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Inversion Quasi-Invariant Gaussian Measures on the Group
of Upper-Triangular Matrices of Infinite Order

A. V. Kosyak UDC 519.46

The following commutation theorem holds for locally compact groups [1].

The commutant of the Tight regular representation p of a locally compact group G is generated by the
operators of the left reqular representation A. Moreover, there exists an intertwining operator J such that
Joed = A, t € G. It is given by (Jf)(x) = (dh(z~)/dh(x))/2 f(z~1), where dh is a left Haar measure.

Apparently, an analog of the regular representation for infinite-dimensional groups (current groups)
appeared for the first time in {2, 3]. In [4], the commutation theorem was proved for an analog of the regular
representation of the current group in the case of the Wiener measure. An analog of the regular representation
for an arbitrary infinite-dimensional topological group G was defined with the use of G-quasi-invariant
measures ;1 on an appropriate completion G of G in [5, 6].

Consider the group B® = {r=I+2' =1+ - n=2 S bt nnEk,,,} of real upper-triangular matrices of
infinite order and the subgroup B° = {[+z' € B* | z’ is finite} of “finite” matrices. We define a Gaussian
measure i, on B™® by setting

dus(z) = ®(bkn/7r )12 exp(~bgnti,) dThkn = ®dubkn(z;m

k<n k<n
where b = (bin)t<n i a double sequence of positive numbers. Let Ri(x) = zt be the right action and
Ls(x) = s~z the left action of B*® on itself. By ®(x) = z~! we denote the inversion on B>. The following
lemimas were proved in [5, 7].

Lemma 1. ;Lf‘ ~ up Vt € B§°.

Lemma 2. puft ~ pp Yt € BE <= Sk (b) = S _ . bimby ), < oo Vk <n.

We shall prove the following theorem. :

Theorem 1. If E(b) = £ 3 .. SE (g < oo, then u¥ ~ uy. In this case the right and left regular
representations TR and Tk of B are well defined, and the commutation theorem holds. Moreover,
the operator J,, given by (J,, f)(x) = (dus(z=1)/dus(z))V/?f(z=1) is an intertwining operator: T " =
JuthR’“bJubr te Bg°.

Remark. Apparently, the condition E(b) < oo is also necessary for the equivalence By~ -

Sketch of proof. We define subgroups B,,, n = 2,3,..., of B> by the formula B, = {r € B>® |z =
I+ ZK,H@ 2o Ert}. Let pu, be the projection of u, on B,. Then dun(z) = @, ;. r<n b, (Trr) . We
replace & by ® = ® o 0, where (I +z') = I — 2/, I + 2’ € B™. Since the measures p;,, are centered,
it follows that ;zf ~ pp <> pg ~ p,. We define one-parameter transformation groups &, &t and ¢t
t € R, on B™ by the formulas

I+2)=T+I—tz) ", SLT+2)=1I+(~tale,) ',

1)
S I+2)=T+ I —tde(n))" 2’ (

where e, = diag( ..) and e(n) = diag(0,...,0,1,0,...). Then =, Pt =... ¢"+1 i
ol _jo - odh, and <I>‘ = qbt bt 1o -+ o @h. Using the groups ¢!, we construct one-parameter unitary
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groups Uy,(t) in La(B*,duy) under the condition uis‘ ~ fin (see Lemma 3) by setting (Un(t)f)(z) =
(dup(et,(x))/dus(x)) /2 (¢t (z)). The generators A,, of these groups are given by

:>: Trp E Tnm rm“"E xrn iA rn—Drn)a

m=n-41 r=1
where D,,, = 8/0z,n — bpnTrn and the A% are the generators of the one-parameter groups corresponding to
the left regular representatlon iALk = dTﬁ_‘;g ./dt|,_,- The groups U,(t) commute, [U,(t), Upn(s)] = 0, and

hence V,,(t) = U,(t)Un~1(2) - - - U2(2) is the one-parameter group with generator ., = A, +A,_1 +---+ 4,
and is given by the formula ,

% 2
(Val) (&) = (%ﬁ) £ ().

Let U(t) = exp(itA) be an arbitrary one-parameter unitary group with generator A = A*, and let f € D(A)
be an element such that |[f|| = 1. We set Fa(t) = (U(#)f, f). Then

|Fa(t) -1 < £ AfI?,  teR. (2)

By H(p,v) we denote the Hellinger integral for measures p and v (see [8, p. 99 of the Russian transla-
tion]).

- It «
Lemma 3. puén ~ i, <= H(un", 1) >0, t € R\ {0} &= [[A,1]? = § X012} SE, ()b < oo
Lemma 4. If E(b) < oo, then there exists a strong limit V (t) = s-lim,V, (t) [T 5 Un(t), which is a
one-parameter unitary group. Moreover, yy ~ .

Proof of Lemma 3. By Theoremn 1 in [9, §18] and the representations

/J'TLTI(A) / ® £ (n rn) @ /l(n~1)(At) d}“(n—-[ n)(-l')

m-—n+1

/J'n(A) / ® H(n,m) ® .u'(n--l)(Ar) du(n 1.n) (’L)

m—n+1

where
n
Hin,m) = ®ﬂb,~m, Hn~-1) = ® b
r=1 r<k<n
¢~7" n—1
‘L('r’tl::n)(a"lma L2ms«nes mnm) = ® Hbpr, (-’rrm + t-'lf'rnmnm) KX Hbpym (zmn)a
r=1
= ($1n7x27u'-‘7xn-l,n)7 A= U Azm
' reRn-1
we have

- X0
;tn ~ Yy > ® u(; fn) ® H(n,m) for pe,_ypy-almost all x

m=n+1 m=n+1
o0 (Z)t o

H( ® u(,:,‘::), ® ,u(nm)) >0 for pgn—1,n)-almost all .

m=n+1 m=n+1
Finally, for p,_1 n)-almost all z, the inequality Z:’,ll SE.(b)b} < 0o implies that
oo o) \ —~1/2
rm 2
#( @ s @ wom)= 11 (1455 =a0) " 50
m=n-1 m=ntl mz==n41
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To prove Lemma 4, let us show that lim, ym, n—oo(Vatm(t) — Vo(2))f =0 for f € D, where D C H =
L?(B>, dus) is the dense set of polynomials in the variables (Zin)k<n. Since the function f € D is finite,
for some p we have f = 1® f;) € H® g Hy = H, where

Hy = L*(By), n)) HP = [2(B® 1)),

By = {;I;E B> l z=1I+ Z ;rrkErk},

r<k<p

B(p):—“ {-’IJEBOO ll':I‘f' Z -'L'rkE-rk:}v

r<k, p<k
H(p) = ® b s p'(p) = ® Kby
r<k<p r<k, p<k

Since (Vo()) ™ WVaem(t) = [Va(t) " Wosm(t )](”) ® I(py for n > p, where [V]® is the projection of an
operator V € L(H) on the subspace H® @ 1 ¢ H = H® ® H,), we can use (2) to obtain

I (Vatrm (8) = Va @) FI? = N([Va (&)™ Vo (D]P @ Iy = IP @ I))1 @ fi |
= [([Va(t) " VarmO1P = IOV 0l flE,,

n+m

< s, 2l h, n+mlu? =l f i, D 1AL

= fwlk,, = 3 brh -0, n- oo,

k=n+1r=1
where &y n+m i the generator of the one-parameter unitary group (V,(t ))“IV,H.m(t). Thus

V(t) = slim Va(), (V<t>f)<x)=(ﬂ‘§%—)’l)—)) F@ ()

is a unitary operator, and therefore, [(dus(®!(z))/dus(x)) dus(x) = ||V (£)1]|? = |1]|* = 1. Hence pf’ ~ s
and pf ~ jup (see Theorem 4 in [9, §15] and the remark to Theorem 1 in [9, §16]).

The author expresses his gratitude to Prof. Yu. M. Berezanskii for his attention to the paper and to the
referee for a number of useful remarks.
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