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Ïðî òî÷êîâèé ñïåêòð ñàìîñïðÿæåíèõ îïåðàòîðiâ, ùî âèíèêà¹ ïðè
ñèíãóëÿðíèõ çáóðåííÿõ ñêií÷åííîãî ðàíãó 1

Ðîçãëÿäàþòüñÿ ÷èñòî ñèíãóëÿðíi çáóðåííÿ ñêií÷åíîãî ðàíãó ñàìîñïðÿæåíîãî
îïåðàòîðà A â ãiëüáåðòîâîìó ïðîñòîði H. Çáóðåííi îïåðàòîðè Ã âèçíà÷àþòüñÿ
ôîðìóëîþ Êðåéíà äëÿ ðåçîëüâåíò: (Ã − z)−1 = (A − z)−1 + Bz, Imz 6= 0, äå
Bz îïåðàòîðè ñêií÷åíîãî ðàíãó òàêi, ùî domBz ∩ domA = {0}. Äëÿ äîâiëüíî¨
ñèñòåìè îðòîíîðìîâàíèõ âåêòîðiâ {ψi}n<∞

i=1 ç óìîâîþ span{ψi} ∩ domA = {0} òà
äîâiëüíîãî íàáîðó äiéñíèõ ÷èñåë λi ∈ R1 ïîáóäîâàíî îïåðàòîð Ã, ÿêèé ðîçâ`ÿçó¹
çàäà÷ó íà âëàñíi çíà÷åííÿ: Ãψi = λiψi, i = 1, ..., n. Äîâåäåíî ¹äèíiñòü Ã ïðè
óìîâi, ùî rankBz = n.

We discuss the singular �nite rank perturbations of self-adjoint operator A in a
Hilbert space H. The perturbed operators Ã are de�ned by Krein's resolvent for-
mula: (Ã − z)−1 = (A − z)−1 + Bz, Imz 6= 0, where �nite rank operators Bz are
such that domBz ∩ domA = {0}. Given a set of orthonormal vectors {ψi}n<∞

i=1 with
condition, span{ψi} ∩ domA = {0}, and a set of real numbers λi ∈ R1, the operator
Ã, which solves the eigenvalues problem: Ãψi = λiψi, i = 1, ..., n, is constructed.
The uniqueness of Ã, under condition rankBz = n, is proved.

1. Âñòóï.
Íåõàé â êîìïëåêñíîìó ñåïàðàáåëüíîìó ãiëüáåðòîâîìó ïðîñòîðiH çi ñêàëÿðíèì

äîáóòêîì (·, ·) i íîðìîþ ‖ · ‖ çàäàíî íåîáìåæåíèé ñàìîñïðÿæåíèé îïåðàòîð
A = A∗ ç îáëàñòþ âèçíà÷åííÿ D(A) ≡ domA. Iíøèé ñàìîñïðÿæåíèé îïåðàòîð
Ã â H íàçèâà¹òüñÿ [1]-[8] (ïîðiâí. ç [9, 10]) ÷èñòî ñèíãóëÿðíî çáóðåíèì âiäíîñíî
A, ïîçíà÷à¹ìî Ã ∈ Ps(A), ÿêùî îáëàñòü

D := {f ∈ D(A) ∩D(Ã) : Af = Ãf} (1)

¹ ùiëüíîþ â H. Çðîçóìiëî, ùî äëÿ êîæíîãî Ã ∈ Ps(A) iñíó¹ ùiëüíî âèçíà÷åíèé
ñèìåòðè÷íèé îïåðàòîð

Ȧ := A ¹ D = Ã ¹ D, D(Ȧ) = D (2)

ç íåòðèâiàëüíèìè iíäåêñàìè äåôåêòó n±(Ȧ) = dimKer(Ȧ ± i)∗ 6= 0. Â ðîáîòi
ðîçãëÿäà¹òüñÿ ïiäêëàñ îïåðàòîðiâ Ã ∈ Pn

s (A), äå n = n+(Ȧ) = n−(Ȧ) < ∞.
Äîñëiäæó¹òüñÿ ïðîáëåìà iñíóâàííÿ i ïîáóäîâè îïåðàòîðà Ã ∈ Pn

s (A), ÿêèé
ðîçâ`ÿçó¹ çàäà÷ó íà âëàñíi çíà÷åííÿ

Ãψi = λiψi, i = 1, ..., n (3)
1Ðîáîòà ïiäòðèìàíà ïðîåêòîì INTAS N 00-257 òà ïðîåêòàìè DFG 436 UKR 113/53 i 113/67.
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äëÿ äîâiëüíèõ íàïåðåä çàäàíèõ äiéñíèõ ÷èñåë λi òà ñèñòåìè îðòîíîðìîâàíèõ
âåêòîðiâ {ψi}n

i=1, òàêèõ ùî span{ψi} ∩ domA = {0}.
Äîñëiäæåííÿ ñïåêòðó, çîêðåìà òî÷êîâîãî, ó ñàìîñïðÿæåíèõ ðîçøèðåíü ñèìåòðè÷íèõ

îïåðàòîðiâ çi ñêií÷åíèìè iíäåêñàìè äåôåêòó â çàãàëüíîìó âèãëÿäi âïåðøå ïðîâîäèëàñü
â ðîáîòi Ì.Ã.Êðåéíà [11], äå äîâåäåíî iñíóâàííÿ ïðèíàéìi îäíîãî ðîçøèðåííÿ
ç íàïåðåä çàäàíèìè âëàñíèìè çíà÷åííÿìè ç ïîëÿ ðåãóëÿðíîñòi ñèìåòðè÷íîãî
îïåðàòîðà (äèâ. òàêîæ [12]-[16]). Â öüîìó íàïðÿìêó âiäçíà÷èìî iùå ðîáîòè [17]-
[18], äå, çîêðåìà, â òåðìiíàõ ïðîñòîðiâ ãðàíè÷íèõ çíà÷åíü òà ôóíêöi¨ Âåéëÿ
äîâîäèëîñü iñíóâàííÿ áóäü-ÿêî¨ êîìïîíåíòè ñïåêòðó â ëàêóíàõ ñèìåòðè÷íîãî
îïåðàòîðà.

Ìè ïðîïîíó¹ìî ðîçãëÿäàòè çàäà÷ó íà âëàñíi çíà÷åííÿ äëÿ ñàìîñïðÿæåíèõ
ðîçøèðåíü ñèìåòðè÷íîãî îïåðàòîðà ç òî÷êè çîðó òåîði¨ ñèíãóëÿðíî çáóðåíèõ
îïåðàòîðiâ. Ñóòü íàøîãî ðåçóëüòàòà â òîìó, ùî òî÷êè λi â (3) äîâiëüíi, çîêðåìà
ìîæóòü ëåæàòè íà ñïåêòði îïåðàòîðà A. Âiäçíà÷èìî, ùî â [19] àíàëîãi÷èé ðåçóëüòàò
äîâåäåíî ó âèïàäêó, êîëè îïåðàòîð A äîäàòíié, òî÷êè λi ≤ 0 i Ã íå ¹ îáîâ'ÿçêîâî
÷èñòî ñèíãóëÿðíî çáóðåíèì îïåðàòîðîì.

Îñíîâíèé ðåçóëüòàò ðîáîòè ìiñòèòü òàêà òåîðåìà.
Òåîðåìà 1. Äëÿ íåîáìåæåíîãî ñàìîñïðÿæåíîãî îïåðàòîðà A â ãiëüáåðòîâîìó

ïðîñòîði H iñíó¹ ¹äèíèé ÷èñòî ñèíãóëÿðíî çáóðåíèé îïåðàòîð Ã ∈ Pn
s (A), ÿêèé

ðîçâÿçó¹ çàäà÷ó íà âëàñíi çíà÷åííÿ (3) ç äîâiëüíèìè íàïåðåä çàäàíèìè ÷èñëàìè
λi ∈ R1, i = 1, ..., n < ∞ òà áóäü-ÿêîþ ìíîæèíîþ îðòîíîðìîâàíèõ âåêòîðiâ
{ψi}n

i=1 ç óìîâîþ
span{ψi}n

i=1 ∩D(A) = {0}. (4)
Âiäçíà÷èìî, ùî äîâåäåííÿ öi¹¨ òåîðåìè êîíñòðóêòèâíå. Ðåçîëüâåíòà îïåðàòîðà

A áóäó¹òüñÿ ïîñëiäîâíî, ç âèêîðèñòàííÿì íà êîæíîìó êðîöi ÷èñòî ñèíãóëÿðíîãî
çáóðåííÿ ðàíãó 1.

2. Ñèíãóëÿðíi çáóðåííÿ ðàíãó îäèí.
Íåõàé Ȧ ⊂ Ȧ∗ � çàìêíåíèé ñèìåòðè÷íèé îïåðàòîð ç îáëàñòþ âèçíà÷åííÿ

D(Ȧ) ùiëüíîþ â H. Ïðèïóñòèìî, ùî éîãî iíäåêñè äåôåêòó n±(Ȧ) = 1. Òîäi
H = Mz⊕Nz, Imz 6= 0, äå Mz = (Ȧ−z)D(Ȧ) � îáëàñòü çíà÷åíü îïåðàòîðà Ȧ−z,
à Nz := M⊥

z = Ker(Ȧ∗ − z̄) � äåôåêòíèé ïiäïðîñòið, dimNz = 1.
Íåõàé A(Ȧ) ïîçíà÷à¹ ìíîæèíó óñiõ ñàìîñïðÿæåíèõ ðîçøèðåíü îïåðàòîðà Ȧ.

Çàôiêñó¹ìî äåÿêå ñàìîñïðÿæåíå ðîçøèðåííÿ A ∈ A(Ȧ). Çðîçóìiëî, ùî êîæíèé
îïåðàòîð Ã 6= A ç ìíîæèíè A(Ȧ) íàëåæèòü òàêîæ i ìíîæèíi P1

s (A). Ïðè öüîìó
îáëàñòü D â (1) çáiãà¹òüñÿ ç D(Ȧ). Âiäîìî [11, 14], ùî Nz ∩D(A) = {0}.

Òåîðåìà 2. [11, 12] Ðåçîëüâåíòà êîæíîãî ñàìîñïðÿæåíîãî îïåðàòîðà Ã ∈
A(Ȧ), Ã 6= A, çàäà¹òüñÿ ôîðìóëîþ Êðåéíà,

(Ã− z)−1 = (A− z)−1 + b−1
z (·, ηz̄)ηz, (5)

äå âåêòîð-ôóíêöiÿ ηz iç çíà÷åííÿìè â Nz çàäîâîëüíÿ¹ ðiâíÿííÿ:
ηz = (A− ξ)(A− z)−1ηξ, Imz, Imξ 6= 0, (6)

à çíà÷åííÿ ñêàëÿðíî¨ ôóíêöi¨ bz ïîâ`ÿçàíi ñïiââiäíîøåííÿìè:
bz = bξ + (ξ − z)(ηξ, ηz̄), Imz, Imξ 6= 0, (7)

b̄z = bz̄ (8)
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Âèêîðèñòîâóþ÷è òåîðåìó 2 îäåðæóåìî îïèñ óñiõ îïåðàòîðiâ Ã ∈ P1
s (A) (ïîðiâí.

ç [2, 5]).

Òåîðåìà 3. Ñàìîñïðÿæåíèé â H îïåðàòîð Ã 6= A íàëåæèòü äî ìíîæèíè
P1

s (A) òîäi i ëèøå òîäi, êîëè äëÿ áóäü-ÿêîãî z0 ∈ C, Imz0 6= 0 (à îòæå i äëÿ
âñiõ òàêèõ z) iñíó¹ ïiäïðîñòið

Nz0 ⊂ H, dimNz0 = 1,Nz0 ∩D(A) = {0}, (9)

òà ÷èñëî
bz0 ∈ C, Imbz0 = −Imz0, (10)

òàêi ùî
(Ã− z0)

−1 = (A− z0)
−1 + b−1

z0
(·, ηz̄0)ηz0 , (11)

äå ηz0 ∈ Nz0, ‖ηz0‖ = 1, a ηz̄0 = (A− z0)(A− z̄0)
−1ηz0.

Äëÿ äîâiëüíî¨ òî÷êè z ∈ C, Imz 6= 0, ðåçîëüâåíòà îïåðàòîðà Ã çàäà¹òüñÿ
ôîðìóëîþ (5), äå ôóíêöi¨

ηz = (A− z0)(A− z)−1ηz0 , (12)

bz = bz0 + (z0 − z)(ηz0 , ηz̄), (13)
çàäîâîëüíÿþòü ñïiââiäíîøåííÿ (6) � (8).

Äîâåäåííÿ. Íåîáõiäíiñòü. ßêùî Ã ∈ P1
s (A), òî Ã ∈ A(Ȧ) ç Ȧ := A ¹ D, äå

D âèçíà÷åíî çãiäíî (1). Óìîâè (9) � (11) à òàêîæ ñïiââiäíîøåííÿ (12), (13)
âèêîíóþòüñÿ çàâäÿêè (5) � (8). Çîêðåìà (10) âèïëèâà¹ ç (7), (8). Äiéñíî â ñèëó
(7)

bz̄0 = bz0 + (z0 − z̄0)(ηz0 , ηz0).

Òîìó çàâäÿêè (8)
b̄z0 − bz0 = −2iImbz0 = 2iImz0,

òîáòî Imbz0 = −Imz0, äå, áåç âòðàòè çàãàëüíîñòi âåêòîð ηz0 íîðìîâàíî íà 1.
Äîñòàòíiñòü. Òðåáà ïîêàçàòè, ùî ïðàâà ÷àñòèíà (11) âèçíà÷à¹ ñàìîñïðÿæåíèé

îïåðàòîð Ã ∈ P1
s (A). Ç öi¹þ ìåòîþ ðîçãëÿíåìî îïåðàòîð-ôóíêöiþ

R̃(z) = (A− z)−1 + b−1
z (·, ηz̄)ηz, (14)

ç ηz i bz çàäàíèìè çãiäíî (12), (13) i ïîêàæåìî, ùî âîíà ¹ ðåçîëüâåíòîþ ñàìîñïðÿæåíîãî
îïåðàòîðà Ã ∈ P1

s (A), òîáòî ùî (Ã− z)−1 = R̃(z).
Â ïåðøó ÷åðãó ïåðåêîíà¹ìîñü, ùî R̃(z) ¹ ïñåâäîðåçîëüâåíòîþ (äèâ. [20], ñòîð.

533), òîáòî çàäîâîëüíÿ¹ òîòîæíiñòü Ãiëüáåðòà

R̃(z)− R̃(ξ) = (z − ξ)R̃(z)R̃(ξ), Imz, Imξ 6= 0. (15)

Âèõîäÿ÷è ç (14) ïåðåïèñó¹ìî (15) ó âèãëÿäi

R(z)+b−1
z (·, ηz̄)ηz−R(ξ)−b−1

ξ (·, ηξ̄)ηξ = (z−ξ)[R(z)+b−1
z (·, ηz̄)ηz]·[R(ξ)+b−1

ξ (·, ηξ̄)ηξ],
(16)
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äå R(z) = (A−z)−1. Âèêîðèñòîâóþ÷è òîòîæíiñòü Ãiëüáåðòà äëÿ ñàìîñïðÿæåíîãî
îïåðàòîðà A îäåðæó¹ìî

b−1
z (·, ηz̄)ηz − b−1

ξ (·, ηξ̄)ηξ =(z − ξ)b−1
ξ (·, ηξ̄)R(z)ηξ

+ (z − ξ)b−1
z (·, R(ξ̄)ηz̄)ηz

+ (z − ξ)b−1
z b−1

ξ (·, ηξ̄)(ηξ, ηz̄)ηz.

(17)

Â ñèëó (12) ìà¹ìî

ηz − ηξ = (z − ξ)(A− z)−1ηξ, Imz, Imξ 6= 0.

Òîìó (17) ñïðîùó¹òüñÿ i íàáóâà¹ âèãëÿäó

0 = b−1
ξ (·, ηξ̄)ηz − b−1

z (·, ηξ̄)ηz + (z − ξ)b−1
z b−1

ξ (·, ηξ̄)(ηξ, ηz̄)ηz. (18)

Ç iíøîãî áîêó ïðàâà ÷àñòèíà (18) äîðiâíþ¹ íóëþ â ñèëó (13). Îòæå (15) äiéñíî
âèêîíó¹òüñÿ.

Ïñåâäîðåçîëüâåíòà R̃(z) ¹ ðåçîëüâåíòîþ äåÿêîãî ùiëüíî âèçíà÷åíîãî çàìêíåíîãî
îïåðàòîðà (äèâ. [20], ñòîð. 533, à òàêîæ [21], òåîðåìà 7.7.1) òîäi i ëèøå òîäi, êîëè
KerR̃(z0) = {0} õî÷à á äëÿ îäíi¹¨ òî÷êè z0 ∈ C, Imz0 6= 0. Äëÿ óñiõ 0 6= f ⊥ ηz̄0 ,
â ñèëó (11),

R̃(z0)f = (A− z0)
−1f 6= 0.

Äëÿ âåêòîðà ηz̄0 ìà¹ìî òàêîæ

R̃(z0)ηz̄0 = (A− z0)
−1ηz̄0 + b−1

z0
‖ηz̄0‖2ηz0 6= 0,

áî (A − z0)
−1ηz̄0 ∈ D(A), à ηz0 6∈ D(A) â ñèëó (9). Îòæå R̃(z) = (Ã − z)−1

¹ ðåçîëüâåíòîþ çàìêíåíîãî îïåðàòîðà Ã â H. Â äiéñíîñòi Ã ñàìîñïðÿæåíèé
îïåðàòîð. Ùîá ó öüîìó ïåðåêîíàòèñü òðåáà ïîêàçàòè (äèâ. [21], òåîðåìà 7.7.3 à
òàêîæ [20] ñòîð. 533), ùî

(R̃(z))∗ = R̃(z̄). (19)
Ðiâíiñòü (19) ñïðàâåäëèâà îñêiëüêè ç (10) âèïëèâà¹ (8), à öå ó ñâîþ ÷åðãó
ïðèâîäèòü äî òîãî, ùî

(R̃(z))∗ = (A− z)−1 + b−1
z̄ (·, ηz)ηz̄ = R̃(z̄).

Îòæå R̃(z) ¹ ðåçîëüâåíòîþ ñàìîñïðÿæåíîãî îïåðàòîðà Ã, äëÿ ÿêîãî ñïðàâåäëèâà
ôîðìóëà (11). Çàëèøèëîñü äîâåñòè, ùî îáëàñòü D, âèçíà÷åíà çãiäíî (1) ¹ ùiëüíîþ
â H. Ïîçíà÷èìî

Mz0 := (Ã− z0)D = (A− z0)D. (20)
Ç (11) âèïëèâà¹, ùî M⊥

z0
= Nz0 . Íåõàé ϕ ⊥ D. Òîäi â ñèëó (20) ìà¹ìî äëÿ óñiõ

f ∈ D, f = (A− z0)
−1h, h ∈ Mz0 :

0 = (ϕ, f) = (ϕ, (A− z0)
−1h) = ((A− z̄0)

−1ϕ, h).

Öå îçíà÷à¹, ùî (A − z̄0)
−1ϕ ∈ Nz0 , àëå â ñèëó (9) öå ìîæëèâî ëèøå äëÿ ϕ = 0.

Òàêèì ÷èíîì äîâåäåíî, ùî Ã ∈ P1
s (A). ¥

Òåîðåìà 1 ó âèïàäêó n = 1 ôîðìóëþ¹òüñÿ íàñòóïíèì ÷èíîì (ïîðiâí. ç
òåîðåìîþ 2 â [19]).
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Òåîðåìà 4 Äëÿ äîâiëüíîãî ñàìîñïðÿæåíîãî íåîáìåæåíîãî îïåðàòîðà A â
ïðîñòîði ÃiëüáåðòàH iñíó¹ ¹äèíî âèçíà÷åíèé ÷èñòî ñèíãóëÿðíî çáóðåíèé îïåðàòîð
Ã ∈ P1

s (A), ÿêèé ðîçâ`ÿçó¹ çàäà÷ó

Ãψ = λψ (21)

äëÿ áóäü-ÿêîãî íàïåðåä çàäàíîãî âåêòîðà ψ ∈ H \ D(A) òà äîâiëüíîãî ÷èñëà
λ ∈ R1.

Äîâåäåííÿ. Çàôiêñó¹ìî z0 ∈ C, Imz0 6= 0 i ïîêëàäåìî

ηz0 := (A− λ)(A− z0)
−1ψ, (22)

bz0 := (λ− z0)(ψ, ηz̄0). (23)
Äëÿ äîâiëüíèõ z ∈ C, Imz 6= 0 ôóíêöi¨ ηz, bz âèçíà÷à¹ìî ôîðìóëàìè (12), (13).
Â ñèëó ôóíêöiîíàëüíîãî ÷èñëåííÿ äëÿ îïåðàòîðà A îäåðæó¹ìî

ηz = (A− λ)(A− z)−1ψ = ψ + (z − λ)(A− z)−1ψ, (24)

bz := (λ− z)(ψ, ηz̄). (25)
Ðîçãëÿíåìî îïåðàòîð-ôóíêöiþ R̃(z) âèäó (14). Ïåðåêîíà¹ìîñÿ, âèêîðèñòîâóþ÷è

òåîðåìó 3, ùî âîíà ¹ ðåçîëüâåíòîþ äåÿêîãî ñàìîñïðÿæåíîãî îïåðàòîðà. Äëÿ
öüîãî äîñòàòíüî ïîêàçàòè, ùî ôóíêöi¨ ηz, bz çàäîâîëüíÿþòü ñïiââiäíîøåííÿ (6) �
(8). Ñïðàâåäëèâiñòü (6) ïåðåâiðÿ¹òüñÿ òðèâiàëüíî âèõîäÿ÷è ç (22), (24). Ðiâíiñòü
(7) âñòàíîâëþ¹òüñÿ òàêîæ áåçïîñåðåäíüî íà îñíîâi òîòîæíîñòi Ãiëüáåðòà äëÿ
ðåçîëüâåíòè îïåðàòîðà A. Ç (24), (25) âèïëèâà¹ ùî

b̄z = (λ− z̄)(ηz̄, ψ) = (λ− z̄)((A− λ)(A− z̄)−1ψ, ψ) = bz̄

òîáòî (8) òàêîæ âèêîíó¹òüñÿ. Îòæå R̃(z) = (Ã − z)−1, äå Ã � ñàìîñïðÿæåíèé
îïåðàòîð âH. Íàëåæíiñòü Ã äî P1

s âñòàíîâëþ¹òüñÿ íàñòóïíèì ÷èíîì. Ïîêëàäåìî
Nz0 := {cηz0}c∈C. Óìîâà Nz0 ∩D(A) = {0} âèïëèâà¹ ç ïðåäñòàâëåííÿ (24),

ηz = ψ + (z − λ)(A− z)−1ψ 6∈ D(A),

áî ψ 6∈ D(A). Ðiâíiñòü (10) ¹ íàñëiäêîì (13) òà ñàìîñïðÿæåíîñòi Ã, ÿêùî âåêòîð
ψ íîðìóâàòè òàêèì ÷èíîì, ùîá ‖ηz0‖ = 1. Çà òåîðåìîþ 3 îïåðàòîð Ã ∈ P1

s (A).
Éîãî ðåçîëüâåíòà ìà¹ âèãëÿä

(Ã− z)−1 = (A− z)−1 +
1

(λ− z)(ψ, ηz̄)
(·, ηz̄)ηz, (26)

äå ηz âèçíà÷à¹òüñÿ ïî âåêòîðó ψ çãiäíî (24).
Ç (26) ìà¹ìî, â ñèëó (24),

(Ã− z)−1ψ =(A− z)−1ψ +
1

λ− z
ηz

=(A− z)−1ψ +
1

λ− z
(ψ + (z − λ)(A− z)−1ψ)

=
1

λ− z
ψ.
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Îòæå Ã ðîçâ`ÿçó¹ çàäà÷ó (21).
Îïåðàòîð Ã ∈ P1

s , ÿêèé ðîçâ`ÿçó¹ çàäà÷ó (21) ¹äèíèé, áî ïðåäñòàâëåííÿ (11)
ðàçîì ç óìîâîþ (Ã− z0)

−1ψ = 1
λ−z0

ψ îäíîçíà÷íî ôiêñó¹ ÷èñëî bz0 òà âåêòîð ηz0

(ç òî÷íiñòþ äî ôàçîâîãî ìíîæíèêà e−θ, 0 ≤ θ < 2π). ¥
3. Äîâåäåííÿ òåîðåìè 1.
Âèêîðèñòîâó¹ìî ìåòîä ìàòåìàòè÷íî¨ iíäóêöi¨ âèõîäÿ÷è ç òåîðåìè 4. Ââåäåìî

àíàëîãi÷íî (14) îïåðàòîð-ôóíêiöþ R1(z), çìiíèâøè ïîçíà÷åííÿ:

R1(z) = (A− z)−1 + b−1
1 (z)(·, η1(z̄))η1(z), Imz 6= 0, (27)

äå R1(z) ≡ R̃(z) (äèâ. (26)) ¹ ðåçîëüâåíòîþ îïåðàòîðà A1 = Ã, i äå (äèâ. (24),
(25))

η1(z) ≡ ηz = (A− λ1)(A− z)−1ψ1, (28)
b1(z) ≡ bz = (λ1 − z)(ψ1, η1(z̄)), (29)

ç ψ = ψ1, òà λ = λ1. Çãiäíî äîâåäåííÿ òåîðåìè 4 îïåðàòîð ôóíêöiÿ

R̃(z) := R2(z) = R1(z) + b−1
2 (z)(·, η2(z̄))η2(z)

ç η2(z), b2(z), âèçíà÷åíèìè ôîðìóëàìè (28), (29) ç λ2, ψ2 i A1 íà ìiñòi λ1, ψ1

i A, ¹ ðåçîëüâåíòîþ ¹äèíîãî îïåðàòîðà A2 ∈ P1
s (A1), ÿêèé ðîçâ`ÿçó¹ çàäà÷ó

A2ψ2 = λ2ψ2, òiëüêè ÿêùî ψ2 6∈ D(A1). Îñòàííié ôàêò âèïëèâà¹ ç óìîâè (4).
Äiéñíî, ç (27) îäåðæó¹ìî îïèñ îáëàñòi âèçíà÷åííÿ îïåðàòîðà A1:

D(A1) = {h ∈ H : h = f + c(z)η1(z), f ∈ D(A)},

äå c(z) = b−1
1 (z)((A − λ1)f, ψ1). ßêùî òåïåð ïðèïóñòèòè, ùî ψ2 = f + c(z)η1(z),

òî â ñèëó ðiâíîñòi η1(z) = ψ1 + (z − λ1)(A− z)−1ψ1, öå îçíà÷à¹ ùî

ψ2 − c(z)ψ1 = f + (z − λ1)c(z)(A− z)−1ψ1 ∈ D(A),

à öå ñóïåðå÷èòü óìîâi (4). Îòæå ψ2 6∈ D(A1) i A2 ∈ P1
s (A1). Ïåðåêîíà¹ìîñü, ùî

A2 ðîçâ`ÿçó¹ çàäà÷ó A2ψ1 = λ1ψ1. Äiéñíî ç (27), â ñèëó A1ψ1 = λ1ψ1, ìà¹ìî

(A2 − z)−1ψ1 =
1

z − λ1

ψ1,

îñêiëüêè, çàâäÿêè ψ1 ⊥ ψ2,

(ψ1, η2(z̄)) = ((A1 − λ2)ψ1, (A1 − z)−1ψ2) = 0.

Íåâàæêî ïåðåêîíàòèñü, ùî àíàëîãi÷íi ìiðêóâàííÿ ñïðàâåäëèâi íà áóäü-ÿêîìó
k-òîìó êðîöi, 1 < k ≤ n. Â ñèëó ìåòîäó ìàòåìàòè÷íî¨ iíäóêöi¨ îïåðàòîð ôóíêöiÿ

R̃(z) ≡ Rn(z) = (An−1 − z)−1 + b−1
n (z)(·, ηn(z̄))ηn(z)

ç ηn(z) òà bn(z) âèçíà÷åíèì çãiäíî (28), (29) ïî ψn, λn, òà îïåðàòîðó An−1 ¹
ðåçîëüâåíòîþ ñàìîñïðÿæåíîãî îïåðàòîðà An ∈ P1

s (An−1), ÿêèé ðîçâ`ÿçó¹ çàäà÷ó
(3).

Çàëèøèëîñü äîâåñòè, ùî An ∈ Pn
s (A) i ¹ ¹äèíèì òàêèì îïåðàòîðîì.
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Çà ïîáóäîâîþ
(An − z)−1 = (A− z)−1 + Bn(z), (30)

äå rankBn(z) = n. Äiéñíî,

Bn(z) =
n∑

k=1

b−1
k (z)(·, ηk(z̄))ηk(z), (31)

äå bk(z), ηk(z) âèçíà÷åíi çãiäíî (28), (29) (àáî (24), (25)) ïî ψk, λk òà îïåðàòîðó
Ak−1. Ëåãêî ïåðåâiðèòè, ùî â ñèëó óìîâè (4), óñi âåêòîðè ηk(z) ëiíiéíî íåçàëåæíi
i íå íàëåæàòü D(A). Òîìó â ñèëó òåîðåìè A1 ç [1] îáëàñòü

D = (A− z)−1KerBn(z) = (An − z)−1KerBn(z)

¹ ùiëüíîþ â H i ñèìåòðè÷íèé îïåðàòîð Ȧ = A ¹ D = An ¹ D ìà¹ iíäåêñè
äåôåêòó n+(Ȧ) = n−(Ȧ) = n. Îòæå An ∈ Pn

s (A). �äèíiñòü An ¹ íàñëiäêîì (30),
(31), îñêiëüêè îïåðàòîð Bn(z) íà ìíîæèíi ç n ëiíiéíî íåçàëåæíèõ âåêòîðiâ ψi

(çàóâàæèìî, ùî span{ψi} ∩KerBn(z) = {0}) ìà¹ ôiêñîâàíi çíà÷åííÿ,

Bn(z)ψi =
1

λi − z
ψi − (A− z)−1ψi, i = 1, ..., n,

à íà ïiäïðîñòîði KerBn(z) ðåçîëüâåíòà Rn(z) çáiãà¹òüñÿ ç R(z). ¥
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