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We establish some optimal, in a sense, general conditions sufficient for the unique solvability of the boun-
dary-value problem for a system of nonlinear second order functional differential equations. The class
of equations considered covers, in particular, neutral type equations. Concrete example is presented to
illustrate the general theory.

Bcmanosaeno Ho8i, 8 NeBHOMY CeHCI, ONMUMAABHI YMOBU, OOCMAMHI 0451 OOHO3HAYHOL PO38’A3HOCMI
Kpatiosoi 3a0ati 04 CUCHEeM HEATHIUHUX PYHKUIOHAAbHO-OUPEPEHUIANbHUX PIBHAHD OPY2020 ROPAOKY.
Kaac pisrsans, ujo 00cAi0Ny8aAUCs, MONCE HACMKOBO MICMUMU 8 COOI DIBHAHHA HEUMPAAbHO0 MUNY.
Haseoeno npuxaao, uso 0emoHCmpye ompumani pe3yavmamiu.

1. Introduction and problem statement. The aim of this paper is to establish new general condi-
tions sufficient for the unique solvability of a nonlocal boundary-value problem for systems of
nonlinear second order functional differential equations. Such problems arise in many appli-
cations and various kinds of them are widely studied in the literature (see, e.g., [9, 17] and
references therein).

The paper is motivated mainly by the recent works [2, 7 10, 1416, 18, 19, 21, 22]. By using
an abstract approach based upon order-theoretical considerations, we prove sufficiently general
statements on the solvability of such a problem which, in particular, extend several results of
[16, 21] that have been obtained directly by techniques of calculus. The idea of proof of our
theorems is based on the application of an abstract result ensuring the unique solvability of an
equation with an operator satisfying Lipschitz-type conditions with respect to a suitable cone.

The main results with proofs are introduced in Sections 3 and 5 correspondingly. Some
results for equations without derivatives in the right-hand side are in Section 6. An example
is presented in Section 7

Here, we consider the nonlocal boundary-value problem

W) = (fru)(t), telfab, k=1,2....,n (11)
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204 N. DILNA

u(a) = p1e(u), k=1,2,...,n, (1.2)

ug(a) = por(u), k=1,2,...,n, (1.3)

where fp: W2([a,b],R") — Li([a,b],R), k = 1,2,...,n, are, generally speaking, nonlinear
operators, @;r: W2([a,b],R") — R,i = 0,1,k = 1,2,...,n, are nonlinear functionals defined
on the space W?([a, b], R") of vector functions with absolutely continuous components of u'.

It is worth mentioning that the right-hand side members of equations (1.1) may contain
terms with derivatives and, thus, the statements presented in what follows are applicable, in
particular, to neutral type functional differential equations (exception is Section 6).

2. Notation and definitions. Till the end of the paper, we fix a bounded interval [a, b] and a
natural number n.

(DR := (—o00,00); ||z| := maxi<i<p |z;| for z = (x;)]; € R™

(2) L1([a, b],R™) is the Banach space of all the Lebesgue integrable vector-valued functions
u: [a,b] — R™ with the standard norm

b
LM%%RWBuH%/Wmeé

(3) Wk([a,b],R™), k = 1,2, is the set of vector-valued functions u = (u;)";: [a,b] — R
with u(*~1) absolutely continuous on [a, b] and the norm given by the formula

b k—1
W*([a, b, R") > u — |Jully := /Hu(k)(ﬁ)! e+ [ul™(a)ll. (2.1)
a m=0

(4) For k = 1,2 and m = 0, 2, we put
Whay ([0, 8L R i= {u = ()i [a,b] > R € W ([a, b, R"):

Vrai[nbl}inugm)(t) >0 and uz(»j)(a) >0 for 0<j<m-—1, i:1,27...,n}. (2.2)
tela,

In what follows, the symbols W?2([a, b], R"), W(Qz) ([a, b], R™), etc. corresponding to the fixed
a, b, and n will usually appear simply as W?2, W(QQ), etc.

A solution of (1.1)-(1.3), as usual, is understood in the sense of the following definition
which is customary in the contemporary literature on the theory of functional-differential equa-
tions (see, e. g., [1]).

Definition 2.1. By a solution of problem (1.1)—(1.3), we mean an absolutely continuous
vector-valued function v = (uy)}_;: [a,b] — R" such that its components satisfy conditions
(1.2) and (1.3) and equality (1.1) holds for almost all t € [a,b].

We shall use a special class of linear operators. Let h; = (hy)?_,: W? — R, i = 1,2, be
linear mappings.
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Definition 2.2. We say that a linear operator p = (pg)?_,: W? — Ly belongs to the set Sp, p,
if the boundary-value problem

up(t) = (pru)(t) + @i (t), t € [a,b], (2.3)
up(a) = hig(u) + cip, (2.4)
ug(a) = hor(u) + cor, k=1,2,...,n, (2.5)

has a unique solution uw = (uy)p_, forany {q; |k = 1,2,...,n} C Lyand {c;y | k = 1,2,...,n} C
C R, i = 0,1, and, moreover, the solution of (2.3) — (2.5) possesses the property

min ug(t) >0, k=1,2,...,n,
tela,b)
whenever the functions qi, k = 1,2,...,n, and the constants cy,, © = 0,1, k = 1,2,...,n,
appearing in (2.3) — (2.5) are nonnegative.
A number of conditions sufficient for the unique solvability of the linear problem (2.3) -
(2.5) can be deduced, for example, from results of [2-4, 6, 8, 14, 20, 23].
Definition 2.3. A linear operator p = (pi)?_,: W? — Ly is said to be positive if

vrai min(pgu)(t) >0, k=1,2,...,n,
t€(a,b]
forany u = (uy)}_, from W(20).

The definition above describes a natural notion of positivity which means that a positive
operator p transforms nonnegative elements of W2 to almost everywhere nonnegative functions
from L;.

3. Sufficient conditions for the unique solvability. The theorem presented below provides
a general condition ensuring the unique solvability of the nonlocal nonlinear boundary-value
problem (1.1) - (1.3).

Theorem 3.1. Suppose that there exist certain linear operators p = (py)7_,: W? — Ly, p =
= (pr)p_,: W2 — Ly and linear functionals h; = (hiy)P_,: W? = R"and h; = (ha)p_,: W? —
—R", i = 0,1, such that for arbitrary functions v = (ux);_,: [a,b] = R", v = (vg)}_;: [a,b] =
— R" from W? with the properties

we(t) > vp(t), telad, k=12 n, (3.1)
the estimates
pe(u—0)(t) < (frw)(t) — (frv)(t) < pr(u—v)(t), t€[ab], k=12,...,n, (32
and
hi(u —v) < @ir(u) — @in(v) < hip(u—v), k=1,2,...,n, i=0,1, (3.3)

are fulfilled. Furthermore, suppose that the following inclusions are true:

. 1 .
p S Sh17h0, 5 (p +p) S S% (hl*‘r;ll),% (hO“I’EO). (3.4)
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206 N. DILNA

Then the boundary-value problem (1.1)— (1.3) has a unique solution.

The following statements are true.

Theorem 3.2. Assume that, for arbitrary functions u = (uy)}_;: [a,b] = R, v = (vp)}_;:
[a,b] — R™ from W? with properties (3.1), the inequalities

|(fku)(t)_(fkv)(t)_llk(u_v)(t)| < l2k(u_v)(t)’ k=1,2,...,n, (35)

and (3.3) are true for some linear functionals h;, hi: W2 — R", i = 0,1, and linear operators
I = (Lig)R_y: W2 — Ly, j = 1,2, satisfying the inclusions

L+l e Shth’ l1 € S% (h1+}~7/1)7% (ho-+ho)* (3.6)

Then the boundary-value problem (1.1) - (1.3) has a unique solution.

Letusputl; + 1l = land [y — lo = 0 then Theorem 3.2 implies the following corollary.

Corollary 3.1. Let there exist certain linear operator | = (Iy)?_,: W? — Ly and linear
functionals h; = (hiy)}_q: W2 — R" and h; = (ﬁik)zzlz W? — R" i = 0,1, such that the
inclusions

1
l S Shlyh()’ 5[ € S% (h1+iL1),% (ho—i—iLo) (37)
hold, moreover the estimates (3.3) and
0 < (fru)(®) = (frv)(#) < lp(u—0)@), t€fab], k=12,...,n, (3.8)

are fulfilled for any absolutely continuous functions u and v from W?2 with property (3.1).

Then the boundary-value problem (1.1)— (1.3) has a unique solution.

If [y = 0 and [y = [ then Theorem 3.2 takes the next form.

Corollary 3.2. Assume that there exist certain linear functionals h; = (hy)?_,: W? — R"
and h; = (Bik)zzlz W? — R" i = 0,1, with property (3.3) such that for arbitrary functions
u = (ugp)i_;: [a,b] = R"and v = (vi)7_,: [a,b] — R™ from W? with the properties (3.1) the
inequalities

|(frw)(t) — (frv)(@)| < lk(u—0)(t), k=1,2,...,n, (3.9)
are true for some linear operator | = (I)}_;: W? — Ly satisfying the inclusion
l € Shth‘ (310)
Then the boundary-value problem (1.1)— (1.3) has a unique solution.
Theorem 3.3. Assume that, for any {u,v} C W? with property (3.1), the functionals po and
1 satisfy estimates (3.3) with certain linear functionals h;, h;: W? — R", i = 0, 1.

In addition, let there exist some positive linear operators g; = (gix)?_y: W? — L1,i = 1,2,
and a constant v € (0, 1) such that

g1+ (1 =27)92 € Shihos =792 € L, 10n), L (hotho) (3.11)
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and the inequalities

|(frw)(t) — (fxo)(t) + gor(u —v)(t)| < gip(u—0v)(t), k=1,2,...,n, (3.12)

hold on [a,b] for any vector-valued functions v = (u)?_, and v = (vg)i_, from W? with
properties (3.1).
Then the boundary-value problem (1.1)— (1.3) has a unique solution.

1 1
Taking v = 3 <or v = 4) Theorem 3.3 allows to obtain the next corollary.

Corollary 3.3. Let there exist and positive linear operators g; = (gir)}_;: W? = Ly,i=1,2,
condition (3.12) be satisfied for all {u,v} C W2 with property (3.1). Let, moreover, (3.3) hold

with certain linear functionals h;, h;: W? — R", i = 0, 1, and either

91 € Shy hos —%92 € S1 (bt} (hot+o) (3.13)
or
1 1
Nt592€ Shiy o —q 2 € S (), 2 (ho--o) (3.14)
are true.

Then problem (1.1) - (1.3) has a unique solution.

3.1. Optimality of conditions. Note that assumption (3.4), (3.6), (3.7), (3.10), (3.11), (3.13),
(3.14) we can not replaced by their weakly versions. For example, in Theorem 3.2 inclusion (3.6)
can not be replaced by the condition

(1 =&) (i +12) € Shihor 1€ Sty 1h), L(ho+ho)
nor by the condition
lh+1y € Shhhoa (1 — E)ll € 8% (h1+f~11),% (ho+F0)?
where ¢ is an arbitrarily small positive number. In order to verified this, it is sufficient to use [20].
4. Auxiliary statements. We need the following statement on the unique solvability of an
equation with Lipschitz type nonlinear terms (see [12, 13]). Let us consider the abstract operator
equation
Fx = z, 4.1)
where F': Ey — FEj is a mapping between a normed space (F1, |||z, ) and a Banach space
(E2, ||| g,) over the field R and z is an arbitrary element from E».
Let K; C E;,i = 1,2, be cones [11]. The cones K;, i = 1,2, induce natural partial orderings
of the respective spaces. Thus, for each i = 1,2, we write z <k, y and y 2, « if and only if

{z,y} C E;andy —z € K. -
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Theorem 4.1 ([13], Theorem 49.4). Let the cone K be normal and reproducing. Furthermore,
let By: By — Fao, k = 1,2, be additive and homogeneous operators such that B1_1 and (By +
+B3)~! exist and possess the properties

B (Ky) C Ky, (4.2)
(B1 + Ba) ! (K3) C K (4.3)

and, furthermore, let the order relation
{Fx— Fy— Bi(x —y),B2(x —y) — Fx + Fy} C Ko (4.4)

be satisfied for any pair (z,y) € E? such that v 2k, y.

Then equation (4.1) has a unique solution for an arbitrary z from FEs.

Let us recall two definitions (see, e.g., [11, 13]).

Definition 4.1. A cone Ky C Ej5 is called normal if there exists a constant v € (0,+00) such
that |z||g, < Y|yl g, for arbitrary {z,y} C E2 with the property 0 <k, © <k, y.

Definition 4.2. A cone K is called generating in F if every element u € E; can be represented
in the form u = u; — ug, where {uy,us2} C Kj.

Let us now formulate several lemmas.

Lemma 4.1. The following propositions are true:

(1) The set W(20) is a cone in the space W?.

(2) The set W(22) is a normal and generating cone in the space W?2.

Proof. The assertions of Lemma 4.1 follow immediately from the definitions of the sets W(QO)
and Wé) (see the notation in Section 2).

For any p: W? — Ly and h;: W2 — R",i = 0,1, let us define an operator V,, , 1,: W? —
— W? by putting

t s

<%Mwmw:uw—/“/@w@% ds — (t — )l (u) — ho(u) (4.5)

a a

forallu € W2 andt € [a,b].
Lemma 4.2. A function u from W? is a solution of the equation

t s

MmmW@Z/)/ﬂ&%deW—®+%,tEW%

a a

where q € Ly and c; € R, i = 0,1, if and only if it is a solution of the nonlocal boundary-value
problem (2.3)—(2.5).

The next lemma establishes the relations between the property described by Definition 2.2
and the positive invertibility of operator (4.5).

Lemma 4.3. If a linear operator p = (pi)?_,: W? — Ly satisfies the inclusion

P € Shy hos (4.6)
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then the operator Vi, no: W? — W? given by formula (4.5) is invertible and, moreover, its
inverse V;hlh no 1as the property

Voo (W) © Wi, (4.7)

Proof. Suppose that mapping p belongs to the set S, 5,. Given an arbitrary function y =
= (yr)?_, € W2, consider the equation

Vphihoh = Y- (4.8)

Since y € W2, we have that, in particular, y and v’ are absolutely continuous. In view of (4.6),
there exists a unique function v € W?2 such that

W) = e + ), tefwbl, k=12 .n,
and
up(a) = hig(u) +yp(a), k=1,2,...,n,
uk(a) = hOk(u) +yk<a)7 k= 1?27’ N

By Lemma 4.2, it follows that w is a unique solution of equation (4.8). Due to the arbitrariness
of y € W?2, it follows that V L ho exists and, hence, v = V.1 | 4.

p,h1,h
Moreover, inclusion (4. 6) also guarantees that if the funcltl(;)ns Yk, k = 1,2,...,n, are such
that
yk(t) 20, yr(a) 20, wypla) 20, tefad], k=12..,n, (4.9)

then the components of v are nonnegative and, therefore, Vp_hl1 hol € W(ZO). However, relations

(4.9) mean thaty € W(Qz). Since y is arbitrary, we thus arrive at the required inclusion (4.7).
Lemma 4.4. The identity

Voo + Vi o = 2V3 (), 2 (hntin), 2 (ho-io) (4.10)
holds for arbitrary linear operators p, p: W? — Ly and linear functionals h;, h;: W? — R™,
i=0,1.

Proof. This statement is an easy consequence of (4.5). Indeed, for anyu € W2 andt € [a, b],
formula (4.5) implies the equality

Voasno®(0) + Vi, 0)(8) = 2 <u -3/ ( [ (@ + ) dg) ds -
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210 N. DILNA

which, in view of the linearity of the operators p, p and functionals h;, hi, i = 0,1, leads us
immediately to (4.10).

5. Proofs. Proof of Theorem 3.1. By analogy to Lemma 4.2, it is easy to see that an absolutely
continuous vector-valued function v = (uy)}_;: [a,b] — R™is a solution of (1.1)—(1.3) if, and
only if it satisfies the equation

u(t) = / (/(fU)(f)dﬁ) ds + (t — a)e1(u) + @o(u), t € [a,b]. .1

a a

Let us take By = Ey = W? and define a mapping F': W2 — W?2 by setting
F =V 00 (5.2)
where Vy . o, is given by (4.5). Then (5.1) takes the form (4.1) with z = 0. We shall show that,

under the conditions assumed, equation (5.1) has a unique solution.
Using notation (4.5), define the linear mappings B;: W? — W2, i = 1,2, by putting

Bl = VﬁlejLO’ Bg = V}?,hhh()' (53)
Let us also put
Wa(t) = (Vigproo)(t) = (Vigrg0) (), T € [a,b], (5.4)

for all v and v from W? with properties (3.1). Then, due to (4.5),
wuw(a) = u(a) —v(a) = go(u) + po(v),
wy(a) = u'(a) —v'(a) = @1(u) + ¢1(v)
and, therefore, we have the componentwise inequalities
(Ba(u —v))(a) < wyp(a) < (Bi(u—w))(a), (5.5)
(By(u—v))(a) < wy,(a) < (By(u—v))(a). (5.6)
According to (3.2), we have
—pr(u—0)(t) < =(fru)(t) + (frv)(t) < —pr(u —v)(t)
and, therefore, due to (4.5), the componentwise estimates

Wy (t) < u(t) —o(t) — / (/p(u - v)(ﬁ)df) ds — (t —a)hi(u — v) — ho(u — v) (5.7)

a a
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and

t s

wan®) 2 ult) = o0) ~ [ | [ pu—0)©de | ds— ¢~ alatu—0) ~how—v)  68)

a a

hold for any u, v with properties (3.1) and ¢ € [a, b].
Let us put

Ky = Wgy, Ko:=Wp). (5.9)

By Lemma 4.1, both sets (5.9) are cones and, moreover, K> is normal and generating in W?2.
According to the definition (2.2) of the set W(Qz), estimates (5.5) —(5.8) mean that

{BQ(U - ’U) — Wy,w, Wy,p — Bl(u — U)} C W(QQ)
or, equivalently,
{Vf)5017§00u - Vf»S‘jl:SDO/U - Bl (U - U)7 BQ(U’ - U) - Vf,g01,g00u + Vf»LPMPOU} - W(22) (510)

for arbitrary u and v from W? with property (3.1). Thus, relation (4.4) holds with F, By, and By
given by (5.2), (5.3) and the cones K; and K> defined by (5.9).
Recalling (5.3) and applying Lemma 4.4, we obtain the identity

Bi+ By = QV% (p+5) (5.11)

.3 (h1+h1),% (ho+ho)”

In view of assumption (3.4), Lemma 4.3 guarantees the invertibility of the operators 2T

?nd V% (p45).L (ha+71), 1 (ho+o)" Consequently, we have B! = Vﬁjﬁlljlo and, by (5.11), the equali-
y

1

“1 _ Ly i i
BitB2) ™ = 5 V1 )8 (b))

holds. The same Lemma 4.3 ensures the positivity of the inverse operators in the sense that

—1 2 2
Vi W) € W),

~1 2 2
VL 9.3 (i), 2 (o) V@) © W
Therefore, inclusions (4.2) and (4.3) are true for operators (5.3) with respect to cones (5.9).

Applying Theorem 4.1, we establish the unique solvability of equation (5.1) and, hence, of
the boundary-value problem (1.1) - (1.3).

Theorem 3.1 is proved.

Proof of Theorem 3.2. This statement is proved similarly to [5S] (Theorem 2). It is obvious,
that for arbitrary functions « and v from W? with property (3.1), condition (3.5) is equivalent
to the relation

—log(u —v)(t) + lip(u —v)(t) < (fru)(t) — (frv)(t) < log(u —v)(t) + lig(u —v)(t) (5.12)
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212 N. DILNA
fort € [a,bland k = 1,2,...,n. Let us put
p:=1li =1y, p:=1+1I. (513)

Then (5.12) means that f satisfies condition (3.2). It is also clear that (3.6) ensures the validity
of condition (3.4) with p and p given by (5.13). Application of Theorem 3.1 thus leads us to the
assertion of Theorem 3.2.

Proof of Theorem 3.3. Taking into account conditions (3.11), (3.12), one can check that the
operators [;: W2 — Ly,i = 1,2, defined by the formulae

l1 = —Y92, ly = g1 + (1 — ’y)gg (514)

satisfy conditions (3.5), (3.6) of Theorem 3.2. Indeed, estimate (3.12), the assumption that 0 <
< v < 1, and the positivity of the operator g» imply that, for any absolutely continuous functi-
onsu = (ug)}_;: [a,b] = R"and v = (vg)}_;: [a,b] — R™ with properties (3.1), the relations

|(Frw) () = (fev)(t) + vg2(u — v)(8)] =
= |(frw)(®) = (fr0)(t) + gar(u — v)(¢) = (1 = 7)gar(u — v)(#)] <
< guk(u = 0) (1) + (1 = 7)g2x(u — 0)(#)] =

= gu(u—v)(t) + (1 =) (gox(u — v)(t)), t € [a,b], k=1,2,...,n,

are true. This means that f satisfies estimate (3.5) with the operators /;, i = 1,2, defined by
formulae (5.14). Therefore, it only remains to note that assumption (3.11) ensures the validity of
inclusions (3.6) for operators (5.14). Applying Theorem 3.2, we arrive at the required assertion.

6. The case of an equation without derivatives in the right-hand side. In the general case,
from equation (1.1) is given on W? only and, thus, the right-hand side term of equation (1.1)
may contain u”, which corresponds to an equation of neutral type.

If the operator [ in equation (1.1) is defined not only on W2 but also on the entire space W1,
then a statement equivalent to Theorem 3.1 can be obtained with the help of results established
in [5].

Given an operator p: W' — L, we put

t

(Ipu)(t) := /(pu)(s)ds, t € [a,b], (6.1)

a

for any u from W1, so that I, is a map from W to itself. We need the following definition [5].
Definition 6.1. Let h: W' — R" be a continuous linear vector functional. A linear operator
p: WY — L is said to belong to the set Sy, if the boundary-value problem

u'(t) = (pu)(t) + at), tE€ [a,b], (6.2)
u(a) = h(u) + ¢ (6.3)
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has a unique solution v = (uy)}_, for any o = (ou,)}}_; € L1, ¢ € R" and, moreover, the soluti-
on of (6.2), (6.3) has nonnegative components provided that the functions oy, k = 1,2,...,n,
are nonnegative almost everywhere on [a, b|.

In the case where the operator f, which determines the right-hand side of equation (1.1),
is well defined on the entire space W', results of the preceding sections admit an alternative
formulation. In particular, the following statements hold.

Theorem 6.1. Suppose that there exist certain linear operators p = (pi)p_,: Wl — Ly,
p = (Pr)p_,: W' — Ly, satisfying the inclusions

II;-i-hl GS}LO, %Ipﬂ;—l-%(fh-i-hl) ES%(hO+;LO),
where h; = (hii)p_,: Wl = R h; = (ﬁik)’,}::l: Wl — R", i = 0,1, are linear vector functi-
onals, and such that inequalities (3.2) and (3.3) hold for an arbitrary u and v from W' with
property (3.1).

Then the nonlocal boundary-value problem (1.1) — (1.3) has a unique solution.

Theorem 6.2. Assume that there exist certain linear operator l: W' — Ly and linear functi-
onals h; = (hiy)p_;: W1 — R", h; = (fzik)’,;”zlz Wl — R, i = 0,1, satisfying the inclusion

I, + h1 € Sp,

and the estimations (3.9) and (3.3) are fulfilled for any absolutely continuous functions u and v
with property (3.1).

Then the boundary-value problem (1.1)— (1.3) has a unique solution.

Theorem 6.3. Let there exist certain positive linear operators g; = (9ik)p—q: Wl — L,
i = 1,2, and linear functionals h; = (hiy)}_,: Wl - R" h; = (hik)p_y: Wl - R* i =0,1,
which satisfy inequalities (3.3) and (3.12) for arbitrary u and v from W' with property (3.1), and,
moreover, are such that the inclusions

1 1 ~
Igl + hl € Sho) _5192 + 5 (hl + hl) S 8%(h0+f~1,0)

hold.
Then the nonlocal boundary-value problem (1.1) — (1.3) has a unique solution.
To prove the Theorems 6.1, 6.2 and 6.3 we use the following lemma.
Lemma 6.1. If: W' — Ly is a bounded linear operator, then the inclusion

L +0cS, (6.4)

implies that | € S ,.

Proof of Lemma 6.1. According to Definition 2.2, [ belongs to Sy, if and only if problem
(2.3)-(2.5) has a unique solution for any ¢ € L1, ¢; € R™, i = 0, 1, and, moreover, the solution
is nonnegative for nonnegative q, cg, c¢1. By integrating (2.3), we can represent problem (2.3) -
(2.5) in the equivalent form

u'(t) = (Luw)(t) + 0(u) + a1 + /q(s)ds, t € a,b], (6.5)

a

u(a) = h(u) + ¢y, (6.6)
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which, obviously, is a particular case of (6.2), (6.3) with p := I; + 0, and o := [ q(s)ds + c;.
However, by virtue of Definition 6.1, the unique solvability of problem (6.5), (6.6) and the mo-
notone dependence of its solution on ¢ follow from inclusion (6.4). Therefore, [ € Sp .

7. Example of a functional differential equations of the second order. We consider the
boundary-value problem for the nonlinear scalar differential equation with argument deviati-
ons

1

u’(t) = a(t) (d+ A(t) sin (u(w(t))))2m+1, ¢ € [a,b], (71)
u'(a) = 0, (72)
u(a) = pu(b) + ¢, (73)

whered € R,c € R,m € N, w: [a,b] — [a,b] is Lesbesgue measurable function, {«, \} C Ly,
are functions such that

t>w(t), a(t)>0 (74)
and
0 < A(t) < d. (75)

The next result is true.
Theorem 7.1. Let || < 1and the functions «, \, w satisfy the conditions (74), (75) for almost
allt € [a,b], and

b

/ /( alMs)ds ) . (76)

2m + 1) (d — A(s)) 2T

Then the boundary-value problem (71), (72), (73) has a unique solution.
To prove Theorem 71, we use the following propositions concerning the scalar linear functi-
onal differential equation:

u'(t) = (pu)(t) +q(t), t € [ab], (77)

where p is a map from C' := C([a, b],R) to L.

We shall say that p is positive if it maps nonnegative functions from C' to almost everywhere
nonnegative elements of L;.

Proposition 7.1 ([8], Corollary 2.1a). Suppose that |;1| < 1 and the operator p in scalar linear
functional differential equation (77) is a positive Volterra operator and

b

] exp /<p1><s>ds <1 (18)

a

Then the boundary-value problem (77), (73) is uniquely solvable for an arbitrary ¢ € L,
¢ € R. Moreover, nonnegativity of q implies the nonnegativity of the solution.
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Proof of Theorem 7.1. To prove Theorem 71 we use Theorem 6.2.
It is easy to see that the problem (71)-(73) is a particular case of (1.1) - (1.3) where n = 1
and the operator f;: W' — L; given by the formula

1

(fru)(t) := a(t) (d+ A(t) sin(u(w(t))))z=F1, t € [a,b], (79)

@1 := 0, ¢o := pu(b) + cand hg = pu(b) + ¢ for any u from W. Using the Lagrange theorem
and taking (75) into account, we get that the relations

1

a(t) (d + A(t) sin(u(w(t)))) 77 — a(t) (d+ A(1) sin(o(w (1)) 757 | <

< sup a(t)A(H)] cos €] (u (@ (1)) — v (1)) _ a(t)A() (u(w(t) — v (w(t)))
TR @mA+1)(d+A)sin€)TET (2m+ 1)(d — M) T

hold for almost all ¢t € [a, b] and for arbitrary absolutely continuous functions u: [a,b] — R and
v: [a,b] — R possessing the properties (3.1).
Let us put

a(t)A)u(w(t))

(lu)(t) = T
(2m + 1)(d — A(t))zh

. te[abl. (710)

Taking into account (75) and (74) for u € W, we see that (3.9) is true. Now we need to make
sure that xy € Sy, where

It is clear from (79), (710) that f and [ can be considered as a mapping from C' to L1, so we
can use Proposition 71. It is easy to see, that x is a positive operator, which, due to assumption
(74) is of Volterra type. It follows from (6.1), (710) and (7.11) that

b b

B / a(s)\(s)ds
/(Xl)(t)dt - / /(2m+ -y )

a a a

and, hence, for ;1 # 0, assumption (76) implies the relation

b

ﬂﬂWW<—mm

a

This means that inequality (7.8) is fulfilled.

Applying Proposition 71, we show that x € S,. Note that if x = 0, then problem (7.3),
(7.7) reduces to a Cauchy problem at the point a and as is known in this case (see, e. g., [8]) the
inclusion x € Sy, is guaranteed by the Volterra property of .

So, we have shown that all the conditions of Theorem 6.2 are fulfilled. Applying the Theo-
rem 6.2, we complete the proof.
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