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Weyl's problem

Let A= A*, B = B* and C = C* be hermitian n x n matrices. For
hermitian matrix X we denote its eigenvalues by
o(X):o1(X) > 02(X) > ... > op(X),

In 1912 Hermann Weyl posed the following problem:
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Weyl's problem

Let A= A*, B = B* and C = C* be hermitian n x n matrices. For
hermitian matrix X we denote its eigenvalues by

o(X):o1(X) > 02(X) > ... > op(X),

In 1912 Hermann Weyl posed the following problem:

Problem 1.1

What o(A),o(B),c(C) can be the eigenvalues of n x n Hermitian
matrices A, B and C, with A+ B = C.
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Weyl's problem

One can find commonly known restriction on specta (trace
identity)
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Weyl's problem

One can find commonly known restriction on specta (trace
identity)

i Jj

S oA+ B) =S 0i(A) + 3 o(B),
k
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Weyl's problem

One can find commonly known restriction on specta (trace
identity)

i Jj

> oi(A+B)=> ai(A)+ > ou(B),
k

Another classical inequalities are due to H. Weil, Ky Fan, Lidskii
and Wielandt
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Weyl's problem

One can find commonly known restriction on specta (trace
identity)

S oA+ B) =Y oj(A) + 3 ou(B
k

i J
Another classical inequalities are due to H. Weil, Ky Fan, Lidskii
and Wielandt
oitj-1(A+ B) <0i(A)+0j(B), i+j<n+1,
Oivjon(A+ B) > 0i(A) + a,-(B), i+j>n+1,
oi(A+ B) < )+ > ow(B
i<p J<p k<p
> oi(A+B) <> ai(A)+ > ow(B),
i€l jel k<p

where [ is any subset of {1,2,..., n} of cardinality p.
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Weyl's problem

In 1962 Alfred Horn found series of necessarily inequalities

D oA+ B) <) oi(A)+ > _oj(B),

keK iel jed

for some triple of subsets /,J, K C {1,2,...,n}.
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Weyl's problem

In 1962 Alfred Horn found series of necessarily inequalities

D oA+ B) <) oi(A)+ > _oj(B),

keK iel jed

for some triple of subsets /,J, K C {1,2,...,n}.

Conjecture 1.1 (Alfred Horn)

These inequalities form complete list of the restrictions on the
Sspectrums
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Weyl's problem

Horn's conjecture was finally proved by
Allen Knutson, Terence Tao

A. Knutson, T. Tao, The honeycomb model of GL(n,C) tensor
products. I. Proof of the saturation conjecture, 1999.
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Weyl's problem

Horn's conjecture was finally proved by
Allen Knutson, Terence Tao

A. Knutson, T. Tao, The honeycomb model of GL(n,C) tensor
products. I. Proof of the saturation conjecture, 1999.

and by Alexander Klyachko

A. A. Klyachko, Stable bundles, representation theory and
Hermitian operators, 1999.
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Weyl's problem

Weyl's problem and Horn's conjecture related to:
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Weyl's problem

Weyl's problem and Horn's conjecture related to:

m tensor product problem for components of irreducible
representations of GL,, with highest weights;
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Weyl's problem and Horn's conjecture related to:

m tensor product problem for components of irreducible
representations of GL,, with highest weights;

m invariant factors;
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Weyl's problem

Weyl's problem and Horn's conjecture related to:

m tensor product problem for components of irreducible
representations of GL,, with highest weights;
m invariant factors;

m schubert calculus;
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Weyl's problem

Weyl's problem and Horn's conjecture related to:
m tensor product problem for components of irreducible
representations of GL,, with highest weights;
m invariant factors;
m schubert calculus,

m semi-stable toric bundles;
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Weyl's problem

Weyl's problem and Horn's conjecture related to:
m tensor product problem for components of irreducible
representations of GL,, with highest weights;
m invariant factors;
m schubert calculus,
m semi-stable toric bundles;

and many others, see
William Fulton, Eigenvalues, invariant factors, highest weights, and

Schubert calculus, 2000.
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Weyl's problem

One of the generalizations of Weyl's problem (without going into
details)
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Weyl's problem

One of the generalizations of Weyl's problem (without going into
details)

m-filtration of vector space V is semistable
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Weyl's problem

One of the generalizations of Weyl's problem (without going into
details)

m-filtration of vector space V is semistable

)
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Weyl's problem

One of the generalizations of Weyl's problem (without going into
details)

m-filtration of vector space V is semistable

)

there exists a solution for

ALt .. 4 Ay =,
Ai = A7, with given o (A)).
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Additive spectral problem

Let H be separable Hilbert space. '
Let I\/I,-:{O:a(()’) <a§’) <...<a}cR; and v € Ry,
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Additive spectral problem

Let H be separable Hilbert space. '
Let I\/I,-:{O:a(()’) <a§’) <...<a}cR; and v € Ry,

Problems are:
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Additive spectral problem

Let H be separable Hilbert space. '
Let I\/I,-:{O:a(()’) <a§’) <...<a}cR; and v € Ry,

Problems are:

m whether there exist n-tuple of A; = A¥ such that o(A;) C M;
and
At+Ar+ -+ A=l
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Additive spectral problem

Let H be separable Hilbert space. '
Let I\/I,-:{O:a(()’) <a§’) <...<a}cR; and v € Ry,

Problems are:

m whether there exist n-tuple of A; = A¥ such that o(A;) C M;
and
At+Ar+ -+ A=l

m describe all irreducible (up to the unitary equivalence)
n-tuples of such operators.
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Additive spectral problem

Let H be separable Hilbert space. '
Let I\/I,-:{O:a(()’) <a§’) <...<a}cR; and v € Ry,

Problems are:

m whether there exist n-tuple of A; = A¥ such that o(A;) C M;
and
At+Ar+ -+ A=l

m describe all irreducible (up to the unitary equivalence)
n-tuples of such operators.

An essential difference with classical Weyl’s problem is that
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Additive spectral problem

Let H be separable Hilbert space. '
Let I\/I,-:{O:a(()’) <a§’) <...<a}cR; and v € Ry,

Problems are:

m whether there exist n-tuple of A; = A¥ such that o(A;) C M;
and
At+Ar+ -+ A=l

m describe all irreducible (up to the unitary equivalence)
n-tuples of such operators.

An essential difference with classical Weyl's problem is that we do
not fix the dimension of Hilbert space
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Additive spectral problem

Let H be separable Hilbert space. '
Let I\/I,-:{O:a(()’) <a§’) <...<a}cR; and v € Ry,

Problems are:

m whether there exist n-tuple of A; = A¥ such that o(A;) C M;

and
AL+ A+ + Ay =1l

m describe all irreducible (up to the unitary equivalence)
n-tuples of such operators.

Remark 1

An essential difference with classical Weyl's problem is that we do
not fix the dimension of Hilbert space
and we do not fix spectral multiplicities.
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Additive spectral problem

The above problems could be reformulated in terms of existing the
representations for the following *-algebra
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Additive spectral problem

The above problems could be reformulated in terms of existing the
representations for the following *-algebra

AMy Mo, My = Clar, .., anlai = &}, (ai — a[()')) N EE aﬁ,’,),.) =0,
ai+ay+---+ap,=ne).
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Additive spectral problem

The above problems could be reformulated in terms of existing the
representations for the following *-algebra

Any M, My = Clag, .. ., a,,‘a,- =a’, (aj — a[()i)) (e — aﬁ,",),.) =0,

ai+ay+---+ap,=ne).

This algebra is isomorphic to the x-algebra generated by projections
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Additive spectral problem

The above problems could be reformulated in terms of existing the
representations for the following *-algebra

AMy Mo, My = Clar, .., anlai = &}, (ai — a[()')) N EE aﬁ,’,),.) =0,
ai+ay+---+ap,=ne).

This algebra is isomorphic to the x-algebra generated by projections

Py M,....Maiy = C<p:(ll)’ R p’(:n) p:(k) = p’(k)Z = p:(k)*>
n m; . . . .
S 3 alp) = e pl"p = 0).
i=1 k=1
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Additive spectral problem

To each Py ms,..., M, We associate
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Additive spectral problem

To each Py ms,..., M, We associate

m star-shaped graph I’

Institute of Mathematics NAS of Ukra
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Additive spectral problem

To each Py ms,..., M, We associate

m star-shaped graph I

n weightx:F—>]R+,X:(agl),...,aml;...;al ey Qm
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Additive spectral problem

For example if

P, a®6@,. a20®,. 0y =

sees Q] 1O ey Oy 10 geees Ot )Y
C<p£1),...,ps,},l),...,p£3),...,pm)]p _p:(k) _p:(k) :
Zza ) = e by =0),

i=1 k=1
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Additive spectral problem

For example if

P, a®6@,. a20®,. 0y =

sees Q] 1O ey Oy 10 geees Ot )Y
C<p£1),...,ps,},l),...,p£3),...,pm)]p _p:(k) _p:(k) :
Zza ) = e by =0),

i=1 k=1
then graph I with weight x and ~ will have the following form
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Additive spectral problem

For example if

Pla® . a®a®. o240 0y =

175 o0my 0 s, Qim0 e ma )Y
C<p£1),...,ps,},l),...,p£3),...,pm)]p _p:(k) _pl(k)7
Zza P;E)_W’e p()p()—O)

i=1 k=1
then graph I with weight x and ~ will have the following form

e
g
ol

B D o D o

K. Yusenko Institute of Mathematics NAS of Ukraine

Additive spectral problem



Additive spectral problem

Problems could be reformulated as follows
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Additive spectral problem

Problems could be reformulated as follows

m for each weight x to describe the set
Iry =
(all possible y for which there are representations of Pr , -);
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Additive spectral problem

Problems could be reformulated as follows

m for each weight x to describe the set
rx =
(all possible y for which there are representations of Pr , -);

m for each appropriated pair (;y) to describe all irreducible
*-representation of Pr , ..

K. Yusenko Institute of Mathematics NAS of Ukraine

e spectral problem



Additive spectral problem

If T is Dynkin graph
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Additive spectral problem

If T is Dynkin graph

Ee E;
Eg
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Additive spectral problem

If T is Dynkin graph

Ee E;
Eg

then Pr ., is finite dimensional, and complete answers for posed
problem are known for all possible weights x;
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Additive spectral problem

if I is extended Dynkin graph
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Additive spectral problem

if I is extended Dynkin graph

SR

E I Es I
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Additive spectral problem

if I is extended Dynkin graph

SR

’EO—O—I—O—O—Q .EO—I—O—O—O—O—Q
then the algebra Pr , , is infinite dimensional and of polynomial

growth
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Additive spectral problem

Finally if T is not Dynkin and is not extenden Dynkin then
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Additive spectral problem

Finally if T is not Dynkin and is not extenden Dynkin then
algebra Pr, , contains free algebra of two generators
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Additive spectral problem

Finally if T is not Dynkin and is not extenden Dynkin then
algebra Pr , , contains free algebra of two generators
and there exists infinite dimensional irreducible representations.
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Additive spectral problem

Finally if T is not Dynkin and is not extenden Dynkin then
algebra Pr , , contains free algebra of two generators
and there exists infinite dimensional irreducible representations.

M. A. Vlasenko, A. S. Mellit, and Yu. S. Samoilenko, On algebras
generated with linearly dependent generators that have given
spectra, 2005

S. Albeverio, V. Ostrovskiy, Yu. Samoilenko, Journal of Algebra,
2006.
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Quivers and Algebras

A quiver @ consists of a finite set @y of vertices, a finite sets Q1 of
arrows, and two maps s, t : Q1 — Qo: s(a) —— t(a)
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Quivers and Algebras

A quiver @ consists of a finite set @y of vertices, a finite sets Q1 of
arrows, and two maps s, t : Q1 — Qo: s(a) —— t(a)

A path in Q is the sequence

§=&-..&

of arrows s.t. t(&p) = s(&ps1), 1< p<r.
Each vertex i € Qp defines trivial path e;.
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Quivers and Algebras

A quiver @ consists of a finite set @y of vertices, a finite sets Q1 of
arrows, and two maps s, t : Q1 — Qo: s(a) —— t(a)

A path in Q is the sequence

§=&-..&

of arrows s.t. t(&p) = s(&ps1), 1< p<r.
Each vertex i € Qp defines trivial path e;.

Path algebra CQ of a quiver Q is algebra spanned by all paths in
Q® with multiplication given by composition

y — obvious composition (if t(y) = s(x))
A (otherwise)
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Quivers and Algebras

A representation X of a quiver Q is given by a vector space X; for
each vertex i € Qo and linear operator X, : X;(,) — Xy(,) for each
arrow p € Q.
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Quivers and Algebras

A representation X of a quiver Q is given by a vector space X; for
each vertex i € Qo and linear operator X, : X;(,) — Xy(,) for each
arrow p € Q.

A morphism 6 : X — X’ is given by linear maps 6; : X; — X; for
each i € Qo, satisfying X)05(,) = 04(,) X, for each p € Q1.
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Quivers and Algebras

A representation X of a quiver Q is given by a vector space X; for
each vertex i € Qo and linear operator X, : X;(,) — Xy(,) for each
arrow p € Q.

A morphism 6 : X — X’ is given by linear maps 6; : X; — X; for
each i € Qo, satisfying X)05(,) = 04(,) X, for each p € Q1.

Proposition 1 (see for example Crawley-Boevey)

Representations of quiver Q < left CQ-modules.
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Quivers and Algebras

Theorem 1 (Gabriel ~ 1973)

The classification of all indecomposable representations of Q is
m finite problem, if Q is Dynkin quiver;
m tame problem, if Q is an extenden Dynkin quiver;

m wild problem, in all other cases

Institute of Mathematics NAS of Ukraine
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Quivers and Algebras

The double quiver of Q is the quiver obtained by adjoining an
arrow a* : j — j for each arrow a: i — jin Q
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Quivers and Algebras

The double quiver of Q is the quiver obtained by adjoining an
arrow a* : j — j for each arrow a: i — jin Q

The preprojective algebra is

N(Q)=CQ/ | Y [aa"]

acQ
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Quivers and Algebras

The double quiver of Q is the quiver obtained by adjoining an
arrow a* : j — j for each arrow a: i — jin Q

The preprojective algebra is

N(Q)=CQ/ | Y [aa"]

acQ

The deformed preprojective algebra of weight A € C® is

Q) =CQ/ [ D [a,a]—- > Ne

acq i€Qo
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Quivers and Algebras

Let Q (T its underlying graph) be star-shaped quiver with
orientation to root vertex c, then
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Quivers and Algebras

Let Q (T its underlying graph) be star-shaped quiver with
orientation to root vertex c, then

Theorem 2

For given weight x it is possible to determine X s.t. algebras Pr , -
and e.M*(Q)e. are isomorphic.
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Quivers and Algebras

Let Q (T its underlying graph) be star-shaped quiver with
orientation to root vertex c, then

Theorem 2

For given weight x it is possible to determine X s.t. algebras Pr , -
and e.M*(Q)e. are isomorphic.

There also exist interconnection between Pr , ., and orthoscalar
representation of quivers.

Kruglyak S. A., Roiter A. V. Locally scalar representations of
graphs in the category of Hilbert spaces, 2004.
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Coxeter transformation

A powerfull tool to investigate representations of quiver are
Coxeter functors which allow to build series of representations
starting from simplest representation

Berstein I.N., Gelfand I. M., Ponomarev V. A. Coxeter functors,
and Gabriel’s theorem, 1973
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Coxeter transformation

A powerfull tool to investigate representations of quiver are
Coxeter functors which allow to build series of representations
starting from simplest representation

Berstein I.N., Gelfand I. M., Ponomarev V. A. Coxeter functors,
and Gabriel’s theorem, 1973

Similar functors were built for algebras Pr , - by Kruglyak and
Roiter. Namely there are exist two functors linear S (which
generate representation in the same space) and hyperbolical T
(which, strictly speaking, build representation in new space).
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Coxeter transformation

More precisely if functors S and T are applicable they establish the
equivalence between categories:
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Coxeter transformation

More precisely if functors S and T are applicable they establish the
equivalence between categories:

S: Rep(Pr,x,'y) - ReP(Pr,x’;y’)§
T : Rep(Pry,y) — Rep(Pry~).
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Coxeter transformation

More precisely if functors S and T are applicable they establish the
equivalence between categories:

S: Rep(Pr,x,w) - ReP(Pr,x’;y’)§
T : Rep('Pr’Xﬂ) — Rep(Pr7X//77).

On the pairs (x,7y) they act as follows
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Coxeter transformation

More precisely if functors S and T are applicable they establish the
equivalence between categories:

S: Rep(Pr,x,w) - ReP(Pr,x’;y’)§
T : Rep('Pr’Xﬂ) — Rep(Pr7X//77).

On the pairs (x,7y) they act as follows

S:(xv) — (X5,

X = (agl) — 0‘551)71’ . 0451%1), .. ag,',? afr':")fl, . af,f,’,?),
w'za%)—i-“-—l-a%?—%
T:(Gy) — (X)),

X”:(’Y—O(S%I),...,'y 04(1).,’}’—@%13777_@5"))



Coxeter transformation

More precisely if functors S and T are applicable they establish the
equivalence between categories:

S: Rep(Pr,x,w) - ReP(Pr,x’;y’)§
T : Rep('Pr’Xﬂ) — Rep(Pr7X//77).

On the pairs (x,7y) they act as follows

S:(xv) — (X5,

Y= —a® o el o@Dy,
Y =al + el -
T: (7)) — (X)),
X'=(—al o y=al iyl ey,
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Coxeter transformation

Now we are going to study the dynamic of Coxeter functors for the
case where [ is an extenden Dynkin graph.
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Extended Dynkin case

Let us denote
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Extended Dynkin case

Let us denote

wD4(X) 7(051 + ag ) + a(3) a(14)),
1
"JEG-(X) = g(a(l) o) + P + o) + P 4+ a(3))

wg,(X) = %(a&” + aé” + aé” + a&” + aé” + 2a§2’ + 2a§2) + 3a§3))-
these hyperplanes are invariant in the sense
S (xw() — (X)),
T: (6w(x)) — (i w(X")-

V. L. Ostrovskyi, Special characters on star graphs and
representations of x-algebras



Extended Dynkin case

Let us denote

wD4(X) 7(051 + ag ) + a(3) a(14)),
1
"JEG-(X) = g(a(l) o) + P + o) + P 4+ a(3))

wg,(X) = %(a&” + aé” + aé” + a&” + aé” + 2a§2’ + 2a§2) + 3a§3))-
these hyperplanes are invariant in the sense
S (xw() — (X)),
T: (6w(x)) — (i w(X")-
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Extended Dynkin case

Let us denote

wD4(X) 7(051 + ag ) + a(3) a(14)),
1
"JEG-(X) = g(a(l) o) + P + o) + P 4+ a(3))

wg,(X) = %(a&l) + agl) + agl) + afﬁ) + agl) + 2a§2) + 2a§2) + 3a§3)).
these hyperplanes are invariant in the sense
S (xw() — (X)),
T: (6w(x)) — (i w(X")-
V. L. Ostrovskyi, Special characters on star graphs and

representations of x-algebras
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s problem Additive spectral problem Quivers and Algebras Coxeter transformation Extended Dynkin case

Proposition 2
The action of (ST)* functor on the pair (x;~y) could be written in the following
way:

(ST (6 7) = (k) = (wr(x) = Marlxr) Yre = (wr(x) = 7)v2),
where the characters fi x(x) and f>,«(xr), and the numbers 11« and s «
satisfy the following properties:

(i) if ki = ko (mod pr(pr — 1)) then fi iy (X) = fiio(x) and Y1k = Y1k,

(ii) the components of f> «(xr) and the numbers 1), x are defined in the
following way:

. ()
fz,k(Xr);m = {(Xr)'k] y ok = {prp: lk} ;

pr—1

(’l"i) fl,Pr(Pr—l)k =X fQ,Pr(Pr—l)k = kprxr, Y1k =, and ok = kp%.
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Extended Dynkin case

Theorem 3 (K.Y. 2006)
The set Xp,

is a union of the following sets

{3 sy | " dme "< e "N
22:{%,% <2ai—|—§;z4—oz’n<oz;iia1’n<401i02067n€N}7
Y, = {%—2652;7_2’_&11” n< 5:4621, 2(124tcsl), n(4a; — a) <a;},
m= {5 D " e "< e "N
e e AP e o
= {5 g2 lner)

K. Yusenko

A

tive spectral problem

Institute of Mathematics NAS of Ukraine




Extended Dynkin case

There are exact formulas for representation of algebras PD4 X In

other words the description of all irreducible quadruples of
projections s.t.

a1P1+ asPy 4+ a3P3 + asa Py = ~l.
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Extended Dynkin case

There are exact formulas for representation of algebras Pp, X In
other words the description of all irreducible quadruples of
projections s.t.

a1P1+ asPy 4+ a3P3 + asa Py = ~l.

A. Yusenko, On quadruples of projections that satisfy linear
relation, 2009 (to appear).
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Extended Dynkin case

Let I be extended Dynkin graph and x be the weight on I'. Next
few statements describes structure properties of ¥ ,.

K.Y. On existence of x-representations of certain algebras related
to extended Dynkin graphs
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Extended Dynkin case

Let I be extended Dynkin graph and x be the weight on I'. Next
few statements describes structure properties of ¥ ,.

K.Y. On existence of x-representations of certain algebras related
to extended Dynkin graphs

Theorem 4

The set X, is infinite if and only if all components of weight
satisfies two conditions: x; < wr(x) and x: < wr(x’).
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Extended Dynkin case

Let I be extended Dynkin graph and x be the weight on I'. Next
few statements describes structure properties of ¥ ,.

K.Y. On existence of x-representations of certain algebras related
to extended Dynkin graphs

Theorem 4

The set X, is infinite if and only if all components of weight
satisfies two conditions: x; < wr(x) and x: < wr(x’).

Corollary 1

Let x be the weight on I such that the conditions of previous
theorem are satisfied. Then there is a representation of algebra

Pr,x,w(x) on hyperplane v = wr(x)
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If the set X is infinite then it contains the only limit point.
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If the set X is infinite then it contains the only limit point.

Corollary 2

Let T be extended Dynkin graph. The algebras Pr ,  are of tame

representation type when x; < wr(x) and x; < wr(x’) otherwise
they are of finite representation type.

K. Yusenko Institute of Mathematics NAS of Ukraine

Additive spectral problem



Extended Dynkin case

A few open problem:
Let [ be neither Dynkin graph nor extended Dynkin graph. Is there
such weight x on I' that
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A few open problem:
Let [ be neither Dynkin graph nor extended Dynkin graph. Is there
such weight x on I' that

m X, contain continuous part?
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Extended Dynkin case

A few open problem:
Let [ be neither Dynkin graph nor extended Dynkin graph. Is there
such weight x on I' that

m X, contain continuous part?

m algebra Pr, . is of x-wild representation type?

K. Yusenko Institute of Mathematics NAS of Ukraine

Additive spectral problem



Extended Dynkin case

Thank you very much for your attention.
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