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Abstract: We classify realizations of the Lie algebras of the rotatid8) and Euclid

E(3) groups within the class of first-order differential operators in arbitrary finite di-
mensions. It is established that there are only two distinct realizations of the Lie algebra
of the groupO (3) which are inequivalent within the action of a diffeomorphism group.
Using this result we describe a special subclass of realizations of the Euclid algebra
which are called covariant ones by analogy to similar objects considered in classical
representation theory. Furthermore, we give an exhaustive description of realizations of
the Lie algebra of the grou@ (4) and construct covariant realizations of the Lie algebra

of the generalized Euclid group(4).

1. Introduction

The standard approach to constructing linear relativistic motion equations contains as
a subproblem the one of describing inequivalent matrix representations of the Poincaré
group P (1, 3). So that if one succeeds in obtaining an exhaustive (in some sense) de-
scription of all inequivalent representations of the latter, then it is possible to construct
all possible Poincaré-invariant linear wave equations (for more details see, e.g., [1-3]). It
would be only natural to apply the same approach to descrifmnlgnear relativistically-
invariant models with the help of the Lie’s infinitesimal technique. However, in the
overwhelming majority of the papers devoted to symmetry classification of nonlinear
differential equations admitting some Lie transformation grauphe realization of

the group was fixeé priori. As a result, only particular classes of partial differential
equations invariant with respect to a prescribed gréupere obtained. One of the
possible reasons for this is that the problem of describing inequivalent realizations of
a given Lie transformation group reduces to constructing a general solution of some
over-determined system obnlinear partial differential equations (in contrast to the

case of classical matrix representation theory where one has torewileear matrix
equations).
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We recall that given a fixed realization of a Lie transformation griGughe problem of
describing partial differential equations invariant under the giGp reduced with the
help of the infinitesimal Lie method to integrating some over-determined linear system
of partial differential equations (called determining equations) [4—7]. However, to solve
the problem of constructing | differential equations admitting the transformation group
G whose realization is not fixealpriori one has

e to construct all inequivalent (in some sense) realizations of the Lie transformation
groupG,
e to solve the determining equations for each realization obtained.

And what is more, the first problem, in contrast to the second one, reduces to solving
nonlinear systems of partial differential equations. In this respect one should mention
Lie’s classification of integrable ordinary differential equations based on his classifica-
tion of complex Lie algebras of first-order differential operators in one and two variables
[8]. However, it seems impossible to give an exhaustive description of all Lie algebras
of first-order differential operators. Till now there is no complete classification of them
even for the case of first-order differential operators in three variables, though a partial
classification was obtained by Lie a century ago [8].

The classification problem is substantially simplified if we are looking for inequiva-
lent realizations of a specific Lie algebra. It has been completely solved by Rideau and
Winternitz [9], Zhdanov and Fushchych [10] for the generalized Galilei (Schrddinger)
groupG2(1, 1) acting in the space of two dependent and two independent variables.

Yehorchenko [11] and Fushchych, Tsyfra and Boyko [12] have constructed new
(nonlinear) realizations of the Poincaré groupél, 2) and P (1, 3), correspondingly
(see also [13,14]). Some new realizations of the Galilei g@uh 3) were suggested in
[15]. A complete description of covariant realizations of the conformal gtow m) in
the space of +m independent and one dependent variables was obtained by Fushchych,
Zhdanov and Lahno [16,17] (see, also [18]). It has been established, in particular, that
any covariant realization of the Poincaré groBp:, m) with max{n, m} > 3 in the
case of one dependent variable is equivalent to the standard realization. But given the
condition maxn, m} < 3, there exist essentially new realizations of the corresponding
Poincaré groups.

The present paper is devoted mainly to classification of inequivalent realizations of
the Euclid groupE (3), which is a semi-direct product of the three-parameter rotation
group O (3) and of the three-parameter Abelian translation gr@dp), acting in the
space of three independent (x2, x3) andn € N dependentus, ... , u,) variables.

Being a subgroup of such fundamental groups as the Poincaré and Galilei groups, the
Euclid group plays an exceptional role in modern mathematical and theoretical physics,
since it is admitted both by equations of relativistic and non-relativistic theories. In
particular, grougE (3) is an invariance group of the Klein-Gordon-Fock, Maxwell, heat,
Schrodinger, Dirac, Weyl, Navier—Stokes, Lamé and Yang-Mills equations.

The paper is organized as follows. The second section contains the necessary nota-
tions, conventions and definitions used throughout the paper. In the third section we give
an exhaustive classification of inequivalent realizations of the Lie algebra of the rotation
group O (3) within the class of first-order differential operators. The fourth section is
devoted to description of covariant realizations of the Euclid algalE&3). We give a
complete classification of them and, furthermore, demonstrate how to reduce the real-
izations of A E(3) realized on the sets of solutions of the Navier-Stokes, Lame, Weyl,
Maxwell and Dirac equations to one of the two canonical forms. In the fourth section
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the results obtained are applied to describe covariant realizations of the Lie algebra of
the generalized Euclid groupE (4).

2. Basic Notations and Definitions

It is common knowledge that investigation of realizations of a Lie transformation group
G reduces to study of realizations of its Lie algelr& whose basis elements are the
first-order differential operators (Lie vector fields) of the form

Q = &a(x, u)dx, + 1i(x, u)dy;, «y

whereg,, n; are some real-valued smooth functions e (x1, x2, ..., x,) € R™ and
u= (uy,up, ..., uy) €R", 09y, = Bx Oy = 8%{,0[:1,2,... ,m,i=1,2,...,n
Hereafter, a summation over the repeated indices is understood.

In the above formulae we have two “sorts” of variables. The variahleso, . .. , x,
andusi, uo, ..., u, will be referred to as independent and dependent variables, respec-
tively. The difference between these becomes essential when we coAgidas an
invariance algebra of some system of partial differential equationg fa, . .. , u, (x).

Due to properties of the corresponding Lie transformation giGuyasis operators
Q., a=1,..., N ofalie algebraAG satisfy commutation relations

[Qav Qb]ZCZbQL’ avbzla"' 7N’ (2)

where[Q,, Oyl = 0.0, — O Q, is the commutator.

In (2) C;, = conste R are structure constants which determine uniquely the Lie
algebrad G . Afixed set of Lie vector fields (LVFSD,, satisfying (2) is called a realization
of the Lie algebraAG.

Thus the problem of description of all realizations of a given Lie algel&faeduces
to solving relations (2) with some fixed structure constdlftswithin the class of LVFs
Q).

It is easy to check that relations (2) are not altered with an arbitrary invertible trans-
formation of variables, u,

Yo = falx,u), a=1...,m,

. 3
vi = gilx,u), i=1...,n,
where f,, g; are smooth functions. That is why we can introduce on the set of real-
izations of a Lie algebrai G the following relation: two realization$Q1, ..., On)
and(Q}, ..., Q) are called equivalent if they are transformed one into another by

means of an invertible transformation (3). As invertible transformations of the form (3)
form a group (called diffeomorphism group), the relation above is an equivalence rela-
tion. It divides the set of all realizations of a Lie algebt& into equivalence classes
A1,...,A,. Consequently, to describe all possible realizationsi 6f it suffices to
construct one representative of each equivalence diasg =1,... ,r

Definition 1. First-order linearly-independent differential operators

1
Py = £ (x, u)dy, + nal)(x )y, .

@ ) (4)
a = gah (-xv u)a)(h + nai (-x1 u)au,-a
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wheretheindicesa, btakethevaluesl, 2, 3andtheindexi takesthevaluesl, 2, ... , n,
form a realization of the Euclid algebra A E(3) provided the following commutation
relations are fulfilled:

[P(lv Ph] - 07 (5)
[Ja, Ppl = eapcPe, (6)
[Ja, Jb] = €apede, (7)

where

1, (abc) = cycle(123),
gabe = | —1, (abc) = CyCIe(213),
0, in the remaining cases

Definition 2. Realization of the Euclid algebra within the class of LVFs (4) is called
covariant if coefficients of the basis elements P, satisfy the following condition:

@D D O D 1)
€17 512 §13 M1 --- N,
D D D D @ —
rank || £51" &35’ &35 M1 -+ M, | =3 (8)
D D O (D 1)
€31 32 &33 M1 --- N3y

3. Realizations of the Lie Algebra of the Rotation Group O(3)

It is well-known from classical representation theory that there are infinitely many in-
equivalent matrix representations of the Lie algebra of the rotation gfo@p [1]. A
natural equivalence relation on the set of matrix representatioA®)@8) is defined as
follows:

J, > Vv

with an arbitrary constant nonsingular matkix If we represent the matrice as the
first-order differential operators (see, e.g., [7])

ja = _{Jau}aauas (9)
whereu is a vector-column of corresponding dimension, then the above equivalence
relation means that the representations of the algaibré3) are searched for within the
class of LVFs (9) up to invertiblgénear transformations

u—v="Vu.

It is proved below that provided realizations 40 (3) are classified within arbitrary
invertible transformations of variables

v=F@), i=1...,n, (20)

there are only two inequivalent realizations.
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Theorem 1. Let first-order differential operators
Ja = nai(u)au;, a=1273 (11)

satisfy the commutation relations of the Lie algebra of the rotation group O (3) (7). Then
either all of them are equal to zero, i.e.

Ja=0, a=123, (12)

or there exists a transformation (10) reducing these operators to one of the following
forms:

1. J1= —sinujtanuyd,, — cosu1d,,,
J2 = — cosuy tanud,, + Sinu1dy,, (13)
J3 = 0Ouy;

2. J1= —sinuytanusd,,; — COSu1d,, + Sinui S€Cu29y,,
Jo = — cosuy tanudy,, + Sinu1dy, + COSu1 SE€CU2d,5, (14)
J3 = 0yy.

Proof. If at least one of the operatotg, (say ./3) is equal to zero, then due to the
commutation relations (7) two other operatgrs 73 are also equal to zero and we
arrive at the Formulae (12).

Let 73 be anon-zero operator. Then, using atransformation (10) we can always reduce
the operato(73 to the form73 = 9,, (we should write7; but to simplify the notations
we omit hereafter the primes). Next, from the commutation relatiois J1] = 7>,
[J3, J2]1 = —T1 it follows that coefficients of the operatarg, 7» satisfy the system
of ordinary differential equations with respectitg

N2ivy = N3i, M3ivy = —M2i, i=1...,n.
Solving the above system yields
n2; = f; COSvy + g; Sinvy, 73 = g; COSvy — f; Sinwy, (15)
wheref;, g; are arbitrary smooth functions o, ... ,v,,i =1,... ,n.
Casel. f; =g; =0, j=>2. Inthiscaseoperatorg, J-read
J1= fcosvidy, Jo=—fsinvidy,

with an arbitrary smooth functiofi = f(vo, ..., v,).

Inserting the above expressions into the remaining commutation relgkion7,] =
Jzand computing the commutator on the left-hand side we arrive at the eqfrality—1
which cannot be satisfied by a real-valued functfon

Case2. Notall f;, g;, j > 2 are equal to 0. Making a change of variables
wi=v1i+V(z,...,v), wj=v;,, j=2,...,n
we transform operatorg,, a = 1, 2, 3 with coefficients (15) as follows:

n
J1 = fsinwidu, + Y _(fj cosws + g; Sinw) ;.
=2
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n
T2 = fcoswidy, + Y (g Cosw1 — fj Sinw1)dy,, (16)
j=2
J3 = awl-
Heref, f;, §; are some functions aby, . .. , w,.

Subcase2.1. Not all f~J are equal to 0. Making a transformation
Zl=w19 ZjZWj(w27"'swn)’ j=2""7n’

whereWs is a particular solution of the partial differential equation

n
Z fjaw/ W2=1
j=2
andWs, ..., W, are functionally-independent first integrals of the partial differential
equation
n
Z fjdw; W =0,
j=2

we reduce the operators (16) to be
n
Ji = Fsinzid;, +cosz1d;, + » G sinzid;;.
j=2

n
J2 = F €0Sz19;, — SiNz19d;, + Z G j €0Sz10y);, a7)
j=2
j3 = 8z1-

Substituting operators (17) into the commutation relatifn 7»] = J3 and equating
coefficients of the linearly-independent operatys. . . , 9;,, we arrive at the following
system of partial differential equations for the functidnsGo, ... , G,:

Fp—F?>=1 G, —FG; =0, j=2...,n

Integrating the above equations yields

ci
F =tan(zo +c1), G; :—],
b b = ot e
wherecy, ... , ¢, are arbitrary smooth functions e, ... ,z,, j =2,... ,n.
Changing, if necessary, by z> + c1(z3, . .. , z,) We can puty equal to zero. Next,

making a transformation,

Ya =24, a=123,
Yk =Zk(23,...,z0), k=4,...,n,
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whereZ; are functionally-independent first integrals of the partial differential equation

n
> Gjo,Z=0,
j=3

wecanpuiGy =0, k=4,... ,n.
With these remarks the operators (17) take the form

J1 = siny; tany,d,, + CoSy1d,, + (f o+ 80ys),
J2 = cosys tany»dy, — siny19,, + (fa)2 + gdy,), (18)
T3 = 8)719
wheref, g are arbitrary smooth functions ¢%, ... , y,.
If ¢ =0, then making a transformation
_ f - sinyz .
u1 = yp — arctan , Up=—arctan—————, ur = Y,
cosy» VcoF yy + f2
wherek = 3, ... , n, we reduce operators (18) to the form (13).

If in (18) g # 0, then changings to y3 = fg‘ldyg andy, to yo» = —y» we
transform the above operators to become

.~ ~ y1 Slny]_
= —sinyjtany0;, — | COSy1 — « — ) 95, + ——05,,
J1 yitany2d;, ( V1 c03y2) 2 73

COSy2
~ ~ V1 COSy1
= —cosyitany,d;, + | siny1 + « 05, + —= 054, 19
NE 1 tanyzo5, ( 1 cos,y2> 72 Cosy, (19)
J3 = 05,
Herea is an arbitrary smooth function g%, ... , ¥,.

Finally, making the transformation
ur=y1+f, u2=g, uz=h, up=y,
wherek =3,... ,nandf = f(¥o, ..., ), € =82, ..., V), h = h(¥2, ..., V)
satisfy the compatible over-determined system of nonlinear partial differential equations:
f5, =sinftang, f3, =siny, —asin ftang — cosy, cosf tang,
85, = COSf, g5, = Sin f COSy2 — o COSf,
hy, = —sin f secg, hj, = (COSf COSy, + a Sin f) secg,
reduces operators (19) to the form (14).

Subcase 2.2. f; =0, j = 2,...,n. Substituting operators (16) undgy = 0 into
the commutation relatiof71, J2] = J3 and equating coefficients of the linearly-
independent operatobs, , ... , 9., yield a system of algebraic equations

—f?=1, fg; =0, j=2,...,n

As the functionf is a real-valued one, the system obtained is inconsistent.

Thus we have proved that Formulae (13)—(12) give all possible inequivalent realiza-
tions of the Lie algebra (7) within the class of first-order differential operators (11). The
theorem is proved. O
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If we realize the rotation group as the group of transformations of the space of
spherical functions, then the basis elements of its Lie algebra are exactly of the form
(13) [1]. Hence it follows that the realization spa¢ef the Lie algebra (13) is a direct
sum of subspacagy ;1 of spherical functions of the ordérFurthermore, if we consider
0 (3) as the group of transformations of the space of generalized spherical functions [1],
then operators (14) are the basis elements of the corresponding Lie algebra.

4. Realizations of the Algebra AE(3)

First we will prove an auxiliary assertion giving inequivalent realizations of Lie algebras
of the translatior?' (3) group within the class of LVFs.

Lemma 1. Let mutually commuting LVFs
Py = £5) (e )3y, + 1y (v, 1)dy,
wherea, b =1, ..., N, satisfy therelation
$(1> ) g(l) (1> I

rank | : = N. (20)
(1) (l) (l) (l)
Eni--- ENN TN -+ g

Then there exists a transformation of the form (3) reducing operators P, to become
P,=9dy,a=1... N

Proof. To avoid inessential technicalities we will give the detailed proof of the lemma
for the casev = 3.

Given a conditionV = 3, relation (20) reduces to the form (8). Due to the latter
P, #0foralla = 1, 2, 3, itis well-known that a non-zero operator

= D (x, w)dy, + 0P (x, )y,

can always be reduced to the foy = d,, by a transformation (3) witm = 3. If we
denote byP;, P;the operators,, Pz written in the new variables, v, then owing
to commutation relations (5) they commute with the operdtpr= 9,,. Hence, we
conclude that their coefficients are independent;of

()

Furthermore due to condition (8) at least one of the coeﬁici@g(ft)s Ex3" M1 e s

’(1) of the operatorP; is not equal to zero.
Summmg up, we conclude that the opera®gtis of the form

1
Py = E)D (2, y3, 0)dy, + 152 (v2, y3, V)3, # O,

not all the functionié(l) sé(sl), /2(11) 772n) being identically equal to zero.
Making a transformation

71 =y1+ F(y2, y3, v),

22 = G2, y3, ),

73 = wo(y2, ¥3, V), (21)
w; = w;i(y2,y3,v), i=1...,n,
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where the functiong’, G are particular solutions of the differential equations

1 1 1

£55) (v2, y3, V) Fy, + Sé(g)(yz, Y3, ) Fyg + 1102 (52, y3, v) Fi,
+€21)(y2, y3,0) =
1

£55) (52, ¥3, V)G, + 693 (72, y3, V)G g + 115 (32, ¥3, V) Gy = 1,

andwo, w1, ... , o, are functionally-independent first integrals of the Euler—Lagrange
system
dya _dys _dvy __ du
5/(1) g/(l) ’7/2(11) - - n/z(l)’
n

which has exactly: + 1 functionally-independent integrals, we reduce the operjor
to the formP; = d,,. Itis easy to check that transformation (21) does not alter the form
of the operatorP;. Being rewritten in the new variables w it readsP;’ = 9_,.

As the right-hand sides of (21) are functionally-independent by construction, the
transformation (21) is invertible. Consequently, operaRyrare equivalent to operators
P}, whereP/ = 9., P} = 3, and

1 1
Py = €5V (z3, w)dy, + 05" (z3, w)d,, # 0.

(Coefficients of the above operator are independent of, because of the fact that it

commutes with the operatory’, P;'.) And what is more, due to (8) at least one of the

coefficientst;5”, nsy, - .., n5" of the operatoP{ is not identically equal to zero.

Making a transformation

Z1=z21+ F(z3, w),

Zr =722+ G(z3, w),

Z3 = H(z3, w),

W, =Qi(zz,w), i=1,...,n,

whereF, G, H are particular solutions of the partial differential equations
£55" (23, W) Fog + 1 (23, W) Fuy, = —£37" (23, w),
1 1
£55" (23, W) Gy + 0y (23, W) Gy = —E55 " (23, w),
gl/(l) (23, w) Hzy + 77”(1)(Z3’ w)Hy, =1,

andQg, ... , , are functionally-independent first integrals of the Euler-Lagrange sys-
tem
dzz . dwq _ _ dw,
O O T
é N31 N3n

we reduce the operatos’, a = 1, 2, 3 to the formP)” = dz,, a = 1, 2, 3, which is

the same as what was to be proved.

Note 1. In the papers [9,17] mentioned above a classification of realizations of the
groupsGz(1, 1), C(n, m) was carried out under assumption that mutually commuting
LVFs

Qazgaa(x)axa, azl,... ,N
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can be simultaneously reduced by the map

Yo = fa(x), a=1...,n (22)

to the formQ/, = a,,.
It is not difficult to become convinced of the fact that this is possible if and only if
the condition

rank||&.o 1212y = N (23)

holds.

The sufficiency of the above statement is a consequence of Lemma 1. The neces-
sity follows from the fact that function-rows of coefficients of operatofs ... , Q'
transformed according to Formulae (22) are obtained by multiplying function-rows of
coefficients of the operato@1, ... , On by a Jacobi matrix of the map (22), i.e.

Ery =Eapforxg, a=1... N, a=1..n,

which leaves relation (23) invariant.

Consequently, in [9,17] only covariant realizations of the corresponding Lie alge-
bras were considered, which, generally speaking, do not exhaust a set of all possible
realizations.

Now we can prove a principal theorem giving a description of all inequivalent co-
variant realizations of the Euclid algeb#a® (3).

Theorem 2. Any covariant realization of the algebra A E(3) within the class of first-
order differential operatorsis equivalent to one of the following realizations:

1P = axav Jo = _gabcxbaxcv a=123; (24)

2.P,=0y,, a=123,
J1 = —X20x3 + X30x, + f0x; — fup SiNULxg
— sinuj tanu20,, — COSu19y,, (25)
Jo = —x30y; + x10x3 + f0x, — fu, COSU10x,
— COSu1 tanusdy,, + Sinu1dy,,
J3 = —x10x, + x20x; + uys

3 P=03, a=123,
J1 = —X20x5 + x30x, + g0x; — (SINu1g,, + COSu1 S€CU2Z,5)Oxs
— Sinuq tanu2d,, — COSu19y, + SiNu1 S€CU2dy,, (26)
Jo = —x30y; + X10x; + g0y, — (COSU18y, — SiNuU1 SEQU2Z,5) 0y
— cosuj tanupd,, + Sinu1dy, + COSu1 S€CU2,,,
J3 = —x10y, + X205, + Oyy.

Here f = f(up, ..., uy) isgiven by the formula

. . sin 1
f=asinuag+ 8 (smuzln Sz + 2 _ 1) ,

27
COSuo 27
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a, B arearbitrary smooth functionsof us, ... ,u, andg = g(ua, ..., u,) isasolution
of the following linear partial differential equation:

COS U2 Gupur + Quaus — SINU2 COSU g,y +2COL up g = 0. (28)

Proof. Due to Lemma 1 operator®, can always be reduced to the folPp = 9., by
means of a properly chosen transformation (3). Inserting the operators

P, = axa’ Jo = Eap(x, u)axb + Nai (x, u)au,-

into commutation relations (6) and equating the coefficients of the linearly-independent
operatorsy,, dx,, dxz, duys - - - » dy, W arrive at the system of partial differential equa-
tions for the functiong,;, (x, u), 4 (x, u),

sacxb = —€abc, MNaix, = 0, abc=123 i=1...,n

Integrating the above system we conclude that the oper#tdrave the form
Jo = _5abcxbax(. + jah(u)axb + 77/111'(”)814,- , a=123, (29)

wherej,,, 7qp are arbitrary smooth functions.

Inserting (29) into commutation relations (7) and equating coefficiefd{g of. . , 9,,
showthatthe operatorg, = 74;dy;, a = 1, 2, 3havetofulfill (7) withJ, — J,. Hence,
taking into account Theorem 1 we conclude that any covariant realization of the algebra
AE(3) is equivalent to the following one:

P, = Xa Jo = _gabcxbaxc + jab(u)axb +Ju, a=1273, (30)

operators7, being given by one of the Formulae (12)—(14).
Making a transformation

yazxa+Fa(M), vi=u;, a=123 i=1...,n,
we reduce the operators from (30) to be

J1 = —y20y; + y30y, + Ady, + B9y, + Cdy, + J1,
JZ = —y33y1 + y13y3 + Fayz + G8y3 + \727 (31)

whereA, B, C, F, G, H are arbitrary smooth functions of, . .. , v,.

Substituting operators (31) into (7) and equating coefficients of linearly-independent
operatorsdy,, dy,, dys, dyy, - - . , 0y, resultin the following system of partial differential
equations:

1) J2A = —C, 6) J3C — J1H = G,

2) J3F = —B, TG —TJC=H—A-F,

3) J3A = B, 8) J3sB=F—A—H, (32)
4 1 F—J2B =G, 9A—F—-—H=0.

9) J2H — J3G = C,
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Case1l. All operatorsJi, J2, Js3 are equal to zero. Then, (32) reduces to the system
of linear algebraic equations

B=C=G=0, H-A-F=0, F-A-H=0, A-F—-H=0(,

whence it immediately follows that = F = G = 0. Substituting the above results
into Formulae (31) we arrive at realization (24).

Case 2. Suppose now that not all operat@rs, J2, J3 vanish. Then, they are given
either by Formulae (13) or by Formulae (14), where one should replgce. , u, by

v1, ..., V. As for both caseg/z = 3,,, a subsystem of Egs. 2, 3, 8, 9 forms a system
of linear ordinary differential equations for the functioas B, F, H with respect to

v1. Integrating it we have
A = Bg+ B1sin2vy — Bpcosdy, B = 2B1C0S2 + 2BSin vy, (33)
F = Bg+ B2cos1 — Bisin2vy, H =2Bysin2v1 — 2B>c0s 21,

whereBg, Bi, By are arbitrary smooth functions o4, . .. , v,.

Subcase 2.1. Let the operatorg/i, J2, J3 be of the form (13). Then, making a
transformation

71 = y1+ R1c0Sv1 + Rz Sinvy,
72 = y2 + R2cosvy — Ry Sinvy,

1 1 _
Z3=Yy3+ E(Rzl)z + tanvaR2) COS 1 — é(Rlv2 + tanvyRy) sin 2v1
1
—i—z(tanszz — Roy,),
where the function®;, R» are solutions of the system of partial differential equations
1 1
Ry, + 2 tanvaR1 = —2B2, R2y, + > tanvoR2 = 2B1,

we reduce operators (31) with, B, F, H given by (33) to the form

Jl = _ZzaZB + Z3822 + Xau + 58z3 + jl’
JZ - _Zsazl + Zlazs + ZBZZ + 6813 + j27 (34)
J3 = —z10;, + 2207 + J3.

HereX, 5, G are arbitrary smooth functions of, . .. , v,, and what is moreA does

not depend om.
Given such a form of operatoss, system (32) reduces to three differential equations

JA=-C, J1A=G, G- JC =-2A. (35)

Inserting expressions for the operatghs 7> from (13) into the first two equations
we have

C = —sinv1A,,, G = —COSv1A,,.

Substituting the above formulae into the third equation of system (35) we conclude
that it is equivalent to the differential equation

Ayyu, — taNvpA,, + 24 = 0,
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whose general solution is given by (27). At last, inserting the results obtained into (34)
we get Formulae (25).

Subcase 2.2. Let the operators/i, J2, J3 be of the form (14). Then, making a
transformation

z1 = y1 + R1C0Sv1 + Ro Sinvq,
72 = y2 + RoCOSv1 — Ry Sinvy,

1
73=y3+ > (R2y, — S€CV2R1y, + tanvaR2) COS 21

1 .
— E(Rlvz + secva Ry, + tanvaRy) Sin 2vg

1
+ E(tanngz — SeCv2R1y; — Roy,),

where the function®;, R» are solutions of the system of partial differential equations

2B1 = Ry, — S€CvaR1,,; + tanuvaRo,
2By = —R1y, — S€CU2Rp,, — tanup Ry,

we reduce operators (31) with, B, F, H given by (33) to the form (34), where
A, C, G are arbitrary smooth functions, and what is mofejoes not depend an.

Given such a form of the operatorg, system (32) reduces to three differential
equations (35). Inserting the expressions for the operatars/, from (13) into the first
two equations of (35) we have

C = —Ccosv1A,, + Sinvy SecvpA,,,
N . (36)
G = —sinv1A,, — COSv1 SECU2A ;.

Substituting the above formulae into the third equation from (35), after some algebra
we arrive at the conclusion that it is equivalent to Eq. (28). Inserting (36) into (34) yields
Formulae (26).

Thus we have proved that if LVFR,, J, realize a covariant realization of the Euclid
algebraA E (3), then they can be reduced to one of the forms (24)—(26) by means of an
invertible transformation (3). The theorem is proved

While proving Theorem 1, we have established, in particular, that any realization of
the Euclid algebra satisfying condition (8) can be transformed to become

Py =0x,, Ja = —€abcXpOx, + jabW)x, + Nai (u)dy;, a=1,23.
If we choose in the above formulae
Jap@) =0, 1ngi(w) = —Agiju;, a,b=123,i=1,...,n,
whereA,;; = const, then the following realization
Py =0y, Jo= —€apcXpdx, + Tu, a=12,3 (37)

with J, = —Agiju 9, is obtained.
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A realization of the Euclid algebra with generators of the form (37) is called in the
classical linear representation theorgogariant realization. That is why it is natural to
preserve for a realization of the algebt& (3) within the class of LVFs obeying (8) the
same terminology.

As anillustration to Theorem 2 we will demonstrate how to reduce the realizations of
the Euclid algebras forming the symmetry algebras of the heat, wave, Laplace, Navier—
Stokes, Lamé, Weyl, Dirac and Maxwell equations to one of the three canonical forms
(24)—(26). First of all, we note that realization (24) is exactly the one realized on the sets
of solutions of the linear and nonlinear heat (Schrodinger), wave and Laplace equations.

Symmetry algebras of the Navier—Stokes and Lamé equations contain as a subalgebra
the Euclid algebra having basis elements (37), where (see, e.g. [6])

Ja = —€abc VpOy,, a=123. (38)
The change of variables
v1 = u3SiNu1COSu2, v = u3zCOSu1COSun, v3 = u3zSinuy
reduce these LVFs to the form (25) with= 0.
Next, if we consider the Weyl equation as the system of four real equations for four

real-valued functionss, vz, w1, w2, then on the set of its solutions realization (37) of
the algebrad E (3) is realized, where [3,7]

1
_(w23v1 - Ulawz + wlavz - U28w1)7

J1 = 5

1
J2 = 5(11281)1 — 10y, + W20y, — W1dy,), (39)
J3 = _(wlavl - vlawl + 023102 - w28v2)~

2

Making the change of variables

3
V1 = U4 (sm— sin =2 cos? + cos? 0057 sin 7) ,
V2 = ug (cos— cos— 2 cos= — sin = sin =2 sin —3> ,
2 2 2 2
w1 = ug (cos— sm 22 cos22 — sin“2 cos“Z sin E) ,
2 2 2 2
_ "1 0522 costB " gin 22 6in 23
wz—u4(SIn > cos2 cos2 +c052 sin > sin 2)

reduces the above LVFs to the form (26) with= 0.
On the solution set of the Maxwell equations the realization of the Euclid algebra
(37), where
TJa = —E€abe (EbaE(; + HbaHy) , a=1273,

is realized [19].
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This realization is reduced to the form (26) unget 0 with the help of the change
of variables:

E1 = ugsinuy cosuy,

E> = ugCOSuq COSuy,

E3 = ugsinuy,

H1 = u4(cosuq Sinus + Sinu1 Sinuy COSu3) + us Sinu1 COSuy,
Hy = u4(COSu1 Sinup COSuz — Sinuq Sinuz) + us COSu1 COSu2,
H3 = —u4COSup COSu3 + us Sinus.

Taking the Dirac matriceg, in the Majorana representation we can represent the
Dirac equation as the system of eight real equations for eight real-valued functions
w2 w3 wl L¢3 (for details, see e.g. [7]). With this choice pfmatrices, the
realization of the Euclid algebra (37) with

1/ 3 2 1 0 3 2
=3 (wdayp + whoys —widyz —uys + uBiyg +vBoys
—vho,z —v80,3).
1 2 3 0 1 2 3
T2 =3 (—vhoyg +vfoys +uoyz — vy — vBoyg + v,
+30,2 — v30,3).
11 0 3 2 1 0
J3 = —5 (Vflal/,f - Wlawll + Wlayflz - I/flawf + Wz%g - 1#23%1
+1/f2331//22 - ‘/fzzawg)
is realized on the set of solutions of the Dirac equation.
Making the change of variables

ui up . u3 L U1 . u2 u3
¥ = uq <0057 CoS—- sin == + sin = sin — cos—) ,

2 2 2 2
1//1 = uy (sin it cosQ sin 4 cosE sin 42 cosﬁ)
1 2 2 2 2 2 2/
wz = —uy (cosE <:osE cosE —sin s sin 42 sin E)
1 2 2 2 27272/
3 U1 u u3 uip . U2 . U3
= —uy (sm — C0S— COS— -+ COS— Sin— sin— ) ,
Vi 2 2 2 27272
0 . U1 . U2 . uz+tus 1758 175} u3z + ug
= us | sin— sin— sin — COS— COS— CO0S
V2 ( 27 2 2 2 2 2
. U1 Uz . U3+ ug U1 . U2 u3z+ug
+u7 | sin— cos— sin — COS— sin— cos ,
2 2 2 2 2 2
1 . U1 175} usz+ us U1 . up . uz+ue
= —us | Sin— cos— cos + cos— sin— sin
V2 ( 2 2 2 27 2 2
sin i sin 2 cosu3 tus cosu1 cosu2 sin u3t+us
—uz — — — — — ),
2 2 2 2 2 2
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1p22 = —us (cosu—z1 cosu—z2 sin 13 Z 16 + sin u_21 sin u—22 cosu3 er us)
+uz <cosu—2l sin M_22 sin 8 er 18 + sin u_21 cosu—z2 cos=> er u8> )

¢23 = us (cos% sin M_22 cosu3 er e _ sin % cosu—z2 sin 1s er u6>
—u7 <cosu—2l cosu—z2 cos®® ;L “8 _ sin u_21 sin u—22 sin &2148)

reduces the above realization to the form (26) witk O.

5. Covariant Realizations of the Lie Algebra of the Group E(4)

We recall that the basis elements of the Lie algebra of the Euclid gEgdpfulfill the
following commutation relations:

[PClv Pﬂ] = 07 (40)
[J,LLVa Py] zfsp.apv _8voth.a (41)
[Jaﬁ, J;w] = (Sa/LJﬂu + (Sﬂv‘]oz,u - 501\1];‘3,11 - 5;3;4-](11;7 (42)

wherea, B8, u,v =1, 2, 3, 4.

Using the results of the previous sections and the fact that the Lie algebra of the
rotation groupO (4) is the direct sum of two algebraisO (3) we will obtain a description
of covariant realizations of the Lie algebra (40)—(42) within the class of LVFs,

Py = &0 (x, )y, + npi(x, u)dy,,
Juv = sp,va (x, u)axu + qui(x: M)au,-

with J,,, = —J,,. Here the indiceg:, v, « take the values,P, 3,4 and the index
takes the values,1.. , n.

As we consider covariant realizations, mutually commuting oper@pssatisfy (20)
with N = 4. Hence due to Lemma 1 it follows that they can be reduced to the form
P, =9y, =12, 3, 4. Next, using the commutation relations (41) we establish that
the operatord,,, have the following structure:

J;w = xvaxu - x,uaxv + fuva(u)axa + Zuvi (u)au; (43)

with arbitrary sufficiently smoottf,..q, guvi-

In what follows we will restrict our considerations to the case whenin f43) = 0.
This means geometrically that the transformation groups generated by the opggators
in the space of independent variables are standard rotations in the pltanes). With
this restriction LVFsJ,,, take the form

J/'LV :xvaxﬂ _xﬂaxv +j”,v7 (44)
where
jlw = 8gpvi (u)au,' (45)

and, furthermoreg,,,; (1) = —gy i ().
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Inserting LVFs (44) into (42) we come to the conclusion that the opergigrsatisfy
the commutation relations of the Lie algebra of the rotation groG4),

[Jaﬂ: jp,v] = 5&;/,»7/31) + Sﬁvjau - ‘Savjﬁu - 5ﬂ,uu7av~ (46)

An exhaustive description of inequivalent realizations of the above Lie algebra within
the class of LVFs (45) is given below. It is based on results of Sect. 2 and on the well-
known fact that the algebra O (4) is decomposed into the direct sum of two algebras
AO(3). This is achieved by choosing the basisAad (4) in the following way:

1

1
jai = 2 (Egabcjbc + u7a4) ) (47)

where the indices, b, c take the values,2, 3. Due to (46) LVFS7,", jj fulfill the
following commutation relations:

[j(j_, «7;] = 5abc«7c+, (48)
(7, J,1=0, (49)
[ja_’ jb_] = 8&}){3\.7(;_5 (50)

which is the same as what was required. Now we are ready to formulate an assertion
giving an exhaustive description of LVFs (45) satisfying commutation relations (46) or,
equivalently, (48)—(50).

Theorem 3. Any realization of the Lie algebra A O (4) within the class of LVFs (45) is
given by Formulae (47) and by one of the Formulae 1-6 presented below.

1. J;" = — sinuatanu2d,, — cosu1dy,,
J, = — cosus tanuzd,, + Sinu1dy,,
73+ = Oy,
Jy = —Ssinugtanu4d,; — COSu3zd,,,
J, = —cosuztanusd,, + sinuzd,,,
j3_ = au3;
2. J;" = —sinup tanuzd,, — COSu1dy,,
Jy~ = —cosui tanuzdy, + Sinu1dy,,
j3+ = aul»
J{ = —Sinuztanu4d,; — CoSuzdy, — SiNuz S€Qu40ys,
J, = —cosugtanugdy, + Sinu3d,, — COSu3 SeCu4dys,
J3 = Oug;
3. J;" = —sinuitanuzd,; — COSu1dy, — Sinu1 S€CU29,s,
j2+ = — cosuy tanud,, + SiNu19,, — COSu1 S€CU20y,,

j3+ = au]_,
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Jy = SeCup Cosusdy, + Sinusdy,, — tanua CoSuzdy,,

J, = —SetupSinuzd,, + CoSuzdy, + tanuz Sinuzdy,,
Jg_ = Jug;

4. J;F = —sinug tanuzdy,, — CoSu1dy,, — SiNu1 S€CU2dy5,
j2+ = — CcoSuq tanudy, + SiNu1d,, — COSu1 SeCU2d;,,
T3 = Ouy.

Ji = —sinugtanusd,, — COSu4d,s — SiNu4 S€QU5,4,
J, = —cosugtanusdy, + Sinugd,s — COSU4 SEQUSD,q,
\737 = 8u4;

5. J; = —sinuy tanuzd,, — COSu1d,, — SiNu1 SeCU2dys,
j{ = — COSuq tanu9,, + SiNu1d,, — COSu1 SE€CU2D, 5,
Jrj = s,

Jy = ksinugseausd,; — Sinugtanusd,, — COSu4dys,
J, = ksinugsecusd,; — COSugtanusd,, + SiNu4dys,

"73_ = 81,{4;

6. J; = — sinui tanuzd,, — COSu1dy, — SiNu1 SECU2dys,
Jy~ = — cosui tanuzd,, + SiNu1d,, — COSu1 SECU2d,y5,
j?j_ = aula

Ji = ugSinu4Seausdy, — Sinugtanusd,, — COSu40ys,
J, = ugSinug4Seausdy,,; — CoSugtanusd,, + SiNugdys,
\737 = aum
where k = const k # 0.
Proof. We will give the principal steps of the proof omitting intermediate computations.

According to Theorem 1, there are two inequivalent realizations of the alge®¢a)
with basis elements;, 7,7, 75"

1. J{ = —sinuytanuzdy,, — cosu1dy,,

J, = —cosui tanuzd,, + Sinu1dy,,

T5F = duys (51)
2. Ji" = —sinuptanuzd,, — cosu1d,, — Sinug S€QU2dys,

J, = — cosus tanuzdy, + SiNu1d,, — COSu1 SECU2;5,

T3 = Ouy.

To complete a classification of inequivalent realizatiomaf (4) we have to find all the
triplets of operatorsy;, J, , J; which together with operators (51) satisfy (49), (50).
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Analyzing commutation relations (49) we arrive at the following expressions for
operators7; , J, , J3 :

n
1' ja_ = Zfai(u?h DRI un)au’v,
i=3

3 n
2' ja_ = Z .fdb(u4a LI} un)Qb + Z f‘ai (I/l4, “eey l/ln)aui,
b=1

i=4
where f;; are arbitrary smooth functions and

Q1 = seCup CoSu3dy, + Sinuzd,, — tanus Cosuzd,,,
Qo = — seup SiNu3zdy, + COSuzd,, + tanua SiNuzd,;,
QS = 8u3-
Note that the operatorg,, fulfill the commutation relations of the algebszO (3).
Hence, we conclude that for Case 1 from (51) the operafjjrsare given by the

Formulae (51), where one should replagéy u; 2, correspondingly.
Let us turn now to the second realization of the algebéa(3) from (51).

Casel. f,; =0, a=123, i=4, ..., n« Inthiscasewe canreducg tothe
form ~
jl_:r(u47"'vn)Ql

with the help of equivalence transformation

3
X - X=vxy 1 VZGXP:ZFaQa}a (52)
a=1
where F, are some functions aig, ... , u,. Note that transformation (52) does not

change the form of the operatafg', since[.7,;", Q1 =0, a,b=1,2,3.
From commutation relations (50) it follows that= 1 and furthermore7, =
Q2, J3 = Qs. Thus we get the following forms of the operatgrs
J| = SetupCoSuzd,, + Sinuzd,, — tanup Cosuzo,,
J, = —SeQupsinuzdy,, + CoSuzdy, + tanus sinuzd,,,
\737 = aug'

Case 2. Not all f,; vanish. Then the operato(g , J, , J; can be transformed to
become

T, = fa(ua, ... ,un)Q1+8a(ua, ... ,u)Q2+haq(us, ... u,)QA3+ 2,4,

wherea =1, 2, 3, and

Z1 = —sinugtanusd,, — COSu4d,s — € SiNug SECU5d;4,
Zp = — cosugtanusdy, + SiNu4dy,s — € COSu4 S€CU5I,4,
Z3 = 8[447

ande =0, 1.
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Now using transformation (52) we reduce the opergfor to the form23 = 9,,.
Next, from commutation relations

[js_» jl_] = \72_7 [j3_, \72_] = _j]__

we get
3
Jy =Y (Gacosus+ Hysinua)Qu + Z1,
a=1
3
Jy =Y (HycoSus — Gy sinug)Qu + 22,
a=1
whereG,, H, are arbitrary smooth functions 6§, ... , u,.
Making use of the equivalence transformation (52) wih being functions of
us, ... ,u,, we can cancel the coefficiens,. The remaining commutation relation

[Jy , J, 1= J5 yields equations foHy, Ho, Hs,
Hyug —tanusH, =0,
whence
H, = H,secus, a=1,2,3,
H, being arbitrary functions afe, .. . , u,. Consequently, the operatqf§ read

3
Jy =) sinugseausH,Qq + Z1,
a=1
3
Jy =) cosugseausH, Qu + 22,

a=1
jS_ = Z3.
If ¢ = 1, then using the transformation (52) wity being functions ofs, . .. , u,
we can cancel,, thus getting7,” = Z,, a = 1, 2, 3. If ¢ = 0, then making use of the
transformation (52) withF,, being functions ofie, ... , u, we can putdy = H, = 0.

ProvidedHs = 0, we get the realization which is reduced to that given by Formulae 2
from the statement of the theorem. 5

ProvidedHs = const# 0, we get Formulae 5. Atlast,H3 # const, then performing
a proper change of variables we arrive at the realization given by Formulae 6 from the
statement of the theorem. The theorem is provedl.

It follows from the above theorem that Formulae (47) and 1-6 of the statement of
Theorem 3 give six inequivalent realizations of the Lie algebra of the Euclid gtgdp
having the basis element3, = d;, and (44), (45). To get all possible realizations of
the algebra in question belonging to the above class it is necessary to add to the list of
realizations of the algebr&O (4) obtained in Theorem 3 the following three realizations
of the operators/,”, J.':
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1. J; = —sinugtanuzd,, — cosuidy,,
T, = — cosus tanuzdy,, + Sinu1dy,,
Js = uy,
J, =0

2. Jit = —sinuytanuzd,, — cosu1dy,, — Sinui S€Qu2dy;,
j2+ = — cosuq tanusdy, + SiNu1d,, — COSu1 SE€CU2dy5,
Toh = duy,
J; =0

3. Jf =0 J =0

wherea = 1, 2, 3. This yields nine inequivalent realizations of the Lie algebra of the
groupE(4).

In particular, the basis generators of the Euclid groups realized on the sets of solutions
of the Dirac and self-dual Yang-Mills equations in the Euclidean spdcare reduced
to such a form that the generators of the rotation groups are given by (44)445),
being adduced in Formulae 4 of the statement of Theorem 3.

6. Concluding Remarks

Summarizing the results of Sects. 3 and 4 yields the following structure of realizations
of the Lie algebra of the rotation group by LVFssirnvariables:

e If n =1, then there are no realizations.

e Asthereisnorealization of O (3) by real non-zero 2 2 matrices, the only realization
forthe case = 2isgiven by (13). Furthermore, this realization is essentially nonlinear
(i.e., it is not equivalent to a realization of the form (9)).

e In the casen = 3 there are two more realization given by formula (38) (which is
equivalent to (13)) and by formula (14). The latter realization is essentially nonlinear.

e Provided: > 3,thereis no new realization dfO (3) and, furthermore, any realization
can be reduced to a linear one (say, to (39)).

An evident (and very important) consequence of Theorem 1 is that there are only
two inequivalent classes @f (3)-invariant partial differential equations of orderThey
are obtained via differential invariants of the order not higher thafthe Lie algebras
having the basis elements (13), (14). In particular, the Weyl, Maxwell, Dirac equations
are the special cases of the general system of first-order partial differential equations in
n > 8 dependent variables invariant with respect to the algebra (14). We intend to devote
one of our future publications to description of first-order differential invariants of the
Lie algebra of the Euclid group (3) having the basis elements (13), (14) and (37). Let
us note that this problem has been completely solved provided basis elemat&3)f
are given by Formulae (12) [20].
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