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We study the multi-interval boundary-value Sturm—Liouville problems with distributional poten-
tials. For the corresponding symmetric operators boundary triplets are found and the constructi-
ve descriptions of all self-adjoint, maximal dissipative and mazimal accumulative extensions
and generalized resolvents in terms of homogeneous boundary conditions are given. It is shown
that all real mazximal dissipative and maximal accumulative extensions are self-adjoint and all
such extensions are described.

In recent years, the interest in multi-interval differential and quasi-differential operators has
increased (see [1-4]). The main attention is paid to the case where a (quasi-)differential expres-
sion is formally self-adjoint. From the operator-theoretic point of view this corresponds to the
situation where we investigate extensions of a symmetric (quasi-)differential operator with equal
deficiency indices in the direct sum of Hilbert spaces on the basis of Glazman—Krein—Naimark
theory [5-8]. In the present paper, we develop another approach to such problems based on the
concept of boundary triplets [9, 10].

Let m e N, a=ag <a; <--- < ay =>b be a partition of a finite interval [a, b] into m parts

and on every interval (a;—1,a;), ¢ € {1,...,m}, let the formal Sturm—Liouville expression
Li(y) = —(pi()y) + @)y (1)
be given. Here the measurable finite functions p; and (); are such that
1 Qi QF
—, —, — € Li(laj-1,a;|,R), 2
pi Di D 1(lai-1, ail, R) @)

the potentials ¢; = @Q}, and the derivative is understood in the sense of distributions.

For m = 1 the boundary-value problems for the formal differential expression (1) under
assumptions (2) were investigated in [11] on the basis of its regularization by Shin—Zettl quasi-
derivatives. In this paper the most of the results of [11] is extended onto the case of an arbitrary
m € N.

We introduce the quasi-derivatives

Dl[o]y =,

Dzmy =py — Qiy,

Q2
—y

7

Dy = (DMyy + %Dzmy +

on every interval (a;—1,a;), as in [11].
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Then the maximal and minimal operators
Li,1: Yy — ll[y], DOIH(LZ'J)Z = {y S Lg | y,Dl[l]y € AC’([ai_l,ai],(C), Dzmy S Lg},
Lio: y—1llyl, Dom(L;p):={y € Dom(L;1) | Dz[k}y(ai_l) = Dz[k}y(ai) =0,k=0,1}

are defined in the spaces La((ai—1,a;), C). According to [11] the operators L; 1, L; ¢ are closed and
densely defined in Ly([a;—1,a;],C). The operator L;( is symmetric with the deficiency indices
(2,2) and

* *
Lz’,o = Li,l? Lz’,l = LLO-

Recall that a boundary triplet of a closed densely defined symmetric operator T" with equal
(finite or infinite) deficiency indices is called a triplet (H,I';,I's) where H is an auxiliary Hilbert
space and I'1, T'y are the linear maps from Dom(7™) to H such that

1) for any f, g € Dom(T™) there holds

(T*fv g)?‘[ - (f7 T*g)H = (F1f7 FQQ)H - (F2fvrlg)H7

2) for any g1, g2 € H there is a vector f € Dom(T™) such that I'1 f = g; and T'af = go.
It is proved in [11] that for every ¢ = 1,...,m the triplet ((C2,F17i,1ﬂ27i), where I'y ;, I'y;
are linear maps

Iy = (Dz[l]y(ai—l-i-), —Dl[l}y(ai—)), oy = (y(ai—1+),y(a;i—)),

from Dom(L; 1) to C? is a boundary triplet for the operator L; .

We consider the space La([a,b],C) as a direct sum @i~ La([a;—1,a;],C) which consists of
vector functions f = @;2 f; such that f; € La([a;—1,a;],C). In this space we consider operators
Linax = @;11[/1'71 and Lpyin = @?llLi,O-

Then the operators Liax, Lmin are closed and densely defined in Lo ([a, b], C). The operator
Lyyin is symmetric with the deficiency indices (2m,2m) and

;knin = Lmaxa Ly

max — Lmin-

Note that the minimal operator L, may be not semi-bounded even in the case of a single-
interval boundary-value problem since the function p may reverse sign.
Theorem 1. The triplet ((C2m,F1,F2) where T'1, Ty are linear maps

Ny =Ty, T2y, .., Timy), Foy := (To1y,Ta2y, ..., Tamy)

from Dom(Lyay) onto C*™ is a boundary triplet for Luyn.
Denote by Lx the restriction of Ly onto set of functions y(t) € Dom(Lyax) satisfying the
homogeneous boundary condition

(K — D'y +i(K+ )Ty =0.

Similarly, denote by LX the restriction of Lyayx onto the set of functions y(t) € Dom(Lpax)
satisfying the homogeneous boundary condition

(K — D'y —i(K+ I)T'yy = 0.

Here K is a bounded operator in C>™.
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The constructive description of the various classes of extensions of the operator L, is given
by the following theorem.

Theorem 2. Every L with K being a contracting operator in C*™ is a mazimal dissipative
extension of Lmin. Similarly, every L with K being a contracting operator in C*™ is a mazimal
accumulative extension of the operator Liyn. N

Conversely, for any mazimal dissipative (respectively, mavimal accumulative) extension L of
the operator Ly, there exists the unique contracting operator K such that L = Li (respectively,
L = LX)

The extensions Ly and L are self-adjoint if and only if K is a unitary operator on C2™.

Recall that a linear operator T acting in La([a,b],C) is called real if:

1) for every function f from Dom(T) the complex conjugate function f also lies in Dom(7);

2) the operator T' maps complex conjugate functions into complex conjugate functions, that

is T(F) = T(f).

One can see that the maximal and minimal operators are real.

Theorem 3. All real mazximal dissipative and mazximal accumulative extensions of the mi-
nimal operator Ly, are self-adjoint. The self-adjoint extension Ly or L™ is real if and only if
the unitary matriz K is symmetric.

Let us recall that a generalized resolvent of a closed symmetric operator T in a Hilbert space
H is an operator-valued function A — R) defined on C\ R, which can be represented as

Ryf=PT(TT - X[")7'f,  feH,

where T is a self-adjoint extension of 7' which acts in a certain Hilbert space X D #H, I is the
identity operator on H™', and P" is the orthogonal projection operator from H™' onto H. It is
known that an operator-valued function Ry (Im A # 0) is a generalized resolvent of a symmetric
operator T if and only if it can be represented as

+o0
(R)\fag)}l:/%7 fag€H7

where F), is a generalized spectral function of the operator T', i. e. u+> F), is an operator-valued
function F), defined on R and taking values in the space of continuous linear operators in H
with the following properties:

1) for po > p1, the difference F),, — F),, is a bounded non-negative operator;

2) Fyy = F, for any real pu;

3) for any x € H,

MEIPOOHF“:EHH =0, EIEOOHFM"E_xHH =0.

The following theorem provides a description of all generalized resolvents of the operator Li,.
Theorem 4. 1. Fvery generalized resolvent Ry of the operator Ly, in the half-plane Im A < 0
acts by the rule Ryh =y, where y is a solution of the boundary-value problem

I(y) =My +h,
(K(\) = DDy f +i(K(\) + DTof = 0.
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Here h(z) € La([a,b],C) and K(X) is a 2m x 2m matriz-valued function which is holomorphic
in the lower half-plane and satisfies ||K(M\)|| < 1.

2. In the half-plane Im X\ > 0, every generalized resolvent of Luyin acts by the rule Ryh =y,
where y is a solution of the boundary-value problem

I(y) = Ay +h,
(K(\) = I)T1f —i(K(A) + DT2f = 0.

Here h(z) € La([a,b],C) and K(X) is a 2m x 2m matriz-valued function which is holomorphic
in the lower half-plane and satisfies ||K(N)|| < 1.
The parametrization of the generalized resolvents by the matriz-valued functions K is bijective.
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A. C. Topronos

BararoinrepBanbHi KpaiioBi 3aga4i Illtypma—JliyBinasa
3 MOTEeHIiaJIaMU-PO3II0IiJIaMu

Busuaromuvesa baeamoinmepsasvhi kpatiosi sadayi IIImypma—Jliysisia 3 nomenyianiamu-po3nodi-
aamu. s 6810n06IOHUT CUMEMPUNHUT ONEPAOPI6 NoOYJoBAHO NPOCMOPU 2PAHUNHUL 3HAYEHD
1 0aM0 KOHCMPYKMUBHT ONUCY BCIT CAMOCTIPANCEHUT, MAKCUMAAOHUT OUCUNAMUSHUT T MAKCU-
MANOHUT AKYMYAAMUSHUT POSWUPEHD, G MAKONC Y3A2AAbHEHUTL PE3OALEEHT 8 MEPMIHALT 00HO-
pidnux Kpatiosux ymos. Iokasaro, wo 6ci JiticHi MAKCUMANOHT QUCUNAMUBHT T MAKCUMGAOHT GKY-
MYAAMUBHT POSUUPEHHA CAMOCNPAHCEHT, & ONUCAGHO BCL TMAKT POSULUPEHHA.
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A. C. Topronos

MuoromHTepBasibHbIe KpaeBble 3agaun llltypma—JInyBniis
C IOTEeHINaJIaMU-pacIipeaeJIeHuSIMUA

Hszyuenv, mmrozounmepsansvusvie kpaesvie 3adayvu LImypma—/luysusia ¢ nomenyuaiamu-pacnpe-
deaeruamu. Jas coomeememeyowus CUMMEMPUNECKUT ONePamopos nocmpoersv, nPoCmpaHcmen
2PAHUMHBLE 3HAMEHUT U 0aHDL KOKCMPYKMUBHBLE ONUCAHUSA BCET CAMOCONDANCENHDIT, MAKCUMAND-
HOLT QUCCUNAMUBHBIT U MAKCUMAAOHOIL AKKYMYAAMUSHOIT PACWUPEHUT, ¢ makatce 0000UeHHbLT
PE30ABLEEHM 8 MEPMUHAT 00HOPOIHVIT KPAESHT Yycaosuli. [lokasano, umo ece sewecmeertvle Mak-
CUMAADHBIE JUCCUNATNUBHBLE U MAKCUMAALHBIE AKKYMYAAMUBHDIE DACUUPEHUA CAMOCONPANCENHDL,
U ONUCAHBL BCE MAKUE PACUUPEHUSA.
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