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Motivation: zeta functions and periods

e X/IF, smooth projective variety, ¢ = p°
zeta function of X:

2dim X

Z(X[Fg;T) = eXp(i WTT”) =[] Pm@m"
i:()

Pi(T) = det(1 — T - Froby | H,,.,,(X)) € Z[T)

crys

e X/Q[t] «~ family of varieties X;
Wi an algebraic differential i-form on Xy, & € H;(Xy;Z) a cycle
period p(t fg w; satisfies the Picard—Fuchs diff. equation

X; :y? = x(x —1)(z —t) The elliptic integral p(t
satisfies t(1 — ¢)p” (t) + (1 — 2t)p/(t) — 1p(t) = 0.

- fl Va(z— 1)(ac t)

e B. Dwork “Deformation theory for zeta functions” (1962):
can one use solutions to the Picard—Fuchs differential equations
to give a p-adic analytic formula for Z(X;/F,;T)?



Zeta function modulo p

X/F4 smooth projective variety, ¢ = p*

Katz’s congruence formula:
dim X . -
Z(X[FsT) =[] det(t —T-F*|H (X, 0x) V"
i=0
F:H(X,0x) — H(X,Ox) Frobenius map
p-linear map induced by h — h? on Ox

mod p



Hasse-Witt operation

definition and some properties

X projective hypersurface (or complete intersection)
dimX =n

F:H"(X,0x)— H"(X,Ox) the Hasse-Witt operation

» # p-adic unit eigenvalues of F'® = stable rank r(F)
» generically r(F)=dim H"(X, Ox)
(Miller, Koblitz ~1975)



Hasse-Witt operation

computation for hypersurfaces

X ={f(xo,...,Tp41) =0} cPtl degf=d>n+1
0 — Opnt1(—d) N Opnt1 — Ox — 0
LPTE P LF
0 = Opnsi(—d) 5 Opuis —+ Ox =0
H"(X,0x) = H""™(P"", Opnti(—d))

basis: 2% = 2" ...z, 1T uelU = {Zn+01 w=d,u; € Z>1}
Hasse-Witt matrix:

(F)u,veU = the coefficient of 27" in f(z)P~*



Main result

R commutative ring
f=>,ax" € R[zE!, .. wﬁl]

A(f) ¢ RY Newton polytope of f = convex hull {u : a, # 0}
J = A(f)°NZ" internal integral points, g = #.J
(Bm)uwes = the coefficient of DU iy ()™

Bm € Matgug(R), m>0

P prime

Qg 1= 5]35—17 S Z 0

Qo = 50 = Idgxg

a1 = Bp—1 ( mod p = the “Hasse-Witt matrix”)



Main result

Theorem 1. Assume there exists o € End(R), a lift of
Frobenius on R/pR (i.e. o(a) = a? mod p for any a € R).
Then:

(i) Qg = 041‘0(041)-.,,-03—1(

a1) mod p

If all o are invertible over R = l{gnR/ p° R then:

1 1

(ii) asy1-o(as)™ = as-o(as—1)”" mod p°

(iii) for any derivation D : R — R

D(ag41) - 0‘;4}1 = D(ag)-a; ' mod p°



Idea of proof

R ring with a pth power Frobenius lift ¢ € End(R): o(a) = a?
mod p for any a € R

For a € R define recursively d5(a) € R:
a1 = 5i(a)-a(a” Y + Sa(a) - o2 Y 4+ L.+ b4(a).

§1(a) = aP~1
do(a) = aP’ 1 — a’~lo(aP~t) = ap_l(a(p_l)p —o(aP 1)) € pR
Lemma. 6s(a) € p° 'R

apply in R = Rz, ... ,xﬁl]

, define matrices
(Vs)uwes = the coefficient of 2P~ in J4(f) € p* 'Matgxg(R)

Lemma. oy = v -0(as_1) + 72 - 02(as_2) + ... + 7s



Corollary

Theorem 1 = when the “Hasse-Witt matrix” a; mod p

is invertible,

3 F = Sli)rgoas+1~a(as)_1 € Matgyxy(R)
V(D) = Sli_}I&D(as)-as_l € Matgyg(R)

for every derivation D € Der(R)
Observations:

» F=a; modp

» F'is invertible

The rest of the talk: meaning of the limiting matrices ?



Example (elliptic curve)

E:y?>=2>+ax+b, abeR

AT (1 £ 2aT* + 3670 + 642 T% + 20ab T + .. .)dT

= (i cme>d?T, T = —z/y
m=1

the coefficient of 2™~ in (2% 4 az + )™~ D/2 | m odd,
C =
" 0, m even.
R =7 or Z, = Atkin and Swinnerton-Dyer congruences
Cm +ap Cpyp + PCmypz =0 mod pordr(m)
ap = p+1—#E(F,)



Example (elliptic curve)

(ASD) Cm + ap Cm/p —+ pcm/p2 =0 mod pordp(m)
a4y, = p+1— #E(F,)

Bm = the coefficient of z™y™ in (z° + ax + b — y*)™

= (=1)™/? <m”;2> Cmil; Qs = Bps1

Theorem 1 = ifp fai(< p fap < ordinary curve)
. « .
3 lim—— = XeZS ( = lim Cps/Cps—l)

§—00 (Vg1 S—00

ASD = c¢ps + apcp1 + peys—2 =0 mod p*
M4+ apd+p=0

A = the p-adic unit eigenvalue of Frobenius



Proposition. When R/pR = F,, and

Xo=X X Spec(R) Spec(R/pR) = {7(1") = 0}

is a smooth projective variety over IF,,, then the eigenvalues of
the limiting matrix F' = lim a1 - 0(as) "' are p-adic unit
5—00

eigenvalues of the Frobenius operator on Hy., (Xo).

F, ~ T, Fas Foo(F)-...0YF) = limoagq-a;?

§—00

Strategy of proof: formal group laws & generalized ASD due to
Stienstra



Formal group laws

A commutative formal group law of dimension g over a ring R is
a tuple of g power series

G = (Gi,...,Gy), G; =Gi(z,y) € R[z,y]

x=(21,...,24), ¥y = (Y1,-..,Yq)

satisfying

» G(z,0) = G(0,z) =

> G(r,G(y,2)) = G(G(x,y),2)

> G(z,y) = G(y,z)
If R — R® Q (characteristic 0 ring), there exists the logarithm:

logg() i= x) = z+... € (R Q)a]
G(z,y) = € (f(fv) ((y))



Main result 2: formal group laws from a polynomial

R characteristic 0 ring; f € R[ml . $ﬁ1]
J=A(f)°NnZN or A(fynzZN

g=#J >0

(Bm)uwes = the coeflicient of glmthv—u i f(z)™

E(az) = ( u uEJ = Z /Bm 1:E xr = (xv)veJ

Gr(z,y) = £ (f(fﬂHﬁ(y)) (RoQ)[z,y]

Theorem 2. If R can be endowed with a pth power Frobenius
endomorphism ¢ € End(R), then G actually has coefficients in
R ® Zy).

Zyy = {% :p)(k}C



Artin-Mazur formal groups and generalized ASD
J. Stienstra (1987)

X = {f(z) = 0} C P& smooth projective

R ring of characteristic 0
Gy(x,y) is a coordinalization of the Artin-Mazur formal group

~

H"(X,Gpm x)

R=17
det(1—-T-F|HL, (X)) = 14+ 1T + ... + oTF € Z[T]

(ASD) as + cras—1 + caas—2 + ... + cgas_ =0 mod p*

= Fk 4 e FF1 4 4 1 F +¢,=0



Example: hyperelliptic curve y? = 2° + 222 + = + 1

Bn = the coefficients of ahy" o tiyn in (y?—2°—22%—2—1)"
n mnflyn xQnyn Y

0 1
1 0 —81144 —1260
0o 1 —81900 —1260

8+ O(11) 8 + 11 + O(11?) 84114 112 + ¢
7T+6-114+0(11%) 746-114+3-1

s = Bps_1
tr(as »a;jl) mod p°
det(as 'O‘;—11> mod p*

det(l ~T.F| erys(co)) = 1+ 37 + 1872 + 3-11T°% + 1127*
= (1 + 4T + 11T*)(1 — T + 117%)

14++/—43
)\172 = *2:&\/*7, )\3,4 = #

Moo= T+ 211 + 2117 + O(11%)

A3 = 1+ 10-11 +9-11% + O(11%)
A+ A3 = 8+ 114+ 1174+ 0(113)

A A3 = 7T4+6-11+3-112 +O(11%)

74 0(11)




Conjecture
Assume:
> X = {f(x0,...,%n+1) = 0} C P smooth
» R smooth algebra over Z,
» for every point of Spec(R/pR), the Hasse-Witt operation
for the respective fibre of Xy is invertible

Then matrices

S§—00

F = le asi1-0(as)™t, V(D) = lim D(as)-a5! for D € Der(R)

describe respectively the Frobenius operator and the
Gauss—Manin connection on the unit-root F-crystal of X in the
basis [w,] € HY(X, Q% o), u € J = A(f)° N Z""2, where

X/
n+1 -5
¥ ;dxo dx; dxni1

=0



Crystals

R smooth algebra over Z,, R = lim R/p°R
%
An F-crystal (H,V,F) over R is
> locally free R-module H

> integrable connection V: H — H ® Qp 1z,

~

& V(D):H— H for each D € Der(R)

» for every lift of Frobenius o : R— ﬁ, a horizontal
morphism
F(o):0"H - H

X/Spec(R) smooth projective; Xo = X Xgpee(r) Sec(R/pR)

H;p(X/Spec(R)) @r R~ H,

cr‘ys(XO) is an F-crystal



Example: variation of hypersurfaces

fA(l‘o,...,xn+1) = zglzlAkxak, R = Z[Al,,AM]
ap = (aok, ey a(n+1)k) € Z"*? with Z?:Jrol a;r =d

X = {fa(z) =0} c PR

v de;  d
Wy = Tesx(x—Z(—l)lﬂ/\... xl.../\M>

V(gx) : HM(X) = H™(X)

Question: construct differential operators that anihilate classes
[wy] € HY(X, Q%)



Example: variation of hypersurfaces
A-hypergeometric system of PDEs
A= {ala SR CLM} c z+? ) a]j = (a()kv <o Ang1)ks 1) SV

M
L = {z = (lyeeslar) €ZM | Y b :0} lattice of relations
k=1

The A-hypergeometric system of partial differential equations
attached to the set A = {a; }2L, with the set of parameters

p= (o, -, tins2) € C**3 consists of box operators
0 \! 0 \
o= HGy) - (Gy) - et
x>0 1x<0

and Fuler (or homogeneity) operators

M 0
Zi = Zaik/\ka—j\k — i, i=0,...,n+3.
k=1



Example: variation of hypersurfaces

falz) = 2L Apas, deg fa =d
A = span{ay,...,apy} C R"2; J=A°N7Z"+?2

Proposition. (A. Adolphson & S. Sperber) Assume that

J = {u: (uo,...,unH) DU 6221, E?:OI U; :d}.

Then for each u € J the class [w,] € H"(X) is anihilated by the
A-hypergeometric system of PDEs attached to the set

A = {af }}L, with the parameter p = —u™.

Proposition. For any u,v € J the matrix entry
(as)un(A) = the coefficient of P™™* in fu(z)P !

is anihilated modulo p*® by the same A-hypergeometric system
with = —u™.



Example: the Legendre family y? = x(z — 1)(z — t)

the period integral
1 [ dz 1 9 ,
w() = — =14 -t+ =t 4+ ...
Q 7T/1 Vr(z —1)(z —t) 4 64

- i <2kk>2<1t(ﬁ>k

k=0

is anihilated by the hypergeometric differential operator

d? d 1
t(l—t)w + (1—2t)% -4



Example: the Legendre family y? = x(z — 1)(z — t)

R=1Z[t], o(h(t)) = h(t?), R = Z,[t]
Bm = Bm(t) = the coefficient of z™y™ in (y? — z(x — 1)(z — t))™
{ 0 ; m Odd,
= m m/2 /m 2
(m/2) ' k:/(]( k/z) t* m even.
> (H1-D% + (1-204 — H)as(t) = 0 mod p*

> ai(t) = Bp-a(t) = ((pfi_l)l/Q) + O(t) is invertible in R
when p # 2, and the limits from Theorem 1 are given by

dy  w(t)
%) T ow(t)

F=(-1)% v(




Thank you!



