
ÓÄÊ 517.9

Êîøìàíåíêî Â.Ä., Òóãàé Ã.Â.1
(Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, Êè¨â)

Màòðèöi ßêîái àñîöiéîâàíi ç îáåðíåíîþ çàäà÷åþ íà
âëàñíi çíà÷åííÿ â òåîði¨ ñèíãóëÿðíèõ çáóðåíü

Â ðàìêàõ òåîði¨ ñèíãóëÿðíèõ çáóðåíü íåîáìåæåíèõ ñàìîñïðÿæåíèõ
îïåðàòîðiâ âñòàíîâëåíî çâ'ÿçîê ìiæ îáåðíåíîþ çàäà÷åþ íà âëàñíi çíà÷åííÿ
òà ìàòðèöÿìè ßêîái. Âiäîìî, ùî íàñòóïíà îáåðíåíà çàäà÷à íà âëàñíi
çíà÷åííÿ ¹ ðîçâ'ÿçíîþ. Äëÿ íåîáìåæåíîãî äîäàòíüîãî îïåðàòîðà A, äîâiëüíî¨
ïîñëiäîâíîñòi ÷èñåë Ej òà ïîñëiäîâíîñòi âåêòîðiâ ψj, j = 1, 2, ... ç óìîâîþ
(span{ψj})cl ∩ dom(A) = {0} òðåáà ïîáóäóâàòè ïîñëiäîâíiñòü ñèíãóëÿðíî
çáóðåíèõ îïåðàòîðiâ An, n = 1, 2, ..., ÿêi ðîçâ'ÿçóþòü çàäà÷ó íà âëàñíi
çíà÷åííÿ: Anψj = Ejψj, j = 1, ..., n ≤ ∞. Ïîêàçàíî, ùî ç ïîñëiäîâíiñòþ
An ïðèðîäíèì ÷èíîì àñîöiéîâàía ïîñëiäîâíñòü ìàòðèöü ßêîái Jn ðàíãó
n. Öi ìàòðèöi óçãîäæåíi â òîìó ñåíñi, ùî Jn−1 ¹ ïðàâèëüíîþ ÷àñòèíîþ Jn

äëÿ êîæíîãî n. Òîìó iñíó¹ ãðàíè÷íà ìàòðèöÿ ßêîái J = Jn=∞ íåñêií÷åíîãî
ðàíãó. Òóò ìè ïîêàçó¹ìî, ùî i íàâïàêè, âèõîäÿ÷è ç äîâiëüíî¨ íàïåðåä
çàäàíî¨ ìàòðèöi ßêîái J â äåÿêîìó ïiäïðîñòîði N , N∩ dom(A) = {0}
ìîæíà ïîáóäóâàòè ïîñëiäîâíiñòü ñèíãóëÿðío çáóðåíèõ îïåðàòîðiâ An,
ÿêi ðîçâ'ÿçóþòü çàäà÷ó íà âëàñíi çíà÷åííÿ: Anψj = Ejψj, j = 1, ..., n,
äå âåêòîðè ψj, òà ÷èñëà Ej âèçíà÷àþòüñÿ ïî J . Ïðè öüîìó, âiäïîâiäíà
ïîñëiäîâíiñòü àñîöiéîâàíèõ ç An ìàòðèöü ßêîái Jn çáiãà¹òüñÿ äî çàäàíî¨
ìàòðèöi J .

The connection between the inverse eigen-values problem and the Jacoby
matrices is established in the framework of singular perturbation theory for
unbounded self-adjoint operators. It is well-known that the next inverse eigen-
values problem is solvable. A given unbounded self-adjoint operator A, any
sequence of numbers Ej, and a sequence of vectors ψj, j = 1, 2, ... under the
condition (span{ψj})cl∩dom(A) = {0} it is need to construct the sequence of
singularly perturbed operators An, n = 1, 2, ..., which solve the eigen-values
problem : Anψj = Ejψj, j = 1, ..., n ≤ ∞. It is shown that the sequence

1Öÿ ðîáîòà ÷àñòêîâî ïiäòðèìàíà DFG 436 UKR 113/67, 113/78 òà INTAS 00-257
ïðîåêòàìè.
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of An is naturely associated with a sequence of Jacoby matrices Jn of rank
n. These matrices is coordinated in the sense that Jn−1 is the right part of
Jn for any n. Therefore there exists the limiting Jacoby matrix J = Jn=∞ of
the in�nity rank. In the paper we show that conversely starting of a Jacoby
matrix J in some subspace N , N∩ dom(A) = {0} we able to consruct a
sequence singularly perturbed operator An, which solved the inverse eigen-
values problem: Anψj = Ejψj, j = 1, ..., n, with vectors ψj, and numbers Ej

which are de�ned by J . That is, the corresponding sequence of the associated
with An Jacoby matrices Jn converges to given matrix J .

1 Âñòóï
Íåõàé A ≥ 1 � íåîáìåæåíèé ñàìîñïðÿæåíèé îïåðàòîð ç îáëàñòþ âèçíà÷åííÿ
domA ≡ D(A) â êîìïëåêñíîìó ñåïàðàáåëüíîìó ïðîñòîði Ãiëüáåðòà H ç
ñêàëÿðíèì äîáóòêîì (·, ·) òà íîðìîþ ‖·‖ .

Îïåðàòîð Ã 6= A íàçèâà¹òüñÿ [1]-[5] (÷èñòî) ñèíãóëÿðíî çáóðåíèì
âiäíîñíî A (ïèøåìî Ã ∈ Ps(A)), ÿêùî ìíîæèíà

D =
{

ϕ ∈ D(A) ∩D(Ã) : Aϕ = Ãϕ
}

¹ ùiëüíîþ âH. Çðîçóìiëî, ùî A i Ã ìàþòü ñïiëüíèé ñèìåòðè÷íèé îïåðàòîð

Ȧ = A ¹ D = Ã ¹ D

iç íåòðèâiàëüíèìè iíäåêñàìè äåôåêòó n±(Ȧ) = dim Ker(Ȧ± i)∗ 6= 0.
Òóò ìè äîñëiäæó¹ìî òàê çâàíi ñëàáî ñèíãóëÿðíî çáóðåííi îïåðàòîðè

Ã ç êëàñó Pws(A) [2]. Öå îçíà÷à¹, ùî îáðàç ðiçíèöi ðåçîëüâåíò îïåðàòîðiâ
A, Ã íàëåæèòü îáëàñòi âèçíà÷åííÿ îïåðàòîðà A1/2:

ran[(Ã− z)−1 − (A− z)−1] ⊂ D(A1/2).

Â öüîìó âèïàäêó ¹ äâà âàðiàíòè ïðåäñòàâëåííÿ äëÿ çáóðåíîãî îïåðàòîðà
Ã. ßêùî Ã íå ¹ ðîçøèðåííÿì çà Ôðiäðiõñîì îïåðàòîðà Ȧ, òî éîãî ìîæíà
ïðåäñòàâèòè ó âèãëÿäi óçàãàëüíåíî¨ ñóìè: Ã = A+̃T , äå îïåðàòîð T äi¹ â
A−øêàëiH−1 ⊃ H0 ≡ H ⊃ H1 ãiëüáåðòîâèõ ïðîñòoðiâ [6], T : H1 → H−1,
ïðè öüîìó, ranT ∩H = {0}. Òóò H1 = D(A1/2) â íîðìi ‖ϕ‖1 := ‖A1/2ϕ‖, à
H−1 ïîçíà÷à¹ äóàëüíèé ïðîñòið äî H1 âiäíîñíî H. Â áóäü-ÿêîìó âèïàäêó
îïåðàòîð Ã âèçíà÷à¹òüñÿ ôîðìóëîþ Êðåéíà äëÿ ðåçîëüâåíò

(Ã− z)−1 = (A− z)−1 + B−1(z), Imz 6= 0,
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äå îïåðòîðíà ôóíóöiÿ B(z) çàäîâîëüíÿ¹ ïåâíó òîòîæíiñòü (äèâ. íàïðèêëàä
[7, 8]) i, ãîëîâíå, ranB−1(z) ⊂ D(A1/2)\D(A) Çîêðåìà, ðåçîëüâåíòíå ïðåäñòàâëåííÿ
äëÿ Ã ìè áóäåìî âèêîðèñòîâóâiòè ó âèïàäêó, êîëè Ã = A∞ ¹ ðîçøèðåííÿì
çà Ôðiäðiõñîì ñèìåòðè÷íîãî îïåðàòîðà Ȧ. Ïðè öüîìó ìíîæèíà D óòâîðþ¹
ïðàâèëüíèé ïiäïðîñòið â H1, òîáòî íå ¹ ùiëüíîþ â H1 i A∞ 6= A.

Ïèøåìî Ã ∈ Pn
ws(A), ÿêùî ðiçíèöÿ ðåçîëüâåíò (Ã − z)−1 − (A −

z)−1, Imz > 0 ¹ îïåðàòîðîì ðàíãó n ≤ ∞.
Íåõàé Ej ∈ R, j = 1, 2, ... - äåÿêà ïîñëiäîâíiñòü äiéñíèõ ÷èñåë, à

ψj ∈ H1(A) \ D(A) äîâiëüíà ïîñëiäîâíiñòü âåêòîðiâ îðòîíîðìîâàíèõ â H
òàêà, ùî âèêîíó¹òüñÿ óìîâà:

span{ψj, j ≥ 1}cl ∩ D(A) = {0}, (1)

äå cl ïîçíà÷à¹ çàìèêàííÿ â H. Ç ðåçóëüòàòiâ ðîáiò [9, 10] (äèâ. òàêîæ [11,
12]) âèïëèâà¹, ùî äëÿ êîæíîãî ñêií÷åíîãî n iñíó¹ ¹äèíèé ñèíãóëÿðíèé
çáóðåíèé ñàìîñïðÿæåíèé îïåðàòîð An ∈ Pn

ws(A) ùî ðîçâ'ÿçó¹ çàäà÷ó íà
âëàñíi çíà÷åííÿ,

Anψj = Ejψj, j = 1, ..., n. (2)
Áiëüøå òîãî, ïðè íåîáòÿæëèâèõ óìîâàõ iñíó¹ ñèíãóëÿðíî çáóðåíèé îïåðàòîð
Ã ∈ Pn=∞

s (A), ÿêèé ðîçâ'ÿçó¹ çàäà÷ó íà âëàñíi çíà÷åííÿ äëÿ óñiõ Ej i ïðè
öüîìó, ïîñëiäîâíiñòü An çáiãà¹òüñÿ äî íüîãî â ñèëüíîìó ðåçîëüâåíòíîìó
ñìèñëi.

ßê ïðàâèëî, îïåðàòîðè An ìàþòü âèãëÿä An = A+̃Tn i áóäóþòüñÿ
iíäóêòèâíî ç âèêîðèñòàííÿì íà êîæíîìó êðîöi ñèíãóëÿðíîãî çáóðåííÿ
ðàíãó 1. Âèêëþ÷åííÿì ¹ âèïàäîê, êîëè íà ÿêîìóñü êðîöi îïåðàòîð An ¹
ðîçøèðåííÿì çà Ôðiäðiõñîì äåÿêîãî ñèìåòðè÷íîãî îïåðàòîðà. Òîäi An

âèçíà÷à¹òüñÿ ôîðìóëîþ Êðåéíà äëÿ ðåçîëüâåíò. À ñàìå, ðåçîëüâåíòà
îïåðàòîðà An çàïèñó¹òüñÿ ÷åðåç ðåçîëüâåíòó An−1 òà ïàðó En ∈ R, ψn ∈
H ó âèãëÿäi:

(An − z)−1 = (An−1 − z)−1 + B−1
n (·, ηn)ηn, Imz 6= 0, (3)

äå

Bn(z) = (En − z)(ψn, ηn), ηn = ηn(z) = (An−1 − En)(An−1 − z)−1ψn.

Â ðîáîòi [9] âïåðøå áóëî ïîìi÷åíî, ùî ðåêóðåíòíà ïðîöåäóðà ïîáóäîâè
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An ïðèðîäíèì ÷èíîì ïîðîäæó¹ ïîñëiäîâíiñòü àñîöiéîâàíèõ ìàòðèöü ßêîái:

Jn =




b1 a1

a1 b2 a2 0
a2 b3 •

• • •
0 • • an−1

an−1 bn




. (4)

Öi ìàòðèöi óçãîäæåíi â òîìó ñåíñi, ùî íà n-êðîöi ìàòðèöÿ Jn ìiñòèòü
ó ñîái ìàòðèöþ Jn−1, ÿê ÷àñòèíó. Ïðè n → ∞ ìè îäåðæó¹ìî ìàòðèöþ
ßêîái J íåñêií÷åíîãî ðàíãó, ÿêó íàçèâà¹ìî àñîöiéîâàíîþ ç îáåðíåíîþ
çàäà÷åþ íà âëàñíi çíà÷åííÿ äëÿ çàäàíèõ Ej ∈ R, ψj ∈ H, j = 1, 2, ...

Ìàòðè÷íi åëåìåíòè an, bn ÿêîái¹âèõ ìàòðèöü âèðàæàþòüñÿ ðåêóðåíòíèì
÷èíîì ÷åðåç îïåðàòîðè Aj, âåêòoðè ψj òà âëàñíi çíà÷åííÿ Ej, j ≤ n. À
ñàìå,

b1 = 〈ψ1,A0ψ1〉 − E1,

a1 = | 〈ψ1,A0ψ2〉 |,
b2 = 〈ψ2,A0ψ2〉 − E2,

a2 = | 〈ψ2,A1ψ3〉 |,
...

bn = 〈ψn,An−2ψn〉 − En,

an = | 〈ψn,An−1ψn+1〉 |, n = 1, 2, ...,

äå 〈·, ·〉 - äóàëüíèé ñêàëÿðíèé äîáóòîê ìiæ H1 òà H−1, à Aj ïîçíà÷à¹
çàìèêàííÿ îïåðàòîðà Aj : H1 → H−1, A0 = A.

Â öié ðîáîòi ïîêàçàíî, ùî âèõîäÿ÷è ç äîâiëüíî¨ ìàòðèöi ßêîái J
çàäàíî¨ â äåÿêîìó îðòîíîðìîâàíîìó áàçèñi {ϕj}, ùî óòâîðþ¹ ïiäïðîñòið
N ⊂ H1(A), ÿêèé çàäîâîëüíÿ¹ óìîâó: N∩ domA = {0} ìîæíà íå¹äèííèì
÷èíîì âiäíîâèòè ïîñëiäîâíîñòi ψj i Ej òàêi, ùî ðîçâ'ÿçóþ÷è ïî íèì
îáåðíåíó çàäà÷ó íà âëàñíi çíà÷åííÿ (2) âèíèêà¹ ïîñëiäîâíiñòü ñèíãóëÿðíî
çáóðåíèõ îïåðàòîðiâ An ∈ Pn

ws(A), ç ÿêèìè àñîöiéîâàíi ìàòðèöi ßêîái
Jn, ÿêi ¹ ïðàâèëüíèìè ÷àñòèíàìè ìàòðèöi J i ÿêi çáiãàþòüñÿ äî íå¨ ïðè
n → ∞. Ïðîöåäóðà âiäíîâëåííÿ ψj i Ej êîíñòðóêòèâíà i ôîðìàëüíî íå
îäíîçíà÷íà.
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2 Ïîáóäîâà ìàòðèöi ßêîái àñîöiéîâàíî¨ ç ñèíãóëÿðíî
çáóðåíèì îïåðàòîðîì

Íåõàé çàäàíî: íåîáìåæåíèé ñàìîñïðÿæåíèé îïåðàòîð A ≥ 0 âH, ïîñëiäîâíiñòü
âiä'¹ìíèõ ÷èñåë Ej, j = 1, 2, ... òà ïîñëiäîâíiñòü ψj ∈ H1(A) \ D(A)
îðòîíîðìîâàíèõ âH âåêòîðiâ, ÿêà çàäîâîëüíÿ¹ óìîâó (1). Çàðàç ìè ïîêàæåìî,
ùî äëÿ çàäàíî¨ ïîñëiäîâíîñòi âiä'¹ìíèõ ÷èñåë {Ej}∞j=1 òà ïîñëiäîâíîñòi
âåêòîðiâ {ψj}∞j=1 iñíó¹ ïîñëiäîâíiñòü ñèíãóëÿðíî çáóðåíèõ îïåðàòîðiâ ñêií÷åíîãî
ðàíãó An ∈ Pn

ws(A), ùî ðîçâ'ÿçóþòü çàäà÷ó íà âëàñíi çíà÷åííÿ (2). Ïðè
öüîìó, ç êîæíèì îïåðàòîðîì An áóäå àñîöiéîâàíî ÿêîái¹âó ìàòðèöþ âèäó
(4).

Îïèøåìî ïîñëiäîâíî ïðîöåäóðó ïîáóäîâè òàêî¨ ìàòðèöi.
Íà ïåðøîìó êðîöi äëÿ n = 1 ïî çàäàíèì E1 òà ψ1 ìè âèçíà÷à¹ìî

ñèíãóëÿðíî çáóðåíèé îïåðàòîð ôîðìóëîþ:

A1 = A0+̃α1 〈·, ω1〉ω1, A0 ≡ A, (5)
äå

ω1 := (A0 − E1)ψ1 ∈ H−1, α1 := − 1

〈ψ1, ω1〉 = − 1

〈ψ1,A0ψ1〉 − E1

,

A0 - çàìèêàííÿ içîìåòðè÷íîãî âiäîáðàæåííÿ A : H1 → H−1, à +̃ ïîçíà÷à¹
òàê çâàíó óçàãàëüíåíó ñóìó îïåðàòîðiâ (äèâ. íàïðèêëàä ([13])), àáî ñóìó
ó ñìèñëi êâàäðàòè÷íèõ ôîðì [14, 15]. Áåçïîñåðåäíÿ ïåðåâiðêà ïîêàçó¹, ùî
îïåðàòîð A1 ðîç'ÿçó¹ çàäà÷ó: A1ψ1 = E1ψ1. Âèçíà÷èìî ïåðøèé ìàòðè÷íèé
åëåìåíò ïîêëàâøè

b1 := a0
11 − E1, äå a0

11 := 〈ψ1,A0ψ1〉 . (6)
Î÷åâèäíî, ùî b1 > 0 îñêiëüêè îïåðàòîð A ¹ äîäàòíiì, à ÷èñëî E1 âiä'¹ìíèì.
Âiäçíà÷èìî, ùî ÿê ñèíãóëÿðíå çáóðåííÿ ðàíãó îäèí α1 〈·, ω1〉ω1, òàê i
ìàòðè÷íèé åëåìåíò b1 ÿêîái¹âî¨ ìàòðèöi J0, ÿêó ìè áóäó¹ìî, î÷åâèäíî
¹äèíî âèçíà÷åííi îïåðàòîðîì A òà çàäàíîþ ïàðîþ E1, ψ1 (äîêëàäíå äîâåäåííÿ
öüîãî ôàêòó ìîæíà çíàéòè â ðîáîòàõ [9, 10, 12]).

Âàðòî ïîÿñíèòè, ùî ÷èñëî b1 ìè àñîöiþ¹ìî ç îïåðàòîðîì A1, õî÷à
â ôîðìóëi (6) ôiãóðó¹ îïåðàòîð A0. Öå ïîâÿçàíî ç òèì, ùî íàñïðàâäi
åëåìåíò b1 âèçíà÷à¹òüñÿ ïî E1 òà ψ1, ÿêi îäíîçíà÷íî ôiêñóþòü îïåðàòîð
A1.
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Íà äðóãîìó êðîöi, äëÿ n = 2, ìè âèêîðèñòîâó¹ìî îïåðàòîð A1, ÷èñëî
E2 òà âåêòîð ψ2, ÿêèé îðòîãîíàëüíèé äî ψ1, i âèçíà÷à¹ìî ñèíãóëÿðíî
çáóðåíèé îïåðàòîð A2 çà ôîðìóëîþ:

A2 = A1+̃α2 〈·, ω2〉ω2, (7)

äå

ω2 = (A1 − E2)ψ2 ∈ H−1, α2 = − 1

〈ψ2, ω2〉 = − 1

〈ψ2,A1ψ2〉 − E2

.

Ïðÿìà ïåðåâiðêà ïîêàçó¹, ùî îïåðàòîð A2 ðîçâÿçó¹ çàäà÷ó ç äâîìà âëàñíèìè
çíà÷åííÿìè: A2ψ1 = E1ψ1, A2ψ2 = E2ψ2. Ïîêëàäà¹ìî

b2 = a0
22 − E2, a1 =| a0

21 |, (8)

äå a0
22 := 〈ψ2,A0ψ2〉 , a0

21 := 〈ψ2,A0ψ1〉 . Îòæå

α2 = − 1

b2 − a2
1

b1

.

Çíîâó âàðòî ïîÿñíèòè, ùî åëåìåíòè b2, a1 ìè àñîöiþ¹ìî ç îïåðàòîðîì
A2, áî öi åëåìåíòè, ÿê i îïåðàòîð A2, ôiêñóþòüñÿ ïàðîþ E2, ψ2. Äî òîãî
æ, êîåôiöi¹íò α2, ÿêèé âèçíà÷à¹ îïåðàòîð A2, òàêîæ âèðàæà¹òüñÿ ÷åðåç
åëåìåíòè b2, b1, a1.

Àíàëîãi÷íî, íà òðåòüîìó êðîöi, n = 3, äëÿ äîâiëüíîãî âiä'¹ìíîãî
÷èñëà E3, òà âåêòîðà ψ3 /∈ D(A) òàêîãî, ùî ψ1 ⊥ ψ2 ⊥ ψ3 ⊥ ψ1 ìè
âèçíà÷à¹ìî:

A3 = A2+̃α3 〈·, ω3〉ω3, (9)
äå

ω3 = (A2 − E3)ψ3, α3 = − 1

〈ψ3, ω3〉 = − 1

〈ψ3,A2ψ3〉 − E3

Ïîêëàäà¹ìî
b3 = a1

33 − E3, a2 =| a1
32 |, (10)

äå a1
33 := 〈ψ3,A1ψ3〉 , a1

32 := 〈ψ3,A1ψ2〉 . Îòæå,

α3 = − 1

〈ψ3,A1ψ3〉 − E3 − |〈ψ3,A1ψ2〉|2

b1−a2
0

b0

= − 1

b3 − a2
2

b2−a2
1

b1
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Äëÿ äîâiëüíîãî n ≥ 1 ìà¹ìî

An = An−1+̃αn 〈·, ωn〉ωn, ωn := (An−1 − En)ψn, (11)

äå
αn = − 1

〈ψn+1, ωn〉 = − 1

an−2
n,n − En − |an−2

n,n−1|2

an−3
n−1,n−1−En−1−...

|a0
21|2

a0
11−E1

.

Òîáòî
αn = − 1

bn − a2
n−1

bn−1−···− a2
2

b2−
a2
1

b1

. (12)

bn := an−2
n,n − En, an−1 := |an−2

n,n−1|, (13)
äå

an−2
n,n := 〈ψn,An−2ψn〉 , an−2

n,n−1 = 〈ψn,An−2ψn−1〉 .

Òàêèì ÷èíîì, ÿêùî óñi ÷èñëà Ej < 0, j = 1, 2, ... i âåêòîðè ψj

çàäîâîëüíÿþòü óìîâó (1), òî ìè ïîêàçàëè, ùî iñíó¹ ïîñëiäîâíiñòü ñèíãóëÿðíî
çáóðåíèõ îïåðàòîðiâ An, ÿêi ðîçâÿçóþòü çàäà÷ó íà âëàñíi çíà÷åííÿ (2) i
ç ÿêèìè ìîæíà êîíñòðóêòèâíî àñîöiþâàòè ïîñëiäîâíiñòü ìàòðèöü ßêîái
Jn. Óìîâà (1) ãàðàíòó¹ òå, ùî óñi îïåðàòîðè An ¹ ñèíãóëÿðíî çáóðåíèìè
âiäíîñíî A. Ïðè öüîìó êîæåí An ∈ Pn

ws(A), áî óñi âåêòîðè ψj ∈ H1(A) \
D(A).

Òåïåð ðîçãëÿíåìî âèïàäîê, êîëè Ej ¹ ïîñëiäîâíiñòþ äîâiëüíèõ äiéñíèõ
÷èñåë, íå îáâ'ÿçêîâî âiä'¹ìíèõ. Tîäi ìîæå òðàïèòèñü, ùî âæå íà ïåðøîìó
êðîöi b1 = a0

1−E1 = 0. Àáî b2− a2
1

b1
= 0. Àáî íà áóäü-ÿêîìó k-ìó êðîöi ìè

ìîæåìî îòðèìàòè
bk −

a2
k−1

bk−1 − · · · − a2
2

b2−a2
1

b1

= 0. (14)

Öå ïðèâîäèòü äî òîãî, ùî êîåôiöi¹íò α1, ÷è α2, àáî αk áóäå äîðiâíþâàòè
íåñêií÷åíîñòi i óçàãàëüíåíà ñóìà Ak = Ak−1+̃ αk〈·, ωk〉ωk âòðà÷à¹ ñåíñ.
Àëå, ÿê áóëî ïîêàçàíî â ðîáîòàõ [1, 16, 17], ñèíãóëÿðíå çáóðåííÿ ðàíãó
îäèí Ã = A+̃α〈·, ω〉ω ç íåñêií÷åíîþ êîíñòàíòîþ çâÿçêó, α = ∞, ìà¹
êîðåêòíèé ñåíñ. À ñàìå, ïiä îïåðàòîðîì Ã òðåáà ðîçóìiòè ðîçøèðåííÿ
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çà Ôðiäðiõñîì ñèìåòðè÷íîãî îïåðàòîðà Ȧ = A|{f ∈ D(A) : 〈f, ω〉 =
0}. Ñàìå òàê ìè i áóäåìî ïîñòóïàòè ó çàçíà÷åíèõ âèùå âèïàäêàõ. Ìè
âèçíà÷à¹ìî Ak ÿê ðîçøèðåííÿ çà Ôðiäðiõñîì ñèìåòðè÷íîãî îïåðàòîðà
Ȧk−1 îäåðæàíîãî çâóæåííÿì Ak−1 íà ìíîæèíó D(Ȧk−1) = {f ∈ D(Ak−1) :
〈f, ωk〉 = 0}. Òîäi îïåðàòîð Ak çàäà¹òüñÿ çà äîïîìîãîþ ôîðìóëè Êðåéíà
äëÿ ðåçîëüâåíò:

(Ak − z)−1 = (Ak−1 − z)−1 + B−1
k (z)(·, ηk(z̄))ηk(z), (15)

äå

Bk(z) = (Ek − z)(ψk, ηk(z̄)), ηk(z) = (Ak−1 − Ek)(Ak−1 − z)−1ψk.

Ïåðåâiðèìî, ùî i â öüîìó ðàçi Ak ðîçâ'ÿçó¹ çàäà÷ó íà âëàñíå çíà÷åííÿ
ç âåêòîðîì ψk:

(Ak − z)−1ψk = (Ak−1 − z)−1ψk + B−1
k (z)(ψk, ηk(z̄))ηk(z)

= (Ak−1−z)−1ψk+(Ek−z)−1ηk(z) = (Ak−1−z)−1ψk+
1

Ek − z
(Ak−1−Ek)(Ak−1−z)−1ψk

= (Ak−1− z)−1ψk +
1

Ek − z
ψk− 1

Ek − z
(Ek− z)(Ak−1− z)−1ψk =

1

Ek − z
ψk.

Îòæå
(Ak − z)−1ψk =

1

Ek − z
ψk.

Ïîêàæåìî ùî Ak ðîçâ'ÿçó¹ çàäà÷ó íà âëàñíi çíà÷åííÿ ç óñiìà âåêòîðàìè
ψj, j = 1, ..., k − 1:

(Ak+1 − z)−1ψj = (Ak − z)−1ψj + b−1
k+1(ψj, ηk+1)ηk+1

=
1

Ej − z
ψj +

(ψj, ηk+1)

(Ej − z)(ψk+1, ηk+1)
ηk+1 =

1

Ej − 1
ψj+

(ψj, ψk+1 + (z̄ − Ek+1)(Ak − z̄)−1ψk+1)

(Ek+1 − z)(ψk+1, ηk+1)
ηk+1 =

1

Ej − z
ψj +

(ψj, (z̄ − Ek+1)(Ak − z̄)−1ψk+1)

(Ek+1 − z)(ψk+1, ηk+1)
ηk+1 =

1

Ej − z
ψj − ((Ak − z)−1ψj, ψk+1)

(ψk+1, ηk+1)
ηk+1 =
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1

Ej − z
ψj −

( 1
Ej−z

ψj, ψk+1)

(ψk+1, ηk+1)
ηk+1 =

1

Ej − z
ψj.

Äàëi âèçíà÷à¹ìî íàñòóïíó ïàðó ìàòðè÷íèõ åëåìåíòiâ ÿêîái¹âî¨ ìàòðèöi
çà òèì æå ïðàâèëîì, ùî i ðàíiøå: âîíè çíàõîäÿòüñÿ çà ôîðìóëàìè

bk = 〈ψk,Ak−2ψk〉 − Ek, ak−1 = |〈ψk,Ak−2ψk−1〉|.

Âiäçíà÷èìî, ùî ó âèïàäêó (14) âèíèêà¹ ïèòàííÿ. ßê áóäóâàòè íàñòóïíèé
îïåðàòîð Ak+1? Ñïðàâà â òîìó, ùî ôîðìóëà (12) äëÿ êîåôiöi¹íòà αk+1

ôîðìàëüíî äà¹ íóëü:

αk+1 = − 1

bk+1 − a2
k

bk−···−
a2
2

b2−
a2
1

b1

= − 1

bk+1 − a2
k

0

= 0.

Àëå öå òðàïèëîñü òîìó, ùî ìè ôîðìàëüíî âèêîðèñòàëè ïðåäñòàâëåííÿ
äëÿ Ak ó âèãëÿäi àäèòèâíî¨ ñóìè, Ak = Ak−1+̃αk〈·, ω〉ω ç αk = ∞, ùî íå
¹ êîðåêòíèì, àäæå îïåðàòîð Ak âèçíà÷àâñÿ ðåçîëüâåíòíîþ ôîðìóëîþ.
Òîìó íàñïðàâäi êîåôiöi¹íò αk+1 ïîâèíåí âèçíà÷àòèñÿ öiëêîì êîðåêòíîþ
ôîðìóëîþ

αk+1 = − 1

〈ψk+1, ωk+1〉 .

ßêùî αk+1 ñêií÷åíå ÷èñëî, òî Ak+1 âèçíà÷à¹òüñÿ óçàãàëüíåíîþ ñóìîþ.
Çâè÷àéíî, ìîæå ñòàòèñÿ ùî 〈ψk+1, ωk+1〉 = 0, ùî ïðèâîäèòü äî αk+1 = ∞.
Òîäi ìè çíîâó êîðèñòó¹ìîñÿ ôîðìóëîþ äëÿ ðåçîëüâåíò ïðè âèçíà÷åííi
îïåðàòîðà Ak+1.

Òàêèì ÷èíîì ìè äîâåëè ñïðàâåäëèâiñòü íàñòóïíî¨ òåîðåìè.

Tåîðåìà 1 Äëÿ çàäàíîãî íåîáìåæåíîãî ñàìîñïðÿæåíîãî îïåðàòîðà A ≥
1 â ãiëüáåðòîâîìó ïðîñòîði H, äîâiëüíî¨ ïîñëiäîâíiñòi äiéñíèõ ÷èñåë
Ej ∈ R, j = 1, 2, ..., òà ïîñëiäîâíiñòi îðòîíîðìîâàíèõ â H âåêòîðiâ ψj ∈
H1(A) \ D(A), äëÿ ÿêèõ âèêîíó¹òüñÿ óìîâà (1), ðåêóêðåíòíà ïðîöåäóðà
ðîçâ'ÿçàííÿ îáåðíåíî¨ çàäà÷i íà âëàñíi çíà÷åííÿ (2), âèêëàäåíà ôîðìóëàìè
(5),(7),(9),(11) (àáî (15) ó âèïàäêó, êîëè íà ÿêîìóñü êðîöi âèêîíó¹òüñÿ
ðiâíiñòü (14)), ïîðîäæó¹ ïîñëiäîâíiñòü ñèíãóëÿðíî çáóðåíèõ îïåðàòîðiâ
An ∈ Pn

ws(A), ÿêi ó ñâîþ ÷åðãó àñîöiéîâàíi ç ïîñëiäîâíiñòþ óçãîäæåíèõ
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ìiæ ñîáîþ ìàòðèöü ßêîái Jn, ÿêi çáiãàþòüñÿ äî ìàòðèöi

J =




b1 a1

a1 b2 a2 0
a2 b3 •

• • •
0 • •




. (16)

Ìàòðè÷íi åëåìåíòè ìàòðèöi J âèðàæàþòüñÿ ÷åðåç çàäàíó ïîñëiäîâíiñòü
÷èñåë Ej j = 1, 2, ..., âåêòîðè ψj òà îïåðàòîðè An çãiäíî ôîðìóë (6),(8),(10),(13).

Âiäçíà÷èìî, ùî ðåêóðåíòíà ôîðìóëà (12) äëÿ êîåôiöi¹íòà αn âèêîíó¹òüñÿ
ëèøå äî ìîìåíòó ïîêè íå òðàïëÿ¹òüñÿ âèïàäîê (14). Ïðè öüîìó ëàíöþãîâèé
äðiá â (12) ïðåðèâà¹òüñÿ i ç íàñòóïíîãî êðîêó ïî÷èíà¹òüñÿ íîâèé, ÿêèé
ïðîäîâæó¹òüñÿ äî íåñêií÷åíîñòi, àáî çíîâó ïðåðèâà¹òüñÿ, ÿêùî òðàïëÿ¹òüñÿ
âèïàäîê (14).

3 Âiä ìàòðèöi ßêîái äî çáóðåíîãî îïåðàòîðà
Íåõàé, ÿê i ðàíiøå, A ≡ A0 ≥ 1 - íåîáìåæåíèé ñàìîñïðÿæåíèé îïåðàòîð
â ãiëüáåðòîâîìó ïðîñòîði H. Âèõîäÿ÷è ç äîâiëüíî¨ ìàòðèöi ßêîái J âèäó
(16) ìè õî÷åìî âiäíîâèòè ïîñëiäîâíîñòi ÷èñåë Ej òà âåêòîðiâ ψj, j =
1, 2, ..., ÿêi çà ïðîöåäóðîþ ïîïåðåäíüîãî ðîçäiëó ïðèâîäèëè äî ÿêîái¹âî¨
ìàòðèöi (16). Òóò ìè ïîêàæåìî ÿê öå ìîæíà çäiéñíèòè, õî÷à ïðîöåñ
âiäíîâëåííÿ íå ¹ îäíîçíà÷íèì áåç äîäàòêîâèõ óìîâ.

Âèõîäÿ÷è ç îïåðàòîðà A òà ìàòðèöi ßêîái J ìè áóäó¹ìî ïîñëiäîâíiñòü
ñèíãóëÿðíî çáóðåíèx âiäíîñíî A îïåðàòîðiâ An ÿêi ðîçâÿçóþòü îáåðíåíó
çàäà÷ó íà âëàñíi çíà÷åííÿ (2) i âèçíà÷àþòü óçãîäæåíó ïîñëiäîâíiñòü
ÿêîái¹âèõ ìàòðèöü Jn, ÿêi çáiãàþòüñÿ äî J .

Tåîðåìà 2 Íåõàé çàäàíî, A ≡ A0 ≥ 1 - íåîáìåæåíèé ñàìîñïðÿæåíèé
îïåðàòîð â H òà ìàòðèöþ ßêîái J â äåÿêîìó îðòîíîðìîâàíîìó áàçèñi
{ϕj, j = 1, 2, ...} ïiäïðîñòîðó N ⊂ H. Ïðèïóñòèìî, ùî N ⊂ H1\D(A).

Òîäi iñíóþòü ïîñëiäîâíîñòi ÷èñåë {Ej} òà âåêòîðiâ {ψj ∈ H1\D(A)}, j =
1, 2, ..., ÿêi çàäîâîëüíÿþòü óìîâó:

span{ψj, j ≥ 1}cl ∩ D(A) = {0}

10



i ¹ òàêèìè, ùî ðîç'ÿçóþ÷è ïî íèì ïîñëiäîâíî îáåðíåíó çàäà÷ó íà âëàñíi
çíà÷åííÿ:

Anψn = Enψn, n = 1, 2, . . . ,

â êëàñi îïåðàòîðiâ An ∈ Pn
ws(A), âèíèêà¹ ïîñëiäîâíiñü àñîöiéîâàíèõ ìàòðèöü

ßêîái Jn ðàíãó n, ÿêà çáiãà¹òüñÿ äî çàäàíî¨ íà ïî÷àòêó ìàòðèöi J .

Äîâåäåííÿ ¹ êîíñòðóêòèâíèì. Îïåðàòîðè An áóäóþòüñÿ ïîñëiäîâíî
çáóðåííÿìè ðàíãó îäèí ÿê i â ïîïåðåäíüîìó ðîçäiëi. Ç öi¹þ ìåòîþ ìè
çíàõîäèìî âåêòîðè ψj òà ÷èñëà Ej âèêîðèñòîâóþ÷è ìàòðè÷íi åëåìåíòè
ÿêîái¹âî¨ ìàòðèöi.

Ïîçíà÷èìî J1 = b1. Íåõàé detJ1 = b1 6= 0. Âåêòîð ψ1 òà ÷èñëî E1 ìè
âèçíà÷à¹ìî íàñòóïíèìè ôîðìóëàìè:

ψ1 = x10ϕ0 + x11ϕ1, x
2
10 + x2

11 = 1, (17)

E1 = 〈ψ1,A0ψ1〉 − b1.

Îïåðàòîð A1 ¹ çâóæåííÿì íà H îïåðàòîðà

A1 = A0 + α1 〈·, ω1〉ω1,

äå
ω1 = (A0 − E1) ψ1 ∈ H−1, α1 = − 1

〈ψ1, (A0 − E1) ψ1〉 .

Î÷åâèäíî âií ðîçâ'ÿçó¹ çàäà÷ó A1ψ1 = E1ψ1. Ç öèì îïåðàòîðîì ìè àñîöiþ¹ìî
J1.

Íåõàé J2 - ìàòðèö ßêîái ðàíãó 2, ÿêà ¹ ÷àñòèíîþ çàäàíî¨ ìàòðèöi J
i ñêëàäà¹òüñÿ ç åëåìåíòiâ b1, b2, a1. Ïðèïóñòèìî detJ2 = b1b2 − a2

1 6= 0.
Âåêòîð ψ2 øóêà¹ìî ó âèãëÿäi

ψ2 = x20ϕ0 + x21ψ1 + x22ϕ2,

äå êîåôiöi¹íòè x2k, k = 0, 1, 2 çíàõîäÿòüñÿ ç ñèñòåìè ðiâíÿíü:




(ψ2, ψ1) = 0,

‖ψ2‖ = 1,

|〈ψ2,A0ψ1〉| = a1.

(18)
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Öÿ ñèñòåìà ïåðåïèñó¹òüñÿ ó âèãëÿäi




x21 + x20〈ψ1, ϕ0〉 = 0

x2
20 + x2

21 + x2
22 + 2x20x21〈ψ1, ϕ0〉 = 1,

x20〈ϕ0,A0ψ1〉+ x21〈ψ1,A0ψ1〉+ x22〈ϕ2,A0ψ1〉 = z1, |z1| = a1,

äå çãiäíî ç (17) 〈ψ1, ϕ0〉 = x10. Ïîçíà÷èìî c10 = 〈ϕ0,A0ψ1〉, a0
11 = 〈ψ1,A0ψ1〉, c12 =

〈ϕ2,A0ψ1〉. Òîäi ðîçâ'ÿçêè ñèñòåìè (18) çàïèñóþòüñÿ ó âèãëÿäi

x20 =
z1(c10−x10a0

11)±c12

q
(c212−z2

1)(1−x2
10)+(c10−x10a0

11)
2

c212(1−x2
10)+(x10a0

11−c10)
2

x21 = −x10x20,
x22 = 1

c12
(z1 + x20 (x10a

0
11 − c10))

Îòæå, çíàéøîâøè ψ2, ïîêëàäåìî E2 = 〈ψ2,A1ψ2〉−b2 i âèçíà÷èìî îïåðàòîð
A2 = A1+̃α2 〈·, ω2〉ω2, äå

ω2 = (A1 − E2) ψ2 ∈ H−1, α2 = − 1

〈ψ2, (A1 − E2) ψ2〉 .

Çðîçóìiëî, ùî A2 ðîçâÿçó¹ çàäà÷ó íà âëàñíi çíà÷åííÿ. Ïðè öüîìó, áóäóþ÷è
ÿêîái¹âó ìàòðèöþ àñîöiéîâàíó ç A2 ìè îòðèìà¹ìî ÿêðàç ìàòðèöþ J2, ÿêó
ùîéíî âèêîðèñòàëè äëÿ ïîáóäîâè öüîãî îïåðàòîðà.

Àíàëîãi÷íî âèäiëÿ¹ìî ç J ìàòðèöþ J3 ðàíãó 3. Ïðèïóñêà¹ìî, ùî
detJ3 6= 0. Äëÿ ïîáóäóâè îïåðòîðà A3 ñïî÷àòêó øóêà¹ìî âåêòîð ψ3 ó
âèãëÿäi

ψ3 = x30ϕ0 + x31ψ1 + x32ψ2 + x33ϕ3.

Çâè÷àéíi âèìîãè ïðèâîäÿòü äî ñèñòåìè ðiâíÿíü íà êîåôiöi¹íòè x3k





〈ψ1, ψ3〉 = 0,

〈ψ2, ψ3〉 = 0,

‖ψ3‖2 = 1,

|〈ψ3,A1ψ2〉| = a2,

(19)

äå äâà ïåðøi ðiâíÿíÿ � óìîâè îðòîíîðìîâàíîñòi ñèñòåìè âåêòîðiâ ψn.
Ïîçíà÷èìî c20 = 〈ϕ0,A1ψ2〉, a1

12 = 〈ψ1,A1ψ2〉, a1
22 = 〈ψ2,A1ψ2〉, c23 =

〈ϕ3,A1ψ2〉. Ïåðåïèøåìî ñèñòåìó (19) ó âèãëÿäi
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



x30x10 + x31 = 0

x30x20 + x21 = 0

x2
30 + x2

31 + x2
32 + x2

33 + 2x30x31x10 + 2x30x32x20 = 1

x30c20 + x31a
1
12 + x32a

1
22 + x33c23 = z2, |z2| = a2.

(20)

òîäi øóêàíi êîêôiöi¹íòè x3k ìàþòü âèãëÿä

x30 =
z2(c20−x10a1

12−x20a1
22)±c23

q
(c223−z2

2)(1−x2
10−x2

20)+(c20−x10a1
12−x20a1

22)
2

c223(1−x2
10−x2

20)+(x10a1
12+x20a1

22−c20)
2

x31 = −x10x30,

x32 = −x20x30,

x33 = 1
c23

(z2 + x30 (x10a
1
12 + x20a

1
22 − c20))

Ïîêëàäåìî
E3 = 〈ψ3,A2ψ3〉 − b3

i âèçíà÷èìî îïåðàòîð

A3 = A2+̃α3 〈·, ω3〉ω3,

äå

ω3 = (A2 − E3) ψ3 ∈ H−1, α3 = − 1

〈ψ3, (A2 − E3) ψ3〉 .

Çà ïîáóäîâîþ îïåðàòîð A3 ðîçâÿçó¹ âiäïîâiäíó çàäà÷ó íà âëàñíi çíà÷åííÿ.
Ïðè öüîìó, áóäóþ÷è çãiäíî ðîçäiëó 2 ÿêîái¹âó ìàòðèöþ àñîöiéîâàíó ç A3

ìè îòðèìà¹ìî ñàìå ìàòðèöþ J3, ç ÿêî¨ ïî÷èíàëè òóò.
Òàê ñàìî ïîñòóïà¹ìî íà äîâiëüíîìó n-ìó êðîöi. Ïðèïóñêà¹ìî ùî

detJn 6= 0. Äëÿ ïîáóäîâè îïåðàòîðà An çíàéäåìî ψn òà En. Âåêòîð ψn

øóêà¹ìî ó âèãëÿäi

ψn = xn0ϕ0 +
n−1∑

k=1

xnkψk + xnnϕn

Ñêëàäà¹ìî ñèñòåìó ðiâíÿíü äëÿ çíàõîäæåííÿ xnk :




〈ψn, ψk〉 = 0, k = 1, . . . , n− 1,

‖ψn‖ = 1,

|〈ψn,An−2ψn−1〉| = an−1,

(21)
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äå ïåðøi n ðiâíÿíü � óìîâè îðòîíîðìîâàíîñòi ñèñòåìè âåêòîðiâ ψj. Ïåðåïèñó¹ìî
ñèñòåìó (21) ó âèãëÿäi





xnk + xn0〈ϕ0, ψk〉 = 0, k = 1, . . . , n− 1
n∑

k=0

x2
nk + 2xn0

n−1∑
k=1

xnk〈ϕ0, ψk〉 = 1,

xn0〈ϕ0,An−2ψn−1〉 +
n−1∑
k=1

xnk〈ψk,An−2ψn−1〉+
xnn〈ϕn,An−2ψn−1〉 = zn−1, |zn−1| = an−1.

(22)

Ïîçíà÷èìî an−2
k,n−1 = 〈ψk,An−2ψn−1〉, k = 1, . . . , n−1,c0,n−1 = 〈ϕ0,An−2ψn−1〉,

cn,n−1 = 〈ϕn,An−2ψn−1〉. Òîäi ðîçâ'ÿçêè ñèñòåìè (22) ìàþòü âèãëÿä:

xn0 =
zn−1

�
c0,n−1−

n−1P
k=1

xk0an−2
k,n−1

�
±cn,n−1

s
(c2n,n−1−z2

n−1)
�

1−
n−1P
k=1

x2
k0

�
+

�
c0,n−1−

n−1P
k=1

xk0an−2
k,n−1

�2

c2n,n−1

�
1−

n−1P
k=1

x2
k0

�
+

�
c20,n−1−

n−1P
k=1

xk0an−2
k,n−1

�2

xnk = −xn0a
n−2
k,n−1, k = 1, . . . , n− 1,

xnn = 1
cn,n−1

(
zn−1 − xn0

(
c0,n−1 −

n−1∑
k=1

xk0a
n−2
k,n−1

))
.

Ïîêëàäåìî
En = 〈ψn,An−1ψn〉 − bn

Òîäi îïåðàòîð An áóäó¹ìî ÿê çáóðåííÿ ðàíãó 1 îïåðàòîðà An−1,îòðèìàíîãî
íà ïîïåðåäíüîìó êðîöi:

An = An−1+̃αn 〈·, ωn〉ωn,

äå
ωn = (An−1 − En) ψn, αn = − 1

〈ψn, (An−1 − En) ψn〉 .

Ïðè öüîìó An ðîçâÿçó¹ çàäà÷ó íà âëàñíi çíà÷åííÿ ç ÷èñëàìè Ej, j ≤ n,
à ìàòðèöÿ ßêîái àñîöiéîâàíà ç An ñïiâïàäà¹ ç Jn.

ßêùî ïðè äåÿêîìó k âèÿâèòüñÿ ùî detJk = 0, òî öå åêâiâàëåíòíî
ñïiââiäíîøåííþ:

bk −
a2

k−2

bk−1 − · · · − a2
2

b2−a2
1

b1

= 0,
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ùî ó ñâîþ ÷åðãó ïðèâîäèòü äî αk = ∞. Â òàêîìó ðàçi îïåðàòîð Ak

âèçíà÷à¹ìî ÿê ðîçøèðåííÿ çà Ôðiäðiõñîì ñèìåòðè÷íîãî îïåðòîðà Ȧk−1 :=
Ak−1 | {f ∈ D(Ak−1) : 〈f, ωk〉 = 0}. Òîäi ñèñòåìà ðiâíÿíü äëÿ çíàõîäæåííÿ
âåêòîðà ψk ïðåäñòàâëåíîãî ëiíiéíîþ êîìáiíàöi¹þ

ψk = x0,kϕ0 +
k−1∑
j=1

xk,jψj + xk,kϕk

ìà¹ âèãëÿä 



〈ψk, ψj〉 = 0, j = 1, . . . , k − 1,

‖ψk‖ = 1,

|〈ψk,Ak−2ψk−1〉| = ak−1,

äå ïåðøi k ðiâíÿíü � óìîâè îðòîíîðìîâàíîñòi ñèñòåìè âåêòîðiâ ψj. Çíàéøîâøè
âåêòîð ψk âèçíà÷à¹ìî ÷èñëî Ek i îïåðàòîð Ak òàêèì æå ñïîñîáîì ÿê âèùå.
Ç öèì îïåðàòîðîì áóäå àñîöiéîâàíà ìàòðèöÿ Jk.

Òåîðåìà 2 ïîâíiñòþ äîâåäåíà.
Íà çàâåðøåííÿ âiäçíà÷èìî, ùî ÿêîái¹âà ìàòðèöÿ ÿê îá'¹êò äîñëiäæåííÿ

çâè÷àéíî âèíèêà¹ â ïðîáëåìi ìîìåíòiâ (äèâ. íàïðèêëàä îãëÿäîâi ñòàòòi
[18, 19]). Òóò âïåðøå ìàòðèöi ßêîái ãðàþòü ðîëü çáóðåííÿ ñàìîñïðÿæåíîãî
îïåðàòîðà. Öå âiäêðèâà¹ íîâèé ñïîñiá ïîáóäîâè ñèíãóëÿðíî çáóðåíèõ îïåðàòîðiâ
ó âèïàäêó, êîëè çáóðåííÿ çàäà¹òüñÿ ìiðîþ çîñåðåäæåíîþ íà äîâiëüíî
ñêëàäíié ìíîæèíi (ôðàêòàëi). Òðåáà ïî òàêié ìiði ïîáóäóâàòè ÿêîái¹âó
ìàòðèöþ (çãiäíî òåîði¨ ïðîáëåìè ìîìåíòiâ), à ïîòiì âèêîðèñòàòè ¨¨ äëÿ
ââåäåííÿ çáóðåíîãî îïåðàòîðà, ÿê áóëî îïèñàíî âèùå.

ËIÒÅÐÀÒÓÐÀ.
[1] Albeverio S., Koshmanenko V. Singular Rank One Perturbations of Self-

Adjoint operators and Krein Theory of Self-Adjoint Extensions // Po-
tential Analysis. � 1999. � 11. � P. 279 - 287.

[2] Nizhnik L. The singular rank-one perturbations of selfadjoint operators
// Methods Funct. Anal. Topology. � 2001. �7, No. 3, � P. 54-66.

[3] Koshmanenko V.D. Towards the rank-one singular perturbations of self-
adjoint operators // Ukrainian Math. J. � 1991. � 43, No11. � P.
1559-1566.

15



[4] Êîøìàíåíêî Â.Ä. Ñèíãóëÿðíûå áèëèíåéíûå ôîðìû â òåîðèè
âîçìóùåíèé ñàìîñîïðÿæåííûõ îïåðàòîðîâ. � Êèåâ: Íàóê. äóìêà,
1993. � 176 ñ. Ïåðåêëàä àíãëiéñüêîþ � Koshmanenko V., Singular
quadratic forms in perturbation theory, Kluwer Acad. Publ., 1999.

[5] Albeverio, S. and Kurasov, P.: Singular perturbations of di�erential op-
erators and solvable Schr�odinger type operators, � Cambridge Univ.
Press, 2000.

[6] Berezansky Yu.M., Expansion in eigenvectors of self-adjoint operators,
AMS, 1968.

[7] V. Koshmanenko, Singular Operator as a Parameter of Self-adjoint Ex-
tensions, Proceeding of Krein conference, Odessa, 1997, Operator Theo-
ry. Advances and Applications Vol. 118, 205-223 (2000).

[8] Posilicano A. A Krein-like Formula for Singular Perturbations of Self-
Adjoint Operators and Applications, J. Fuct. Anal., 183, 109-147 (2001).

[9] V. Koshmanenko, A variant of the inverse negative eigenvalues prob-
lem in singular perturbation theory, Methods of Functional Analysis and
Topology, � 2002. � 8, No1. � P. 49-69.

[10] Dudkin M.E., Koshmanenko V.D., On the point spectrum arising under
�nite rank perturbations of self-adjoint operators, Ukrainian Math. J.,
No. 9, (2003).

[11] S. Albeverio, A.Konstantinov, V. Koshmanenko, On inverse spectral the-
ory for singularly perturbed operator: point spectrum, Inverse Problems,
21, (2005) 1871-1878.

[12] Albeverio S., Dudkin M., Konstantinov A., and Koshmanenko V., On the
point spectrum of H−2 singular perturbations, University of Bonn, SFB
611, Preprint no. 122 (2003). subm. to publ. in Math. Nachr. (2005).

[13] T.V. Karataeva, V.D. Koshmanenko, Generalized sum of operators,
Math. Notes, 66, No. 5, 671-681 (1999).

[14] Kato T., Perturbation Theory for Linear Operators, Springer Verlag,
Berlin New York, 1966.

16



[15] Krein M.G. Theory of self-adjoint extensions of semibounded Hermitian
operators and its applications. I, Math. Zbornik, 20(62), No.3, 431-495
(1947).

[16] Gesztesy F., Simon B., Rank-One Perturbations at In�nite Coupling,
J.Funct.Anal., 128, 245-252 (1995).

[17] V.D. Koshmanenko, Singular perturbations at in�nite coupling, Funct.
Anal. Appl., 33, No. 2, 81-84 (1999).

[18] Simon B., The classical Moment problem as a self-adjoint �nite di�er-
ence operator, Adv. Math., 137, 82-203 (1998).

[19] Berezansky Yu.M. Some generalizations of the classical momrnt prob-
lem, Integral Equations Operator Theory, 44, 255-289 (2202).

17


