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Formal group laws

R commutative ring with 1

F(z,y) € R[z,y] formal group law of dimension 1 over R
F(x,0) = F(0,z) = x
F(F(x,y),2) = F(z,F(y,2))

homomorophisms

R/:_DR, hEHOHlR/(Fl,Fg) :
h(z) = wz +uz® + ... € R[z]
h(Fi(z,y)) = Fa(h(z), h(y))

up € (R')*  isomorphism
up =1 strict isomorphism



The logarithm of a formal group law

assume: R — R ® Q is injective (characteristic 0 ring)
then:

A f(z) = x+... € Hompgo(F, G,)
& Flzy) = f7H(f@)+ f(y)

Construction:

logp(x /d:c/

Example:

F(z,y) = 2 +y + cay

O /Z D e

n=1




Constructing f(z) = logp(x)

() F(z,0) = F(O,2) =« (i) F(F(z,y),2) = F(x, F(y, 2))

@) = 2L 0,2 €11 2RR], o) = 1/%1;(0,95)

o
o)+ O (Pa)7) - () = (e F(y,2))
(09,9 = 0.20) Se(y) - TL(0.2) = S0, F ()
o(F(@9) - I (wy) = o)



Part I: integrality

FeR[zyl  ~  Fly) = f7(f@)+fy)
f@) = [dz)5 0.9 € (RoQa]

F#) = 3 bt

bo=1,b1,b0,... € R

Goal: Characterize sequences {b,;n > 0} that occur in the
above construction.



p-transform
assume: 30 € End(R) : o(a)=d? mod pR Va€R
{bn;n >0} e {cp;n > 0}
b, = ¢, + Z cm-aé(m)(bk) mxk =m + kp'™
{(m) = min{s > 1:m < p°}
co = by, c1 =0b, ..., cp1=by1,
by —boo(b1), citp = biyp — bio(b1),

cpr = b — boa(by), e = bie — bio(by),
Cpipz = bpipe — boa(bisy) — byo®(by) + byo(br)o?(br),



Criterion of integrality

bp=1,b1,b9,... € R~ {cp;n >0}  p-sequence

Theorem 1. (MV, Eric Delaygue)
F(z,y) = 7 (f(2) + f(y) € (R® L)z, ]

=
the p-sequence {c,;n > 0} associated to {b,;n > 0} satisfies

mp_lepR forall m>1,k>0



Idea of proof: Hazewinkel’s functional equation lemma,

;ivl o' (f)(xz) € R[z]
then  F(z,y) = f'(f(z)+ f(y) € R[x]

if Jvi,v9,... € R st. f(x)

conversely:
if R is a Z,)-algebra then every formal group law over R is of
functional equation type



Proof of Theorem 1: the obvious direction

Conpk—1 € pFR forall m>1,k>0

Y
Vi =i ER 1=1,2,
oo 1 00
D dna™ = f(z) — =Y i (0" f)(x)
n=1 p i=1
1 1< 1
(n—mp ) dn = m kbmpk—l p;vz mpk_ZO'Z(b pk i 1)
1
= W( mph — ZC i—1" mpk*i—l))
1
= m Z Cm/pkfl . o-k“rg(m )(bm//) 6 R® Z(p)
P m=m'sxm//

Functional Equation Lemma = F(z,y) € (R ® Zy,)) [z, y]



Proof of Theorem 1

F( ) (R(X)Z )[[1‘ y]] = dug,vg,... ER@Z(p) s.t.

Zdnx = f(z) — *sz (R® Zy)[z]

cpk_lzpklvk—i-pdk—Za pd e p 'R

Flz) - ;sz«asf)(x) — S e, Flay) = Flay)
s=1 k=0

fo) = 23w @ D@ = o, v = et €R

F@) = 23 0 (0" ) € (Re Zgy)la] = ey €P°R O



Example 1: formal group laws from L-functions

zifg: I »e™ P,(T) € 1 + TZ[T]
n=1 p prime
Flay) = {7 (f@) + f).  fa)=) Ta"
n=1

Corollary (of Theorem 1):

d
F(x,y) € Zipy[z,y] < Pp(T)=1+ Z%Ti with p'~ 1y
i=1



Lemma

ar =1, az,as,... €%
{bn :==any1;n >0} ~  {cp;n >0} (p-sequence)
Then:

> Gk = apape for all k>0,p fm
& Cpprq =0 forall £>0,p fm, m>1

» 3d>0and v1,...,7 € Z s.t.

Ak + Y1 ape-1 + oo+ Ymag-m = 0 forall k>0

Cri__ =
Pl 0, i>d.



Example 2: formal group laws from polynomials

H(X) € RIX{, ... XFH A(H) c RN Newton polytope
assume: A(H)°NZY = {u} (unique internal integral point)

o0

Flay) = U@+ 1), fa)=) 2o

n

n=1

b, := coefficient of X™ in H(X)"

Vp  ~s {ea;n >0} satisfies ¢, € p!™ 1R (A.Mellit, 2009)
Theorem 1 = F(z,y) € R[z,y]

Remark: if V = {H(X) =0} c PY~! smooth, then F(z,y) is a
coordinalization of the Artin-Mazur formal group
HN=2(V,Gpv) (J. Stienstra, 1987)



Part II: p-adic formulas for local invariants

G(ﬂj‘,y) € [Fp[[l',y]]

[plc € Endr,(G) ‘multiplication by p’ endomorphism
ple(z) =2 +¢o +¢... +¢z = G(z,G(z,...G(z,7)...))
—
P P
¢(x) = 2P € Endg, (G) Frobenius endomorphism

he == sup{m : [plg(z) € Fp[z?"]} height

Theorem. Endy,(G) is a Zy-algebra and ¢ satisfies an
irreducible polynomial equation over Z, of degree h = hq:

P+ aig + ap? + ...+ ape" =0,

where v, ..., ap_1 € pZy, oy € Ly, .



Theorem 2. ( MV) Let F € Z[x, y]] be a formal group law of
dimension 1 with logp(z) = > 7 by_1%-. Let

F =F modp, hy,=hz height at p
UV,T)=p+ T + ... + apT" char. polynomial at p
Then:
> ordy(bpn_1) >n — L%J with equality when h|n
» numbers f3,, := byn_1/p" L7 € Z satisfy B = BF mod p,Vk
» for k£ > 1 define h x h matrices

, 0, j<iorj=h-1
Dy = (E” _ ,_,) €ij =
F P Brn-i-g 0<ij<h—-1 7 {1, i<j<h-1

We have det Dy = (—=1)"~1 87""1 £ 0 mod p and

Bkn ai/p
Brh+1 az/p

— D,;l : = : mod p* .
Brhth—2 ap—1/p

Brhth-1 ap



Theorem 2: p-adic formulas for local invariants

> h, = 1L p fbyr_y VEk
\I/p(T) =p+ ay T

a1 = —bpk_q/bpr-1_y mod Pk

> hp = 2: I/p(bpgk_l) =k l/p(bpzkfl_l) Z k Vk

U(T) = p+ a1 T + axT?

o bok—1_1 bok-2_; -1 bok_y
<p> — PR pk-1 Pk

bok_y b2k—1_, b 2k+1_

pk pk+1

pk

mod p*



Idea of proof: formal Weierstrass preparation lemma
f(z) =logp(x) e T ) s.t.

f() ~ ; S v (0°) (@) € Z [X]

Lemma
hy = inf{s>1: vs €Z;}

Lemma (Taira Honda, 1960’s)
3 0(T) € Zp[T]* and «ay,...,ap1 € pZy, oy € L) s.t.

o(T) <p - ivsTs) =p+ Zh:aiTi
s=1 =1



Example 1: formal group laws from L-functions

Qn, —s\—
L(s) = ) % = II P  P(T)el + TZT
n=1 p prime

d
Pp(T) =1+ Z%Ti with p'~!|y; =3
=1
T
Q(T) :prp(;> € p+TZT] ~ Flay) e Zylryl

By Theorem 2:

hp, = the highest power of T' that divides ép = (p modp
U,(T) = the unique Eisenstein factor of Q,(T)



Example 2: Artin-Mazur formal group laws

H(X) € RIX{, ... X A(H) c RY  Newton polytope

assume: A(H)°NZY = {u} (unique internal integral point)
o0

by—
by, := coefficient of X" in H(X)" flz) = Z Lgn

n

n=1
F(z,y) = f'(f(x)+ f(y)) € R[z,y] is a coordinalization of
the Artin-Mazur formal group HY ~1(V, va)

V c PV is a non-singular compactification of {H(X) = 0}
assume: R =7,V = V Xgpe7z Spec I}, is non-singular

= the Cartier module of the Artin-Mazur formal group is
isomorphic to the de Rham-Witt cohomology HY~1(V, WOy)



Artin-Mazur formal group laws

Corollary:

h,=1 <« 3\, the p-adic unit eigenvalue of the Frobenius

operator on the middle crystalline cohomology

b, = coefficient of (X1 X5... Xn)" in (X{¥ + X + ... + X{)"

~ o, it N fn,
| n/(n/NYN, NN |n.



Example: Fermat’s hypersurface x¥ + x& + ... + x¥ =0

b, = coefficient of (X;Xy... Xn)" in (X7' 4+ X3 4+ ... + X3)"
_Jo, it N fn
(/NN N |n
By Theorem 2:

1, when p=1 mod N
, when N =3, p=—-1 mod 3

oo, otherwise

forallp=1 mod N :
the p-adic unit eigenvalue of Frobenius on HY."2(V) is given by

crys

h mod g =t 01 oDL (*5)! J—T

: bpn-iog - (=10 \ (2ol T, (22 + 1)
I, (0) 1. 1

N = — 20— =T,1-=)" = N ()Y



thank you



