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We investigate discretizations of the integrable nonlinear Schrodinger dynamical system, well known as the
Ablowitz — Ladik equation, the related symplectic structures and its finite dimensional invariant reducti-
ons. An effective scheme of invariant reducing the corresponding infinite system of ordinary differential
equations to an equivalent finite system of ordinary differential equations with respect to the evolution
parameter is developed. A finite set of recurrent algebraic regular relations, allowing to generate solutions
of the discrete nonlinear Schréodinger dynamical system, is constructed, the related functional spaces of
solutions is discussed. Finally, the Fourier transform approach to studying the solution set of the discrete
nonlinear Schrodinger dynamical system and its functional-analytical aspects is analyzed.

Hocaioxyromuvcs OUCKpemusayil iHme2pos8Hol HeAiHIUHOL OuHamiuHol cucmemu lllpvoodinzepa, 6idomoi
AK pigHanHA Abaosiua—Jladika, 8i0N0GIOHI CUMNACKMUYHI CIIPYKMYPU Ma 1T CKIHYEeHHOBUMIDHI iH-
sapiaummi peoyxuyii. I[1o6y008aro epeKkmusHUIL an2opumm iH8apiaHmuoi pedyKuii 8i0n08iOHOT HeCKIH-
YeHHOI cucmemut 38UHALLHUX OUDePEeHUIANbHUX PIBHAHD 00 eK8I8ANCHMHOL CKIHYEeHHOL CUCeMU 36UYall-
HUX OughepeHuiasbHUX pieHAHb 8I0HOCHO napamempa esontoyii. [106y008aHO CKIHUEHHY MHOIUHY DeKy-
PEHMHUX an2eOpaidHUX pe2YAAPHUX CHIBBIOHOULEHD, WO 00380AUA0 NOOYOYB8AMU PO36°A3KU OUCKDem-
HOI HeAiHIUHOL Ounamiynol cucmemu llIpvodinzepa, ma po3easaHymo 6i0N08IOHI PYHKUIOHAAbHI NPOC-
mopu po3e’askia. I[lposedero anania nioxooy nepemeopernna ®yp’e 00 8UBHEHHA MHONCUHU PO3B A3KIE
OUCKPeMHOT HeAIHITIHOT OuHAMIYHOT cucmemu llIpbodinzepa ma it hyHKYIOHANBHO-AHAATIMUYHUX ACHeK-
mie.

1. Introduction. As is well known, soliton equations with constitute an wide class of integrable
dynamical systems, which possess a lot very interesting mathematical properties, and describe
diverse important physical phenomena. In particular, they are usually used to describe interacti-
ons between different solitary waves having physical applications. For example, the nonlinear
Schrodinger equation describes the soliton propagation in a medium with both resonant and
nonresonant nonlinearities [7, 46, 48] and the nonlinear interaction of high-frequency electro-
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static wave with ion acoustic waves in plasma [18]. Due to the important role played by the
soliton equations in many fields of physics such as hydrodynamics, solid-state physics, plasma
physics, etc. they have received much attention in the literature. Especially there are of great
interest their completely integrable descrete approximations of soliton equations, which have a
great deal of applications in numerical analysis, computing simulations and related investigati-
ons. Our work is devoted to a thorough investigation of the three-point discretization

dun/dt . o i(un-l—l — 2up, + un—l) - ianun(un—i-l + un—l)
ditdt ) = K,lu,u] = (1.1)
’U,n/ t _i(zan — Un+1 — un—l) + iﬁnun(ﬁn—i-l + ’an—l)

for n € Z of the integrable nonlinear Schrodinger dynamical system

d

) S = it — 2t

Rl = (12)
U= i+ 2oyt

on a functional manifold M C Lo(R;C?), studying their related symplectic structures and
finite-dimensional invariant reductions. The set of equations (1.1) is well known as the Ablo-
witz—Ladik (AL-DNLS) equation, whose Lax type integrability was first proven by Ablowitz
and Ladik [1] and having many diverse applications [5, 21, 24, 30, 33, 35, 60] in physical and
bilological sciences. Defining (1.1) as a smooth completely integrable Hamiltonian dynami-
cal system on a discrete functional manifold My C [3(Z;C?) with respect to the evolution
parameter ¢ € R, we developed an effective scheme of invariant reducing the correspon-
ding infinite system of ordinary differential equations to a suitably determined finite system
of ordinary differential equations, being a completely integrable finite-dimensional canoni-
cal Hamiltonian flow. The dynamical system (1.1) appears also to be a bi-Hamiltonian flow
on the discrete functional manifold M, with respect to special noncanonical Poisson brackets
(see, e.g., [9, 11, 22]). A constructed finite set of recurrent algebraic regular relations, allowing
to generate solutions of the discrete nonlinear Schrodinger dynamical system, is analyzed in
detail, the related functional spaces of solutions are also discussed. Based on the symplectic
gradient-holonomic approach, devised before in [11, 54, 55] for the smooth nonlinear dynmami-
cal systems on functional manifolds, we also investigate the differential-geometric and symplec-
tic stuctures of the related hidden symmetries, responsible for the complete integrability of the
Ablowitz — Ladik dynamical system (1.1). Finally, there is analyzed the Fourier transform appro-
ach to constructing the solution set of the discrete nonlinear Schrodinger dynamical system and
its functional-analytical aspects.

2. Discrete dynamical systems integrability and reduction analysis. 2.1. Preliminary notions
and definitions. We consider an infinite-dimensional discrete manifold M,, C 1%(Z;C™) for
some integer m € Z, and a general nonlinear dynamical system of the form

dw
e K[w], (2.1)

where w € M,, and K: M,, — T(M,,) is a Fréchet smooth nonlinear local mapping of M,,
into its tangent space T'(M,,) and ¢t € R is the evolution parameter. As an example of the
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dynamical system (2.1) at m = 2 on a discrete manifold My C I5(Z; C?), we will analyze the
well-known [1, 44] AL-DNLS integrable system (1.1)

dun/dt _ L i(unJrl — 2up + unfl) - Zﬂnun(un+1 + Unfl)
ditdt ) = Kylu,u) := ., (2.2)
U [ dt —i(2Up, — Upy1 — Up—1) + 1UpUp (Upt1 + Up—1)

where the overbar denotes the complex conjugate on a functional manifold M with w =
= (u,v)T € My, and which, as was before mentioned, has many interesting applications [20, 21,
35] in a wide range of modern physics and biology problems.

To analyze the integrability properties of the differential-difference dynamical system (2.1),
we shall develop a gradient-holonomic scheme related to those devised in [11, 32, 43, 54] for
nonlinear dynamical systems defined on spatially one-dimensional functional manifolds and
extended in [51] to include discrete manifolds.

Denote by (-,-) the standard bilinear form (or pairing) on the space T*(M,,) x T(M,,)
naturally induced by the inner product in the Hilbert space 1?(Z; C™). We define D(M,,) to be
the space of smooth functionals on M,,, so for any v € D(M,,) one can define the gradient
grad y[w] € T*(M,,) as

grad y[u, @] := +"*[w] - 1, (2.3)

where the prime denotes the Fréchet derivative and “x” represents the conjugation with respect
to the standard bracket on T'(M,,) x T*(M,,).

Definition 2.1. A linear smooth operator 9: T*(M,,) — T(M,,) is called Poissonian on the
manifold M,,, if the bilinear bracket

{3, = (grad (), dgrad (-))

satisfies [3, 6, 9, 25, 54] the Jacobi identity on the space D(M,,) of all smooth functionals on M,,.
This means, in particular, that the bracket (2.3) satisfies the standard Jacobi identity on
D(M,y,).
Definition 2.2. A linear smooth operator V: T*(M,,) — T(My,) is called Nétherian [9, 25,
54] with respect to the nonlinear dynamical system (2.1) if

L9 = 9K —9K"™ — K'9 = 0 (2.4)

holds identically on the manifold M,,, where Ly is the Lie-derivative along the vector field
K: My, — T(Mp,).

If the mapping 9: T*(M,,) — T(M,,) is invertible with inverse mapping ¥~! = Q :
T(M,y,) — T*(M,y,), it is called symplectic. It then follows easily from (2.4) that

LgQ = QK+ QK + K'*Q =0 (2.5)

hold identically on M,,. Having now assumed that the manifold M,, C [*(Z;C?) is endowed
with a smooth Poissonian structure : 7%(M,,) — T(M,,), one can define the Hamiltonian
system

le—l: = —dgrad H|w], (2.6)
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corresponding to a Hamiltonian function H € D(M,,). It follows directly from the definition
(2.6) that the dynamical system

dw _ K[w] := —9 grad H[w]

dt

satisfies the Notherian conditions (2.4). We are studying the integrability [6, 9, 11, 50] of the
discrete dynamical system (2.1). Accordingly we need to construct invariants with respect to it
functions, called conservation laws, which are mutually commuting with respect to the Poisson
bracket (2.3). The following Lax criterion [11, 39, 54] proves to be very useful.

Lemma 2.1. Any smooth solution ¢ € T*(M,,) to the Lax equation

dy
Lgy = f—&—K'*cp—O (2.7)
dt
satisfying the symmetry condition
/ /%
Y =¥,

with respect to bracket (-, ), is related to the conservation law

1
- / AN(p[wA], w). (2.8)
0
Proof. The expression (2.8) follows easily from the well-known Volterra homology equali-
ties
1 N 1 1 0
:/ 75: ] = /d/\ (1,7 [wA] - /d)\ "HlwA] - 1,w) = /d/\(gradfy[w)\],w)
0 0 0 1
and

(grad y[w])” = (grad y[w])"*
holding identically on M,,. Whence, one finds that there exists a function v € D(M,,) such that
Lgy =0, grady[w] = ¢[uw]

for any w € M,,.

Lemma 2.1 is proved.

This result of Lax lemma is a direct consequence of the following generalized Nother type
result.

Lemma 2.2. Let a smooth element oy € T*(M,,) satisfy the Nother condition

d
Ly = —w + K" = grad Ly (2.9)
or some smooth functional L, € D(M,,). Then the Hamiltonian representation
f " D

K = —vgrad Hy
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holds, where

and the Hamiltonian function is
Hy = (zva) - £¢

It is easy to see that Lemma 2.1 follows from Lemma 2.2, if the conditions ¢ = "* and
Ly = 0 are imposed on (2.9).

Assume now that equation (2.9) allows an additional (nonsymmetric) smooth solution ¢ €
€ T"(Mp,):

Lg¢ = % + K"*¢ = grad L. (2.10)

This means that our system (2.1) is bi-Hamiltonian:
—dgrad Hy = K = —ngrad H,,

where, by definition,
n::¢_¢*7 Hn:(¢7K)_£¢

Definition 2.3. One says that two Poissonian structures 9,n: T*(My,) — T(My,) on M,
are compatible [9, 25, 42, 54], if for any A\, i € R the linear combination \9 + un: T*(M,,) —
— T'(M,,) will be also Poissonian on M,,.

It is easy to see that this condition is satisfied if, for instance, there exist an inverse 91
T(M,,) — T*(M,,) and the composite map n(J9~'n): T*(M,,) — T(M,,) is also Poissonian
on M,,.

Concerning the complete integrability of the infinite-dimensional dynamical system (2.1)
on the discrete manifold M, it is, in general, necessary, but not sufficient [11, 50, 54], to prove
the existence of an infinite hierarchy of mutually commuting conservation laws with respect to
the Poissonian structure (2.3).

Since in the case of Lax integrability of (2.1) there exist compatible Poissonian structures
and related hierarchies of conservation laws, we shall focus our analysis by devising an integrabi-
lity algorithm under the a priori assumption that the nonlinear dynamical system (2.1) on the
manifold M, is Lax integrable. This means that it possesses a Lax representation in the followi-
ng general form:

Afn = fn—i—l = ln[waA]fna (211)

where f := {f, € C": n € Z} C I?(Z;C") for some integer r € Z, and the matrices I,,[w; \] €
€ EndC", n € Z, in (2.11) are local matrix-valued functionals on M,,, depending on the
“spectral” parameter A € C, invariant with respect to our dynamical system (2.1).

As the Lax representation (2.11) is “local” with respect to the discrete variable n € Z, we
shall assume for convenience that our manifold M, := MM [*°(Z/NZ;C™) is periodic
with respect to the discrete index n € Zy, thatisforanyn € Zy := Z/NZand A € C

Il A] = by x[w; A (2.12)
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for some integer N € Z. . In this case the smooth functionals on MT(,LN) can be represented as

Y= Z Ynlw]

neELN

for some local Fréchet smooth densities ,, : M,(nN) — C,n € Zn.
2.2. The gradient-holonomic scheme. Consider the representation (2.11) and define its fun-
damental solution F,,, ,(A) € Aut (C"), m,n € Zy, satistying the equation

Fm—i—l,n()‘) = Im [’LU; )‘]Fm,n()‘)

and the condition
Fon(N)] =1

m=n

forall A € C and n € Zy. Then the matrix function
Sn(A) == Fpinn(N) (2.13)

is called the monodromy matrix for the linear equation (2.12) and satisfies for all n € Zy the
Novikov — Lax relationship

Spe1Nln = LSn(N). (2.14)

It easy to compute that S, (\) = Hff:})l lnsru; A] owing to the periodicity condition (2.12).
Construct now the generating functional

Y(A) = trSp(A), (2.15)

where tr is the standard trace map, having the asymptotic expansion

YA ~ 3 AN (2.16)

JELy
as A — oo for some fixed jo € Z,. Then, owing to the obvious condition
D,7(A\) =0
for all n € Zy, where we have introduced the “discrete” derivative
D, =A-1,
we find that all functionals 4; € D(MT(nN)), Jj € Z., are independent of the discrete index
n € Zy and are simultaneously conservation laws for the dynamical system (2.1).

We now make an additional natural assumption, namely that the gradient vector

(N = grad y(\)[w] = tri* (Sp(NI 1Y) (2.17)
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solving the Lax determining equation (2.7), satisfies, owing to (2.14), for all A € C,

(AP @A) = ne(N), (2.18)

where z: C — Cis a meromorphic function, and ¢ and : T* (M,S@N)) — T(M&N)) are compatib-

le Poissonian operators on the manifold Mr(nN) that are Notherian with respect to the dynamical

system (2.1). Then it follows at once that the generating functional F(\) € ’D(M&N)) satisfies
the commutation relationships

{7(A): (1) }o = 0 = {3(A), 7 () }y (2.19)

forall A, € C. Consequently, if we define on My a generating dynamical system

Z—f = —dgrad J(\)[w]
as A — oo, it follows from (2.19) that the hierarchy of functionals defined by the coefficients in
(2.16) comprise its conservation laws.

With the importance of invariants and Poissonian structures related to the linear spectral
problem (2.11) firmly in mind, we now describe its main Lie-algebraic properties and connecti-
ons with the whole hierarchy of integrable differential-difference dynamical systems on the
manifold M,,. More precisely, we sketch the Lie-algebraic aspects [22, 49, 57, 58] of the diffe-
rential-difference dynamical systems associated with the Lax linear difference spectral problem
(2.11). In this process we shall assume that I,, := l,[w;\] € G, := GL*(C) ® C(\,A71) for
n € Zn := Z/NZ as A — oo. To describe the related Lax integrable dynamical systems, we

first define first the matrix product-group GV := ®§V:1 G, and its action GV x MéN) — MéN)

on the phase space MéN) ={l, € Gn: n € Zy}, given as
{gn € Gp:n € Zn} x {l,, € Gp:n € Zy} = {gnlng,;l_1 € Gp:n € Zn}.

A functional v € D(M, éN)) is invariant for this action iff the following discrete relationship:

grad y(ln)ln, = lpr1grad y(lp41) (2.20)

holds for alln € Zy.

We assume further that the matrix group G* is identified with its tangent spaces 7;(G"),
| € GV, which is locally isomorphic to the Lie algebra G(V), where G() is the corresponding
Lie algebra of the Lie group GV, which is isomorphic to the tangent space T,(G") at the group
unity e € GV. With any element [ € GV there are associated, respectively, the left i;: GV) —
— T3(GN) and right p;: GV) — T;(GY) differentials of the left and right translations on the
Lie group GV, and their adjoint mappings p} : T;(G") — GW)* and nf: T/ (GN) — GV,
where

(prgrad~(1), X) = (grady(l), X1) = (Igrady(l), X) := Tr (I grad () X),

(2.21)
(n grad (1), X) = (grady(1),(X) = (grady(1)l, X) := Tr (grad y(1)IX)
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for any X € GV) and smooth functional v € D(GV). Here Tr: GV — C s the trace operation
on the group GV defined as

TrA = Jes Z Sp Aj[u, u; Al
JELN

for any A € GV. By virtue of (2.20) and (2.21), we can define the set
{®, = grad~(l,)l, € G, :=T,(G), n € Zn}
belonging to the space GV)* ~ T*(G) and satisfying the following invariance property:
Dy = Adf @ (N) = 1,1 (V)1 (2.22)

for any n € Zy. The relationship (2.22) allows to define a function ¢: G — C invariant with
respect to the adjoint action

Gn X Gp 2 (9,50(N) = adgSn(N) = gS.(N)g™" € Gy,
for any n € Zy and such that

(1) = [Sn(N)],  @n = grad p[Sn(N)]Sn(N), (2.23)

where, by definition, the expression
N
Sn(A) = [ tilu. A (2.24)
j=1

coincides exactly with the proper monodromy matrix for the linear spectral problem (2.11).
Owing to (2.22), the matrices ®,, = grad ¢[S,(A)]Sn(A) € G, n € Zn, can be reconstructed
from (2.24). Therefore, we have [22, 58] the following Poissonian flow on the matrices S,,(\) €
€ Gp,n € Ly :

dS,(A)
dt

= [R(grad ¢[Sn(N)]Sn (X)), Sn(N)] (2.25)
with respect to the invariant Casimir function ¢ € I(G;) and the quadratic Poissonian structure

{7172} = (1, [grad 41 (1), R(I grad v2(1))] + [R(I grad 1 (1)), grad y2(1)]) (2.26)

for any functionals v;,72 € D(GY), which is constructed by means of a skew-symmetric
R-structure R: GV)* — GWV) In particular, the equality

[grad ¢(Sn), Sn] = 0

holds for alln € Zy.

ISSN 1562-3076. Heninitini koausarns, 2017 m. 20, N2 2



236 A. K. PRYKARPATSKI, J. L. CIESLINSKI

Taking into account (2.23), one can rewrite (2.25) as

s,

vl [R(grady(In)ln), Snl,

for all n € Zy. This together with (2.22) makes it possible to retrieve [34, 57] the related
evolution of elements [, € G,,, n € Zy :

dl,
E = pn—i—l(l)ln - lnpn(l>7
(2.27)

pn(l) == R(grady(l,,)ly)

from the relationships

Sn(A) = (SN (N, ' (1),

Y (l) = Hlj[u,v;)\].

The solution f € [°°(Z, C?) to the linear spectral problem (2.11) satisfies the associated temporal
evolution equation

dfn

0 on (1) fn (2.28)

for any n € Z. Itis easy to check that the compatibility condition for the linear equations (2.11)
and (2.28) is equivalent to the discrete Lax representation (2.27), which upon reduction on the
group manifold Mg, gives rise to the corresponding nonlinear Lax integrable dynamical system
on the discrete manifold MT(nN). Hence, all Casimir invariant functions, when reduced on the
manifold M, are in involution [23, 57, 58] with respect to the Poisson bracket (2.26).

Since the existence of an infinite hierarchy of mutually commuting conservation laws is a
characteristic of the Lax integrability of the nonlinear dynamical system (2.1), this property
can be effectively implemented into the scheme of our analysis. Namely, we have the following
result.

Proposition 2.1. The determiming Lax equation (2.7) allows the following asymptotic (as

A — o00) periodic solution p(\) € T*(MT(YLN)) :

en(N) ~ an(N) explw(t )] [ o5(V), (2.29)
j=0

where foralln € 7
an()‘) = (17 a(l),n[w; )‘]7 a(Z),n[w; )‘]7 v 7a(m71),n[w; )‘DTa

Ay ~ Y al) WA () ~ Y al At

SEZ+ S€Z+

(2.30)
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1<k<m-landw(t;-): C — C,t € R, is a dispersion function. Moreover, the functional
YA = D nezy In(A %0, [w; \]) € D(anN)) is a generating function of conservation laws for
the dynamical system (2.1).

Proof. Lemma 2.1 and relationship (2.17) imply that the functional (2.15) is a conservation
law for our dynamical system (2.1). Whence, expression (2.13) and equation (2.11) lead to the
solution representation (2.29) for the Lax equation (2.7). Now, making use of the periodicity of
the manifold anN), it follows from the period translation of (2.29) that the functional

YA = Y O onfwiA) ~ 3D A (231)

neELN

generates an infinite hierarchy of conservation laws to (2.1).

Proposition 2.1 is proved.

Thus, if we start the Lax integrability analysis of a given nonlinear dynamical system (2.21),
it is necessary, as the first step, to study the asymptotic solutions (2.29) to the corresponding Lax
equation (2.7). These solutions are then used to construct a related hierarchy of conservation
laws in the functional form (2.31), taking into account expansions (2.30).

Remark 2.1. 1t is easy to observe that, owing to the arbitrariness of the period N € Z, of
the manifold M&N), all of the finite-sum expressions obtained above can be generalized to the
corresponding infinite-dimensional manifold M,, C [?(Z;C™), if the associated infinite series
are convergent.

Since our dynamical system (2.1) induces a bi-Hamiltonian flow on the manifold My,
under the above circumstances, the next step is to analyze the related compatible Poissonian
or symplectic structures, satisfying, respectively, either equality (2.4) or equality (2.5). Before
doing this, we shall need the following useful result.

Lemma 2.3. All functionals v; € D(anN)) in the expansion (2.31) are mutually with respect
to both Poissonian structures v,n: T*(M,(nN)) — T(M,(nN)) satisfying the gradient relation-
ship (2.32).

Proof. 1t follows from the representations (2.29) and (2.17) that the following asymptotic

(as A — oo) relationship holds:
Iny(\) =~ y(N). (2.32)

Since the generating function y(\) € D(Mr(nN)) satisfies the commutation relationships (2.19),
the same also holds, owing to (2.32), for the generating function y(\) € D(M&N)).

Lemma 2.3 is proved.

We proceed now with an analytical approach to construction of the Poissonian structures
O,n: T (MTS@N)) — T(MT(,LN)) for the dynamical system (2.1). Note that these Poissonian structu-
res are also Notherian for the whole hierarchy of dynamical systems

d
o —v grad v;{w], (2.33)
dt;

where t; € R, j € Z,, are the corresponding evolution parameters, and which, owing to (2.19),

commute with each other on the manifold M&N). Therefore, it possible to apply Lemma 2.2 to
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any one of the dynamical systems (2.33) if the related vector fields commuting with (2.1) are
assumed known.

To solve equation (2.9) for an element ¢ € T*(MT(nN)) one can, in the case of a polynomial
dynamical system (2.1), make use of the well-known asymptotic small parameter method [43,
54]. When applying this approach, it is necessary to take into account the following expansions

at zero — element (u,u)T = 0 € MY with respect to the small parameter i — 0:
wi= p®, o [u®] = @ 4 pp0 O] + 2@+

d d d _ ,d

@ dte  Man TP

K {wm} — KM {wm} + P K® [wu)] o

+

K’ [w(l)} = K\ + uKi [w(l)] + U’ K} [w(l)} +.

grad £ [w(l)] = grad £O 4 pgrad £ [w(l)} + pPgrad £® [w(l)] +....

After solving the corresponding set of linear nonuniform functional equations

(0)
W 1 Ky = graa 2
0
do@ . .
;Oto + KoM = grad £ — Ko,

de®

2 Ko = grad L&) — Ko — Kyl
0

and so on, using Fourier transforms applied to the suitable N-periodic functions, one can obtain
the related Poissonian structure in the series form

1971 _ @(0),/ N SO(O)J* + ,U/(SD(UJ o S0(1),/*) 4.

and finally set u = 1.
Another direct way of obtaining a Poissonian operator ¢: T*(MT(nN)) — T(M, MY ) for (2.1)
is the following: first reduce the Notherian equation (2.4) to the set of linear nonunlform equati-

ons

d

dto —— (oY) = Kg(909"),

L 010”) = Kyne®) + K]0 + Kiop®,
0

d

i W20) = K (20) = oK + do k5" "+

+ 0 K70 + 9, K50 4+ K1010© + K000,
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and then solve using the above small parameter asymptotics. The analytical expressions for
actions 9 : 0©® - v ¢ j € Z, can now be used to retrieve them in operator form from the
expansion
9 = 190+/L791+/L2792+...,

by setting ¢ = 1 at the end of the calculations. Similarly one can also construct the second
Poissonian operator 7: T*(M&N)) — T (MT(,LN)) for the nonlinear dynamical system (2.1).

Now the next result follows directly from all of the above analysis.

Proposition 2.2. Let a nonlinear dynamical system (2.1) on a discrete manifold M,%N) admit
both a nontrivial symmetric solution ¢ € T*(MT(,IN)) to the Lax equation (2.7) in the asymptotic
as form (2.29) as A — oo, generating an infinite hierarchy of nontrivial functionally independent

conservation laws (2.31), and compatible nonsymmetric solutions ) and ¢ € T*(MT(nN)) to the

Nother equations (2.9) and (2.10), respectively. Then this dynamical system is a Lax integrable
bi-Hamiltonian flow on M#LN) with respect to two compatible Poissonian structures

9,m: T* (MT(,LN)> ST (MT(,LN)> :

whose adjoint Lax representation

A o
= LK, (234)

where A := 971, is the so-called recursion operator. This operator can be transformed, in virtue
of the gradient relationship (2.18), to the standard discrete Lax form

dl,

— = [pa(D). In] + (Dnpn(D)ln

for some matrix py,(l) € End C" describing the temporal evolution

dfu

dt = pn(l)fn

related to (2.11), for f € 1*°(Z;C").

Remark 2.2. Inasmuch as all Hamiltonian flows (2.32) commute with each other and the
dynamical system (2.1), and since they possess the same Poissonian and compatible (9, 7)-
pair, the analytical algorithm described above can also be applied to any other flow commuting
with (2.1).

Solutions to the discrete linear Lax problem (2.11) can be constructed by means of the
gradient-holonomic algorithm devised in [11, 32, 54] for studying the integrability of nonlinear
dynamical systems on functional manifolds. More specifically, by making use of the preliminary

analytical expressions for the related compatible Poissonian structures ¢, 7n: T* (anN)) —
— T M&N) on the manifold Mr(nN) and using the fact that the recursion operator A :=

=97y T (MT(nN)) — T (Mr(nN)> satisfies the dual Lax commutator equality (2.34), one can
retrieve the standard Lax representation for it in terms of algebraic formulas. As a corollary of
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Proposition 2.2 one has the existence of a nontrivial asymptotic (as A — oo) solution to the Lax
equation (2.7), which provides an effective Lax integrability criterion for a dynamical system

(2.1) on the manifold M.

2.3. The Bogoyavlensky — Novikov finite-dimensional reduction scheme. In this section, we

(N)

assume that our dynamical system (2.1) on the periodic manifold M, ’ is Lax integrable and

possesses two compatible Poissonian structures o, 7: T*(MT(nN)) — T(Mp, (v )) Thus, we have
the nonlinear finite-dimensional dynamical system

— = K, [w] = =Y grad Hy [w] (2.35)

for indices n € Zy, owing to its N-periodicity. The finite-dimensional dynamical system (2.35)

can be equivalently considered as that on the finite-dimensional space M ~ (C™)N para-
meterized by an integer index n € Zy. The Liouville integrability of this system is our next
concern. To study the flow (2.34) on the manifold M|y, we shall make use of the Bogoyavlens-
ky—Novikov [13, 50] reduction scheme [9, 50, 51, 54].

Let A (M,(nN)) = ®N A < (N)> be the standard finitely generated Grassmann algebra
[6, 11 54] of differential forms on the manifold M. Then the differential complex

AV & AL (MY % ATy b AL Ny

m

where d: A(M,(nN)) — A(anN>) is the exterior differentiation, is finite and exact. Since the di-
screte “derivative” D,, := A—1 commutes with the differentiationd: A (M,SlN)) — A <M,§1N)) ,

[Dy,,d] = 0foralln € Zy, and for any element a € A° (M,(nN)>

grad Z Dypapw] | =0, (2.36)

neZLN

one can formulate the following Gelfand — Dikiy type [26] result.
Lemma 2.4. Let L[w] € A° (M&N)> be a Fréchet smooth local Lagrangian functional on the

manifold M&N). Then there exists a differential 1-form oY) € A! (M7(nN)), such that the equality
AL, w] = (grad L,[w], d(w)T) + Dpallw] (2.37)

holds foralln € Zy.
Proof. One can easily see that

N-1
, dwp; A7 dwn> =
< awnﬂ +J> jz: < awnﬂ

N-1 N-1
= A~ ] pj, dwp s
<Z 811)71—1—; > JZ:% I +]

J

AL, [w] =

QMH
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where

N-1
_. 0Ly w]

Pr = E A7

— OWnyjik+1

for k = 0,..., N — 1. Having defined the expression

N-1 ]
grad L, [w A~ i 9
=0 awn+]
one obtains the result (2.37), where
N-1
p]7 dwn+] (238)
7=0
N)

is the corresponding differential 1-form on the manifold My(n
Lemma 2.4 is proved.
Exterior differentiating expression (2.37), we obtain that

, thereby concluding the proof.

—D,wP[w] = (dgrad £, [w], Adw) (2.39)
for any n € Z, where the 2-form
ww] == daMw] (2.40)

(N)

is nondegenerate on My, ’ if the Hessian 02 £[w] /0w is also nondegenerate.

Consider the manifold
JASAEES {grad ££LN) [w] =0; w e MT(nN)}, (2.41)

where the Lagrangian functional is defined as

N-1
LN = =g+ e (2.42)
§=0

withy; € D (M v )) j=0,...,N—1,forsome N € Z,, being suitable nontrivial conservati-

on laws for the dynamical system (2.1) as constructed above. Here ¢; € C, < j < N — 1, are
arbitrary but fixed constants. It follows from (2.41) and (2.39) that the closed 2-form w® ¢

N)

e A2 (My(nN)> is invariant with respect to the index n € Zy on the manifold M& . Moreover,

the submanifold (2.41) is also invariant both with respect to the index n € Zy and the evolution
parameter ¢t € R. In fact, for any n € Zy the Lie derivative

Licarad V) = (gradE(N))/K+K"* (arad £V = 0,
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since the functional £7(1N) [w] € D (M,%N)) is a sum of conservation laws for the dynamical

system (2.1), whose gradients satisfies the Lax condition (2.7). In addition, it is easy to see that
if the Lie derivative L grad £ [w] = 0,n € Zn, att = 0, then grad £ [w] = 0forallt € R
and n € Zy. Thus, the Bogoyavlensky — Novikov reduction of the dynamical system (2.1) upon
the invariant submanifold M,Si“ is completely invariantly defined.

At this point there is a natural question to ask: what is the relationship between the dynami-
cal system (2.1) restricted to the submanifold M) and the dynamical system (2.1) reduced on
the finite-dimensional submanifold M7 ¢ M{")? To further analyze the reduction, we consi-

der the equation
<grad L], K, [w]> = —Duh O, (2.43)

for a local functional h(Y)[w] € A°(M,,), which follows from the conditions (2.35) and (2.7):

/%

grad <grad £ [w],Kn[w]> = (grad £ [w]) Kpw] + K [w)grad £V [w] =

_ / _
= (grad L) [w]) K, w] + K [w]grad £M[w] =
= Lk grad [,%N) [w] = 0.
Since on the submanifold M,(,ZN) the gradient grad L’%N) [w] = 0for all n € Zy, we deduce from
(2.43) that the local functional () [w] € A° (anN)) does not depend on index n € Zy.
The properties of the manifold M&N) described above, make it possible to consider it as
a symplectic manifold endowed with the symplectic structure w® € A2 <MT(,LN)> given by
expressions (2.38) and (2.40). From this point of view we can study the integrability properties
of the dynamical system (2.1) reduced on the invariant finite-dimensional manifold MY
c M.
First, we observe that the vector field d/dt on ]\_4( ) is canonically Hamiltonian [3, 6, 50]
with respect to the symplectic structure w(® AQ(M( ), i€,

—idiw(z)(u,p) = dh® (u,p), (2.44)
t

where h® (w,p) = h®[w],w® (w,p) = w®[w] and (w,p)T € M4 are canonical variables
induced on the manifold M
(2.43) one obtains that

by the Liouville 1-form (2.38). More specifically, from expression

dia <grad E,(LN) [w], dwn> = —Dndhg) [w],
dt
which together with the identity (2.39) in the form
i%d <grad E%N) [w], dwn> = —Dni%wff) [w],
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leads to

% <grad £ [w],dwn> = D, (dhg) [w] + i 4 w® [w]). (2.45)

dt

Since grad LM[w] = 0 = Ly grad £[w] identically on M,SlN), from (2.45) one obtains the

result (2.44).

The same is true of any of the Hamiltonian systems (2.33) commuting with (2.1) on the
manifold M,,,. Moreover, owing to the functional independence of invariants v; € D (MT(HN)> ,
0 < j < N — 1, in the Lagrangian functional (2.42), we can construct a set of functionally

independent functions h\9) € D (M&N)) ,j=0,...,N —1, as follows:

<grad [,%N) [w], ¥ grad 'yjyn[w]> = Dph9[w)].
It is easy to check that these functions h(9) e D (M&N)) ,0 < j < N — 1, are invariant
with respect to indices n € Zy and commute with each other and the Hamiltonian functi-
on h) € D (M,(,@N)> with respect to the symplectic structure w® € A2 (M,(,@N)) . Thus, if
the dimension dim M( Ny = 2N, the discrete dynamical system (2.1) reduced upon the finite-

dimensional submanifold M&N) C M&N) is Liouville integrable. If the set of conservation laws

v; € D (M,(nN)) ,j = 0,...,N — 1, is functionally dependent on MT(nN), the scheme can be
modified using the Dirac reduction technique [3, 9, 54] for determining a regular symplectic
structure @ [w] € A2 (M&N)> on an invariant nonsingular submanifold M.

3. The discrete nonlinear Schrodinger dynamical system analysis. 3.1. Hamiltonian descrip-
tion. In that to follow we proceed to analyzing the properties of discrete approximation for
the nonlinear integrable Schrodinger dynamical system (1.2) on a functional manifold M C
C Ly (R;C?) in the form

d . . X

S = it — 2oy,

dt
where, by definition (1,1*)T € M, a € R is a constant, the subscript “z” means the partial
derivative with respect to the independent variable + € R, K: M — T(M) is the correspon-

ding vector field on M and t € R is the evolution parameter. The system (3.1) possesses a Lax
type representation (see [50]) and is Hamiltonian

d _ N N
g ()T = —Bgrad H [, 4] = K [y, (32)

with respect to the canonical Poisson structure 6 and the Hamiltonian function H, where

0 = < (Z) BZ > (3.3)
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is a nondegenerate mapping 6: 7*(M) — T(M) on the smooth functional manifold M, and

H:=

| =

[z [t + aav” 20 (0], (34)
R

is a smooth mapping H: M — C. The corresponding symplectic structure [3, 6, 9, 11] for the
Poissonian operator (3.3) is defined by

5 = —;/dx<(d¢,dw*)T,Aé1 (dw,dw*)T> - —i/da; [dv*(z) Ado(z)],  (3.5)

R R

which is a nondegenerate and closed 2-form on the functional manifold M.
The simplest spatial discretizations of the dynamical system (3.1) look as the flows

L
= ¥n = 73 W = 20 + Y1) - 2iawupusl,

) . (3.6)
T = =7 (Vhn — 200 + i) + 2ot

and

d .
% % = # (wn—i-l - an + %—1) — i <¢n+1 + an—l) wnd}:m

= =y (Vhr — 200 Uy e (e + ) Yad,

on some “discrete” submanifold My, where, by definition, {(¢,,, )T € C?>:n € Z} CM,;, C
C 13(Z;C?) and K : M}, — T(Myp) is the corresponding vector field on Mj,.

Definition 3.1. If for a function (,4%*)T € WZ2(R;C?) there exists the point-wise limit
limy, 0 (¢n, ¥E)T = (¥(x),v*(x)))T, where the set of vectors (1, ;)T € C2, n € Z, solves
the infinite system of equations (3.7), the set {(Vn, )T € C?: n € Z} Cla(Z; C?) will be called
an approximate solution to the nonlinear Schrédinger dynamical system (3.1).

It is well known [1, 2] that the discretization scheme (3.7) conserves the Lax type integrabi-
lity [9, 11, 50] and that the scheme (3.6) does not. The integrability of (3.7) can be easily enough
checked by means of either the gradient-holonomic integrability algorithm [11, 51, 53] or the
well known [41] symmetry approach. In particular, the discrete dynamical system (3.7) is a
Hamiltonian one [3, 6, 9, 51] on the symplectic manifold M;, C I5(Z;C?) with respect to the
noncanonical symplectic structure

2) _ th . i}
“ho T T T% 30 = Ragrgy) | (Won dip)T A (dipn, diy)T) (3.8)

on Mj and looks as

d
27 Wn )" = —Ongrad H [yn, yr] = K [hn, 47, (3.9)

ISSN 1562-3076. Heainitini koausanns, 2017 m. 20, N2 2



THE DISCRETE NONLINEAR SCHRODINGER TYPE HIERARCHY... 245

where the Hamiltonian function

2
H=Y % (wnw;;H Ut + g In 1 ah2¢,’;¢n|> (3.10)

ne’l

and the related Poissonian operator 0,,: T*(Mpy) — T(Mjy) equals

. 0 —ih™ (1 = h2aiy,)
0, = < i1 (1 — K2y i) 0 ) . (3.11)

Remark 3.1. For the symplectic structure (3.8) and, respectively, the Hamiltonian function
(3.10) to be suitably defined on the manifold M;, C I3(Z;C?) it is necessary to assume additi-

onally that the finite stability condition limn 37— o0 (Hf/[N(l — ah2¢;§¢n)> # 0 holds. The latter
is simply reduced as h — 0 to the equivalent integral inequality

-1

o< [@reta R/ Gz |

R

which will be assumed for further to be satisfied, respectively, the manifold M < W3 (R; C?),
where W2(R;C2) := W2(R;C2) n LY (R; C2) with the space L (R;C2) = {(y,")T €
€ Ly(R;C?): /xQ(w*z/J)zdx < 00}

The symplef:{tic structure (3.8) is well defined on the manifold M}, and tends as h — 0 to
the symplectic structure (3.5) on M, and respectively the Hamiltonian function (3.10) tends
to (3.4).

In this work we have investigated the structure of the solution set to the discrete nonlinear
Schrodinger dynamical system (3.7) by means of a specially devised analytical approach for
invariant reducing the infinite system of ordinary differential equations (3.7) to an equivalent
finite one of ordinary differential equations with respect to the evolution parameter ¢ € R.
As a result, there was constructed a finite set of recurrent algebraic regular relationships, allo-
wing to expand the obtained before finite set of solutions to any discrete order n € Z,
which makes it possible to present a wide class of the approximate solutions to the nonlinear
Schrodinger dynamical system (3.1). It is worthy here to stress that the problem of construc-
ting an effective discretization scheme for the nonlinear Schrodinger dynamical system (3.1)
and its generalizations proves to be important both for applications [4, 36, 59] and for deeper
understanding the nature of the related algebro-geometric and analytic structures responsible
for their limiting stability and convergence properties. From these points of view we would
like to mention work [40], where the standard discrete Lie-algebraic approach [9, 10] was
recently applied to constructing a slightly different from (3.6) and (3.7) discretization of the
nonlinear Schrodinger dynamical system (3.1). As the symplectic reduction method, devised in
the present work for studying the solution sets of the discrete nonlinear Schrodinger dynami-
cal system (3.7), is completely independent of a chosen discretization scheme, it would be
reasonable and interesting to apply it to that of [40] and compare the corresponding results
subject to their computational effectiveness. The discrete nonlinear Schrodinger dynamical
system (2.2) is defined on the periodic manifold My C [°°(Z;C?). Its Lax type integrability
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was proved in [1, 12, 44] making use of the simplest discretization of the standard Zakharov -
Shabat spectral problem for the well-known nonlinear Schrodinger equation. We begin this
section by applying the gradient-holonomic integrability analysis described above to the di-
screte dynamical system (2.2). First, we shall show the existence of an infinite hierarchy of
functionally independent conservation laws obtained by solving the determining Lax equation
(2.7) in the asymptotic form (2.29). The following is a key result for our analysis.

Lemma 3.1. The functional expression

= ! exp |¢ — A=)t na~
on = (anm) p 123 =37 [T o5, (3.12)

where

A O e
0N ~ s [ 1= ) o u, At
][u7 u] S€Z+ (3 13)

an(A) ~ D af[u,u]x™,

SEZy
is an asymptotic solution to the determining Lax equation

don, ’
4K, = 3.14
7 + ® 0 (3.14)

as X\ — oo for all n € Zy with the operator K'*: T*(My) — T*(Ma) of the form
iIATID2 — it (Upr1 + Up1)— o _
—i(A+AY - Gyuy iUn (Un41 + Un—1)

—iATID2 4y, (1 + Upo1)+
+i(A + ATY - dnu,

K = (3.15)

— Uy, (UnJrl + unfl)

Proof. 1t suffices to find the corresponding coefficients of the asymptotic expansions (3.13).
To do this, we consider the following two equations that can be easily obtained from (3.14),
(3.15) and (3.12):

DA b i (1 3 oA |
SELy

X |yt (U= tu,) [ 1= > oA = 1| +
S€Z+

-1

1 e
3 [ = Bt )b | 1= Y oA =) -
SEZ+
- 7;ﬂn(un-i-l + Un—l) + ian(ﬂn-i-l + ﬂn—l) Z a%s))\fs (316)

SEZ+
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and

d
(s)y—s -1 % o (s)y—s—1 . (s)y—s
E a;’ A Dt 7 Inh,+1In|1 E [oANEDN +4i g ay’ A +

SEL 4 SEZy SEZy

+ i)\hn+1(an+1un+1 — 1) Z aﬁf_?_l)\is Z aﬁfll)\’s — Z a( )

S€Z+ S€Z+ S€Z+

-1

—|—§ (tp—1tUp—1 — 1) Z an+1 = h, (1= Z 0.7(18))\—5—1 _ Z agls))\—s +

SEZy SEL 4 SEL 4

d . . — — s)y—S
+ T Z alNT — iy, (g1 + Un1) + it (g1 + 1) Z alIAs.
S€Z+ S€Z+

Now equating the coefficients of (3.16) at the same degrees of the parameter A € C, we recursi-

vely obtain the functional expression expression for h,,, 07(18) and agf), n € Z,s € Z4;namely,

hn = (1 - U:Lun)v a 0) = 07 a(l) = ﬁv

o) = w1 (Un + tp—2) — iAT D} (In hy)y,

d
o) =i— 0'1(10_)1 + (hn—1hp—2 — 1) + asll—)lu;kz—l(uﬂ + tn-2),

dt
o = <30, % o, — il D )y + a0 s ()
%zan(* LUp — Uy Up—1) )
whence
Uéo) - _ (U:un—l + U:;_]_un—Q) )
021) =3 % 07(10)1 + (1 — UZ—lun_l) (1 - UZ—QUn—2) + Buy_1(un + tn—2), ...,

and so on. Thus, the corresponding recursion formulas are solvable for all s € Z_, so it follows
that the expression (3.12) is a true asymptotic solution to the Lax equation (3.14).

Lemma 3.1 is proved.

Recalling now that the expression

Zlnh +Zln 1—205))\ s—1

SEZLy
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as A — oo is a generating function of conservation laws for the dynamical system (2.2), one
finds that functionals

N-1 N-1

Yo = Z In(1 — @puy), v = — Z a0,

n=0 n=0
N-1 1
_ 1 0 0
m=-3 (aguzapap),

N-1
1
— 2 0) -(0) (0 0) (1
Y2 —ng_o(ag)ﬁ—gaﬁl)og)a,&)—l—og)ag)),...,

and so on, make up an infinite hierarchy of exact conserved quantities for the discrete nonlinear
Schrodinger dynamical system (2.2).

A few remarks are in order concerning the complete integrability of the discrete nonlinear
Schrodinger dynamical system (2.2). First, we can easily show using the standard asymptotic
small parameter approach [11, 32, 54] that the Nother equation (2.4) on the manifold MQ(N)
possesses [44, 51] the exact Poissonian operator solution

0 ihy
Oy = < i 0 ) (3.17)

for n € Zy, subject to which the dynamical the dynamical system (2.2) is Hamiltonian via

d

s (u,u*)T = —9 grad Hy [u, u*|

)

on the periodic manifold M2(N , where the Hamiltonian function is

N N
1
Hy = E oln hi — E O(anun+1 — UpUny1) = 21In|y| — 5(’70 +7)-
n= n=

Similar, but more cumbersome, calculations can be employed to find a second Poissonian operator
solution to the Nother equation (2.4) in the matrix form:

B (hn - unD,jlun) A (u?1 + uanlun) A1 y
"= w D1k A — (1+ Dy uy,) AL

uanlun (hn — unD,jlu;"l)
X . (3.18)

1+u: Dy, —(ul 4wl Dy tul)
where the operation

1 n—1 N-1
RSO

k=0 k=n
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is quasiskew-symmetric with respect to the usual bilinear form on T* (MQ(N)> x T (MQ(N)> )
satisfying the operator identity (D;;!)" = ~A~!D; 1A, n € Z.
The Poissonian operators (3.17) and (3.18) are compatible, so we can obtain the related Lax

representation for the dynamical system (2.2) by means of the algebraic gradient-holonomic
algorithm. The corresponding result is as follows: the discrete linear spectral problem

where f € [°°(Z;C?) and forn € Z

. A Uy
il = (),

allows the linear Lax isospectral evolution

dfn _

for some matrix p,,(I) € End C2,n € Z, which is equivalent to the Hamiltonian flow

Yo (g 13 (321)

where {-, -}y is the Poissonian structure on the manifold MQ(N) corresponding to (3.17). The
equivalence of (3.17) and (3.21) can be easily demonstrated by constructing the monodromy
matrix S, (A), n € Zy, for all A € C corresponding to (3.19) and calculating the Hamiltonian
evolution
d
7 On(A) = {Hy, Sn(N)}o = [pn(l), Su(N)],
giving rise to the same matrix p,(I) € End C?, n € Z, as in equation (3.20).
Thus, we have shown that the nonlinear discrete Schrodinger dynamical system (2.2) is a Lax

integrable bi-Hamiltonian flow on the manifold MQ(N). Since the solution p(\) € T* (MQ(N))

constructed above satisfies the gradient-like relationship

AIp(A) = np(A)

for all for A € C, we showed that the conservation laws are mutually commuting with respect to
both Poisson brackets {-, -}y and {-, -},. From whence follows the classical Liouville integrabi-
lity [6, 43] of the discrete nonlinear Schrodinger dynamical system (2.2) on the periodic mani-
fold MQ(N). A detailed analysis of the integrability procedure via the Bogoyavlensky — Novikov
reduction [13, 50] and an explicit construction of solutions to the dynamical system (2.2) are
planned for a later paper.
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4. Finite dimensional reductions and their exact integrability. 4.1. A class of Hamiltonian
discretizations of the NLS dynamical system. The discretizations (3.6) and (3.7) can be extended
to a wide classs of Hamiltonian systems, if to assume that the Poissonian structure is given by
the local expression

0 —iVn | gn — ﬁ%a@b;ﬁ@bn
0, = N ( ) , (4.1)
ivn (g0 — R2avin ) 0
generalizing (3.11), and the Hamiltonian function is chosen in the form
* * * 2dn 72 *
H =l antontir + batbnthy + cathntfs_; + == In |gn — ahnpntiy| ) (4.2)

ne”L

where h,,, Bn, Un, Qp, by, Cny dyp and g, € Ry, n € Z, are some parameters. The reality condition,
imposed on the Hamiltonian function (4.2), yields the relationships

; = bna d:, = d’n7

*
cnhn = ay_1hn—1, b,

which should be satisfied for all n € Z. As a result, there is obtained the corresponding gene-

ralized discrete nonlinear Schrodinger dynamical system % (U, 05T = —Opgrad H [thy, 7],
n € Z, equivalent to the infinite set of ordinary differential equations

d

@ wn = 1y, <hn+lcn+lgn¢n+1 + (bngnhn - 2ibihndn> wn + hn—lan—lgnwn—1> -

- ial/nil% (hn—l—lcn—i-lwn-‘rl + hnbnwn + hn—lan—lwn—l) wnw;kp ( )
43

d * . * 7 * *
a Q;Z)n = —1lp (hnangnwn—&-l + (bngnhn - 2hihndn> ¢n + hncngn%—1> +
+ Z'OéVniL% (hnanlb;_ﬂ + hnbn@bz + hncnd};—l) @Z}nd)r*z

for all n € Z. In the completely autonomous case, when h,, = h, izn = iL, Vp = U, anp = a,
b, = b, ¢, = ¢,dy, =dand g, = g € Ry for all n € Z, the Poissonian structure (4.1) becomes

0 —iv (g — iLQa@ZJ;';LZJn>
on = i <g — BQa@b;‘lwn) 0

and the Hamiltonian function (4.2) becomes

2d =
H = 3 b (0 + b0t + et + 20 g — v,

neZ

> . (4.4)

The corresponding reality condition for (4.4) reads as

c=a* b '=b, d =d,
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and the related discrete nonlinear Schrodinger dynamical systems reads as a set of the equations

d

=t = ivh (eqbnrs + (bg — 202d) Yo + aginr ) — iaVAR? (e + bt + at1) uti,

d . * 7 * * . 7 * * * *
=t = —ivh (agui + (bg — 2%d) W+ egis_y ) + iavhR? (v + by + o) Yaty

for all n € Z. If now to make in (4.3) the substitutions

Vn:h77 gn = 1, iln:hna an:hja bp =0, ¢, =
n n

one obtains the discrete nonlinear Schrodinger dynamical system

d 1 _
& Un = F% (¢n+1 — 2¢n + hnhnilwnfl) -
—to (wn—&-l + hnh;iﬂ/]n—l) ¢;wn7
9 [, ) == ] , (4.5)
* Q * * — *
% 1/171 = _hig (wn+1 - 21% + hnhnilwnfl) +

+Za ( ’;kl—ﬁ-]. + hnh;ilw;:_]_) w;’;wTw

whose Hamiltonian function equals

=Y (% et Uty + oy 1 0l wn|>. (4.6)

neL

Another substitution, taken in the form

1
c=a#0, vhga=—

h2 ) VhiLQ(CL + b —+ C) = 2’ (47)

(@—%%ym:—ﬁ,

is also suitable in the limit &~ — 0 for discretization the nonlinear Schrodinger dynamical system
(3.7). The corresponding discrete nonlinear Schrodinger dynamics takes the form

] .
gt O = 37 Wt = 2+ Yn) = 5 Wt + Yt + i) Y,

p A o (4.8)
% wn = _ﬁ (¢n+1 21/} + wn 1) 2 + 1 (d}n—‘rl =+ d)n—l + /.M,Z)n) ¢n¢n

b
for all for all n € Z, where p = " € R;. Thus we obtained a one-parameter family of Hamil-

tonian discretizations of the NLS equation. The set of relationships (4.7) admits a lot of reducti-
ons, for instance, one can take

1 2\?21 A2 2
v=1 g=1, a= — d:(’l”) - - =
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not changing the infinite set of equations (4.8).

All of the constructed above discretizations of the nonlinear Schrodinger dynamical system
(3.1) on the functional manifold M can be considered as either better or worse from the com-
putational point of view. If some of the discretization allows, except the Hamiltonian functi-
on, some extra conservation laws, it can be naturally considered as a much more suitable for
numerical analysis case, allowing both to control the stability of the solution convergence, as a
parameter R, > h — 0, and to make an invariant solution space reduction to a lower effective
dimension of the related solution set.

It is worthy to observe here that the functional structure of the discretization (3.7) strongly
depends both on the manifold M and on the convergent as h — 0 form of the Hamiltonian
function (3.11). In particular, the existence of the limit

H = lim E (¢n¢n+1 + ¢n+1wn + W In ‘1 - ah2¢nwn‘> ) (49)

h—0
nez

coinciding with the expression (3.4), imposes a strong constraint on the functional space M C
C Lo(R;C?), namely, a vector-function (¢,1*)T € WE(R;C?) C Lo(R;C?), thereby fixing
a suitable functional class [7] for which the discretization conserves its physical Hamiltonian
system sense. Respectively, the limiting for (4.9) symplectic structure

@ = — hm Z dwmd%bn - (dw"7d¢;)T> -

nGZ

h—0
neZ

= lim SR (1 ahgi) g A di, = —i / do [dv*(z) Ad(z)]  (4.10)
R

on the manifold M coincides exactly with the canonical symplectic structure (3.5) for the dynami-
cal system (3.2).

If now to assume that a vector function (¢, 9%*)T € W3 (R; C?) C Lo(R; C?), the Hamiltoni-
an function (3.11) can be taken only as

H(s) Z <wn7/)n+1 =+ %H% lIl ‘1 - ah2¢n¢”’> ) (411)

neL

and the corresponding Poissonian structure as

(s) ._ 0 ih—2 (hQOAﬁ;w — 1)
0, = ( ih=2 (1 B h2a¢;¢) 0 . (4.12)

The limiting for (4.11) Hamiltonian function

H®) = lim H®) = / dz (P + Y 0%) = 0

h—0
R
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becomes trivial and, simultaneously, the limiting for (4.12) symplectic structure

~(2) _ 3 *\T (3)771 TN —
T T

= lim g ST (1 — ah®i,) T A Adin = 0

neL

becomes trivial too. Thus, the functional space W3 (R; C?) C Ls (R; C?) is not suitable for the
discretization (3.7) of the nonlinear integrable Schrodinger dynamical system (3.1).

It is important here to stress that the discretization parameter » € R, can be taken as
depending on the node n € Z: h — h, € R,, which satisfies the condition sup,,cz h, < ¢,
where the condition ¢ — 0should be later imposed. For instance, one can replace the dynamical
system (3.7) by (4.5), the Poissonian structure (3.8) by

9(9) 0 ih;l (h,%m/z;';w — 1) )
= 413
" ( hyt (1= h2agie)) 0 ) (419

and, respectively, the Hamiltonian function (3.11) becomes exactly (4.6).
It is easy to check that the modified discrete dynamical system (4.5) can be equivalently
rewritten as

(wn,wn> = —09grad H'9 [1h,, )]

for all n € Z, meaning, in partlcular, that the Hamiltonian function (4.6) is conservative.
The latter follows from the fact that the skewsymmetric operator (4.13) is Poissonian on the
discretized manifold Mj. Moreover, if to impose the constraint that uniformly in n € Z the
limit lim._, (hnh;il) = 1, the dynamical system (4.5) reduces to (3.1) and the corresponding
limiting symplectic structure

~(2) — T 2 *\T (9),—-1 *\T\ —
U = T =, 2 <<d¢”’d¢") N (Y, dn) >

= tim i Y by (1 ab2uge) i A d, = i / da [d* (z) A dis(z)]
R

neL

coincides exactly with the symplectic structure (4.10).

Remark 4.1. 1t is, by now, a not solved, but interesting, problem whether the modified
discrete Hamiltonian dynamical system (4.5) sustains to be Lax type integrable. It is left for
studying in a separate work.

4.2. Conservation Iaws for the integrable discrete NLS system. Taking into account that the
discrete dynamical system (3.7) is well posed in the space M), := wj , (Z;C*) C I3 (Z;C?),
suitably approximating the Sobolev space of functions W3 (R; C?) , we can go further and to
approximate the space wj , (Z; C*) by means of an infinite hierarchy of strictly invariant finite

dimensional subspaces M f(LN) ~ u‘;i2 (Z( N3 (CQ) , N € Z,. In particular, as it was before shown
both in [1, 2] by means of the inverse scattering transform method [1, 50] and in [12, 51, 53] by
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means of the gradient-holonomic approach [54], the discrete nonlinear Schrodinger dynamical
system (3.7) possesses on the manifold M}, an infinite hierarchy of the functionally independent
conservation laws:

_ 1 2% 0
Y= —3 > In|l—ab®Pin|, = > o,
nez TLGZ+
1
- E (1) o = 5(0)5(0)
’Yl - <Gn + 2 Un Un ) 9

= X (A4 o000 4 ool ...
nez

where the quantities aﬁf ), n € Z,j € Zy, are defined as follows:

1
O—’ELO) = T an2 (1/121/%—1 + ¢271¢n—2) )
(4.14)

d
o) =i =6l 4 (1= b b 1) (1 — ah®9f_ythns) +
a *
+5ﬁwn—l (Q/)n + Tﬂnfl) ey

and 8 € R is an arbitrary constant parameter. As a result of (4.14) one finds the following
infinite hierarchy of smooth conservation laws:

Hy =) In|l—ah?y;iy,

)

nez
Ho = Witnt1, Hy =D tathi,
neZ neZ

1 * * * n ;;*
Hi=), (2 Y+ Yt 10— 2) !

2 ah?
1 n—2V,
Hf = Z (21@%1@&2’2 + Yn—1¥ntn 1P — 1/)aig/) > )
nez (4.15)
1 * * * * * *
Hy = Z [3 w?ﬂ%’i + Ynn1¥5 1Yy (¢n¢n—1 + Yn1y + ¢n+2¢"+1) B
nez
_ ¢’;h’;—1 (ntn_o + Uns1tp_1) —
— d;:’;j;n (wn+1¢2_2 + wn+2¢;;—l) + wz;fg43 ?
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1
Hj = Z 3 YRSYE_ 4 Y Vni1¥n—1¥n (10;1%—1 + Yp1¥n + ¢Z+2¢n+l) -

nez
YR s )
O (e gt ) +

and so on.

Taking into account the functional structure of the equations (3.6) or (3.7), one can define
the space D(M},) of smooth functions v: M;, — C on M), as that invariant with respect to
the phase transformation C? > (v, %}) — (e*n,e %) € C?>foranyn € Zand a € C.
Equivalently, a function v € D(Mp,) iff the condition

> (grady [, ¥5], (n, —5)T) = 0 (4.16)

nez

holds on Mj. Note that conserved quantities (4.15) belong to D(Mj,).
The conservation law Hy € D(M},) is a Casimir function for the Poissonian structure (3.8)
on the manifold My, that is for any v € D(M},) the Poisson bracket

{7, Ho} :=">_ (grady[tn, ¢, 6 grad Ho [thn, 0}]) =

ne”L

= iah Y (grady [, ¥i], (¥n, —13)) = 0, (4.17)

nez

owing to the condition (4.16). The Hamiltonian function (3.11) is obtained from the first three
invariants of (4.15) as

2 _ 1
—= Ho+ — (Ho+ Hp) .
Remark 4.2.. Similarly to the limiting condition (4.9), the same limiting expression one
obtains from the discrete invariant function

H =

1 - ah

w _ 1 gz on
H 2ah3 Y 4

(H1+ Hy),

that is
lim ) = A = % / A [0, + Yats” = 20 (0*9)°] .

R
As one can observe, some combinations of the discrete conservation laws allow well defined and
finite limiting expressions in the functional form, coinciding with the corresponding conservati-
on laws of the continuous nonlinear Schrodinger dynamical system (3.1), yet almost all other
ones fail to possess such well defined limiting functional expressions. This phenomenon appears

to be strictly connected with the mathematical properties of the basic manifiold MQ(N), on which
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these disscrete conservation laws are defined. As in general, the sequences of these conservati-
on laws are often not bounded as the discretization parameter ~ — 0, their limiting functional
expression naturally does not exists. Another effect can happen when these sequences are in
reality bounded as h — 0, yet compiling only compact subsets, possessing having no limiting
functional expression. In general, all these phenomena are deeply related with the well known
mathematical fact, which states that a given continuous function possesses a not countable set
of different discrete approximations, and many of them can be not convergable as h — 0 to the
function under regard.

Based on these results, one can apply to the discrete dynamical system (3.7) the Bogo-

yavlensky — Novikov type reduction scheme, devised before in [50, 53] and obtain a completely

Liouville integrable finite dimensional dynamical system on the manifold M, }(LN)

consider the critical submanifold M }(lN)

. Namely, we
C M,, of the following real-valued action functional:

= LMY [ihn, 3] = Go(h

neL J=

h) (Hj + Hy),

_I_
M=
Qﬁ

where, by definition, ¢y, c;: Ry — R, j = 0, N, are suitably defined functions for arbitrary but
fixed N € Z,, and

M = [ u0)T € My grad £ g, 5] = 0, m € 2.

As one can easily show, the submanifold M ,EN) C Mj, is finite-dimensional and for any NV €
€ Z. is invariant with respect to the vector field K: M, — T(My). This property makes it

(N)

possible to reduce it on the submanifold M, C M)}, and to obtain a resulting finite-dimensional

system of ordinary differential equations on M}(LN), whose solution manifold coincides with
an subspace of exact solutions to the initial dynamical system (3.7). The latter proves to be
canonically Hamiltonian on the manifold M, ,EN) and, moreover, completely Liouville — Arnold
integrable. If the mappings ¢y, cj: Ry — R, j = 0,1V, are chosen in such a way that the flow
(3.7), invariantly reduced on the finite dimensional submanifold A/, ,(IN) C My, is nonsingular
as h — 0 and complete, then the corresponding solutions to the discrete dynamical system
(3.7) will respectively approach those to the nonlinear integrable Schrodinger dynamical sys-

tem (3.1).

Below we will proceed to realizing this scheme for the most simple cases N = 1 and N =
= 2. Another way of analyzing the discrete dynamical system (3.7), being interesting enough,
consists in applying the approaches recently devised in [15, 45] and based on the long-time
behavior of the chosen discretization subject to a fixed Hamiltonian function structure.
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4.3. The finite dimensional reduction scheme: the case N = 1. Consider the following non-
degenerate action functional:

£ =3 eo(h)In |1 — ah?ein| + > co(h) (Ghtbnss + Yatdhyr) +

nez neL

+ Z Cl < Q;Z)n :;21 + ¢n¢n+11/)n 11/% wt)ji/nz—Q_f_

neZ

@Zjnfld};;-l,-l >

1 *,2 * *
+§ bnpiy + Untn1Pn s U o — 2

with mappings ¢y, c;: Ry — R, j = 0,1, taken as

4+ 1
2ah3 "’

§ ah
h’ a

and being easily determined for any £ € R from the condition for existence of a limit as h — 0:

co(h) =

co(h) =

LD = lim E( )
h—0

The corresponding invariant critical submanifold

MY {(w YT € My: grad £ [ih,, 7] = 0, n € Z}

is equivalent to the following system of discrete up-recurrent relationships with respect to indi-
cesn € Z:

—co(h)/c1(h)Yn
(ah2 wn+1¢n+1)(% wnqﬁ;)

2¢n—1c0(h)/c1(h) + Vn (V11 + Y15, 1)
+ a - +
(W - wn+1¢n+1)

n (2 + 2 ) — Yna(5 — Y1 ¥)_y) _
(# - ¢n+1 w:z—&—l) ‘

= q)+(wn+17 1/};;+1; wna w;kw wn—la wzfl)’

—co(h)/c1(h)yy, i
(ah2 ¢n+1¢n+1)(% ¢n¢;§)

Yy _1co(h)/ei(h) + 05 (Ynprty 1 + Y195 11)
(572 = Ynt1 Vhy1)

L V) — Ve — Yner¥i)

(ahz = Unt1¥n 1) -

= (I)i(l/)n-H, ¢:L+1; lbn, 1/1;2, ¢n—1a %71)-

Ql)n+2 = - +

(4.18)

Vpio = —

+
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The latter can be also rewritten as the system of down-recurrent mappings

—co(h)/e1(h)n,
1

g = +
Y S T i)k — 9t
N 2¢n_1c0(h)/c1(h) + Yn(Yn19); 1+¢n—1¢:—1+1>+
(ah2 ¢n 1,¢n 1)
_|_( 2 F V)0 — Ynga(az — Yna¥ig) .:
(ahz (O 1)
- @—(wn—17¢;—1§¢na¢;§¢n+17¢2+1)7
. —co(h)/e1(R)dy,
2 <ah2 V0 )z — D)

n 100( )/Cl( )‘Hb* Q/Jn—l-lw 1+¢n—1¢;;+1)
(ah2 ¢n 117Z}n 1)

+(¢Zﬁ1+w:ﬁ1)¢ — Yoo — Yni1¥l i) ::
(ah2 ¢n 1¢n 1)

= q)i ('(/)nfl, 111}:;—1; ¢na qzz);ku wn+1a ¢:1+1)’

+

(4.19)

which also hold for all n € Z. The relationships (4.18) (or, the same, relationships (4.19)) mean

that the whole submanifold M ,51) C Mj, is retrieved by means of the initial values

(D1, 9% 130, 0 1, 055 o, 03) T € MY =

Thereby, the submanifold M}(Ll) C M} is naturally diffeomorphic to the finite dimensional
complex space M}. Taking into account the canonical symplecticity [51, 53] of the submani-

fold M ,(Ll) ~ M} and its invariance with respect to the vector field (3.7) one can easily reduce

it on this submanifold M }(Ll) ~ M} and obtain the following equivalent finite dimensional flow

on the manifold M}:

d

&1/}2 - h2 [®+ (¢2;¢2;¢17¢1’¢07¢0) - 21/}2 + ¢1]
— i [ (2, V3591, U715 %0, Yh) + Y1) Yats,

p .

£¢1 = % [V — 291 + o] — dax (P2 + 1bo) Y197,

d

$1/10 = % (1 — 290 + V1] — i (Y1 + 1) Yoty

(4.20)
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] .
o1 = 1 [t — 201+ @ (Yo, ¥ o, Ui, )] -
— o [1ho + P (Y1, 10, Ui 1, UT) | 1Yty

and
] |
o = —% (g — 207 + @ (-1, VX100, ¥5; Y1, 97) | +
+ia WS + (I)i (w—lvwil; wmwngthﬂ T/f—liﬂip

] .

U =~ [UF = 205 +wT] e (U + %) dou,

(4.21)

] |

ST = =2 (5 — 207 + U] + e (U3 + 5) v,
) j

S = oy [ (a3, U3 0, 00) — 205 + v +

i [ DL (Y2, 953 91,91 o0, ¥5) + 1] P2t

The next proposition, characterizing the Hamiltonian structure of the reduced dynamical system
(4.20) and (4.21), holds.
Proposition 4.1. The eight-dimensional complex dynamical system (4.20) and (4.21) is Ha-

miltonian on the manifold M }El) ~ M} with respect to the canonical symplectic structure

wi = N7 (dp_j Adv_j +dp A dw ), (4.22)
j==21
where, by definition,
ks * * 1)7,% *
Py = L i L w0 ()1 (423)
for j = —2,1 modulo the constraint grad 5511) [tYn, )] = 0,n € Z, on the submanifold M,gl) ~

~ M3, and the sign"1, " means the corresponding discrete Frechét up-directed derivative and its

natural conjugation with respect to the convolution mapping on T* (M, f(Ll)) x T(M }(Ll)).
Proof. The symplectic structure (4.22) easily follows [11, 51, 53] from the discrete version of
the Gelfand — Dikiy [26] differential relationship:

dLg o) = (grad £ (o195 1] (dehnor iy 1)) +
d * * iy ,
o Ch (Yn—1: Y13 U Y Ynt s Y13 Yk, Yiga)

where ag) c AN (M f(Ll)) is, owing to the condition grad L’Ell) [tn, )] = 0,n € Z, onthe submani-
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fold M, ](11)’ not depending on the index n € Z and suitably defined one-form on the manifold
M3, allowing the following canonical representation:

o) = N (poj(W)dyj +p* j(h)dy* )

J:_271

with functions p_;, p* ; : M,(Ll) xR — C, j = —2,1. The latter, being defined by the expressions

(4.23), compile jointly with variables 1_;, ¢ (1) xR — C, j = —2,1, the global coordi-

nates on the finite dimensional symplectic mamfold M3, proving the proposition.

Proposition 4.1 is proved.

The dynamical system (4.20) and (4.21) on the manifold M}’ possesses, except its Hamiltoni-
an function, additionally exactly four mutually commuting functionally independent conservati-
on laws Hy, Hj: My — R, k = 0,1, and one Casimir function Ho: M; — R, which can be
calculated [53] from the following functional relationships:

d
<gra‘d H]C [wn7 w;;] ) K [¢n7 w:b = _% Hk (Tbn—l, ¢;§—1§ ¢7Z7 w;kw ¢n+1; ¢;+1; ¢n+27 ’(/}:H-Q) P

d
(grad Hy; [{n, ¥n ], K [, ¥y]) := - Hi (Un—1, 0513 Un, Uy Ung1, U1 Ung2, Usnya)
(4.24)

d

<gradI:IO [wnv ¢;;] ) K [wTM w2]> = _% 7:l() (¢n—1a ¢;_1; wnv %t, 77/}714-17 w;kl-',-l; ¢n+2, ¢;+2) )

for k = 0,1 modulo the constraint gradﬁ [Yn—2,¢}_5] = 0,n € Z, on the manifold M, ()~

~ M}P, where di = A — 1l is a discrete analog of the differentiation and the shift operator A

acts as Af, := fny1,n € Z, for any mapping f: Z — C. From (4.24) one can obtain by menas
of simple but tedious calculations analytical expressions for the invariants %} : M7 — R, which
give rise to the corresponding Hamiltonian function for the dynamical system (4.20) and (4.21),
owing to the relationship (4.17):

2
H = 37'[0+

h HO + Ho)

h(

satisfying the following canonical Hamiltonian system with respect to the symplectic structu-
re (4.22):

d@Z},]’ _ OH d@bi] . OH dp,j _ OH dptj _ OH
e dp;  dt 9pr; dt o Oy dt oY)
where j = —2,1, which is a Liouville - Arnold integrable on the symplectic manifold M}.

Remark 4.3. The same way on can construct the finite dimensional reduction of the discrete
Schrodinger dynamical system (3.7) in the case N = 2. Making use of the calculated before
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conservation laws (4.15), one can take the corresponding action functional as

£2 = ao(h) > |1 — ah?i | +colh) S (Vi1 + Yath ) +

ne”Z nez

+c1(h) Z (; 7/172#/’:31 + Yn 0y (Yna1¥ 1 + Pn1¥iyq) +

neL

ah? ah?

1 - o
+5 Y p2 Uiz 2w">+

1 * * * * * *
+ C2(h) Z <3 wiwngl + wnwn+1wn—1wn (wnwn—l + ¢n+1wn + wn+2¢n+1) -

neZ
a w’ﬁ;—l (¥ntfns + Yns1¥n 1) = % (Yns19n_o + Ynyathn_1) +
wnw:z—ii 1 %313 * % " " .
+ a2h? + g wn ¢n71 + wnwnJrlwn—lwn ('L/}nwn_l + wn+1wn + wn+2wn+l) _
B wrﬁ;—l (Yntn—2 + U5 1tn-1) = wg?}t/}?n (V1 n—2 + Uy iothn_1) + %Zj))

with mappings ¢y, c;: Ry — R, j = 0,2, defined as before from the condition that there exists
the limit

£3 .= lim 5(2).
h—0 h

The respectively defined critical submanifold
M = {(¢,¢*)T € My: grad L2 [, 0] =0, n e Z}

becomes diffeomorphic to a finite dimensional canonically symplectic manifold M}* on whi-
ch the suitably reduced discrete Schrodinger dynamical system (3.7) becomes a Liouville —
Arnold integrable Hamiltonian system. The details of the related calculations are planned to
be presented in a separate work under preparation.

4.4. The Fourier analysis of the integrable discrete NLS system. It easy to observe that the
linearized Schrodinger system (3.1) admits the following Fourier type solution:

P(z,t) = /dsf(s,t) exp(izs), ¢*(x,t) = /dsf*(s,t) exp(—izs) (4.25)

R R
g .o, dg&" 5, .
for all z,t € R,whereﬁ = —1is 5’% =is°E" e,
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and £,£*: R — C are prescribed functions (the Fourier transforms of initial conditions).
Likewise, the linearized discrete Schrodinger dynamical system (3.7) allows the following ge-
neral discrete Fourier type solution:

Uy = /dsﬁh(s,t) exp(ihns), ¢, = /dsﬁfl(s,t) exp(—ihns) (4.26)

R R

forall n € Z, where the evolution parameter ¢ € R, (5, ¥5,)T € wj, 5(Z; C*) and

_ 4t h _ 4t h
En(s,t) = &n(s) exp (—ihQsinz 2) €5 (s,1) = E1(s) oxp (z‘,ﬁsm? 2)

Here the function (&,,&)7 € W,%Q (R;C?*) C Ly (R;C?), where the functional space
Wi, (R; C?) is yet to be determined. From the boundary condition (v, 97;)" € wj , (Z;C?)
it follows that expressions

o St = [ dsci(s)6as) < .
nez R

1
9 3 (Uit 0nin) = 2 [ dscos(h)i (961 (5) < .

neL R

ensure the boundedness of the Hamiltonian function (3.11), thereby determining a functional
space W}, (R; C?) to which belong the vector function (&5, &;;)T € Lo (R; C?) . However the
discrete evolution is not following along the continuous trajectory.

Being motivated by works [14, 16], we modify the discrete system as folows in order to
obtain the exact discretization:

] .
2 = 55 (s = 2 + Y1) — i (Wt + Y1) Y,

) ‘ (4.27)
E U = =gy (U — 200 ) () v

Substituting (4.26) into the linearization of (4.27) we obtain

- LAt . 5 sh . - At . 5 sh
En(s,t) = &n(s) exp <—Z(52 S 2) ;o &h(st) = &i(s)exp (Z(SQ S 2) .

Therefore, linearization of the discretization (4.27) is exact (i.e., ¥(nh,t) = ¥, (t),n € Z, if we

assume

2 hs
(5:7 i —_—
Ssm 5

for any h € R. Thus, the parameter 6 > 0 depends on s € R yet for small h — 0 one gets
§ = h(1 + O(h?s?).
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The nonlinear case is more difficult. In the continuous nonlinear case (4.25) we have

E _ ioe gisle
S = s~ 2iaflsi €]

dg*
dt

= is2¢* 4 2iaf* [s;€7], (4.28)
where the functionals 3, 5*: Rx Ly(R; C) — Lo(R; C), determined as

Bls; €] = /dS/dS”f (S +4 = 5”) ¢ (S”) ¢ (Sl) ’
R2

ﬁ*[&f] = /ds'ds"f* (8+8/—3”) g* (3”)5(8/>,

RQ

depend both on s € R and on the element { € Lo(R;C), as well as depends parametrically
on the evolution parameter ¢ € R through (4.28). In the nonlinear discrete case (4.27) we,
respectively, obtain

s, .. 4 . 5 sh . .
—- = z§h62 sin” < + 2iafp[s; &nl,

sy
dt

sh

5+ 2ia By [s; Enl,

4
= i& 2 sin?
where the functionals 33, 5} : RxLao(R; C) — La(RR; C) are determined as

Buls; &) = /ds’ds”cos h(s+s =) (s+5 —5") & (") & (5),

RQ

Br[s; &) = /ds'ds” cos[h(s+s —s")] & (s+5 =) & (5") &n(s)

R2

for any s € R. To the regret, proceeding further with the truly nonlinear case still presists to be
a nontrivial problem, yet we hope to obtain a suitable procedure analogous to that of [15, 17].

Instead of it one can analyze the related functional space constraints on the space of functi-
ons (&,,&)7 € W,%Q(R; C?), representing solutions to the discrete nonlinear equation (3.7)
via the expressions (4.26), being imposed by the corresponding finite dimensional reduction
scheme of Section 4.3. This procedure actually may be realized, if to consider the derived before
recurrence relationships (4.18) (or similarly, (4.19)) allowing to obtain the related constraints
on the space of functions (&5, &;)" € W7, (R;C?), but the resulting relationships prove to be
much complicated and cumbersome expressions.

Thus, one can suggest the following practical numerical-analytical scheme of constructi-
ng solutions to the discrete nonlinear Schrodinger dynamical system (3.7): first to solve the
Cauchy problem to the finite-dimensional system of ordinary differential equations (4.20) and
(4.21), and next to substitute them into the system of recurrent algebraic relationships (4.18)
and (4.19), obtaining this way the whole infinite hierarchy of the sought for solutions.

5. Conclusion. Within the presented investigation of solutions to the discrete nonlinear
Schrodinger dynamical system (3.7) we have succeeded in two important points. First, we
have developed an effective enough scheme of invariant reducing the infinite system of ordi-
nary differential equations (3.7) to an equivalent finite one of ordinary differential equations
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with respect to the evolution parameter ¢ € R. Second, we constructed a finite set of recurrent
algebraic regular relationships, allowing to expand the obtained before solutions to any discrete
order n € Z and giving rise to the sought for solutions of the system (3.7).

It is important to mention here that within the presented analysis we have not used the
Lax type representation for the discrete nonlinear Schrodinger dynamical system (3.7), whose
existence was stated many years ago in [1] and whose complete solution set analysis was done
in works [1, 2, 12, 50] by means of both the inverse scattering transform and the algebraic-
geometric methods. Concerning the set of recurrent relationships for exact solutions to the
finite-dimensional reduction of the discrete nonlinear Schrodinger dynamical system (3.7), ob-
tained both in the presented work and in work [12], based on the corresponding Lax type rep-
resentation, an interesting problem of finding between them relationship arises, and an answer
to it would explain the hidden structure of the complete Liouville — Arnold integrability of the
related set of the reduced ordinary differential equations.
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