Initial-value problems for evolutionary partial differential equations and higher-order conditional symmetries

P. Basarab-Horwath

Linköping University, S-581 83 Linköping, Sweden^∗

R.Z. Zhdanov

Institute of Mathematics, 3 Tereshchenkivska Street, 252004 Kyiv, Ukraine^†

Abstract

We suggest a new approach to the problem of dimensional reduction of initial/boundary value problems for evolution equations in one spatial variable. The approach is based on higher-order (generalized) conditional symmetries of the equations involved. It is shown that reducibility of an initial value problem for an evolution equation to a Cauchy problem for a system of ordinary differential equations can be fully characterized in terms of conditional symmetries which leave invariant the equation in question. We also give some examples of the solution of initial value problems for second- and third-order nonlinear differential equations by reduction by their conditional symmetries. We give a systematic classification of general second-order partial differential equations admitting second-order conditional symmetries, based on Lie’s classification of invariant secondorder ordinary differential equations. This yields five classes of principally new initial value problems for nonlinear evolution equations which admit no Lie symmetries and are reducible via second-order conditional symmetries.

1 Introduction

As is well-known, the basic idea of the classical Lie approach to solving partial differential equations (PDEs) is to use symmetries to reduce the number of independent variables in order to get an ordinary differential equation. If one can then solve the resulting ordinary differential equation, the whole procedure yields particular solutions of the initial PDE. This procedure of dimensional reduction is referred to in the literature as symmetry reduction, and it has proved to be a very efficient tool for constructing exact solutions of many linear

∗e-mail: pehor@mai.liu.se †e-mail: renat@imath.kiev.ua. Supported in part by the Swedish Natural Sciences Research Council, grant number R-RA 521-2373/1999

and nonlinear differential equations arising in different areas of applied mathematics (see, e.g. [1]– [3] and the references therein).

On the other hand, the problem of the application of the symmetry approach to the analysis of boundary and initial value problems still remains a great challenge for mathematicians. The main difficulty is that the symmetry groups admitted by boundary and initial value problems arising in applications are not sufficiently rich to allow for the effective use of the technique of symmetry reduction. It would be natural to attempt to exploit conditional (non-classical) symmetries of PDEs in order to extend the range of the initial/boundary value problems that can be handled within the framework of the symmetry approach.

The aim of the present paper is to present our view of the problem of dimensional reduction of initial value problems for evolution equations in two independent variables t, x : u_t = F (t, x, u, u_1, u_2, . . . , u_n), (1) where u ∈ C^n(R^2, R^1), u_k = ∂^ku/∂x^k, 1 ≤ k ≤ n. The approach we give below is based on higher-order conditional symmetries of PDEs of the form (1). The concept of higher-order conditional symmetry was introduced by Fushchych and Zhdanov [4], and independently by Fokas and Liu [5]. It was proved in [4] that it is higher-order conditional symmetries that are responsible for the ”nonlinear separation of variables” introduced by Galaktionov [6](see, also the related papers addressing this problem [7]– [9]).

The structure of the paper is as follows. In Section 2 we give some necessary notations, definitions and theorems. In Section 3, we formulate the principal theorem on the reduction of the initial value problem for a PDE of the form (1) to a Cauchy problem for some system of ordinary differential equations. In addition, we give two illustrative examples of applications of the theorem to the reduction of initial value problems for the second- and third-order nonlinear evolution equations. Section 4 is devoted to the systematic classification of secondorder evolutionary PDEs using their second-order conditional symmetries. The results of this classification are used to describe the initial value problems for second-order PDEs that admit dimensional reductions to Cauchy problems for some systems of ordinary differential equations.

2 Basic notations and definitions

It is known that reducibility of any PDE in two variables to a single ordinary differential equation is in one-to-one correspondence with its Q-conditional symmetry [10, 11] (see, also [12]–[17]). We have proved in [18] that reducibility of (1) to a system of several ordinary differential equations is in one-to-one correspondence with its invariance under a non-point group of infinitesimal transformations u^′ = u + ε η(t, x, u, u_1, . . . , u_N ), u^′_1 = u_1 + ε D_x η(t, x, u, u_1, . . . , u_N ), . . . (2) provided some smoothness requirements are satisfied. The above group is generated by the Lie–Bäcklund vector field Q = ∞∑ k=0 ( D^k_x η ) ∂ ∂u_k ≡ η ∂ ∂u + (D_x η) ∂ ∂u_1 + ( D^2_x η ) ∂ ∂u_2 + · · · . (3)

In formulas (1), (3) we use the following notation:

D_x = ∂ ∂x + ∞∑ k=0 u_{k+1} ∂ ∂u_k , D^{j+1}_x = D_x (D^j_x), D^0_x = 1.

Remark 1 In general, the function η in (3) may also depend on derivatives of the function u with respect to t. However, on the solution manifold of PDE (1) we can express all the derivatives of u with respect to t in terms of t, x, u, u_1, u_2, . . . and thus eliminate derivatives with respect to the variable t.

Remark 2 If the function η has the structure η = η̃(t, x, u) − ξ_0(t, x, u)u_t − ξ_1(t, x, u)u_1, (4) then the Lie-Bäcklund vector field (3) is equivalent to a Lie vector field and can be represented in the standard form (see, e.g., [2, 19]): Q = ξ_0(t, x, u) ∂ ∂t + ξ_1(t, x, u) ∂ ∂x + η̃(t, x, u) ∂ ∂u . As the form of a Lie-Bäcklund vector field is fully defined by the form of the coefficient η of ∂ ∂u we will use the notation Q = η ∂ ∂u + . . . instead of (3).

Definition 1 PDE (1) is invariant under the Lie-Bäcklund vector field (3) if the condition Q(u_t − F ) | | |_M = 0 (5)

holds, where M is the set of all differential consequences of the equation u_t − F = 0, that is D^j_xD^k_t (u_t − F ) = 0, j, k = 0, 1, 2, . . ..

Definition 2 PDE (1) is conditionally-invariant under the Lie-Bäcklund vector field (3) if the following condition holds Q(u_t − F ) | | M∩L_x = 0 (6)

Here the symbol L_x stands for the set of all differential consequences of the equation η = 0 with respect to x, that is D^j_xη = 0, j = 0, 1, 2, . . ..

The procedure for constructing Lie-Bäcklund vector fields is, in fact, encoded in the above definitions. If one considers the problem of finding Lie-Bäcklund symmetries in the sense of Definition 1, then the first thing to do is to act with the operator Q on the expression u_t − F , considered as a function of the independent variables t, x, u, u_t, u_1, . . . , u_n. The next step is to eliminate the derivatives u_{tj} , j = 0, 1, 2, . . . with the use of the equation u_t − F = 0 and its differential consequences D^j_x(u_t − F ) = 0, j = 1, 2, . . .. Equating the resulting expression to zero yields a system of linear PDEs called the system of determining equations. Solving this system yields the most general form of the Lie-Bäcklund vector field (3) admitted by equation (1). Further details about the procedure for calculating higher symmetries of PDEs and numerous examples of equations possessing these symmetries can be found in [2, 19, 20]. The procedure for calculating higher conditional symmetries is essentially the same. The only difference is the necessity of taking into account not only the differential consequences of equation (1) but also the differential consequences D^j_xη = 0, j = 1, 2, . . . of the invariance condition η = 0. This additional restriction, on the one hand, extends considerably the scope of invariant equations (as the number of variables to be split, decreases) but, on the other hand, yields a nonlinear system of determining equations.

Clearly, if PDE (1) is invariant under the Lie-Bäcklund vector field (3), then it is conditionally invariant under it; however, the converse is not true. Consequently, this means that Definition 2 is a generalization of the standard definition of invariance of partial differential equation with respect to Lie-Bäcklund vector field.

If we consider the nonlinear PDE η(t, x, u, u_1, . . . , u_N ) = 0 (7) as an N-th order ordinary differential equation with respect to variable x, then its general integral can be given (locally) in the form u(t, x) = U (t, x, φ_1(t), φ_2(t), . . . , φ_N (t)) , (8) where φ_j (t), (j = 1, . . . N) are arbitrary smooth functions. In the following, we call expression (8) the ansatz invariant under the Lie-Bäcklund vector field (3). The following result (see [18]) establishes the connection between reducibility of a given PDE (1) to ordinary differential equations and its higher-order conditional symmetry.

Theorem 1 Let equation (1) with F ∈ C^{N+1}(D), where D is an open domain in R^{n+3}, be conditionally invariant under Lie-Bäcklund vector field (3) with η ∈ C^2(D^′), where D^′ is an open domain in R^{N+3} and ∂η/∂u_N ≠ 0 on D^′. Then ansatz (8) invariant under the Lie- Bäcklund vector field (3) reduces PDE (1) to a system of N ordinary differential equations for some functions φ_j (t), (j = 1, . . . , N) φ̇_j = F_j (t, φ_1, . . . , φ_N ), j = 1, . . . , N. (9) Now suppose the converse. Namely, that ansatz (8), where the function U and its derivatives ∂U^{k+1}/∂φ_j ∂x^k, (j = 1, . . . , N, k = 0, . . . , N) exist and are continuous on an open domain D_1 in R^{N+2}, reduces (1) to a system of ordinary differential equations (9) with F_i ∈ C^1(D^′_1), where D^′_1 is an open domain in R^{N+2}. Then there exists a Lie-Bäcklund vector field (3) such that equation (1) is conditionally-invariant with respect to it.

The principal reason for the existence of the phenomenon of nonlinear separation of variables in non-integrable evolution equations is their higher-order conditional symmetry. Of course, the usual Lie and higher-order Lie symmetries can be also used to reduce nonlinear PDEs that have the necessary algebraic properties, but there exist equations that admit no Lie symmetries but are nonetheless reducible to one or several ordinary differential equations due to their (first or higher-order) conditional symmetry. As an example we give the following nonlinear PDE:

u_t = u_{xx} + f_1(t, r(u_x) − x)u_x + f_2(t, r(u_x) − x) − 1 r^′(u_x)

, (10)

where f_1, f_2, r are arbitrary smooth functions of their arguments with r^′(u_x) ≠ 0. This equation admits neither first nor higher-order Lie symmetries (except for the trivial oneparameter translation group by u). However, it can be reduced to a system of two ordinary differential equations due to the fact that equation (10) is conditionally invariant with respect to the Lie-Bäcklund field Q = (r^′(u_x)u_{xx} − 1) ∂ ∂u + . . . . 3 Reduction of initial values problems for evolution PDEs

Consider the following initial value problem for the evolution equation (1) u_t = F (t, x, u, u_1, u_2, . . . , u_n), (α(x)u_1 + β(x)u)|_{t=t0} = γ(x),

(11)

where α(x), β(x), γ(x) are smooth functions.

If the problem (11) is invariant under a one-parameter transformation group, then it is possible to reduce it by symmetry reduction. However, this approach is too restrictive, since a choice of initial conditions that are invariant with respect to a Lie group can be very limited. Indeed, the transformation group in question must leave invariant the initial surface at t = t_0, and this imposes rather strong limitations on the exploitation of symmetry reduction in its classical setting. For instance, even such a simple symmetry as invariance under t−translations violates the symmetry of problem (11).

We will show that using higher-order conditional symmetries enables us to overcome this difficulty. The principal idea is to rewrite the generator of a one-parameter transformation group Q = ξ_0(t, x, u) ∂ ∂t + ξ_1(t, x, u) ∂ ∂x + η̃(t, x, u) ∂ ∂u as a canonical generator of a Lie-Bäcklund field of the form (3), with η = η̃(t, x, u) − ξ_0(t, x, u)u_t − ξ_1(t, x, u)u_1, and then to eliminate all t derivatives with the use of equation (1). Since the vector field (3) generates an infinitesimal transformation group of the form (2), the initial surface at t = t_0, as well as any boundary surface X(x) = 0, is invariant with respect to it, and an arbitrary Lie symmetry can, in principle, be used for dimensional reduction of the initial value problem (11)! However, the price for this is that the order of the symmetry operator is no longer equal to one, and the standard procedure of symmetry reduction has to be modified in order to be applicable to the case under investigation. To this end we will use Theorem 1.

One of the immediate conclusions is that higher-order conditional symmetry is not just one more exotic concept, but the natural and efficient tool for handling initial value problems (11) within the framework of the symmetry approach.

It is natural to expect that, provided PDE (1) admits higher-order conditional symmetry (and some reasonable restrictions are satisfied), there exist functions α(x), β(x), γ(x) such that the initial value problem (11) reduces (by virtue of the ansatz (8)) to the Cauchy problem for the functions φ_j (t), (j = 1, . . . , N). This means that PDE (1) should reduce to a system of ordinary differential equations (9), and the initial condition given in (11) should reduce to a set of algebraic relations prescribing the values of the functions φ_j (t), (j = 1, . . . , N) at t = t_0.

To make the above procedure meaningful one has to give a formal definition of what is meant by a reduction of the initial-value problem

(α(x)u_1 + β(x)u)|_{t=t0} = γ(x). (12)

Definition 3 We say that ansatz (8) reduces the initial-value condition (12) if substituting it into (12) yields an expression that vanishes identically when

φ_i(t_0) = C_i, i = 1, 2, . . . , N where C_1, . . . , C_N are some constants.

We prove the following assertion:

Theorem 2 Ansatz (8), invariant with respect to the Lie-Bäcklund field (3), reduces the initial-value condition (12) if and only if

a) the system of two PDEs η(t, x, u, u_1, . . . , u_N ) = 0, a(t, x)u_1 + b(t, x)u − c(t, x) = 0 (13) is compatible, and b) its solution is obtained from the general integral (8) of equation η = 0 considered as an ordinary differential equation with respect to x.

Proof. The implication reduction ⇒ compatibility is evident. We prove the converse assertion.

Suppose that conditions a and b of the theorem hold. Then, substituting ansatz (8) into the left-hand side of the second equation of (13) yields an expression of the form R(t, x, φ_1(t), φ_1(t), . . . , φ_N (t)).

As the solution of system (13) exists (by assumption) and belongs to the family (8), there are constants C_1, C_2, . . . , C_N such that the relation R(t, x, C_1, C_2, . . . , C_N ) = 0 holds. This means that ansatz (8) reduces the initial value condition. This establishes the theorem.

Definition 4 We say that the equation η(t, x, u, u_1, . . . , u_N ) = 0, (14) considered as an ordinary differential equation with respect to x, is conditionally invariant under the operator X = ξ(t, x, u) ∂ ∂x + ζ(t, x, u) ∂ ∂u (15) with ξ ≠ 0 if the following relation hold: ~Xη|_M = 0, (16) Here, X̃ is the Nth prolongation of the operator X. The symbol M stands for the intersection of the surface defined in the space R^{N+3} of the variables t, x, u, u_t, u_x, . . ., u_N by the equation η = 0 and differential consequences (with respect to x) of the equation ξ(t, x, u)u_1 −ξ(t, x, u) = 0 up to the order N − 1. When ξ = 0, we say that (14) is conditionally invariant under the operator (15), if solving the relation ζ(t, x, u) = 0 with respect to u yields an exact solution of (14).

Theorem 3 Ansatz (8), invariant with respect to the Lie-Bäcklund field (3), reduces the initial value condition (12) if and only if

a) equation (9) is conditionally invariant under the operator (15) with ξ = α(x), ζ = −β(x)u + γ(x), and b) the solution of the corresponding system (13) exists and is obtained from the general integral (8) of the equation η = 0, considered as ordinary differential equation with respect to x.

Proof. To prove the theorem it is sufficient to show that, given condition b, then condition a of Theorem 3 is equivalent to condition a of Theorem 2.

Since the assertion to be proved is evident for the case α = 0 , we will concentrate on the case when α ≠ 0.

When α ≠ 0, we can make a change of variables x̃ = X(t, x), ũ = U_1(t, x)u + U_2(t, x), so that the operator (15) takes the form ~X = ∂ ∂x̃ (to simplify notations, we omit the tilde in the sequel). Now, system (13) reads as follows:

η̃(t, x, u, u_1, . . . , u_N ) = 0, u_1 = 0. (17)

Compatibility of this system means that the function η̃(t, x, u, 0, . . . , 0) is independent of x, whence we find that there exist smooth functions a_0(t, u, u_1, . . . , u_N ), a_i(t, x, u, u_1, . . . , u_N ), i = 1, 2, . . . , N such that η̃(t, x, u, u_1, . . . , u_N ) = a_0(t, u, u_1, . . . , u_N ) + N∑ i=1 a_i(t, x, u, u_1, . . . , u_N )u_i. Hence, we conclude that the equation η̃ = 0 is conditionally invariant with respect to the operator ∂ ∂x . Reversing this argument completes the proof of the equivalence of conditions a of Theorems 2 and 3. This proves Theorem 3.

As an immediate consequence of Theorem 3, we see that a necessary condition for the reducibility of a Cauchy problem by solutions invariant under some Lie-Bäcklund field (3) is the conditional invariance of the equation η = 0 with respect to the operator (15) with ξ = α(x), ζ = −β(x)u + γ(x). In view of this fact, we can formulate the following symmetry approach to the reduction of initial value problems (11) for the case when the corresponding evolution equation admits first or higher-order conditional symmetry:

• rewrite the symmetry operator in the canonical form (3),

• calculate the classical or conditional symmetry of the equation η = 0 within the class of operators X = α(x) ∂ ∂x + (−β(x)u + γ(x)) ∂ ∂u , (18)

• carry out the reduction of the initial value problem (11) to a Cauchy problem for a system of ordinary differential equations using ansatz (8), invariant with respect to the Lie-Bäcklund vector field (3).

Note that condition b of Theorem 3 cannot be neglected, since conditional invariance alone cannot guarantee reducibility of the corresponding initial value problem. As an example, consider the Lie-Bäcklund vector field

Q = (u_x + u^2 − 1) ∂ ∂u + . . . . The equation u_x + u^2 − 1 = 0 is evidently invariant under translations by x. Furthermore, system u_x + u^2 − 1 = 0, u_1 = 0

is compatible (it has the solution u(t, x) = 1). However, the ansatz

u(t, x) = tanh(x + φ(t)) (19)

which is invariant under Q, does not reduce the initial condition u_1|_{t=t0} = 0. The reason for this is that the function u(t, x) = 1 does not belong to the family (19), and thus the condition b of Theorem 3 fails to hold.

Let us now proceed to giving examples which illustrate the main features of the whole procedure. As the first example, we consider the nonlinear heat-conduction equation

u_t = u^{−1}_x u_{xx}, u_x ≠ 0. (20)

It is evidently invariant with respect to the one-parameter transformation group having the generator Q = ∂ ∂t + a ∂ ∂u with a being an arbitrary constant. Our aim is to describe the initial value problems u_t = u^{−1}_x u_{xx}, (α(x)u_x + β(x)u)|_{t=t0} = γ(x). (21)

that are reducible to Cauchy problems for some first-order systems of ordinary differential equations. First we note that, since the initial surface at t = t_0 is not invariant with respect to the group generated by the operator Q, we cannot apply the symmetry reduction method in its standard form. However, if we rewrite Q in the canonical form (3) and eliminate the t derivative on the solution manifold of PDE (20), then the resulting Lie-Bäcklund vector field

Q̃ = ( u^{−1}_x u_{xx} − a ) ∂ ∂u + . . . generates an infinitesimal transformation group leaving invariant the initial surface t = t_0. Consequently, we can apply the procedure developed above and based on Theorem 3. Solving the invariance condition u^{−1}_x u_{xx} − a = 0 gives the ansatz for u = u(t, x) u(t, x) = φ_1(t) exp(ax) + φ_2(t) (22) which reduces the initial PDE (20) to a system of two ordinary differential equations for φ_1, φ_2 (Theorem 1).

In order to exploit Theorem 3, we calculate the Lie symmetry of equation u_{xx} − au_x = 0 and obtain the five-dimensional invariance algebra with basis elements

e_1 = ∂ ∂x , e_2 = exp(ax) ( ∂ ∂x + au ∂ ∂u ) , e_3 = u ∂ ∂u e_4 = exp(ax) ∂ ∂u , ∂ ∂u . In other words, the most general form of the Lie vector field admitted by PDE u_{xx} − au_x = 0 reads as

C_1 ∂ ∂x + C_2 exp(ax) ( ∂ ∂x + au ∂ ∂u ) + C_3u ∂ ∂u + C_4 exp(ax) ∂ ∂u + C_5 ∂ ∂u , where C_1, C_2, . . . , C_5 are arbitrary real constants. Hence, using Theorem 3, we find the form of the unknown functions α(x), β(x), γ(x) to be α(x) = (C_1 + C_2 exp(ax)), β(x) = −C_3 − aC_2 exp(ax), γ(x) = C_4 + C_5 exp(ax).

Direct verification shows that the initial value problem u_t = u^{−1}_x u_{xx}, ( (C_1 + C_2 exp(ax))u_x − (C_3 + aC_2 exp(ax))u )| | | |_{t=t0} (23) = C_4 + C_5 exp(ax) under C_2(aC_1 −C_3) ≠ 0 fulfills the conditions of Theorem 3 and, consequently, can be reduced to a Cauchy problem for a system of ordinary differential equations. Indeed, inserting ansatz (22) into (23) yields

φ^′_1(t) = 0, φ^′_2(t) = a,

φ_1(t_0) = aC_5 + C_4 aC_1 − C_3

, φ_2(t_0) =

C_5 C_2

, C_2(aC_1 − C_3) ≠ 0.

Finally, solving the above Cauchy problem gives the following unique solution of the initial value problem (23): u(t, x) = aC_5 + C_4 aC_1 − C_3 exp(ax) + a(t − t_0) +

C_5 C_2 . Next, we apply the above scheme for reduction of the initial value problem for the thirdorder nonlinear PDE u_t = u_{xxx} + u^2_x − 4auu_x + 4a^2u^2, (24)

where a is an arbitrary real parameter. Note that when a ≠ 0, equation (24) cannot be solved by the methods of soliton theory, and in this sense it is non-integrable. When a = 0, (24) is reduced to the KdV equation by the (non-point) change of dependent variable v(t, x) = u_x(t, x). In what follows we suppose that a ≠ 0.

Direct calculation shows that equation (24) is conditionally invariant with respect to the Lie-Bäcklund vector field (3) with η = u_{xxx} −3au_{xx} +2a^2u_x. On calculating the Lie symmetry of the equation η = u_{xxx} − 3au_{xx} + 2a^2u_x = 0, and taking into account Theorem 3, we get the following initial value problem for PDE (24):

u_t = u_{xxx} + u^2_x − 4auu_x + 4a^2u^2, (25) ( (C_1 + C_2 exp(ax) + C_3 exp(−ax))u_x + (C_4 − 2aC_2 exp(ax))u )| | | t=t_0 = C_5 + C_6 exp(ax) + C_7 exp(2ax).

Integrating the equation η = 0 and substituting its general solution

u(t, x) = φ_(t) + φ_2(t) exp(ax) + φ_3(t) exp(2ax) (26)

into (25) give the following Cauchy problem: ⃗φ^′(t) = F(⃗φ(t)), C ⃗φ(t_0) = ⃗C, where

⃗φ(t) = φ_1(t) φ_2(t) φ_3(t) , F(⃗φ) = 4a^2φ^2_1 a^3φ_2 + 4a^2φ_1φ_2 8a^3φ_3 + a^2φ^2 ,

C = C_4 aC_3 0 −2aC_2 aC_1 + C_4 2aC_3 0 −aC_2 C_4 + 2aC_1 , ⃗C = C_5 C_6 C_7 .

Thus, using higher-order conditional symmetries of the nonlinear PDE (24), we reduce the initial value problem (25) to the Cauchy problem for a system of three first-order ordinary differential equations for the functions φ_1(t), φ_2(t), φ_3(t). The general solution of the system in question reads

φ_1(t) = (κ_1 − 4a^2t)^{−1}, φ_2(t) = κ_2 exp(a^3t)(κ_1 − 4a^2t)^{−1},

φ_3(t) = exp(8a^3t) κ_3 + a^2κ^2 t∫ t_0

exp(−6a^3z)(κ_1 − 4a^2z)^{−2}dz ,

where κ_1, κ_2, κ_3 are arbitrary real parameters (integration constants).

We emphasize that the exact analytic solution of the nonlinear PDE (24) that is obtained via substitution of the corresponding expressions for the functions φ_1(t), φ_2(t), φ_3(t) into (26) cannot be constructed within the standard symmetry reduction approach. The reason for this is that the solution is not invariant with respect to the two-parameter displacement group defined by^∂_{∂t} ,^∂_{∂x} , which is the maximal Lie symmetry algebra of (24).

Specifying κ_1, κ_2, κ_3 appropriately, we can solve any representative of the seven-parameter family of initial value problems given in (25). Consider, for example, the case C_1 = C_2 = C_3 = C_7 = 0 and C_4 = 1, C_5 = k_1, C_6 = k_2. Then the unique solution of the corresponding initial value problem

u_t = u_{xxx} + u^2_x − 4auu_x + 4a^2u^2, u(t_0, x) = k_1 + k_2 exp(ax)

is given by u(t, x) = ( k_1 + k_2 exp(ax + a^3(t − t_0)) ) (1 − 4k_1a^2(t − t_0))^{−1}

+a^2k^2 exp(2ax + 8a^3t − 2a^3t_0) t∫ t_0

exp(−6a^3z)(1 − 4k_1a^2z)^{−2}dz.

4 Conditionally-invariant second-order PDEs . An analysis of the examples given in the previous section reveals an evident restriction on the scope of applicability of the reduction techniques based on higher conditional symmetries. It comes from a necessity to integrate nonlinear high order ordinary differential equation (7). Moreover, in order to use Theorem 3, we need to ensure that the ordinary differential equation η = 0 has a non-trivial Lie symmetry. These observations suggest the idea of using Lie’s classification of invariant second-order ordinary differential equations as the source of the functions η. With this choice of the conditional symmetry we are guaranteed that differential equation η = 0 admits two-, three- or eight-parameter transformation group and, consequently, is integrable by quadratures. Surprisingly, it is possible to implement this approach to classifying second-order PDEs (1) by their second-order conditional symmetries in full generality.

In Table 1 we present the complete list of invariant real second-order ordinary differential equations together with their maximal invariance algebras, obtained by Lie ([21, 22]). Note that a, k are arbitrary real parameters and f is an arbitrary function. As classification has been done to within an arbitrary reversible transformation of the variables x, y, the equations given in Table 1 are representatives of the conjugacy classes of invariant ordinary differential equations.

Table 1. Lie’s classification of invariant second-order ordinary differential equations

No. Equation Symmetry algebra 1 y^{′′} = f(y, y^′)^∂_{∂x} 2 y^{′′} = f(y^′)^∂_{∂x} ,^∂_{∂y} 3 y^{′′} = x^{−1}f(y^′)^∂_{∂x} , x^∂_{∂x} + y^∂_{∂y} 4 y^{′′} = 2(y − x)^{−1}((y^′)^2 + ay^′ √ y^′ + y^′)^∂_{∂x} +^∂_{∂y} , x^∂_{∂x} + y^∂_{∂y} , x^{2 ∂}_{∂x} + y^{2 ∂}_{∂y} 5 y^{′′} = ay^{−3 ∂}_{∂x} , 2x^∂_{∂x} + y^∂_{∂y} , x^{2 ∂}_{∂x} + xy^∂_{∂y} 6 y^{′′} = a exp(−y^′)^∂_{∂x} ,^∂_{∂y} , x^∂_{∂x} + (x + y)^∂_{∂y}

7 y^{′′} = a(y^′)^{k−2k−1} , k ≠ 1, 2^∂_{∂x} ,^∂_{∂y} , x^∂_{∂x} + ky^∂_{∂y} 8 y^{′′} = a(1 + (y^′)^2)^32 exp(k arctan y^′)^∂_{∂x} ,^∂_{∂y} , (kx + y)^∂_{∂x} + (ky − x)^∂_{∂y} 9 y^{′′} = 0^∂_{∂x} ,^∂_{∂y} , x^∂_{∂y} , x^∂_{∂x} , y^∂_{∂x} , y^∂_{∂y} , x^{2 ∂}_{∂x} + xy^∂_{∂y} , xy^∂_{∂x} + y^{2 ∂}_{∂y}

We exclude from further consideration case 1 of Table 1, since the corresponding ordinary differential equation is not integrable by quadratures. Next, since our final aim is to exploit conditional symmetries for the description and reduction of initial value problems, it make no sense to consider case 4. This is because the symmetry group admitted by the corresponding ordinary differential equation within the class (18) is the same as that of the more general equation given in case 3 of Table 1. The same argument applies to case 8. Consequently, we will deal only with the remaining cases 2, 3, 5–7, 9.

We take as the function η in operator (3) the expressions y^{′′} − f(x, y, y^′), where f is one of the right-hand sides of equations listed in the second column of Table 1 and make the replacements y → u, y^′ → u_x and y^{′′} → u_{xx}. We classify PDEs of the form

u_t = u_{xx} + F (t, x, u, u_x) (27)

admitting the corresponding Lie-Bäcklund vector fields. As we have already mentioned, this programme can be realised in full generality. Indeed, given the above choice of higher conditional symmetry operators, we are able to describe the most general PDEs (27) admitting these symmetries. The form of the function F is the same for all the cases, namely:

F (t, x, u, u_x) = rF_1(t, ω_1, ω_2) + pF_2(t, ω_1, ω_2) + q.

Here F_1, F_2 are arbitrary smooth functions of the indicated variables and the forms of the coefficients r, p, q and of the ”invariants” ω_1, ω_2 are presented in Table 2.

As an example, we consider the case of the Lie-Bäcklund field Q = (u_{xx} −a exp(−u_x))^∂_{∂u} + . . .. Inserting this operator into the invariance condition (6) yields the second-order PDE for the function F = F (t, x, u, u_x) (we have generated it using MATHEMATICA)

a^3 exp(−3u_x) + a^2 exp(−2u_x)F_{uxux} + a exp(−u_x)(u_x + 1)F_u +2au_x exp(−u_x)F_{uux} + u^2_xF_{uu} + a exp(−u_x)F_x + 2a exp(−u_x)F_{xux} +2u_xF_{xu} + F_{xx} = 0.

The equation obtained looks rather fiersome. However, it simplifies radically with the change of variables F = F̃ (t, x, ω_1, ω_2), where ω_1, ω_2 are the integrals of the ordinary differential equation u_{xx} −a exp(−u_x) = 0. As a result, we find that the function F̃ satisfies the following PDE:

a^3 exp(−3u_x) + a exp(−u_x)F̃_x + F̃_{xx} = 0.

Now, we eliminate u_x, using the second invariant ω_2 = −ax + exp(u_x), and thus get an ordinary differential equation with respect to x. Solving it yields formulae 6 from Table 2. The other cases are dealt with in an analogous way.

Now we proceed to calculating the initial conditions (12) such that the initial value problems for conditionally invariant PDEs (27) given in Table 2 are reducible to Cauchy problems for systems of two ordinary differential equations. To this end we exploit Theorem 3. First of all we note that for equations 2, 3 of Table 2, the condition b of Theorem 3 fails to hold. For this reason, the corresponding initial value problem is not reduced to a Cauchy problem within the framework of our approach. For the remaining cases 5, 6, 7.1, 7.2 and 9 we get the following initial conditions:

Table 2.Conditionally-invariant PDEs (27)

No. Coefficients r, p, q Functions ω_1, ω_2

2 r = 1 ω_1 = u − f(u_x)∫ g(z)dz p = u_x q = −(f^′(u_x))^{−1} ω_2 = f(u_x) − x 3 r = 1 ω_1 = u − x exp(−f(u_x))× p = xu_x − u × f(u_x)∫ g(z) exp(z)dz q = −(xf^′(u_x))^{−1} ω_2 = f(u_x) − ln x 5 r = u^{−1}u_x(a + u^2u^2_x)^12 ω_1 = 2u^3u_x(a + u^2u^2_x)^{−1} − 2x p = u^3(2xu_x − u)(a + u^2u^2_x)^{− 3}2 q = −au^{−3} ω_2 = u^{−2}(u^2_xu^2 − a) 6 r = 1 ω_1 = au + (1 − u_x) exp(u_x) p = u_x q = −a exp(−u_x) ω_2 = −ax + exp(u_x)

7.1 r = 1 ω_1 = u +^{1−k}_{ak} u k k−1 x p = u_x q = −au k−2 k−1 x , k ≠ 0, 1, 2 ω_2 =^{ax}_{1−k} + u 1 k−1 x 7.2 r = 1 ω_1 = u − a^{−1} ln(u_x) p = u_x q = −au^2_x ω_2 = ax + (u_x)^{−1} 9 r = 1 ω_1 = xu_x − u p = x q = 0 ω_2 = u_x

Case 5. (C_1 + 2C_2x + C_3x^2)u_x(t_0, x) − (C_2 + C_3x)u(t_0, x) = 0, C_3 ≠ 0, C_1C_3 ≠ C^2_2 ;

Case 6. (C_1 + C_3x)u_x(t_0, x) − C_3u(t_0, x) = C_2 + C_3x, C_3 ≠ 0; Case 7.1. (C_1 + C_3x)u_x(t_0, x) − kC_3u(t_0, x) = C_2, C_3 ≠ 0; Case 7.2. (C_1 + C_3x)u_x(t_0, x) = C_2, C_2 ≠ 0;

Case 9. (C_1 + C_4x + C_6x^2)u_x(t_0, x) − (C_5 + C_6x)u(t_0, x) = C_2 + C_3x, Δ = C_1C_6 + C_5(C_5 − C_4) ≠ 0, Δ_1 = C_2(C_4 − C_5) − C_1C_3, Δ_2 = C_2C_6 − C_3C_5.

In the above formulae C_1, C_2, . . . , C_6 are arbitrary real constants satisfying the given constraints. These constraints ensure that the corresponding initial value problem fulfill both the conditions of Theorem 3.

The last step of the reduction algorithm is the construction of ansatzes for the function u(t, x) and reduction of both invariant equation and initial conditions to systems of ordinary differential equations and algebraic equations, correspondingly. We present the list of obtained results in Table 3, where F_i = F_i(t, φ_1(t), φ_2(t)), i = 1, 2, the functions φ_1(t), φ_2(t) are new dependent variables and the symbol g stands for the converse of the function f(u_x), i.e., g(f(u_x)) ≡ u_x.

Table 3. Ansatzes and reduced equations

No. Ansatz for u(t, x) ODEs Cauchy data 2 φ_1(t) + g(x + φ_2(t)) φ^′_1 = F_1 No reduction φ^′_1 = F_2 3 φ_1(t) + exp(−φ_2(t))× φ^′_1 = F_1− No reduction −φ_1F_2 × ln(x)+φ_2(t) ∫ exp(y)g(y)dy φ^′_2 = F_2 5^1_2√_{φ2(t)} ( 4a + φ^2(t)× φ^′_1 = 2φ^{12}_1 F_1− φ_1(t_0) =^{2C2}_{C3}

×(2x + φ_1(t))^2

) 1_2 −2φ_1φ^{12}_2 F_2 φ_2(t_0) =^{C3} √ a √_{C1C3−C22} φ^′_2 = 2φ^{12}_2 F_2 6 φ_1(t) + a^{−1}(ax + φ_2(t))× φ^′_1 = F_1 φ_1(t_0) =^{C2−C1}_{C3} ×(ln(ax + φ_2(t)) − 1) φ^′_2 = aF_2 φ_2(t_0) =^{aC1}_{C3}

7.1 φ_1(t) +^{k−1}_{ak} (_{ax} k−1 + φ_2(t) )_k φ^′_1 = F_1 φ_1(t_0) =^{C2}_{kC3} φ^′_2 =^a_{k−1} F_2 φ_2(t_0) =^{aC1}_{(k−1)C3} 7.2 φ_1(t) − a^{−1} ln(φ_2(t) − ax) φ^′_1 = F_1 C_3 = −aC_2 φ^′_2 = −aF_2 φ_2(t_0) =^{C1}_{C2} 9 φ_1(t) + φ_2(t)x φ^′_1 = F_1 φ_=^{Δ1}_Δ φ^′_2 = F_2 φ_2(t_0) =^{Δ2}_Δ

Let us emphasize that the nonlinear evolution equations constructed above, for arbitrary functions F_1, F_2, admit no Lie symmetry. Consequently, the symmetry reduction algorithm cannot be applied to perform dimensional reductions of these equations. This means that the reductions obtained in this section (both for PDEs and initial value problems) are purely non- Lie reductions and cannot be obtained within the framework of the standard Lie’s approach.

5 Conclusions

Our work shows that higher-order conditional symmetry is a useful and efficient concept in handling initial value problems. In fact, in view of Theorem 3, one may claim that the method of conditional symmetries is the most appropriate tool for reductions of initial value problems for evolution type equations. It extends the scope of applicability of symmetry methods to the analysis of initial value problems via dimensional reductions.

Furthermore, the technique developed in this paper can be applied to boundary value problems as well, provided the PDE under study admits some higher-order Lie-Bäcklund vector field. Indeed, inserting ansatz (8) into the boundary condition U(t, u, u_1, . . . , u_M )|_{x=x0} = 0, M < N yields an algebraic relation for the functions φ_i, i = 1, 2, . . . , N. This means that, if we are given a reducible initial value problem, then we can add any boundary condition, so that the resulting problem remains reducible. However, the problem of compatibility of initial and boundary conditions must be investigated separately (see, also the paper [23] and the references therein).

We consider in the present paper the case of one dependent variable. However, all our arguments can be directly applied to the analysis of systems of evolution equations in one spatial dimension. One final point is that it seems to be possible to apply the same technique for reduction of multi-dimensional evolution equations admitting classical or non-classical symmetries. These and related problems are under study now and will be reported on in future publications.

Acknowledgements

This work was supported by the Swedish Natural Sciences Research Council, grant number R- RA 521-2373/1999, and by the Mathematics Department, Linköping University. R.Z. would like to thank the Mathematics Department, Linköping University, for its hospitality and for financial support.

References

[1] Ovsjannikov L.V., Group Analysis of Differential Equations, New York, Academic Press, 1982.

[2] Olver P.J., Applications of Lie Groups to Differential Equations, New York, Springer, 1986. [3] Fushchych W.I., Shtelen W.M. and Serov N.I., Symmetry Analysis and Exact Solutions of Nonlinear Equations of Mathematical Physics, Kiev, Naukova Dumka, 1989 (translated into English by Kluwer Academic Publishers, Dordrecht, 1993).

[4] Fushchych W.I. and Zhdanov R.Z., Conditional symmetry and anti-reduction of nonlinear heat equation, Proc. Acad. of Sci. Ukraine, 1994, N 5, 40–44.

[5] Fokas A. and Liu Q., Generalized conditional symmetries and exact solutions of non-integrable equations, Theor. Math. Phys., 1994, V.99, N 2, 263–277.

[6] Galaktionov V.A., On new exact blow-up solutions for nonlinear heat conduction equations with source and applications, Diff. and Int. Equations, 1990, V.3, N 5, 863–874.

[7] Olver P.J., Direct reduction and differential constraints, Proc. R. Soc. Lond. A, 1994, V.444, 509–523. [8] Zhdanov R.Z., Conditional Lie-Bäcklund symmetry and reduction of evolution equations, J. Phys. A:

Math. Gen., 1995, V.28, N 13, 3841–3850.

[9] Kamran N., Milson R. and Olver P.J., Invariant modules and the reduction of nonlinear partial differential equations to dynamical systems, Adv. in Math., 2000 (to appear).

[10] Zhdanov R.Z. and Tsyfra I.M., Reduction of differential equations and conditional symmetry, Ukr.

Math. J., 1996, V.48, N 5, 595–602.

[11] Zhdanov R.Z., Tsyfra I.M. and Popovych R.O., Precise definition of reduction of partial differential equations, J. Math.Anal. Appl., 1999, V.238, N 1, 101–123.

[12] Bluman G. and Cole J.D., The general similarity solution of the heat equation, J. Math. Mech., 1969, V.18, N 11, 1025–1042.

[13] Olver P.J. and Rosenau P., The construction of special solutions to partial differential equations, Phys.

Lett. A, 1986, V.114, N 3, 107–112.

[14] Fushchych W.I. and Tsyfra I.M., On a reduction and solutions of nonlinear wave equations with broken symmetry, J. Phys. A: Math. Gen., 1987, V.20, N 2, L45–L48.

[15] Fushchych W.I. and Zhdanov R.Z., Symmetry and exact solutions of nonlinear spinor equations, Phys.

Reports, 1989, V.172, N 4, 123–174.

[16] Clarkson P. and Kruskal M.D., New similarity solutions of the Boussinesq equation, J. Math. Phys., 1989, V.30, N 6, 2201–2213.

[17] Levi D. and Winternitz P., Non-classical symmetry reduction: example of the Boussinesq equation, J.

Phys. A: Math. Gen., 1989, V.22, N 15, 2915–2924.

[18] Zhdanov R.Z., Higher conditional symmetries and reduction of initial value problems, in: Proceedings of the Institute of Mathematics, Kyiv: Institute of Mathematics, 2000, 30, Part 1, 255–274.

[19] Ibragimov N.Kh., Transformation Groups Applied to Mathematical Physics, Dordrecht, Reidel, 1985. [20] Bluman G. and Kumei S., Symmetries and Differential Equations, New York, Springer, 1989.

[21] Lie S., in: Gesammelte Abhandlungen, Leipzig, B.G. Teubner, Vol.5, 767–773, 1924. [22] Lie S., in: Gesammelte Abhandlungen, Leipzig, B.G. Teubner, Vol.6, 1–94, 1924. [23] Adler V., Gürel B., Gürses M. and Habibullin I., Boundary conditions for integrable equations, J. Phys.

A: Math. Gen., 1997, V.30, 3505–3513.