra having generators (19) is isomorphic to one-dimensional
algebras huti; h/ðtÞxu1i with _/ – 0 or the two-dimensional non-Abelian algebra hut ;�tut þ kxu1i. Consequently, the list of all

possible extensions of sl1ð2;RÞ consists of three inequivalent algebras
sl1ð2;RÞ � huti : ut ¼ xu1F
3u1 þ 2xu2

x4u3
1

� �
;

sl1ð2;RÞ � h/ðtÞxu1i; _/ – 0 : ut ¼
x _/u1

2/
ln

3u1 þ 2xu2

x4u3
1

���� ����þ xu1FðtÞ;

sl1ð2;RÞ � hut ;�tut þ kxu1i; k – 0 : ut ¼ Cx
2þk

k u
3þ2k

2k
1 ð3u1 þ 2xu2Þ�

1
2k:
In a similar fashion, the extensions of sl2ð2;RÞ and sl3ð2;RÞ are obtained
sl2ð2;RÞ � huti : ut ¼ ðu1 � x2u2
1Þ

1
2F

u2 þ 6xu2
1 � 4x3u3

1

ðu1 � x2u2
1Þ

3
2

 !
;



Q. Huang, R. Zhdanov / Commun Nonlinear Sci Numer Simulat 26 (2015) 184–194 191
sl2ð2;RÞ � /ðtÞ
x
ðx2u1 � x4u2

1Þ
1
2

� �
; _/ – 0 : ut

¼ u
1
2
1ðx2u1 � 1Þ

1
2ð�u3

1 þ 3u4
1x2 � 3u5

1x4 þ u6
1x6Þ

1
2

u
3
2
1ðx2u1 � 1Þ

3
2

FðtÞ

þ

_/u2
1ðx2u1 � 1Þ2arctanh u2þ6u2

1x�4x3u3
1

4u
3
2
1ðx

2u1�1Þ
3
2

/u
3
2
1ðx2u1 � 1Þ

3
2

;

sl2ð2;RÞ � hut ;�tut þ
k
x
ðx2u1 � x4u2

1Þ
1
2i; k – 0 : ut ¼ Cu

1
2
1ðx2u1 � 1Þ

1
2e

ðx2u1�x4u2
1
Þ
3
2arctanh

�u2�6u2
1

xþ4x3u3
1

4u
3
2
1
ðx2u1�1Þ

3
2

kx3u
3
2
1
ðx2u1�1Þ

3
2

;

sl3ð2;RÞ � h1i : ut ¼ �x2u1 þ
1
u1

F
u2

u2
1

� �
; sl3ð2;RÞ � h1;ui : ut ¼ �x2u1 þ C

u3
1

u2
2

:

Analogously, the extension so1ð3Þ yields one more invariant equation
so1ð3Þ � huti : ut ¼ ðsec2 xþ u2
1Þ

1
2F

u2 cos x� ð2þ u2
1 cos2 xÞu1 sin x

ð1þ u2
1 cos2 xÞ

3
2

 !
:

Note that above symmetry algebras are maximal invariance algebras, in Lie’s sense, of the corresponding equations provided
the function F and constant C are arbitrary.

When considering the direct sums of semi-simple and solvable Lie algebras over the complex field, we only need to take

into account the extensions of the realizations sl1ð2;RÞ and sl3ð2;RÞ, since sl1ð2;RÞ, sl2ð2;RÞ and so1ð3Þ are equivalent there.

In this way we obtain all the above realizations except for those associated with sl2ð2;RÞ and so1ð3Þ.

B. Semi-direct sums of semi-simple and solvable Lie algebras

To classify PDEs (1), whose invariance algebras are isomorphic to semi-direct sums of semi-simple and solvable Lie alge-
bras, we apply the following two-step approach.

Firstly, we utilize the results of classification of low dimensional Lie algebras, which are semi-direct sum of Levi factor and
solvable radical obtained in [30], and describe all inequivalent equations within the class (1) admitting those algebras.
Without loss of generality, we can restrict our considerations to the Lie algebras having Levi decomposition slð2;NÞ A2;1

and soð3Þ A3;1, where A2:1 and A3:1 are two- and three-dimensional Abelian algebras respectively [30].
Secondly, applying the Ovsiannikov’s approach [24], we complete the group classification of PDEs (1) containing arbitrary

functions of one variable or arbitrary constants.
Consider first the algebra slð2;N A2;1. Taking slð2;RÞ ¼ hg1; g2; g3i and A2:1 ¼ hg4; g5i, the nonzero commutation relations
½g1; g2� ¼ g1; ½g1; g3� ¼ 2g2; ½g2; g3� ¼ g3; ½g1; g5� ¼ g4; ½g2; g4� ¼ �
1
2

g4; ½g2; g5� ¼
1
2

g5; ½g3; g4� ¼ �g5;
hold for the algebra in question.

Here we provide full details of the analysis of the algebra sl1ð2;RÞ A2;1. Other cases are treated in a similar way, and we
only present the final results. Let g1 ¼ 1; g2 ¼ uþ xu1; g3 ¼ u2 þ 2xuu1, and g4; g5 be of the general form (7). Inserting these
expressions into the commutation relations above and solving the obtained equations yield
g4 ¼ /ðtÞjxj�
1
2; g5 ¼ /ðtÞjxj�

1
2ðuþ 2xu1Þ:
Performing the contact transformation
~t ¼ TðtÞ; ~x ¼ xYðtÞ; ~u ¼ u;
which preserves sl1ð2;RÞ, we have
g4 ¼ /ðTÞjYðtÞj�
1
2jxj�

1
2; g5 ¼ /ðTÞjYðtÞj�

1
2jxj�

1
2ðuþ 2xu1Þ:
Choosing T ¼ t and Y ¼ /2ðtÞ, this A2:1 algebra reduces to hjxj�
1
2; jxj�

1
2ðuþ 2xu1Þi. Consequently, any extension of the algebra

sl1ð2;RÞ is equivalent to
sl1ð2;RÞ jxj�
1
2; jxj�

1
2ðuþ 2xu1Þ

D E
:
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The corresponding invariant equation takes the form
ut ¼
ð3u1 þ 2xu2Þ

1
3

x
1
3

FðtÞ: ð20Þ
However, the five-dimensional Lie algebra is not the maximal one admitted by (20). In order to determine its maximal sym-
metry algebra, we simplify the equation under study. By making the change of variables
~t ¼
Z

FðtÞdt; ~x ¼ x; ~u ¼ u;
Eq. (20) is transformed to
ut ¼
ð3u1 þ 2xu2Þ

1
3

x
1
3

:

Applying the Lie infinitesimal algorithm, we prove that the maximal invariance algebra of the transformed equation is the
seven-dimensional Lie algebra
sl1ð2;RÞ jxj�
1
2; jxj�

1
2ðuþ 2xu1Þ; ut;�

4
3

tut � 2xu1

� �
;

which is isomorphic to sl1ð2;RÞ A4:5. Here A4:5 is the four-dimensional decomposable Lie algebra with q ¼ 1 and p ¼ 4=3
given in [3].

Analogous analysis shows that sl2ð2;RÞ cannot be extended up to an invariance algebra of (1) isomorphic to slð2;RÞ A2:1

and algebra sl3ð2;RÞ admits an extensional realization,
sl3ð2;RÞ juxj�
1
2ðxu1 þ uÞ;�juxj�

1
2ððtxþ 1Þu1 þ tuÞ

D E

together with the invariant PDE
ut ¼ �2k
u1

u2
þ u2 þ ku

u1
� x2u1; k – 0;
whose maximal invariance algebra is five-dimensional.
Turn now to the algebra so A3:1. Let soð3Þ ¼ hg1; g2; g3i and A3:1 ¼ hg4; g5; g6i, where gi ði ¼ 1;2; . . . ;5Þ, satisfy the nonzero

commutation relations
½g1; g5� ¼ g6; ½g1; g6� ¼ �g5; ½g2; g4� ¼ �g6; ½g2; g6� ¼ g4; ½g3; g4� ¼ g5; ½g3; g5� ¼ �g4:
Letting g1 ¼ 1; g2 ¼ tan x sin u� u1 cos u; g3 ¼ tan x cos uþ u1 sin u; g4; g5; g6 be of the general form (7), and inserting the
expressions for gi into the commutation relations above, lead to the trivial generators g4 ¼ g5 ¼ g6 ¼ 0. By this reason
PDEs of the form (1) cannot admit a symmetry algebra having Levi decomposition soð3Þ A3:1.

Note that considering realizations of the semi-direct sums of semi-simple and solvable Lie algebras over the complex field
yields the same realizations as those obtained above.

5. Concluding remarks

In this paper, we generalize the Lie group classification method of [32] and make it applicable to contact symmetries. As a
result, we develop an efficient algebraic approach to classify contact symmetry groups of nonlinear evolution equations. It
enables us to obtain exhaustive description of all second-order evolution equations that possess contact symmetry algebras
containing semi-simple subalgebras.

The study of symmetry properties of equations of the form (1) in the present paper can be briefly summarized up as
follows.

� There are four inequivalent subclasses of equations of the form (1) which are invariant under semi-simple Lie algebras;
� There exist eleven inequivalent subclasses of equations of the form (1) admitting symmetry algebras having nontrivial

Levi factors.

The number of inequivalent realizations obtained here is lower than that of the realizations based on point symmetries
[3,33]. The reason for this is that contact transformations provide stronger equivalence relations, i.e., some of realizations
being inequivalent with respect to point transformations may be equivalent with respect to contact ones [23]. Take
semi-simple algebras for instance. There are five realizations of the slð2;RÞ algebra in [33]. Among them, two realizations

in Theorem 3.1 are equivalent to sl3ð2;RÞ, and three realizations from Lemma 4.2 can be transformed to sl1ð2;RÞ or

sl2ð2;RÞ. More specifically, the first realizations h@t ;2t@t þ x@x;�t2@t � tx@x þ x2@ui, in Theorem 3.1 of [33], can be mapped
into hut ;�2tut þ 2xu1; t2ut � 2txu1 � u1i by the contact transformation
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~t ¼ t; ~x ¼ u
1
2
1; ~u ¼ �uþ xu1:
Evidently, any algebra containing semi-simple subalgebra in [3,33] can be reduced to one of our realizations by a suitable
contact transformation.

It is important to emphasize that our approach can be efficiently applied to hyperbolic PDEs as well. We have classified
the broad classes of nonlinear wave equations admitting nontrivial point symmetries [35]. We intend to apply this approach
to classify nonlinear hyperbolic PDEs admitting nontrivial contact symmetries.

We have briefly analyzed reducibility of the obtained realizations. Whenever possible, we choose the inequivalent
representatives of reducible contact realizations among their point realizations. Note that some reducible contact
realizations obtained in [18,29] have not been reduced to point realizations.

As we have already mentioned, all inequivalent equations of the form (1) that admit solvable Lie algebras of the
dimension n 	 4 have been constructed in [10].

Note that relation (7) holds for evolution equations of an arbitrary order [18] and our approach can also be applied to
higher dimensional evolution equations as well.

We intend to utilize the obtained results to study potential symmetries of the class (1), based on the relation between
contact and potential symmetries [9,25,26,34]. We proved in [9] the following assertion:

Theorem 4. Let L be the algebra of contact symmetries of evolution Eq. (1) such that, (i) dim(L)P2, (ii) ½L; L�– 0. Then Eq. (1) can
be mapped to another evolution equation, belonging to the class (1), which admits potential symmetries.

Since any semi-simple algebra is non-commutative, every realization obtained in this paper leads to a potential
symmetry. To construct second-order evolution PDEs possessing potential symmetries, one needs to classify all inequivalent
non-commutative subalgebras of the symmetry algebras constructed above and then follow the procedure suggested in
[9,34] to obtain a wide range of Eqs. (1) admitting potential symmetries. This research is in progress and will be reported
in one of our future publications.
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