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Abstract

In this paper we solve the problem of group classification of the (1+1)-dimensional

fourth-order linear evolution equations of the most general form. We prove that there are

three, six and one inequivalent fourth-order linear evolution equations that admit two-,

three-, and four-dimensional symmetry algebras, respectively.

Keywords: Fourth-order evolution equation, finite-dimensional Lie group, equivalence

transformation.

1. Introduction

In this paper, we obtain the complete solution of the group classification problem for general

linear evolution equations of the fourth order

ut = f1(t, x)uxxxx + f2(t, x)uxxx + f3(t, x)uxx + f4(t, x)ux + f5(t, x)u + f6(t, x). (1)
∗Supported by the NSF for Distinguished Young Scholars of China (Grant No. 10925104), the NSF of China

(Grant Nos. 11101332, 11001240 and 11126237) and the Foundation of Shaaxi Educational Committee, China

(Grant No. 11JK0482).
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Here fi, (i = 1, 2, · · · , 6) are arbitrary smooth real-valued functions with f1 6= 0. Hereafter

we adopt the following notations, u = u(t, x), ut = ∂u/∂t, ux = ∂u/∂x, uxx = ∂2u/∂x2 and

so on.

The classical approach to tackling group classification of partial differential equations

(PDEs) is based on the infinitesimal Lie approach. The latter enables to reduce the problem

of group classification of a given PDE to integrating some over-determined system D of linear

PDEs [9–11]. The system D typically contains arbitrary functions whose specific forms are

to be determined from the requirement of its compatibility. However, in case when the

arbitrariness is too broad the system D might become under-determined. As a result the

classical Ovsyannikov’s approach becomes inefficient (see [2] for the detailed discussion of

this matter). To overcome this difficulty Zhdanov and Lahno [14] introduced an alternative

approach enabling to handle efficiently the above problem (see, also [7, 8, 12, 13]).

Here we adopt the approach of [4] to describe all inequivalent equations of the form (1)

that possess non-trivial Lie symmetry. What is more, we utilize some of the results on group

classification of nonlinear fourth-order evolution equations obtained in our recent paper [5].

Note that the results presented below complement those of [5], where only essentially nonlinear

equations have been considered.

Our classification algorithm is implemented as three major steps. We start by normalizing

the class of PDEs (1) using the most general linear equivalence transformation u(t, x) →
V (t, x)u(f(t), g(t, x))+G(t, x) that leaves class (1) invariant. Next, we proceed to calculation

of the maximal equivalence group admitted by the normal form of Eq. (1). This yields in

addition the most general form of the Lie transformation group admitted by (1) and the

corresponding determining equations D. At the last step, we apply the approach of [2, 4] to

finalize group classification of the normalized equations of the form (1).
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2. Normalization of Eq. (1)

The first step of our classification routine is normalizing Eq. (1).

Making the change of variables (t, x, u) → (t̃, x̃, ũ), which leaves the class (1) invariant,

t̃ = t, x̃ = F (t, x), u = V (t, x)ũ(t̃, x̃) + G(t, x), (2)

with V 6= 0 and Fx 6= 0 we obtain an equation of the form

ũt̃ = f̃1(t̃, x̃)ũx̃x̃x̃x̃ + f̃2(t̃, x̃)ũx̃x̃x̃ + f̃3(t̃, x̃)ũx̃x̃ + f̃4(t̃, x̃)ũx̃ + f̃5(t̃, x̃)ũ + f̃6(t̃, x̃),

where

f̃1 = f1F
4
x ,

f̃2 = 6f1F
2
xFxx + f2F

3
x + 4f1F

3
xVxV −1,

f̃3 = 4f1FxFxxx + 3f1F
2
xx + 3f2FxFxx + f3F

2
x + 3V −1(4f1FxFxxVx

+2f1F
2
xVxx + f2F

2
xVx),

f̃4 = f1Fxxxx + f2Fxxx + f3Fxx + f4Fx − Ft + V −1(4f1FxxxVx + 6f1FxxVxx

+4f1FxVxxx + 3f2FxxVx + 3f2FxVxx + 2f3FxVx),

f̃5 = V −1(f1Vxxxx + f2Vxxx + f3Vxx + f4Vx + f5V − Vt),

f̃6 = V −1(f1Gxxxx + f2Gxxx + f3Gxx + f4Gx + f5G + f6 −Gt).

In what follows we use the notation ε = ±1. Choosing the function F , V and G in (2) so

that they satisfy the constraints

f1F
4
x = ε,

(6f1F
2
xFxx + f2F

3
x )V + 4f1F

3
xVx = 0,

Gt = f1Gxxxx + f2Gxxx + f3Gxx + f4Gx + f5G + f6.
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yields

f̃1 = ε, f̃2 = 0, f̃6 = 0.

Thus Eq. (1) reduces to the following canonical form:

ut = εuxxxx + A(t, x)uxx + B(t, x)ux + C(t, x)u.

What is more, we can get rid of ε by the transformation t̃ = −t, x̃ = x, ũ = u.

Summing up the above considerations we conclude that any PDE from the class (1) is

equivalent to the normalized equation

ut = −uxxxx + A(t, x)uxx + B(t, x)ux + C(t, x)u. (3)

Consequently, to obtain complete group classification of the class of evolution equations (1)

it suffices to describe all functions A(t, x), B(t, x) and C(t, x) such that (3) admits nontrivial

Lie symmetries. Note that under A = B = C = 0, Eq. (3) is the non-stationary bi-harmonic

equation in one spatial dimension.

ut = −uxxxx.

3. Preliminary classification of Eq. (3)

It is a common knowledge that the most general Lie transformation group admitted by Eq.

(3) is generated by vector fields of first-order differential operators

X = τ(t, x, u)∂t + ξ(t, x, u)∂x + η(t, x, u)∂u,

where τ, ξ and η are arbitrary smooth real-valued functions. Using the infinitesimal Lie

approach we prove the following statement (see, also [5]).

Theorem 1. The symmetry group of the linear equation (3) is generated by the vector field

X = τ(t)∂t +
( τ̇

4
x + ρ(t)

)
∂x + (α(t)u + β(t, x))∂u,
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where the functions τ(t), ρ(t) and α(t) are real-valued functions satisfying the classifying equa-

tions

(4ρ + τ̇x)Ax + 4τAt + 2τ̇A = 0,

(4ρ + τ̇x)Bx + 4τBt + 3τ̇B + 4ρ̇ + τ̈x = 0,

(4ρ + τ̇x)Cx + 4τCt + 4τ̇C − 4α̇ = 0,

(4)

and β(t, x) is an arbitrary solution of the original equation (3), where and hereafter the dot

over a symbol denotes differentiation with respect to its argument.

If functions A, B and C are arbitrary, then the most general symmetry admitted by Eq.

(3) reads

X = (cu + β(t, x))∂u,

where β(t, x) is an arbitrary solution of Eq. (3) and c is an arbitrary constant. Since the one

infinite-parameter Lie group generated by the operator β(t, x)∂u gives no nontrivial informa-

tion about the solution structure of the equation under study we ignore it and consider the

symmetry operators of the form

X = τ(t)∂t +
( τ̇

4
x + ρ(t)

)
∂x + α(t)u∂u. (5)

It is possible to choose coefficients A, B and C so that Eq. (3) admits larger Lie algebra

than the one-dimensional Lie algebra L1 spanned by the operator u∂u. Description of all

possible specifications of the coefficients A, B and C such that (3) admits an extension of

the algebra L1 is the core of the problem of group classification of Eq. (3). To solve it we

need to construct to integrate classifying equation (4). The major difficulty is that (4) is the

under-determined system of three PDEs for six unknown functions τ , ρ, α and A, B, C. To

overcome this difficulty, we utilize the approach of [2]. The essential element of the latter
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approach is computation of the maximal equivalence group admitted by Eq. (3). Let

t̃ = T (t, x, u), x̃ = Y (t, x, u), ũ = U(t, x, u),
D(T, Y, U)
D(t, x, u)

6= 0 (6)

be an invertible transformation preserving the form of (3). This means that rewriting (3) the

new variables t̃, x̃, ũ yields system of PDEs belonging to the class (3) with possibly different

A,B, and C

ũt̃ = −ũx̃x̃x̃x̃ + Ã(t̃, x̃)ũx̃x̃ + B̃(t̃, x̃)ũx̃ + C̃(t̃, x̃)ũ. (7)

Theorem 2. The maximal equivalence group of Eq. (3) is of the form

t̃ = T (t), x̃ = εṪ
1
4 x + Y (t), ũ = V (t)u, (8)

where Ṫ > 0 and V 6= 0.

Proof. Computing ux according to (6), we get

ux =
Txũt̃ + Yxũx̃ − Ux

Uu − Tuũt̃ − Yuũx̃
.

As Ãũx̃x̃ + B̃ũx̃ + C̃ũ is an arbitrary function of t̃, x̃, ũ, ũx̃, ũx̃x̃ and does not depend on ũt̃,

we must have

ux = g(t̃, x̃, ũ, ũx̃)

for some function g. This implies that Tx = Tu = 0, whence T = T (t) with Ṫ 6= 0.

Next, making the change of variables (6) with t̃ = T (t) yields

ut =
Ṫ

(Uu − Yuũx̃)
ũt̃ + θ1(t̃, x̃, ũ, ũx̃),

uxxxx =
(YxUu − YuUx)4

(Uu − Yuũx̃)5
ũx̃x̃x̃x̃ + θ2(t̃, x̃, ũ, ũx̃, ũx̃x̃, ũx̃x̃x̃),

where θ1 and θ2 are arbitrary smooth functions. Substituting the expressions above into (3)

and taking into account that (3) should be transformed into an equation of the form (7) yield
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the relation

Ṫ (Uu − Yuũx̃)4 − (YxUu − YuUx)4 = 0.

Since functions T, Y and U are independent of ux, coefficients of ũx̃ in the above polynomial

must vanish which yields

Ṫ Yu = 0, ṪU4
u − (YxUu − YuUx)4 = 0.

As Ṫ 6= 0, we get Yu = 0 whence

(Ṫ − Y 4
x )U4

u = 0.

Taking into that Uu 6= 0 (otherwise (6) is not invertible) we conclude that Ṫ − Y 4
x = 0.

Consequently, Ṫ > 0 and Y = εṪ
1
4 x + Y (t).

Finally, applying transformation (6) with t̃ = T (t) and x̃ = εṪ
1
4 x + Y (t) to Eq. (3), yields

the following equation:

ũt̃ = −ũx̃x̃x̃x̃ − 4ε
εṪ

1
4 Uuuũx̃ − UuuUx + UxuUu

Ṫ
1
4 U2

u

ũx̃x̃x̃ + θ3(t̃, x̃, ũ, ũx̃, ũx̃x̃),

where θ3 is an arbitrary smooth function. Using the equivalence transformation (6) we elim-

inate coefficients of ũx̃ũx̃x̃x̃ and ũx̃x̃x̃. As a result, we get

εṪ
1
4 Uuu = 0, UxuUu − UuuUx = 0.

This implies that Uuu = 0 and Uxu = 0 so that U = V (t)u + W (t, x), V 6= 0. Consequently,

the transformed equation Eq. (3) takes the form

ũt̃ = −ũx̃x̃x̃x̃ + A

Ṫ
1
2
ũx̃x̃ + 4εṪB−εT̈ x−4Ṫ

3
4 Ẏ

4Ṫ
7
4

ũx̃ + V̇ +V C
ṪV

ũ

+V (Wt+Wxxxx−AWxx−BWx−CW )−V̇ W

ṪV
.

Choosing W = 0 completes the proof of the theorem.
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Corollary 1. Equivalence transformation (8) converts Eq. (3) into Eq. (7), where the coef-

ficients Ã, B̃ and C̃ are expressed in terms of the functions A,B, C and their derivatives as

follows

Ã = Ṫ−
1
2 A,

B̃ = Ṫ−1(εBṪ
1
4 − ε

4 T̈ Ṫ−
3
4 x− Ẏ ),

C̃ = Ṫ−1(C + V̇ V −1).

(9)

4. Group classification of Eq. (3)

Making the change of variables (8) in the vector field (5) yields

X̃ = τ Ṫ ∂t̃ +
[ ε

4
(τ T̈ Ṫ−

3
4 + Ṫ

1
4 τ̇) + τ Ẏ + εṪ

1
4 ρ

]
∂x̃ + (τ V̇ + αV )u∂ũ.

Consider the cases τ 6= 0 and τ = 0 separately.

Case 1. Suppose τ 6= 0. Choosing in (8) the functions T and Y satisfying

Ṫ = |τ |−1, Y = −ε sign(τ)
∫ t

ρ(y)|τ(y)|− 5
4 dy

and as taking V a nonzero solution of the equation

τ V̇ + αV = 0,

we arrive at the operator X̃ = ε∂t̃.

Case 2. If τ = 0, ρ 6= 0 in (5), then (8) reduces vector field X = ρ∂x + αu∂u to the form

X̃ = εṪ
1
4 ρ∂x̃ + αũ∂ũ.

Choosing Ṫ = (ερ)−4 yields the operator

X̃ = ∂x̃ + αũ∂ũ.
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Case 3. Provided τ = ρ = 0 and α̇ 6= 0, we can choose T as T =
∫ t |α̇(y)|dy and thus get

X̃ = εt̃ũ∂ũ.

If, otherwise, τ = ρ = α̇ = 0, then trivial symmetry generator X̃ = ũ∂ũ is obtained.

By direct verification we establish that the following operators

∂x + f(t)u∂u (ḟ 6= 0), ∂x, ε∂t, εtu∂u

are inequivalent within the equivalence transformation (8).

We summarize above results in the following lemma.

Lemma 1. Vector field (5) is equivalent with a point transformation (8) to one of the following

inequivalent vector fields

∂x + f(t)u∂u (ḟ 6= 0), ∂x, ε∂t, εtu∂u.

In what follows we separately analyze each of the operators listed in Lemma 1 and con-

struct explicit forms of all inequivalent A, B and C such that the corresponding Eq. (3) admits

an extension of algebra L1.

4.1. Operator X1 = ∂x + f(t)u∂u (ḟ 6= 0)

If equation (3) admits operator X1, then substituting τ = 0, ρ = 1 and α = f(t) into classifying

equation (4) and solving it yield

A = A(t), B = B(t), C = ḟ(t)x + g(t).

Applying equivalence transformation (8) to equation

ut = −uxxxx + A(t)uxx + B(t)ux + [ḟ(t)x + g(t)]u,
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we arrive at Eq. (7), where

Ã = Ṫ−
1
2 A,

B̃ = Ṫ−1(εBṪ
1
4 − ε

4 T̈ Ṫ−
3
4 x− Ẏ ),

C̃ = Ṫ−1ḟ [x + ḟ−1V −1(gV + V̇ )].

Choosing T = 4t, ε = 1 and taking solutions of

2
1
2 B − Ẏ = 0, ḟ−1V −1(gV + V̇ ) = Y

as Y and V , gives

Ã = Ã(t̃), B̃ = 0, C̃ = ˙̃
f(t̃)x̃ ˙̃

f 6= 0.

Consequently, we only need to consider the equation

ut = −uxxxx + A(t)uxx + ḟ(t)xu, ḟ 6= 0,

where

ρ̇ = 0, τ̇ = 0, α̇ = ρḟ ,

4τ f̈ + 5τ̇ ḟ = 0, 2τȦ + τ̇A = 0.

Integrating the first three equations we have ρ = c1, τ = c2t + c3, α = c1f + c4, where ci are

arbitrary constants. Inserting τ = c2t + c3 into the remaining equations yields

4(c2t + c3)f̈ + 5c2ḟ = 0, 2(c2t + c3)Ȧ + c2A = 0. (10)

While solving the above equations we need to consider three different cases.

I. Provided c2 = c3 = 0, Eq. (10) is satisfied identically for arbitrary A(t) and f(t) (ḟ 6= 0).

Thus Eq. (3) with A(t, x) = A(t), B(t, x) = 0 and C(t, x) = ḟ(t)x, ḟ 6= 0 admits the two-

dimensional Abelian algebra

〈∂x + f(t)u∂u, u∂u〉.

10



II. Given c2 = 0 and c3 6= 0, Eq. (10) takes the form

f̈ = 0, Ȧ = 0,

whence

f(t) = a1t + a2, A(t) = a3,

and ai are arbitrary constants. Consider the corresponding equation

ut = −uxxxx + a3uxx + a1xu, (11)

where a1 6= 0 (since, otherwise, ḟ = 0). Equivalence transformation (8) maps Eq. (11) into

an equation of the form (7) where the corresponding Ã, B̃ and C̃ are given by (9) with

A = a3, B = 0, C = a1x,

namely,

Ã = a3Ṫ
− 1

2 ,

B̃ = −Ṫ−1( ε
4 T̈ Ṫ−

3
4 x + Ẏ ),

C̃ = Ṫ−1(a1x + V̇ V −1).

We choose V be a nonzero constant, ε = 1 and T , Y to satisfy

Ṫ = a
4
5
1 , Y = 0

thus getting

Ã = ã3, B̃ = 0, C̃ = x̃.

Consequently Eq. (11) can be reduced to the form

ut = −uxxxx + auxx + xu, a ∈ R

by a suitable equivalence transformation.
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Inserting the coefficients of the equation above into classifying equations (4), we obtain

the algebra L1 is extended by the operators

∂t, ∂x + tu∂u

to form the three-dimensional non-decomposable Lie algebra.

III. When c2 6= 0, it follows from Eq. (10) that

f(t) = a1 + a2(t +
c3

c2
)−

1
4 , A(t) = a3(c2t + c3)−

1
2 .

Consider the corresponding PDE

ut = −uxxxx + a3(c2t + c3)−
1
2 uxx − a2

4
(t +

c3

c2
)−

5
4 xu,

where a2 6= 0. Applying transformation (8) to this equation yields Eq. (7). Next, according

to (9) we have

Ã = a3Ṫ
− 1

2 (c2t + c3)−
1
2 ,

B̃ = −Ṫ−1( ε
4 T̈ Ṫ−

3
4 x + Ẏ ),

C̃ = Ṫ−1(−a2
4 (t + c3

c2
)−

5
4 x + V̇ V −1).

Choosing T = t + c3/c2, Y = 0 and V to be a nonzero constant, we obtain

Ã = at̃−
1
2 , B̃ = 0, C̃ = ct̃−

5
4 x̃, c 6= 0.

Inserting A = at−
1
2 , B = 0, C = ct−

5
4 x (c 6= 0) into Eq. (4) and solving the latter yield two

additional symmetry operators of Eq. (3)

∂x − 4ct−
1
4 u∂u, t∂t +

x

4
∂x.
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4.2. Operator X2 = ∂x

If Eq. (3) is invariant under ∂x, then A = A(t), B = B(t), C = C(t). By properly choosing

T , Y and V in transformation (8) we can reduce equation

ut = −uxxxx + A(t)uxx + B(t)ux + C(t)u,

to Eq. (7) with

Ã = Ã(t̃), B̃ = C̃ = 0.

So that we can restrict our considerations to the equation

ut = −uxxxx + A(t)uxx.

Inserting the coefficients of the above equation into the classifying equations (4) we obtain

4ρ̇ + τ̈x = 0, α̇ = 0,

2τȦ + τ̇A = 0.

Integrating the first two equations gives

τ = c1t + c2, ρ = c3, α = c4.

So that the system under study reduces to a single equation

2(c1t + c2)Ȧ + c1A = 0.

Analyzing this ordinary differential equation shows that there are three cases of extension of

symmetry algebra L1, namely,

i). A = B = C = 0 and the additional symmetry operators are of the form

∂x, ∂t, t∂t +
x

4
∂x.
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ii). A = ε, B = C = 0 and the additional symmetry operators are of the form

∂x, ∂t.

iii). A = at−
1
2 (a 6= 0), B = C = 0 and the additional symmetry operators are of the form

∂x, t∂t +
x

4
∂x.

4.3. Operator X3 = ε∂t

In this case the system of classifying equations reduces to

At = Bt = Ct = 0.

Consequently, A = A(x), B = B(x), C = C(x). With these A,B and C, Eq. (4) becomes

(4ρ + τ̇x)Ax + 2τ̇A = 0,

(4ρ + τ̇x)Bx + 3τ̇B + 4ρ̇ + τ̈x = 0,

(4ρ + τ̇x)Cx + 4τ̇C − 4α̇ = 0.

Analysis of the above system of ordinary differential equations yields that extension of the

symmetry algebra for Eq. (3) with A = A(x), B = B(x), C = C(x) is only possible when

i). A = ax−2, B = bx−3, C = cx−4, a, b, c ∈ R, a2 + b2 + c2 6= 0,

ii). A = B = C = 0,

iii). A = C = 0, B = cx(a3x3 + 4a2bx2 + 6ab2x + 4b3)(ax + b)−3, a, b, c ∈ R, abc 6= 0.

The second case has already been considered. In the first case the algebra L1 is extended

by the operators ∂t and t∂t + x
4∂x. In the third case the corresponding Eq. (3) admits the

three-dimensional decomposable symmetry algebra

〈∂t, e−4ct∂t − ce−4ct(x +
b

a
)∂x〉 ⊕ 〈u∂u〉.
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4.4. Operator X4 = εtu∂u

Inserting the coefficients of this operator

τ = 0, ρ = 0, α = εt,

into Eq. (4) leads to contradiction

ε = 0,

whence it follows that there are no equations of the form (3) admitting the operator εtu∂u.

We summarize the above classification results in the following assertion.

Theorem 3. There are three, six and one inequivalent equations from the class (3) admitting

two-, three-, and four-dimensional symmetry algebras, respectively.

In Table 1, we present all inequivalent forms of the functions A, B, C and the finite-

dimensional parts of their maximal symmetry algebras for the corresponding equations (3).

Note that the all two-dimensional algebras are Abelian algebras and the four-dimensional

algebra is decomposable solvable Lie algebra. All three-dimensional symmetry algebras are

solvable Lie algebras, as well.

5. Discussion and conclusions

In this paper, we obtain the complete solution of the classical problem of group classification

of the fourth-order linear evolution equations of the most general form (3). All inequiva-

lent classes of invariant equation (3) are constructed together with their maximal symmetry

algebras.

We prove that there are three, six and one inequivalent equations from the class (3)

admitting two-, three-, and four-dimensional symmetry algebras, respectively.
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One of the applications of these results is classification of nonlinear fourth-order evolution

equations that are linearizable by nonlocal transformations using the technique developed in

our recent paper [6].

Another interesting application is applying the results of this paper to perform symmetry

analysis of nonlinear evolution equations with small coupling constant. To this end one

can utilize the concept of approximate Lie symmetry developed by Ibragimov et al [1] and

Fushchych et al [3]. The basic idea of their approach is using a symmetry, S, of linear PDE

as the first approximation of the Lie symmetry of its nonlinear generalization. In this way it’s

possible to expand the class of nonlinear partial differential equations that can be handled by

Lie group approach.

These problems are under investigation now and will be reported in our future publications.

Interestingly, the symmetry group admitted by linear PDE (3) is four-parameter at most,

while there are nonlinear equation whose symmetry algebras are higher dimensional [5, 6].

For example, the equation

ut = −uxxxx +
uxxuxxx

ux

admits the five-dimensional symmetry algebra

〈∂t, ∂x, t∂t +
x

4
∂x〉 ⊕ 〈∂u, u∂u〉.

This result is in contrast to the second-order evolution equations

ut = F (t, x, u, ux)uxx + F (t, x, u, ux), F 6= 0,

where the linear one ut = uxx possesses the maximal symmetry algebra.
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