Appendix:
families of elliptic curves
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Elliptic curves and complex tori

Eap © y?=x"+ax+b, 42> +276° #0

i(E,p) = 1728 4733
STkl = 433 + 27b2
Theorem. The map
1
(C//\ - Ea,ba zZ — [p(Z) : 5@’(2) : ]_]

where
= —15G4(/\), b= —3566(/\),

+Z( EYE )\12>

AeA\{0}
is an isomorphism of Riemann surfaces and a homomorphism of
abelian groups.
; ) 1 .
J((C/(ZT—FZ)):_/(T):E—F?Z]A_}_’ q:e27'('l7'
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Families of elliptic curves: an example

E: : y? = x(x—1)(x—1t) t#0,1
= x> — (14 t)x® + tx
= G a9 b

a= —%(t2 —t+1), b= —2—17(1' —2)(t+1)(2t—1)

Jj(t) = 1728@;::33 = 256M
256(t°—t + 1) = j(t) - t2(t — 1)°
= j(t) is generically 6 : 1
each isomorphism class of elliptic curves over C

occurs in this family exactly 6 times, with a few exceptions

3/9



An example: Legendre family

E: + y? = x(x—1)(x—1t) t e C\{0,1}

2 13
J(t) 2256(tt2(tt_+1)2)
C\ fo17 ' 2
+ (=)
jCe) JG)

Problem: find a modular function t(z) such that j(t(z))

We expect t(z) to be modular on a subgroup of index 6.

J(2).
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An example: Legendre family

256(t° —t +1)3 =/ t2(t —1)2

t(z) = 2 a,a?

(e}

6 1 4
256 2 ... = <-+744+..> <éz+..
qOC qa

Q

ba=4a+1 = a=

Ll O

256a° = 1 =+
a = a *16

1
24cH... c?

t(z) = 1q

)
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An example: Legendre family
E: : y?> = x(x—1)(x—1t) t e C\{0,1}
t(z) = %qf% +3+ %q% — %q% + 0(q?)

72

T\ {017 <«
+ (=)

F
' J'(f> JG&)

£ B
fC = S[LCZZ\)

» We expect t(z) to be modular on a subgroup of index 6.

» t(z) # 0 for z€ H. Try to guess it as an n-product?



An example: Legendre family

Er : y? = x(x—1)(x—1t) t e C\{0,1} = P}(C)\{0,1, o0}

tz) = kg 2+ %+ 3q7— g7 + 0(q3)
— Lq (1 +8g* +20q - 624> + 0(q*))
21 77(2)24
on(5)8n(22)0

We can use PARI/GP to confirm this guess: one checks that
256(t? — t +1)3 = j - t?(t — 1) with any high precision O(q").

The above given t(z) = 1@ i o modular function for
16 (5)8n(22)10

(2). It plays the same role as j-invariant does for SLy(Z):
t: X(M(2)=PYC), X)) = r\(HuPHQ)
t: r\PY(Q) ={0,1,0}  t(0) =0,t(0) =1,t(1) =0

Such a function for a subgroup of genus 0 is called a Hauptmodul.

7/9



Another example

Exercise: Play the above game with the family

Et1y2:X3_2X2+(1_t)X’ t#0,1.

You should discover a modular function t(z) on a subgroup of
index 3. The answer is given on the next page, don't turn over!
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The answer

t(z) = 64q — 2560q° + 84736¢° + . ..
_ 64A(2z)
-~ A(2) + 64A(22)
is a Hauptmodul for 9(2).
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