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Formal group laws

R commutative ring with 1
F (x, y) ∈ RJx, yK formal group law of dimension 1 over R

F (x, 0) = F (0, x) = x

F (F (x, y), z) = F (x, F (y, z))

homomorophisms

R′ ⊇ R , h ∈ HomR′(F1, F2) :

h(x) = u1x+ u2x
2 + . . . ∈ R′JxK

h(F1(x, y)) = F2(h(x), h(y))

u1 ∈ (R′)× isomorphism
u1 = 1 strict isomorphism



The logarithm of a formal group law

assume: R→ R⊗Q is injective (characteristic 0 ring)
then:

∃! f(x) = x+ . . . ∈ HomR⊗Q(F,Ga)

⇔ F (x, y) = f−1(f(x) + f(y))

Construction:

logF (x) := f(x) =

∫
dx
/∂F
∂x

(0, x)

Example:

F (x, y) = x + y + c xy

f(x) =

∫
dx

1 + cx
=

∫ ∞∑
n=0

(−cx)n dx =

∞∑
n=1

(−c)n−1 x
n

n



Constructing f(x) = logF (x)

(i) F (x, 0) = F (0, x) = x (ii) F (F (x, y), z) = F (x, F (y, z))

(i) ⇒ ∂F

∂x
(0, x) ∈ 1 + xRJxK , g(x) := 1/

∂F

∂x
(0, x)

∂

∂x
(ii) :

∂F

∂x
(F (x, y), z) · ∂F

∂x
(x, y) =

∂F

∂x
(x, F (y, z))

(x, y, z) = (0, x, y) :
∂F

∂x
(x, y) · ∂F

∂x
(0, x) =

∂F

∂x
(0, F (x, y))

g(F (x, y)) · ∂F
∂x

(x, y) = g(x)

f(x) :=

∫
g(x)dx :

∂

∂x
f(F (x, y)) =

∂

∂x
f(x)

∂

∂x

(
f(F (x, y))− f(x)

)
= 0

f(F (x, y)) = f(x) + h(y)

x = 0, y = x : h(x) = f(x) ⇒ f(F (x, y)) = f(x) + f(y)



Part I: integrality

F ∈ RJx, yK  F (x, y) = f−1(f(x) + f(y))

f(x) =

∫
dx
/∂F
∂x

(0, x) ∈ (R⊗Q)JxK

f(x) =

∞∑
n=1

bn−1
xn

n

b0 = 1, b1, b2, . . . ∈ R

Goal: Characterize sequences {bn;n ≥ 0} that occur in the
above construction.



p-transform

assume: ∃ σ ∈ End(R) : σ(a) ≡ ap mod pR ∀ a ∈ R

{bn;n ≥ 0}! {cn;n ≥ 0}

bn = cn +
∑

n=m∗k
cm · σ`(m)(bk) m ∗ k = m+ k p`(m)

`(m) = min{s ≥ 1 : m < ps}

c0 = b0 , c1 = b1 , . . . , cp−1 = bp−1 ,

cp = bp − b0 σ(b1) , c1+p = b1+p − b1 σ(b1) , . . .

cp2 = bp2 − b0 σ(bp) , c1+p2 = b1+p2 − b1 σ(bp) , . . .

cp+p2 = bp+p2 − b0 σ(b1+p) − bp σ
2(b1) + b0 σ(b1)σ

2(b1) , . . .



Criterion of integrality

f(x) =

∞∑
n=1

bn−1
xn

n

b0 = 1, b1, b2, . . . ∈ R  {cn;n ≥ 0} p-sequence

Theorem 1. (MV, Eric Delaygue)
F (x, y) = f−1(f(x) + f(y)) ∈ (R⊗ Z(p))Jx, yK
⇔
the p-sequence {cn;n ≥ 0} associated to {bn;n ≥ 0} satisfies

cmpk−1 ∈ pkR for all m > 1, k ≥ 0



Idea of proof: Hazewinkel’s functional equation lemma

if ∃ v1, v2, . . . ∈ R s.t. f(x) − 1

p

∞∑
i=1

vi · σi(f)(x) ∈ RJxK

then F (x, y) = f−1(f(x) + f(y)) ∈ RJxK

conversely:
if R is a Z(p)-algebra then every formal group law over R is of
functional equation type



Proof of Theorem 1: the obvious direction

cmpk−1 ∈ pkR for all m > 1, k ≥ 0

⇓

vi :=
1

pi−1
cpi−1 ∈ R i = 1, 2, . . .

∞∑
n=1

dnx
n := f(x) − 1

p

∞∑
i=1

vi · (σif)(x)

(n = mpk) dn =
1

mpk
bmpk−1 −

1

p

k∑
i=1

vi ·
1

mpk−i
σi(bmpk−i−1)

=
1

mpk

(
bmpk−1 −

k∑
i=1

cpi−1 · σi(bmpk−i−1)
)

=
1

mpk

∑
m=m′∗m′′

cm′pk−1 · σk+`(m
′)(bm′′) ∈ R⊗ Z(p)

Functional Equation Lemma ⇒ F (x, y) ∈ (R⊗ Z(p))Jx, yK



Proof of Theorem 1

F (x, y) ∈ (R⊗ Z(p))Jx, yK ⇒ ∃v1, v2, . . . ∈ R⊗ Z(p) s.t.
∞∑
n=1

dnx
n := f(x) − 1

p

∞∑
i=1

vi · (σif)(x) ∈ (R⊗ Z(p))JxK

cpk−1 = pk−1 vk + pkdpk −
k−1∑
i=1

σi(cpk−i−1) p
i dpi ∈ pk−1R

f̃(x) − 1

p

∞∑
s=1

vs · (σs f̃)(x) =

∞∑
k=0

dpk x
pk , F̃ (x, y) ∼= F (x, y)

f̃(x) − 1

p

∞∑
i=1

v′i · (σi f̃)(x) = x , v′i :=
1

pi−1
cpi−1 ∈ R

f(x) − 1

p

∞∑
i=1

v′i · (σi f̃)(x) ∈ (R⊗ Z(p))JxK ⇒ cmpk−1 ∈ pkR �



Example 1: formal group laws from L-functions

L(s) =

∞∑
n=1

an
ns

=
∏

p prime

Pp(p−s)−1 Pp(T ) ∈ 1 + TZ[T ]

F (x, y) = f−1(f(x) + f(y)) , f(x) =

∞∑
n=1

an
n
xn

Corollary (of Theorem 1):

F (x, y) ∈ Z(p)Jx, yK ⇔ Pp(T ) = 1 +

d∑
i=1

γiT
i with pi−1|γi



Lemma

a1 = 1 , a2, a3, . . . ∈ Z
{bn := an+1;n ≥ 0}  {cn;n ≥ 0} (p-sequence)

Then:

I ampk = amapk for all k ≥ 0, p 6 | m
⇔ cmpk−1 = 0 for all k > 0, p 6 | m, m > 1

I ∃ d ≥ 0 and γ1, . . . , γd ∈ Z s.t.

apk + γ1 apk−1 + . . . + γm apk−m = 0 for all k ≥ 0

⇔

cpi−1 =

{
−γi , 1 ≤ i ≤ d ,

0 , i > d .



Example 2: formal group laws from polynomials

H(X) ∈ R[X±11 , . . . , X±1N ] ∆(H) ⊂ RN Newton polytope

assume: ∆(H)◦ ∩ ZN = {u} (unique internal integral point)

F (x, y) = f−1(f(x) + f(y)) , f(x) =

∞∑
n=1

bn−1
n

xn

bn := coefficient of Xnu in H(X)n

∀p  {cn;n ≥ 0} satisfies cn ∈ p`(n)−1R (A.Mellit, 2009)
Theorem 1 ⇒ F (x, y) ∈ RJx, yK

Remark: if V = {H(X) = 0} ⊂ PN−1, smooth, then F (x, y) is a
coordinalization of the Artin-Mazur formal group
HN−2(V, Ĝm,V ) (J. Stienstra, 1987)



Part II: p-adic formulas for local invariants

G(x, y) ∈ FpJx, yK

[p]G ∈ EndFp(G) ‘multiplication by p’ endomorphism

[p]G(x) := x +G x +G . . . +G x︸ ︷︷ ︸
p

= G(x,G(x, . . . G(x, x ) . . .))︸ ︷︷ ︸
p

φ(x) = xp ∈ EndFp(G) Frobenius endomorphism

hG := sup{m : [p]G(x) ∈ FpJxp
mK} height

Theorem. EndFp(G) is a Zp-algebra and φ satisfies an
irreducible polynomial equation over Zp of degree h = hG:

p + α1φ + α2φ
2 + . . . + αhφ

h = 0 ,

where α1, . . . , αh−1 ∈ pZp, αh ∈ Z×p .



Theorem 2. ( MV) Let F ∈ ZJx, yK be a formal group law of
dimension 1 with logF (x) =

∑∞
n=1 bn−1

xn

n . Let

F = F mod p , hp = hF height at p

Ψp(T ) = p + α1T + . . . + αhT
h char. polynomial at p

Then:

I ordp(bpn−1) ≥ n− bn
h
c with equality when h|n

I numbers βn := bpn−1/p
n−bnh c ∈ Z satisfy βkh ≡ βk

h mod p ,∀k
I for k ≥ 1 define h× h matrices

Dk :=
(
pεijβkh−1+i−j

)
0≤i,j≤h−1

εij =

{
0 , j < i or j = h− 1

1 , i ≤ j < h− 1

We have detDk ≡ (−1)h−1 βkh−1
h 6= 0 mod p and

−D−1k


βkh
βkh+1

...
βkh+h−2
βkh+h−1

 ≡


α1/p
α2/p

...
αh−1/p
αh

 mod pk .



Theorem 2: p-adic formulas for local invariants

I hp = 1: p 6 | bpk−1 ∀k

Ψp(T ) = p + α1 T

α1 ≡ − bpk−1/bpk−1−1 mod pk

I hp = 2: νp(bp2k−1) = k νp(bp2k−1−1) ≥ k ∀k

Ψp(T ) = p + α1 T + α2 T
2

(α1
p

α2

)
≡ −

p bp2k−1−1

pk
b
p2k−2−1

pk−1

b
p2k−1

pk
b
p2k−1−1

pk

−1 b
p2k−1

pk
b
p2k+1−1

pk+1

 mod pk



Idea of proof: formal Weierstrass preparation lemma

f(x) = logF (x) ∃ v1, v2, . . . ∈ Z(p) s.t.

f(x) − 1

p

∞∑
s=1

vs (σsf)(x) ∈ Z(p)JXK

Lemma
hp = inf{s ≥ 1 : vs ∈ Z×p }

Lemma (Taira Honda, 1960’s)
∃! θ(T ) ∈ ZpJT K× and α1, . . . , αh−1 ∈ pZp, αh ∈ Z×p s.t.

θ(T )
(
p −

∞∑
s=1

vsT
s
)

= p+

h∑
i=1

αiT
i



Example 1: formal group laws from L-functions

L(s) =

∞∑
n=1

an
ns

=
∏

p prime

Pp(p−s)−1 Pp(T ) ∈ 1 + TZ[T ]

Pp(T ) = 1 +

d∑
i=1

γiT
i with pi−1|γi ⇔

Qp(T ) := pPp
(T
p

)
∈ p+ T Z[T ]  F (x, y) ∈ Z(p)Jx, yK

By Theorem 2:

hp = the highest power of T that divides Qp = Qp mod p

Ψp(T ) = the unique Eisenstein factor of Qp(T )



Example 2: Artin-Mazur formal group laws

H(X) ∈ R[X±11 , . . . , X±1N ] ∆(H) ⊂ RN Newton polytope

assume: ∆(H)◦ ∩ ZN = {u} (unique internal integral point)

bn := coefficient of Xnu in H(X)n f(x) =

∞∑
n=1

bn−1
n

xn

F (x, y) = f−1(f(x) + f(y)) ∈ RJx, yK is a coordinalization of

the Artin-Mazur formal group HN−1(V, Ĝm,V )

V ⊂ PN is a non-singular compactification of {H(X) = 0}

assume: R = Z, V = V ×Spec Z Spec Fp is non-singular
⇒ the Cartier module of the Artin–Mazur formal group is
isomorphic to the de Rham–Witt cohomology HN−1(V,WOV)



Artin-Mazur formal group laws

Corollary:

hp = 1 ⇔ ∃! λp the p-adic unit eigenvalue of the Frobenius

operator on the middle crystalline cohomology

Ψp(T ) = p− λpT λp = lim
s→∞

bps−1
bps−1−1

Example. V = {XN
1 + XN

2 + . . . + XN
N = 0}

bn = coefficient of (X1X2 . . . XN )n in (XN
1 + XN

2 + . . . + XN
N )n

=

{
0 , if N 6 | n ,
n!/(n/N)!N , if N | n .



Example: Fermat’s hypersurface XN
1 + XN

2 + . . . + XN
N = 0

bn = coefficient of (X1X2 . . . XN )n in (XN
1 + XN

2 + . . . + XN
N )n

=

{
0 , if N 6 | n
n!/(n/N)!N , if N | n

By Theorem 2:

hp =


1 , when p ≡ 1 mod N

2 , when N = 3 , p ≡ −1 mod 3

∞ , otherwise

for all p ≡ 1 mod N :
the p-adic unit eigenvalue of Frobenius on HN−2

crys (V) is given by

λp mod pn ≡ bpn−1

bpn−1−1
=

(pn − 1)!

(pn−1 − 1)!
·
( (pn−1

N

)
!(

pn−1−1
N

)
!

)−N
=

Γp(pn)

Γp

(
pn−1
N + 1

)N
λp =

Γp(0)

Γp(1− 1
N )N

= Γp(1− 1

N
)−N = (−1)N Γp(

1

N
)N



thank you


