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The  following c o m m u t a t i o n  t heo rem holds for locally compact  g roups  [1]. 
The commutant of the right regular representation p of a locally compact group G is generated by the 

operators of the left regular representation A. Moreover, there exists an intertwining operator J such that 
Jpr = A~, t E G. It  is given by ( J f ) ( x )  = ( d h ( x - 1 ) / d h ( x ) ) l / 2 f ( x 2 i ) ,  where dh is a left Haar measure. 

Apparently, an analog of the  regular  representa t ion  for infinite-dimensional  groups (current  groups) 
appeared  for the first t ime  i n  [2, 3]. In [4], the c o m m u t a t i o n  theorem was proved for all analog of the regular 
representat ion of the  cur ren t  g roup  in the  case of the Wiener  measure.  An  analog of the  regular representat ion 
for an arbitrary inf ini te-dimensional  topological g roup  G was defined with the use of G-quasi-invariant 
measures  # on hal appropr i a t e  comple t ion  G of G in [5, 6]. 

Consider tile group B ~ {x I + x ~ I + ~-~,~=2 ~-1 -- = = ~'~k=l xk,~Ekn} of real upper- t r iangular  matr ices  of 
infilfite order and the  subg roup  B ~  = { I + x  ~ E B ~ [ x ~ is finite} of "finite" matrices. We define a Gaussian 
measure  ff, b on B ~ by se t t ing  

d#b(x) = (~(bkn/Tr)  1/~ exp(--bknx2kn) dxkn = ( ~  dpb~ (xkn), 
k<n k<n 

where b = (bkn)k<n is a double  sequence of posit ive numbers .  Let  Rt(x)  = xt be the right act ion and 
Ls(x)  = s - i x  the left ac t ion  of B ~ on itself. By ~(x)  -- x -1 we deno te  the inversion on Boo. T h e  following 
lemmas  were proved in [5, 7]. 

L e m m a  1. p,b Rt ,~ #b Vt E B ~ .  
L L e m m a  2. p L~ ,,~ #b Vt E B ~  r '7 Sk,~(b) = ~'~,~=,~+1 bk,,~b,, n-1 < ~ Vk < n. 

We shMt prove the  following theorem.  
~ L  (b~b-1 T h e o r e m  1. / f  E(b) = ~ ~k<n~,kn~ / k n < CO, then #~ ~ ,b -  In  this case the right and left regular 

representations T ~'~* and T L''b of B ~  are well defined, and the commutation theorem holds. Moreover, 
the operator 4*b given by (Jubf ) (x )  = (d t tb(x- l ) /d#b(X))W2f(x  -1) is an intertwining operator: T L't'b = 

J ,  bT~'"bJl,b, t e B ~ .  

R e m a r k .  Apparent ly ,  the  condi t ion  E(b) < CO is also necessary for the equivalence #~' -.~/~b. 

S k e t c h  o f  p r o o f .  We define subgroups  B,~, n = 2, 3 , . . . ,  of Boo by the formula B,~ = {x E B ~ I x = 
I + ~<k, , .<,~ xrkE~k}.  Let  #,. be the  project ion of #b on B,,. T h e n  d#n(x) ( ~ < k ,  ~<~ d#b,k(X~k) �9 We 

replace (I) by ~ = (I) o 0, where  O(I + x ~) = I - x ~, I + x ~ g B ~ .  Since the measures ]~b~ are centered, 

it follows that  #~ ~,, #b r ~ #b r "~ #b. We define one-paramete r  t ransformat ion  groups ~ t ,  O~t~, mid Cn,~t 
t ~ N, on B ~ by the  formulas  

~ ' ( I  + x')  = I + ( I  - t x ' ) - t x  ', r  + x') = I + (I  - tx '  e, ,)-~x ', 

r  + x') = I  + ( I -  t x ' e ( n ) ) - l x  ', (1) 

where en = d i a g ( 1 , . . . ,  1 , 0 , . .  . ) a n d  e(n) = d i a g ( 0 , . . . , 0 , 1 , 0 , . . . ) .  T h e n  ~ = ~1 , ~ t  = . . .  o On+l't o Cn't 
o ~t ~t ,~_, ..o ~ ,  and  ~, t  = 5~ o -t  o �9 o o �9 Cn-I .. r Using the groups Ca, we construct one-parmneter unitary 
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~t 
groups U~(t) in L2(B~176 under the condition #n ~ ,,~ #,~ (see Lemma 3) by setting (Un(t)f)(x)  = 

(dgb(~(x))/d#b(x))I/2f(~(x)). The generators An of these groups are given by 

n--1 oo n - - I  

= E = Z 
r=l m=n+l r=l 

where D,n = O/OXrn -- brnxrn and the ALn are the generators of the one-parameter groups corresponding to 

the left regular representation: iALn L,u~ = dT~+tE~=/dtlt=o. The  groups Un(t) commute ,  [Un(t), Um(s)] = 0, and 
hence Vn (t) = U= (t) Un- 1 ( t ) . . .  U2 (t) is the one-parameter  group with generator  .~n = An + A n -  1 + " "  + A2 
and  is given by the formula 

(V, ( t ) f ) (x)  = \ dish(x) ) f (~ t ( x ) ) "  

Let U(t) = exp(itA) be an arbitrary one-parameter uni tary  group with genera tor  A = A*, and let f E D(A) 
be an elenient such that  {if[I - 1. We set FA(t) = (U(t ) f ,  f ) .  Then  

IFA(t) - 112 < t2[Idf[I 2, t ~ R. (2) 

By H(/~, v) we denote the Hellinger integral for measures  # and v (see [8, p. 99 of the Russian transla- 
tion]), 

,.~ ~ , X - 'n-I L -1 L e m m a  3. # ~  #,~ 4. H(it6n ~" ~ )  > o, t e R \ {0} ~ IIA,,lll 2 = ~ ~ = ~  Sr,t(b)b~n < oo. 
L e m m a  4. IS E(b) < oo. then there exists a strong limit V(t)  s-lilnnVn(t) o~ = = 1-In=2 Un (t), which is a 

one-parameter unitary group. Moreover, tt6b ~,, Pb. 

P r o o f  of  L e m m a  3. By Theorem 1 in [9, w and the representations 

where 

we have 

#,t" (,",) = @ 
�9 n--I rT$~tl,-~l 

�9 c2~ 

= @ 
n--I ?l~=fl,.jff 1 

~ t 
[ (n,m,) @ ~(n--1) (z~x) dl%,-t,n)(X), 

rl 

v=l r < k < n  

n- - i  ~ ; ~ ,  

r = l  

X = ( X l n ,  X 2 7 , t , . . . ,  X n - - l J t ) ,  /~ "" U A x '  
x E R n -  1 

ftn ~ /in '- (~)  t .... . . . . .  ~ ( n , m )  ~ ] s  for #( ,_ l ,n) -a lmost  all x 
r e = n +  1 r e = n +  I 

-::-- H P(,~m)' #(.~m) > 0 for #0t- l ,n) -ahnost  all x. 
m---n+ I r e = n +  1 

~=~ S~(b)b;~ < oc implies that Finally, for #(n-l ,n)-almost  all x, the inequality n-1 

•tn, z oo ,2 n-I  br m 2 
H ~ lt(nm), ~ # ( r i m ) =  H 1 +  ~nmXrn > 0 .  

m=n+ l .m=n+ l rn=n+ l ---- 
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To prove Lemma 4, let us show that  limn+rn, n-.ec(Vn+m(t) - Vn( t ) ) f  = 0 for f E D, where D C H = 
L2(B  ~176 d#b) is the dense set of polynomials in the variables (Xkn)k<n. Since the function f E D is finite, 
for some p we have f = 1 | f(p) E H (p) | = H,  where 

H(p) = L2(B(p), #(p)), H (p) = L2(B (p), #(P)), 

r<k~p 

r<k, p<k 

~t(p)= (~)~tb.~, ~t (p)= ( ~  #b~. 
r<k<~p r<k ,p (k  

Since (Vn(t))- lVn+m(t)  = [Vn(t)- lE,+m(t)]  (p) | I(p) for n >/p, where IV] (p) is the projection of an 
operator V E L (H)  on the subspace H (p) | 1 C H = H (p) | H(~), we can use (2) to obtain 

] [ ( V n + m ( t )  - W r t ( t ) ) / I ]  2 - -  []([~t/~n(~)--lWn.bm(~)] (p) | I(p) -- I (p) ~ I (p ) ) !  | f(p)[I  2 

= []([V~(t)-lYn+m(t)] (p) - /(P))I]]2,p, Hf(p)I]H(.)2 
r~+m 

2 = lif( )ll2( , t2 IIAklll 2 
k='n + I 

t 2 r t  -~- m 

k-~ SL (b  ) --, O, n --* oc, -- II'f(")l12' '-ff 

where .~,,,,+m is the generator of the one-parameter unitary group (V,~(t))-tV~+.~(t). Thus 

V(t)  = s-limVn(t), ( V ( t ) f ) ( x )  = \ d#b(X) f (~ t ( x ) )  

is a unitary operator, and therefore, f (d#b( '~t(x)) /d#b(X))  d#b(X) = HV(t)IH 2 ItlH 2 1. Hence #b "~ Itt~ 
and #~ ,-, #b (see Theorem 4 in [9, w and the remark to Theorem 1 in [9, w 

The author expresses his grati tude to Prof. Yu. M. Bereza~lskii for his attention to the paper and to the 
referee for a nmnber of useful remarks. 
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