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Equivalence of differential systems

K o C(t) differential field, A,BeC(t)™"

(1) {Cgtj = AU} (2) {‘9: = BV}

Differential system (1) is equivalent to (2) over K if there exists an
invertible matrix H € K™*" such that

dH = BH — HA.
dt

Observe:
» U is a solution to (1) = V = HU is a solution to (2

» U, V fundamental solution matrices for (1) and (2) =
H = VAU~! where A is a constant marix:

d

dt(V*lHU) = —(VIBYHU+V Y BH-HAYU+V~IH(AU) = 0

2/10



Example: local study / regular singularities

take A e C(t)™" with no pole at t =0
K = O[t™!] field of germs of meromorphic functions

there is ' € C™" (unique up to conjugation) such that

dU w [.dV

» eigenvalues of I are called local exponents at t = 0

» V =t is a fundamental solution matrix for the second
system; My = exp(27il’) its monodromy around t = 0

» differential systems are equivalent over K if and only if their
local monodromies My are conjugate
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p-adic Frobenius structure

Definition. A differential system with A€ Q(t) " admits a
Frobenius structure of period h =1,2,... if

W {2 =praev) <&@ {5 - awuf

E, = field of p-adic analytic elements

is the completion of C,(t) w.r.t. the Gauss norm

|Z aiti|Gauss = miax ‘ai|P

do(t)
dt
» U is a solution to (2) = V(t) = U(tP") is a solution to (1)
» let U be a fundamental solution matrix of (2)
IA € CJ" such that &(t) = U(t)AU(tP") L e ExT

= A(t)®(t) — p"O(D)A(t"), e EL"
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Example: &¥ =110, U(t) = 2

p£2  6(t) = UMU(E) T E,

) te'E
T B 1 \12
fo0-07 (qop) o=t en
1

1—t (
5 k
—a- 0 () a0 3 ()

k=0

eZ[t,(1-t) '] "cE,
For a ring R such that lesR = 0 we denote its p-adic completion by
5=
R =limR/p*R

1—1¢°
1—t_1+ E+ 30+ ot + S5t' — 5 t° + ... =143t + t* (mod 5)
3 5 6 7
— 148t+11¢ +2orgitt)§14t +17t7 424t (mod 52)
2 3 4 5 6 7,48 3
= LT8¢ 0040+ 284 STE L (o 5)
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) -0 @b ab
* [e— — [R— —_—
dt? dt
a, b7 c—a,Cc— b ¢ Z (<:> irreducible monodromy on ]P’l\{O,l,OO})
Theorem (Dwork) Differential equation (*) with a,b,c € Q N Zj,
has a Frobenius structure of period

h=min{m=>1:(p™ —1)a,(p" —1)b,(p™ —1)c € Z}.
Remark: multiplying (1) by t we obtain the operator
0@ +c—1)—t@+a)(0+b), 0= ti

dt’
so the local exponents are
0 0 1

0 a 0
l1—-¢c b c—a—»b

and h in the theorem is such that the eigenvalues of local monodromies
Mo, My and M, are (p" — 1)st roots of unity.
6/10



Remark (continued): a Frobenius structure is a solution to the
1st order differential system
do(t)

t— = A(t)d(t) — p"o(t)A(tP").

If there is a meromorphic solution ® € K™, K = O[t™!] then

h
Mo ~ ME" = eigenvalues are (p" — 1)st roots of 1

It is often the case that ® € (E, n K)"™".
Similar considerations apply at other singular points.
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1
Example: 62 —t(0 + 3)(0+3) A(t) = <(t) _2t>
Tt 01t

w(t) = 2F1(3,3,1;t) =1+ St + 22+ 306+ e Z[[37%]]
Juo(t) + 5t + 2t2 + ... = log(t)uo(t) + ui"(t)

fu wm\ [ w ui" 1 log(t) B
vl = <9u0 9u1> - <9u0 fus + uo) <o 1) 6 =AU
an L Up ufn _ 2><2 an _

U (t) T <0U0 0uf" + UO) v “log(t)=0" © Q[[ ]] v (0) ld

Look for A such that ®(t) = U(t)AU(tP)~! € E3*?. Observe:

1 log(t) Al A 1 —plog(t)| _ PN X1 =0
0 1 M1 A 0 1 cons A2 = pA11

= analytic at t = 0 solutions to §(®) = A(t)P(t) — pP(t)A(tP) are

o(t) = U(t) (ASI pAAli) U(eP) L = () (ASI pAAli) U (¢P) L
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Claim: for p # 2,3, there exists a € Zj such that

o(t) = U(2) (é ‘;) vy ez, (1— -1 .

> « can be found experimentally: e.g. p=5

O(t) = do(t) + ady(t),  &ie (QnZy)[[t]]?

q>0(t)z<1+03t 30t> mod 5, deg(®1(t) mod 5) ~ o0

deg(®o(t) mod 5%) ~ w0, but
3,i=2
deg (Po(t) +i-5-®1(t) mod 5%) = { !

0,i=0,1,3,4
=a=2-5+0(5%
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deg (Po(t) +2-5-®1(t) mod 5°) =3
deg (Po(t) + (2-5+i-5%) - d1(t) mod 5°) ~ o0, i =0,1,2,3,4
8,i =4

deg ((‘Do(t) +(2-5417-5%) - ®1(t))(1—t)° mod 53) = {OO i=0.1.2.3

a=2-5+4-524+0(5%)
deg ((®o(t) + - @1(6)(1 = ™D mod 57) = 5(m —2) +3

a=2-54+4-5243.544.513.5512.5013.57 1 4.58%8 5%
= —12-logs(3)

For all p we tried, this experiment gives a unique «
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