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Abstract

In this paper we solve the problem of group classification of the (1+1)-dimensional
fourth-order linear evolution equations of the most general form. We prove that there are
three, six and one inequivalent fourth-order linear evolution equations that admit two-,
three-, and four-dimensional symmetry algebras, respectively.

Keywords: Fourth-order evolution equation, finite-dimensional Lie group, equivalence

transformation.

1. Introduction

In this paper, we obtain the complete solution of the group classification problem for general

linear evolution equations of the fourth order

Ut = fl (t7 x)uzmraz + f2 (t> x)uxmr + f3(t> x)umm + f4(t7 x)urr + f5 (tv x)u + fﬁ(ta -7;) (1)
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Here f;, (i =1,2,---,6) are arbitrary smooth real-valued functions with f; # 0. Hereafter
we adopt the following notations, u = u(t,z), u; = Ou/0t, u, = Ou/0x, Uz = 0%u/Ox? and
SO on.

The classical approach to tackling group classification of partial differential equations
(PDESs) is based on the infinitesimal Lie approach. The latter enables to reduce the problem
of group classification of a given PDE to integrating some over-determined system D of linear
PDEs [9-11]. The system D typically contains arbitrary functions whose specific forms are
to be determined from the requirement of its compatibility. However, in case when the
arbitrariness is too broad the system D might become under-determined. As a result the
classical Ovsyannikov’s approach becomes inefficient (see [2] for the detailed discussion of
this matter). To overcome this difficulty Zhdanov and Lahno [14] introduced an alternative
approach enabling to handle efficiently the above problem (see, also [7, 8, 12, 13]).

Here we adopt the approach of [4] to describe all inequivalent equations of the form (1)
that possess non-trivial Lie symmetry. What is more, we utilize some of the results on group
classification of nonlinear fourth-order evolution equations obtained in our recent paper [5].
Note that the results presented below complement those of [5], where only essentially nonlinear
equations have been considered.

Our classification algorithm is implemented as three major steps. We start by normalizing
the class of PDEs (1) using the most general linear equivalence transformation u(t,z) —
V(t,x)u(f(t),g(t,z))+ G(t, x) that leaves class (1) invariant. Next, we proceed to calculation
of the maximal equivalence group admitted by the normal form of Eq. (1). This yields in
addition the most general form of the Lie transformation group admitted by (1) and the
corresponding determining equations D. At the last step, we apply the approach of [2, 4] to

finalize group classification of the normalized equations of the form (1).



2. Normalization of Eq. (1)

The first step of our classification routine is normalizing Eq. (1).

Making the change of variables (¢,z,u) — (,Z, %), which leaves the class (1) invariant,
t=t, ¥=F(tx), u=V(tazultz)+Gtz), (2)

with V' # 0 and F, # 0 we obtain an equation of the form

fi=HFL

fo=6f1F2Fp + foF3 + AL F2V,V 1,

f3 = Af1FoFrag + 3f1F2, + 3f2Fo Fop + f3F2 + 3V Y41 Fy Fou Ve
+2f1F2Voy + f2F2Vy),

f1= [1Frage + foFoza + f3Foa + faFo — Fy + V7 (4 f1 Fona Vi + 6 f1 Fug Via
+4f1Fy Ve + 3foFua Ve + 3foFyVae + 2f3F,Vy),

f5 =V (1 Vaser + foVoza + f3Vea + faVa + f5V = Vi),

f6 = Vﬁl(flemx:r + fQGm:r:E + f3Gx:L" + f4Gm + f5G + f6 - Gt)

In what follows we use the notation € = £1. Choosing the function F', V and G in (2) so

that they satisfy the constraints

le;l =€,
(6f1F2Fpe + foF2)V +4f1F3V, =0,

Gt = flGa::v:c;B + fQG:c:B;t + f3G:c;B + f4G:c + f5G+ fG-



yields
f1:6, f2:oa f~6:0
Thus Eq. (1) reduces to the following canonical form:

Ut = €Ugggr + A(t, ©)Ugy + B(t, x)u, + C(t, z)u.

What is more, we can get rid of € by the transformation t = —t,& = z, @ = u.
Summing up the above considerations we conclude that any PDE from the class (1) is

equivalent to the normalized equation
Ut = —Ugpgz + A(t, T)ugg + B(t, z)ug + C(t, x)u. (3)

Consequently, to obtain complete group classification of the class of evolution equations (1)
it suffices to describe all functions A(t,z), B(t,z) and C(t,x) such that (3) admits nontrivial
Lie symmetries. Note that under A = B = C' =0, Eq. (3) is the non-stationary bi-harmonic

equation in one spatial dimension.

Ut = —Uggxz-
3. Preliminary classification of Eq. (3)

It is a common knowledge that the most general Lie transformation group admitted by Eq.

(3) is generated by vector fields of first-order differential operators
X =7(t,x,u)0 + &(t, x,u)0p + n(t, x,u)0y,

where 7,£ and n are arbitrary smooth real-valued functions. Using the infinitesimal Lie

approach we prove the following statement (see, also [5]).

Theorem 1. The symmetry group of the linear equation (3) is generated by the vector field
X = 7(t) + (%x + (1)) 0 + (lt)u + 5(t,2)),
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where the functions 7(t), p(t) and a(t) are real-valued functions satisfying the classifying equa-
tions
(4dp+ 7x)Ay +47A +27A =0,

(4p + 72)By + 47By + 37 B + 4p + 7x = 0, (4)

(4p + 72)Cy + 47Cy + 47C — 46 = 0,
and ((t,x) is an arbitrary solution of the original equation (3), where and hereafter the dot

over a symbol denotes differentiation with respect to its argument.

If functions A, B and C are arbitrary, then the most general symmetry admitted by Eq.
(3) reads

X = (cu+ f(t, )0,

where ((t,z) is an arbitrary solution of Eq. (3) and c is an arbitrary constant. Since the one
infinite-parameter Lie group generated by the operator 3(t,x)d, gives no nontrivial informa-
tion about the solution structure of the equation under study we ignore it and consider the

symmetry operators of the form

X = 7(t)0 + Gx +p(0)) s + o(t)ud. (5)

It is possible to choose coefficients A, B and C so that Eq. (3) admits larger Lie algebra
than the one-dimensional Lie algebra L; spanned by the operator ud,. Description of all
possible specifications of the coefficients A, B and C such that (3) admits an extension of
the algebra L is the core of the problem of group classification of Eq. (3). To solve it we
need to construct to integrate classifying equation (4). The major difficulty is that (4) is the
under-determined system of three PDEs for six unknown functions 7, p, a and A, B, C. To

overcome this difficulty, we utilize the approach of [2]. The essential element of the latter



approach is computation of the maximal equivalence group admitted by Eq. (3). Let

D(T,Y,U)

t=T(t,z,u), T=Y(tzu), a=U(tzu), D(t,x,u)

70 (6)

be an invertible transformation preserving the form of (3). This means that rewriting (3) the
new variables t, %, 4 yields system of PDEs belonging to the class (3) with possibly different
A, B, and C

Uy = —zzzz + AL, T)lzz + B, )z + C (L, ). (7)
Theorem 2. The mazximal equivalence group of Eq. (3) is of the form
E=T(), #=cliz+Y(t), 0=V, (8)
where T > 0 and V # 0.

Proof. Computing u, according to (6), we get

. Txﬂg + Y, u; — U,
- Uy, — Ty — Ytz

Uy

As Aﬂjj + Bﬂj + Ci is an arbitrary function of ¢, #, 4, @iz, @zz and does not depend on ug,
we must have

uy = g(t,&,4, i)
for some function g. This implies that T}, = T;, = 0, whence T' = T'(t) with T # 0.

Next, making the change of variables (6) with ¢ = T'(t) yields

Uy = af+91( 72%,@,715‘),

(Uy — Yyuz)
YU, — Y Ur)* S
Uzzaa Z( (9;] - Y 3;5) Uzzzz + 02(t, T, 0, Uz, Uzz, Uziz ),
u— Lfuly

where 01 and 0y are arbitrary smooth functions. Substituting the expressions above into (3)

and taking into account that (3) should be transformed into an equation of the form (7) yield



the relation

T(Uy — Yyiiz)" — (YoUu — YuUs)* = 0.
Since functions T, Y and U are independent of u,,, coefficients of @z in the above polynomial
must vanish which yields
1Y, =0, TU—(Y,U,-Y,U)*=0.
As T # 0, we get Y, = 0 whence
(T -YHut=o.

Taking into that U, # 0 (otherwise (6) is not invertible) we conclude that 7 — Y = 0.
Consequently, 7> 0 and YV = Tz + Y ().
Finally, applying transformation (6) with = T'(t) and & = T’ Tz 4 Y (t) to Eq. (3), yields

the following equation:

.1

TiUy,u;: — Uyy,U. U, U, ~

L uull —_— z ¥ Do “lzzz + 03, %, U, Uz, Uiz ),
T1U?

Up = —Uzzzz — 4€

where 603 is an arbitrary smooth function. Using the equivalence transformation (6) we elim-

inate coefficients of tztz3; and Uzzz. As a result, we get
-1
eT1Uy, =0, Uz U, —UyUz =0.

This implies that Uy, = 0 and U, = 0 so that U = V(t)u + W(t,z),V # 0. Consequently,

the transformed equation Eq. (3) takes the form

. . A 4T B—cl'o—dT1Y ~ | V4VC -
Uy = —Uzzzz + <1 SE— Uy + TR
T2 AT TV

V(Wt +Waeagaa —AWze—BWy _CW)_VW
TV :

+

Choosing W = 0 completes the proof of the theorem. O



Corollary 1. Equivalence transformation (8) converts Eq. (3) into Eq. (7), where the coef-

ficients A, B and C are expressed in terms of the functions A, B,C and their derivatives as

follows
A=T"34,
B=T-\(eBTH — cFT-ta—¥), (9)
G — 1O 4+ VYY),

4. Group classification of Eq. (3)
Making the change of variables (8) in the vector field (5) yields
X = 1T0; + E(TTT_% LT 4 7Y + €D p| 9 + (TV + aV)uds.

Consider the cases 7 # 0 and 7 = 0 separately.

Case 1. Suppose 7 # 0. Choosing in (8) the functions 7" and Y satisfying
. l t 5
7= |r Y = —esign(r) [ pllr(w)| Ty
and as taking V' a nonzero solution of the equation
V+aV = 0,

we arrive at the operator X = €0;.

Case 2. If 7=0, p# 0 in (5), then (8) reduces vector field X = pd; + aud, to the form
X = eTi,o(?i + audy.
Choosing T' = (ep)~* yields the operator

X = Oz + audyg.



Case 3. Provided 7 = p = 0 and & # 0, we can choose T as T = ft |&(y)|dy and thus get
X = eti0y.

If, otherwise, 7 = p = & = 0, then trivial symmetry generator X = adj is obtained.

By direct verification we establish that the following operators
O+ f(udy (f #£0), 0y, €y, etud,

are inequivalent within the equivalence transformation (8).

We summarize above results in the following lemma.

Lemma 1. Vector field (5) is equivalent with a point transformation (8) to one of the following

mequivalent vector fields
O+ f()udy (f#0), 8, €y, etud,.

In what follows we separately analyze each of the operators listed in Lemma 1 and con-
struct explicit forms of all inequivalent A, B and C such that the corresponding Eq. (3) admits
an extension of algebra L.

4.1. Operator X; =8, + f(t)ud, (f #0)
If equation (3) admits operator X1, then substituting 7 = 0, p = 1 and a = f(¢) into classifying
equation (4) and solving it yield

A=A(t), B=DB(t), C=f(t)x+g(t).

Applying equivalence transformation (8) to equation

Ut = —Ugggr + A(t)umc =+ B(t)ux + [f(t).’E + g(t)]uv



we arrive at Eq. (7), where

B=1"YeBTi - 1T iz —Y),
C=T"flx+ f~V gV + V).

Choosing T' = 4t,e = 1 and taking solutions of
2:B-Y =0, [V gV+V)=Y

as Y and V, gives

A=A{), B=0, C=fHz f#o.

Consequently, we only need to consider the equation

Ut = —Uggzz + A(t)uxx + f(t)mu, f 7é 07
where
p=0, 7=0, a=pf,
ATf4+57f=0, 2rA+7A=0.
Integrating the first three equations we have p = ¢1, 7 = cot + ¢3, a = ¢1 f + ¢4, where ¢; are

arbitrary constants. Inserting 7 = caof + c3 into the remaining equations yields
Aegt +e3)f +Beaf =0, 2(cat + c3)A+ 2 A = 0. (10)

While solving the above equations we need to consider three different cases.

I. Provided ¢ = ¢3 = 0, Eq. (10) is satisfied identically for arbitrary A(t) and f(t) (f # 0).
Thus Eq. (3) with A(t,z) = A(t), B(t,z) = 0 and C(t,z) = f(t)z, f # 0 admits the two-
dimensional Abelian algebra

(0x + f(H)udy, udy).

10



II. Given ¢3 = 0 and c3 # 0, Eq. (10) takes the form

whence

f(t> = alt + ag, A(t) = as,
and a; are arbitrary constants. Consider the corresponding equation
Up = —Ugggy T A3Uzy + A1TU, (11)

where a; # 0 (since, otherwise, f = 0). Equivalence transformation (8) maps Eq. (11) into

an equation of the form (7) where the corresponding A, B and C' are given by (9) with
A=a3, B=0, C=ax,

namely,

B=—T"'TT iz +Y),

C=T"Yaz+VV1).

We choose V' be a nonzero constant, e =1 and T, Y to satisfy

= ol

T=a>, Y=0

thus getting

A=a3, B=0, C=3i.

Q1

Consequently Eq. (11) can be reduced to the form

Ut = —Ugggpe + Uz, + TU, a€R

by a suitable equivalence transformation.

11



Inserting the coefficients of the equation above into classifying equations (4), we obtain

the algebra L, is extended by the operators
O, Oy + tudy,

to form the three-dimensional non-decomposable Lie algebra.

ITI. When ¢y # 0, it follows from Eq. (10) that

c3._1 1
f(t) = a1+ as(t + 0—3)—4, A(t) = az(cat + ¢3)72.
2
Consider the corresponding PDE
1 a C3._5
Up = —Uggar + as(Col + €3) 7 2Uyy — Zz(t + C—S)_qu,
2

where ag # 0. Applying transformation (8) to this equation yields Eq. (7). Next, according

to (9) we have

[NIE

A

.1
agTii(CQt-i-Cg)* ,

B=-T"1TT iz +Y),

C =T (~2(t+2) iz + VvV

Choosing T'=t+ c3/c2, Y =0 and V to be a nonzero constant, we obtain

Inserting A = at™2, B=0, C =ct iz (c # 0) into Eq. (4) and solving the latter yield two

additional symmetry operators of Eq. (3)

Oy — dct~iudy,, t + %ax.

12



4.2. Operator X, = 9,

If Eq. (3) is invariant under d., then A = A(t), B = B(t), C = C(t). By properly choosing

T,Y and V in transformation (8) we can reduce equation
Ut = —Ugggr + A(t)Ugy + B(t)u, + C(t)u,

to Eq. (7) with

A— i), B=C=o.

So that we can restrict our considerations to the equation
Up = —Uggze + A(t)Ugg-

Inserting the coefficients of the above equation into the classifying equations (4) we obtain
dp+7x=0, a=0,

27A+7+A=0.

Integrating the first two equations gives
T=cit+cy, p=c3, a=c4.
So that the system under study reduces to a single equation
2(ert + 02)/1 +c1A=0.

Analyzing this ordinary differential equation shows that there are three cases of extension of
symmetry algebra Li, namely,

i). A= B = C =0 and the additional symmetry operators are of the form

0, O t@ﬁ%@x.

13



ii). A=¢, B=C =0 and the additional symmetry operators are of the form
Oz, O
iii). A= at™z (a #0), B=C =0 and the additional symmetry operators are of the form
O, t0;+ 7 0s.

4.3. Operator X3 = €d;

In this case the system of classifying equations reduces to
Consequently, A = A(z), B = B(x), C = C(x). With these A, B and C, Eq. (4) becomes
(4p+72)As +27A =0,
(4p+72)B, +37B +4p+7x =0,
(4p+ 72)Cp + 47C — 4a = 0.

Analysis of the above system of ordinary differential equations yields that extension of the
symmetry algebra for Eq. (3) with A = A(x), B = B(z), C = C(x) is only possible when
i), A=azx™2, B=bx"3, C=cax™* a,bceR, a®>+b>+c2#0,

ii),. A=B=C=0,
iii). A=C =0, B=cx(a®z®+4a*bz? + 6ab’z + 4b3)(azx + b) 73, a,b,c € R, abc#D0.

The second case has already been considered. In the first case the algebra L, is extended

by the operators 9; and t9; + 70,. In the third case the corresponding Eq. (3) admits the

three-dimensional decomposable symmetry algebra

(9,710, — ce 4 (z + g)@ﬁ D (udy).

14



4.4. Operator X, = ctud,

Inserting the coefficients of this operator

into Eq. (4) leads to contradiction
e=0,

whence it follows that there are no equations of the form (3) admitting the operator etud,.

We summarize the above classification results in the following assertion.

Theorem 3. There are three, siz and one inequivalent equations from the class (3) admitting

two-, three-, and four-dimensional symmetry algebras, respectively.

In Table 1, we present all inequivalent forms of the functions A, B, C and the finite-
dimensional parts of their maximal symmetry algebras for the corresponding equations (3).
Note that the all two-dimensional algebras are Abelian algebras and the four-dimensional
algebra is decomposable solvable Lie algebra. All three-dimensional symmetry algebras are

solvable Lie algebras, as well.

5. Discussion and conclusions

In this paper, we obtain the complete solution of the classical problem of group classification
of the fourth-order linear evolution equations of the most general form (3). All inequiva-
lent classes of invariant equation (3) are constructed together with their maximal symmetry
algebras.

We prove that there are three, six and one inequivalent equations from the class (3)

admitting two-, three-, and four-dimensional symmetry algebras, respectively.

15



One of the applications of these results is classification of nonlinear fourth-order evolution
equations that are linearizable by nonlocal transformations using the technique developed in
our recent paper [6].

Another interesting application is applying the results of this paper to perform symmetry
analysis of nonlinear evolution equations with small coupling constant. To this end one
can utilize the concept of approximate Lie symmetry developed by Ibragimov et al [1] and
Fushchych et al [3]. The basic idea of their approach is using a symmetry, S, of linear PDE
as the first approximation of the Lie symmetry of its nonlinear generalization. In this way it’s
possible to expand the class of nonlinear partial differential equations that can be handled by
Lie group approach.

These problems are under investigation now and will be reported in our future publications.

Interestingly, the symmetry group admitted by linear PDE (3) is four-parameter at most,
while there are nonlinear equation whose symmetry algebras are higher dimensional [5, 6].
For example, the equation
UzzUzzy

Up = —Ugggy T
Uy

admits the five-dimensional symmetry algebra
(Or, Ouy 100+ T00) © (D ud).
This result is in contrast to the second-order evolution equations
up = F(t, x,u, Uy )Ugy + F(t,z,u,uy), F #0,

where the linear one u; = u,, possesses the maximal symmetry algebra.

16
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