Ukrainian Mathematical Journal, Vol. 65, No. 8, January, 2014 (Ukrainian Original Vol. 65, No. 8, August, 2013)

TWO-DIMENSIONAL GENERALIZED MOMENT REPRESENTATIONS AND
RATIONAL APPROXIMATIONS OF FUNCTIONS OF TWO VARIABLES

A.P.Holub and L. O. Chernets’ka UDC 517.53

The Dzyadyk method of generalized moment representations is extended to the case of two-dimensional
sequences and used to construct Padé approximants for functions of two variables.

Generalized moment representations introduced by Dzyadyk [1] in 1981 are very convenient for the construc-
tion and study of Padé approximations and their generalizations (see [2]).

Definition 1. We say that a sequence of complex numbers {s},}7° , has a generalized moment representation
on the product of linear spaces X and Y for the bilinear form (.,.) defined on this product if the sequence of

elements {x,}7° ) is defined in the space X and the sequence of elements {y; 72 is defined in the space Y
so that

Sk+j = <$k‘7yj>a k,] S Z+. (1)

By analogy with (1), we can define generalized moment representations of two-dimensional number se-
quences.

Definition 2. We say that the two-dimensional number sequence {sj .} _, has a generalized moment
representation on the product of the linear spaces X and Y for the bilinear form {.,.) defined on this product

if the two-dimensional sequence of elements {Ty;m}3,— is defined in the space X and the two-dimensional
sequence of elements {ijn}?onzo is defined in the space Y so that

Sk+jm4+n = <xk,m7yj,n>v k,j,m,ne€Z,. (2)

By analogy with the correspondence between the number sequence {s;}7°, and the formal power series

k=0

we can associate the number sequence {s. », }7°,,_, With the formal power series of two variables

fzw)= " spmafu™ 3)

k,m=0
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Rational approximants for series of the form (3) can be determined by using various schemes (see [3, p. 323])
as generalized one-dimensional Padé approximants. To this end, it is necessary to fix certain bounded domains N
and D from Z%r and construct algebraic polynomials

Px(zw)= > pemzw™
(k,m)eEN

QD(Z,’[U) = Z Qk,mzkwm

(k,m)eD

for which the maximum possible number of coefficients ey, ,,, in the expansion

f(z,w)—PN(z’l:)U) = > epmduw”

(k,m)EZi
is equal to zero. As in the case of one-dimensional Padé approximations, the construction of these polynomials

is reduced to the solution of a system of linear algebraic equations. Thus, if we demand that e ,, = 0 for
(k,m) € & C Z2, then the following equality must be true in the general case:

dim € =dimN + dimD — 1.
In fact, in each nondegenerate case, it is possible to guarantee the validity of the inequality
dim & > dimN +dimD — 1.

Various modifications of many-dimensional (and, in particular, two-dimensional) Padé approximations are
studied in [4-12].
The following result is an analog of Dzyadyk’s theorem [1] for functions of two variables:

Theorem 1. Assume that a formal power series of two variables has the form (3) and that a generalized mo-
ment representation of the form (2) is true for a two-dimensional sequence {sym}7,,_o- If, in addition, for some
N1, Ny € N, there exists a nontrivial generalized polynomial

N1 N3
N1p,N:
DB @
j=0n=0
satisfying the conditions of biorthogonality
(Thm, YN, No) =0 Q)

(k,m) € ([0, N1 x [0, Na]) \ {(N1, N2)}



TWO-DIMENSIONAL GENERALIZED MOMENT REPRESENTATIONS AND RATIONAL APPROXIMATIONS 1157

(N17N2

and ¢y = 0, then the rational function

Ni—1Na—1
1 1 2

SN s S
QNlNQ(Zaw) N1 ]NQ n k—jm—n

k=0 m=0 7=0n=0

N1 N2—1

N1 w™ Nl,NQ
DD IES ZZ N Skejmn

k=0 m=0 j=0n=0

Ni—1 Np k N2

w k,.m N1,N2
: Z PRERTLD DY PLS AL

=0 m=0 j=0n=0

where

N1 No

2 : (N1,N2) in
QN1,N2(Z7U)) - CN17j7N27n2]w )

=0 n=0

admits an expansion in a power series whose coefficients coincide with the coefficients of series (3) for all
(4,m) € ([0,2N1] x [0,2N2]) \ {(2]N1,2]N2) }.

_ Proof. We multiply equality (2) by zFw™ and find the sum over k and m from 0 to sufficiently large numbers
k and m, respectively. This yields

Z W Tkm,Yjn

=0m=0
from the right and
k. m k+j m-+n
k., .m k—j, m—n
E E Sktjman? W = E g SkmZ W
k=0m=0 k=j m=n
1 k+j n—1 j—1m+n
= few) =33 =2 2 skmitw”
= — Sk mz w™ SkmZ W
2w ’
k=j m=0 k=0m=n
7—1 n—-1 00 m+n
— sk,mzkwm— E E skymzkwm
IZH*J' 00
— g E Sk, 2 w™ E g sk,mzkwm
k=0 m=m+n+1 k=k+j+1 m=m+n+1

from the left.
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Multiplying these equalities by the coefficients c;an’Nz), j €10, N1], n € [0, No], and finding the sums over j
from 0 to N7 and over n from 0 to N5, we obtain

E m
§ : k
z wmxk m7YN1,N2

k=0 m=0

from the right. In view of the relations of biorthogonality (5), the coefficients of the powers (k,m) €
([0, N1] x [0, N2]) \ {(N1,N2)} in the expansion of the quantity obtained from the right in power series in z
and w are equal to zero.

From the left, we obtain

N1 N l~€+j n—1 7J—1m+n
Nl,N2 k
E E pr f(z,w)fg E Skmz W™ g E skmz w"™
j=0n=0 k=j m=0 =0m=n
7—1 n—1 m-—+n
— g E sk’mzkwm— E g Sk mz w™
k+j
— E g Sk mz w™ E E skmzkwm
k=0 m=m+n+1 k=k+j+1 m=m+n+1
1 N1 No N )
1, 2) Nf' No—n k,m
= oW [z, w)Qn, Ny (2, w) E E w2 E Skmz w™ b,
j=0n=0 (k,m)eD*

where D* = DO,O U D071 U DI,O U Do,g U D270 U DLQ U D2’1 U D272 and

D070:[(),j—1}><[0,n—1], D0,1:[0,j—1]x[n,m—|—n],
Dio=[j,k+ 4] x[0,n—1], Doo =[0,7 — 1] x [+ n + 1,00],
Dyg=1[k+j+1,00x[0,n—1],  Digo=[jk+j] x[+n+1,00
Doy =[k+j+1,00] X [n, 7+ n], Dog=[k+7+1,00] X [n+n+1, o]
(see Fig. 1).
Then

N1 Ns ' k+j n—1

f(Z w)QN1 N2 2, w ZZ (N1,N2) N1*JwN2*nZ Z Sk7mzkwm
7j=0n=1 k=j m=0

N1 N2 j—1m+n

z: (N1,N2) 3 _
o § : 1,N2) N1 ijg n§ :E :Sk,mzkwm

j=1n=0 k=0 m=n
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A
Do Dy Do 5
m+n
D071 D2,1
n
Dy o ) D5
J k+j
Fig. 1
N1 N» 7—1 n—1
(N1,N2) _Ni—j. No—n kE, m
=2 D G VAN TRy S skt
j=1ln=1 k=0 m=0

. km
=0 (w™) +0 (zk) + 2NV <Z Z kamwk,m7YN1,N2> ;

k=0m=0

whence, in view of the arbitrariness of the choice of sufficiently large k and i, we arrive at the assertion of the
theorem.

Remark 1. Thus, for the Padé approximant constructed in Theorem 1, we have
D = [0, V1] x [0, No],
N = ([0,2N7] x [0,2Na]) \ ([N1,2N1] x [N2,2Na]),
€ = ([0,2N1] x [0,2N3]) \ {(2N1,2N2)}

(see Fig. 2; the shaded part is the domain N and the part bounded by the heavy contour is the domain &).

Indeed, the generalized polynomial Y, n, in Theorem 1 can be chosen from the conditions of biorthogonality
to elements xy, ,,, not for

(k,m) € ([0, N1] x [0, Na]) \ {(N1, N2)}

but for (k,m) € 3, where 3 is a set from Z2 bounded by a curve p = p(p), ¢ € [0,7/2] containing
(N1 4 1) (N2 4+ 1) —1 points. In this case, as N, we can choose any set from Z2 \ ([N7,00) x [Na, 00)) ob-
tained as the union of the square [0, N7 — 1] x [0, N2 — 1] with sets of the form {(k,m): k € [0, N; — 1],
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2Ny
2Ns; — 1
No
N1 2N;1 —1 2N7
Fig. 2
m m = x(k)
k p=p(p)
Ny
- 2
) k=y(m)
Ny —1 Ny k
Fig. 3

m € [No,z(k)]} and {(k,m): m € [0, No—1], k € [N1,y(m)]}, where z(k) and y(m) are functions from
Z4 into Z4 such that (k) > Ny and y(m) > N; for all & and m (see Fig. 3). Then the set € has the form
N U{H + (N1, N2)}, where H + (N1, No) is the set obtained by the parallel displacement of the set 3 in which
the point (0, 0) is mapped into the point (N7, Na).

Thus, the following generalization of Theorem 1 is true:

Theorem 1’. Assume that, under the conditions of Theorem 1, for some N1, Ny € N, there exists a nontrivial
generalized polynomial

N1 Na

Yaeme = 90 0 e ™ yim

j=0n=0
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such that the conditions of biorthogonality

(Thkms YNy, Np) = 0

are satisfied for (k,m) € H, where the domain H C Zi is bounded by the graph of a function p = p(p),

Y € [O, ;T], and contains (N1 + 1) (N2 + 1) — 1 points and, in addition, cs\],\lhj’\],?) # 0. Then the rational

function

N1—1 Na—1 kE m
2 : 2 : m§ :§ : (N1,N2) Sk
N1 —j,Na—n —Jm—n
Z, ’UJ
QNl’N2 k=0 m=0 7=0n=0
No—1y(m)—N )
N1 w™ N1,N2
Z Z ZZCJNQ " Sktjmen
j=0mn=0
N1—1z(k)— k  No
N w™ (N1,N2)
+ Z Z 22N kgt
7=0n=0
where
N1 N
2:2 : (N1,N2) im
QN17N2 2 w N1 7,No— nZ]w ’
7=0n=0

admits an expansion in a power series whose coefficients coincide with the coefficients of series (3) for all (j,n) € E.

Proof. In the proof of Theorem 1, we have deduced the equality

Em
k., .m
E E 25" Ty YN, N,

k=0m=0
1 AEREAE N1, N
- 2 N1gyN2 f<z7w)QN1,N2(Z7w) - § Cg"nl’ 2)ZN1_JU)N2_” E Sk7m2kwm
j=0n=0 (k,m)eD*

The sums corresponding to the domains Do 2, D12, D22, D21, and Do for sufficiently large k and m
contain only zFw™ for (k,m) & €.

Consider
N1 No
N1,N: i _
} : § 1,N2) o N1—jy Na—n 2 : Sk,mzkwm
j=0n=0 (k,m)eDy,o

N1N2 jlnl

N1,N2) i _
ZN1wN2§ : ( 17 2) § :E :Ska Ty

j=1n=1 k=0m=0
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Ni1—1 No—1

=2 27 ’”ZZC(M’NQ

- N1—j,Na—n Sk— —Jjym—n-
k=0 m=0

7j=0n=0

Further, we have

N1 N2
(N17N2) Nl—] NQ n k. m
2D >, skmdw
Jj=0n=0 (k;m)€Do,1
N1 No j—1m+4n
(N1,N2) —j —
_ N2§ § : 1,V2) E : § Sk,mzk Jm—n
j=1n=0 k=0m=n
N1—1 m k No
_ k, m (N1,N2)
=w Y D WYY e Shejmn:
k=0 m=0 j=0n=0
Similarly, for the domain D1 o, we get
N1 N2
z :2 : (N1,N2) —j _
C] 1,N2) N1 _]wNQ n § : Sk’mzkwm
j=0n=0 (k,m)eD1 o
k No—1 m
Ny m (N17N2)
AP IDIES ZZ%NQ  Sktgmn:
k=0 m=0 7j=0n=0

We form the numerator of the two-dimensional Padé approximant as follows: We take the first sum completely
and the following part of the second sum:

lelx
k., .m N17
"2 Z S 3 S s N
k=0 m=0 7=0n=0
whereas the remaining part
Ni1—1 m k  No
N2 m N17N2
w 2. DD N sedamn
k=0 m:x(k)—N2+1 7=0n=0

belongs to the remainder.
Moreover, we take the following part of the third sum:

No—1y(m)—Ny

N1 m N17N2
22 53 O

j=0n=0
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and the remaining terms
Na—1 k
N w™ 1,4V2
DINEDY 5 3
m=0 k= y(m) Ni+1 7=0n=0
also belong to the remainder.
In view of the conditions of biorthogonality imposed on the generalized polynomial Yy, n,, we conclude that
the assertion of the theorem is true.
As in the case of one-dimensional generalized moment representations, the problem of two-dimensional gen-

eralized moment representations can be formulated in the operator form. Namely, assume that the spaces X and Y
are normed and, in the space X, there exist commuting bounded operators A, B: X — X such that

Axk,m = Tk+1,m>
Bxk,m = Tk,m+1

for all k,m € Z,. Assume that, in the space Y, there are bounded operators A*, B*: Y — Y adjoint to the
operators A and B with respect to the bilinear form (., .) in a sense that, for any € X and y € Y,

(Az,y) = (z, Ay),
(Bx,y) = (z, B™y).
Thus, representation (2) can be rewritten in the form
Skom = <AkBmx070,y0,0>, k,meZy,

and series (3) converges in the vicinity of the origin to an analytic function admitting the representation
flz,w) = <RZ(A)Rw(B)SU0,0, y0,0> ;

where the resolvent function R, (A) is specified by the equality R,(A) = (I — zA)~
In this case, under the conditions of Theorem 1, we get the following formula for the approximation error:

PN(z,w) N 1

f(z,w) a QN N (Z ’LU) B QN N. (Z w) ZleN2 <Rz<A)Rw(B)xO’O7YN17N2>
1,02\~ 1,N2\<»
No—1
(N1,N2)
LYY mZZ €GN Shetjmn
m=0 k=N1-+1 7=0n=0
Ni—1 k N2

N2 m CN17N2
E: E: E:E:N1jnk]m+”

k=0 m=Ns+1 j=0n=0
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Under the conditions of Theorem 1’, this relation takes the form

Px(z,w) B 1 Ny No 5o —~
f(zjw)_QNl,Ng(%w)_QNl,Ng(Z,w) 2w (R, (A) Ry (B)xo,0, YN, No)

No—1
M w™ (N1 No) )
j No—n Sk’—i—j,m—n
m= )—

0 k=y(m)—N1+1 =0 n—=0
Ni—1 k Na
N2 w™ N17N2
N1 ]nsk 7,m~+n
k=0 m=x(k)—Na+1 7=0n=0

We consider some examples of representations of the form (2) and use them for the construction of rational
approximations.

Let X =Y = Lo ([0,1],du) for some measure specified by a nondecreasing function p(¢) with infinitely
many points of increase on [0, 1]. In the space X, we define two operators

(Ap)(t) = (Be)(t) = teo(t).

The resolvent functions of these operators have the form

Thus,

(1—2zt)(1 —wt) - w—z ’ ©

where

Hence, for u(t) = t, we have

and, therefore,
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In this case, the functions xj, ,(t) have the form

T (t) = tFTT

and, thus,
1
Skm = / (). (7
0
For
du(t) =t"(1 —t)%dt, v, o> —1, (8)
we find

1
Fk+m+v+1I(c+1)
thtmtv (1 —)7dt =
Shim = / ) T(k+m+v+o+2)
0

Therefore, the obtained function

ZZ k+m+y+1)F(0+1)2kwm ©)

— = F'k+m+v+o+2)

coincides, to within a constant factor, with the hypergeometric Appell series

FI(Oé)B?B/?fY’Zyw): i (a)ker(/B)k(ﬁ/)mzkwm

I
k,m=0 (7)k+mkm

[see [13, p. 219], relation (6)] fora =v+1, =1, F =1, and y=v + 0 + 2.

Since the function f(z,w) of the form (6) is symmetric in its variables, it makes sense to approximate it by
symmetric approximants. We restrict ourselves to the case N1 = Ny = N. To determine the Padé approximant for
f(z,w) of the form (6), according to Theorems 1 and 1’, it is necessary to construct a generalized polynomial of
the form (4) satisfying the biorthogonality conditions (5). In the analyzed case, Yy n(t) is an algebraic polynomial
of degree 2N orthogonal to polynomials of degree < 2/N — 1. Hence, to within a constant factor, it coincides with
a polynomial orthonormal on [0, 1] with respect to the measure dyu(t) and, in the case of measure (8), with the
orthonormal Jacobi polynomial shifted by [0, 1] (see [14, p. 268]).

Note that, in this case, the polynomial Yy n(t) = Pan(t) is orthogonal not only to xy n,(t), (k,m) €
([0, N] x [0, N))\ {(IV, N)} butalso to z,,(t) for (k,m) € {(k,m) € Zy, k+m < 2N —1}. For this reason,
in the construction of the Padé approximant for functions of the form (6), it makes sense to take the coefficients in
the numerator not from the set

N = ([0,2N] x [0,2N]) \ ([N, 2N] x [N, 2N]),
as proposed in Theorem 1, but from the set (see Fig. 4)

Ny = {(k,m): k+m <4N —1}\{(k,m): k,m > N}.
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A
4N —1 %
3N—-1
2N
2N -1 - *‘
|
|
N
N-1 » .
7
N 2N—-1 2N 3N—1 3N 4N;1
Fig. 4

Assume that the function f(z,w) has the form (6). Then

Yn n(t) = Pan(t),

where Py (t) is a polynomial of degree 2N orthogonal on [0, 1] with respect to the measure dyu(t).
We represent it in the form

2N N
Pan(t) = > pPMe.
=0

Thus, we get

N N ) 2N o)

N,N),k 2N), ;i
DD o ET= p
k=0 m=0 §=0

This equality enables us to find the coefficients c,(cj\;N), k,m = 0, N by using various methods. Since the

function f(z,w) is symmetric, we are interested only in symmetric solutions. We select the following three
methods:
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Method (a). We choose coefficients c,(cj\;’lN) such that the equalities

N) _ (NN)
km k1,mq

are true , for k + m = k; + my. In this case, the orthogonal polynomial Py (t) can be expanded as follows:

2N N N
2N (N,N
Pov(t) = S0 = 303 e
j=0 k=0 m=0
N N—k ( N N )
_ N.N) ket N.N) ket
=D > G DS Y g T
k=0 m=0 k=1 m=N—k+1
N m ( ) N—m-—1 ( )
- N,N N+1 N,N
—ZthR A Ztm Z CN—kmtk+1"
m=0 k=0 m=0 k=0
As a result, we obtain the relations
L(QN) for k+m <N
oy _ ) FEm e ’
k,m = 1
N for k+m > N.

ON —k —m + 1 ktm

Method (b). We choose coefficients cg\;LLN) such that the coefficients with numbers lying strictly inside the
square [0, N| x [0, N] are equal to zero, i.e.,

2N N-1 N—1
=0 k=0 m=0 k=0
Thus, we get
(N,N) _ (2N) (NN) (2N)
€00 —DPy CN.N T DPon

and, for the other coefficients, we find

1 .
Cl(f]\g)N) ip(zN)a k= I,N -1,

(~NN) L en

N,m §pN+m’ m=0,N—1,

1 o
AN — Zp@N) gy — TN 1,

0,m gtm

N = §pk+N7 k=0,N—1.
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Method (c). This method differs from the method (@) by the fact that the coefficients on the segments k+m=p
from the square [0, N| x [0, N| are not equal. Moreover, they are proportional to the binomial coefficients, namely,

1 k+m\ @N
2k+m< L )pl(c—l—n)z for k+m < N,

1 2N—k—m 2N
22N—kz—m< N —k >p,(€+n2 for k+m > N.

We construct approximants of the indicated types for functions of the form (6). Note that, for the chosen
configuration of the domain N7, in Theorem 1’, we must set 2(k) = 4N — 1 —k and y(m) =4N —1—m
For the method (a), we obtain

(N,N) j w”
QNN (2, w) ZZCN —j,N—n%

7j=0n=0
N N 1 ( N-1N—j-1 )
. 2N) j (2N jon
= - - Zw™ + zlw
;n:%:]zzv—j n+1p2NJ“ jz% nz;) j+n+12N]"
N 1 m N—1
2N N—j N (2N)
=2 g A e IQNmZz””
= j:O :O
Further, we determine the numerator
kE m
Pl = 3 3 #0m Y5 AN s
k=0 m=0 7=0n=0

N—-13N—-1-m

N m
N k, .m (N,N)
z E g zZ"w g E Cj N—nSk+jm—n
m=0 k=0

7=0n=0

N—-13N—-1—Fk E N
N k. m (N,N)
+w E g AT g E CN_jnSk—jm+n
k=0 m=0

j=0n=0

N—1 N-1 (2N)

= Z Zk’wm Z Z ]i];+1 k+j—Nm+n—N
=N

m=0k —m j=N—kn=N-—-m

N—1N-1 N-1 (2N)

N
k, m Pjin )
+ E zZrw § E N —j—n+ 1 Skti—Nmtn—N
k=1 m=0 j=N—kn=N—j+1

N—-13N—-1-m N N—j (2N)

DM D S

m=0 k=0 j=0n=N-—
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N—-13N—1-m N-1 N p(2N)
N k. m Jj+n
+z zZiw g - Sk+j -N
; 2N —j—n+1 tImAn
m=0 k=0 7=0 n=N—j+1
N—-13N—-1-k k N-n p(2N)
N k j+n
LD DD DR DD D £ ST
k=0 m=0 n=0j=N—k J
N—-13N—-1—k N—-1 N p(2N)
N k Jtn
+w 2 ™ Z ON ._n+1k+] N,m+n
k=0 m=0 n=0 j=N-n+1 J

N N N N
(N,N) j (N,N) _N—j N-—
Quav(zw) =) D enln-n@w =3 Y e 2N Tuwt

1169

Jj=0n=0 j=0n=0
N
N,N NN N,N) N—j
:C[()O ) NN 4 ( NZC +wNZC(‘o’ ) ,N—j
-]7
i=1
N-1
N—n (N,N) N—j
+2 + D GN 2
Jj=0
1 N
2N) N—j
:pé N) N NJr ( ) 4+ ZNZP(QN +§wsz§ ) ,N—j
Jj=1
1 N—1
+3 E: N+n +§ pN+J
Jj=0
We now determine the numerator
—1N-1
k., .m (NN
Py, (z,w) = g Ezwgg N]ank]mn
k=0 m=0 7=0n=0
N—13N-1—k kN
N k (N,N)
+w g E z me E CN_jnSk—jmtn
k=0 m=0 =0 n=0
N—13N—1-m N m
N k, m (N,N)
z E g z%w g E Cj N—nSk+jm—n
m=0 k=0 7j=0n=0
—1N-1 N—13N-1-k N—13N—-1-m
(2N
—p2N) E E zkwmskvm+wN E g kamSk’m_FNJrZ E E 2F™ Sk+N,m
k=0 m=0 k=0 m=0 m=0
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1 —1N-1 N—-13N—-1-m m
N (2N)
+ E E w™ E p2N nskm nt2 E 5 w™ E PoN_pSk+Nm—n
k=0 m=0 m=0 n=1
N—-13N-1-k N-1 N—-1N-1
N k,m k., m
+w E Zw pN+n3k m+n T § § Zw § pgN ]Sk j,m
k=0 m=0 n=1 k=0 m=0
N-1 3N—l—m N—-13N—-1—k k
N w™ N w™ (2N)
z E E g ijrNskJrJ mtw g E E Pon " jSk—jm+N
m=0 k=0 j=1

As for the method (a), for the method (c), we get

J=0n=N-—j
N—1N—j—1 .
n 1 J+n\ @nN "
L i\ n PoN"j—n =
J= n=
N-1 N-1 m N—j .
P _ k, m L (j+n\ @en) .
N1 zZ,w) = zZw 5tn n Djyn Sk+j—N,m+n—N
m=0k=N—-m j=N—kn=N-m

e 1 (2N —j—n\ @
+ zw Z Z NG\ N_p ) Pitn Skri-Nmin-N

k=1 m=0 j=N—-kn=N-j+1
N—-13N—-1-m m N—j .
LN k, m L (j+n\ v
z Zw oj+n n Pjin Sk4jm+n—N
m=0 k=0 j=0n=N-m
N—-13N—-1— N-1 N .
n 1 2N —j—n\ (@N)
+ 2N 2™ —_— Skt
922N—j—n N —n Pjin Sk+jm+n—N
m=0 k=0 =0 n=N—j+1
N—-13N—-1-k k N-n 1 it+n
N k, m (2N)
+w E E z"w g E 57 ¥n < n ) i+n Sk+j—Nm+n

2N —j—n\ @nN)
pj+n Sk+j—N,m+n-
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Thus, we have established the following result:

Theorem 2. For an analytic function f(z,w) admitting the integral representation (7) and any N € N, the
rational functions
Py, (z,w)
QNN (2 w)

N, o (2, w) =

such that

N—-13N—-1-m

N w™
2D IED DR ZZ%N nSktgmn
m=0 k=0

j=0n=0

N—-13N—-1-k k

N
N k (N,N)
+ w g E zwmg g CN_j.nSk—jm+ns
k=0 m=0

j=0n=0

with coefficients c]iN ) k,m = 0, N, satisfy the equalities

N N
ZZCNNthrm Zp@N ’

k=0m=0

(2N)

where p; are the coefficients of the algebraic polynomial PN (t) orthogonal on [0,1] with weight du(t),
have expansions in power series whose coefficients coincide with coefficients of series (3) for function (6) for all

(jyn) € &= {(j, n) € Z , j+n<4AN — 1} In particular, this is true for the following rational functions:

P (2,0)

(a) _
o (2 w) =~ ’
QNJ\](Z,QU)
where
(@ PSRN o (2N)
a 2N) 2N i
NN( j+n+1 PoN_j— nzjw —I—Z Z ON — n+1p2N j— nzjwm
7=0 n=0 j=0n=N-—j
N-1 N-1 )
fﬁﬁkzﬂu = 2™ 2: 2: Litn Sk4j—N,m+n—N
— j+n+1
m=0k=N-—m j=N—-kn=N-m
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—1N-1 p(2N)
k, m j+n
1 35 DETLID DD DI e
2N —j—n+1 +i—Nomtn
k=1 m=0 j=N—-kn=N-j+1
N—13N—-m—1 (2N)
N w™ j+n
+2 )3 Z Sktjmtn-N
1 Js
m=0 k=0 j=0n=N-— ] T
N—13N-m—1 N-1 N p(2N)
N k J+n
+ z zPw™ Z - k+jm+n—N
; 2N —j—n+1
m=0 k=0 7j=0 n=N—j+1
N-13N—k—1 k N-n (2N)
N k j+n
+w < wmz Z +n+1 k+j—Nm+n
k=0 m=0 n=0j=N—k J
N—13N—k—1 N-1 N p(2N)
N k j+n
+w 2™ Z - Sk4j—N,m-+n;
) 2N —j—n—+1
k=0 m=0 n=0 j=N—-n+1
(b)
(b) . PN1 (z,w)
Ny, (25 W) ®)
QN,N(Z w)

Here, in turn,

N
b 1 n n -n -n 2N
gV)N(Z w) = 5 Z(z +w )( TN NN +p(2N—)n>’
n=0

—-1N-1 N—-13N—-1-k

Pjsrbl)(z,w) p(ﬁ\],\[ Zszwmskm—i—wNZ Z 2™ Skom4N

k=0 m=0

m=0 k=0
1 N—-1N-1 N—-13N—-1-m m
ZZ 2 E: (2N) N}: Z E: (2N)
+ 5 2Fw™ DoyN_pnSkm—n T 2 w™ PoN_ZpSk+Nm—n
k=0 m=0 n=1 n=1
N—-13N—-1-k N—-1 —1N-1
N k, m (2N) k, m
tw Ziw PN+n3km+n+ E : E :Z w E :p2N Sk—jm
k=0 m=0 n=1 k=0 m=0
N713N717m N—-13N—-1—k

+ZNZ Z mzp]+NSk+]m+wNZ Z mZpQN iSk—jm+N
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. P (2, w)
WJ(VI),D(Z7M) _ N\

QN,N(Z’w)7

where

( ) N N 1 2N j n ( )
¢ -] 2N i
Qnn(zw) = Z Z 22N —j—n < N-—-n )pQN—j—anwn
j=0n=N—j

N—1N—j—1 ji+n 2N)
2N i
+ Z 2J+n< n >p2N—j—nZ]wn’
7=0 n=0

—_

1

N m N—j .
1 (j+n\ @on
ERCUED D SIS DD DEE Y () T
m

=0k=N—-m j=N—-kn=N-—-m

~ = e 1 2N —j—n\ @nN)
—|— Z zZhw Z Z W N—n pj_|_n Sk4+j—N,m+n—N
1 m=

k= 0 j=N—kn=N—j+1
N—-13N—-1-m m
N k, .m .7 +n
Zw Z Z 23+n n p]+n Sk+j,m+n—N
j=0n=N-m
N—-13N—-1— N—-1 N .
m 1 2N —j—n\ @nN)
+ 2N 2™ Z Skt
2N—j—n N —n Pjiy Sk+jm4n—N
m=0 k=0 =0 n=N—j+1
N—-13N—-1—k k N—n .
N k, m L (7+n\ @nN)
k=0 m=0 n=0j=N—k
N—-13N—-1—k N-1 N .
N k, m 1 2N —j—n\ @N)
+w Z Z zw Z Z 22N—j—n N —n Pjiyn Sk+j—N,m+n-
k=0 m=0 n=0 j=N-n+1

Remark 2. For the obtained approximations, we get

dim D@ = dim D) = (N + 1),

dim D® = 4N,
dimN; — 2N (6N + 1)7
2
AN(4N +1
dime = NUN+1)

2
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It is clear that

dim & — (dim N} + dim D@ — 1) = N(N — 1),

dim & — (dim Ny + dim D® — 1) = 2(N — 1)<N_ ;)

For N > 1, these quantities are strictly greater than 0. It is obvious that this is caused by the fact that functions
of the form (6) can be represented in the form of linear combinations of functions of one variable (see, e.g., [15]).

We now consider the approximation of a function f(z,w) of the form (6) for the weight
du(t) = (1 —t)%t"dt, 6, v > —1.

In this case, as already indicated, the orthogonal polynomial appearing in Theorem 2 coincides, to within a
constant factor, with the orthonormal Jacobi polynomial of degree 2N shifted by [0, 1]. The coefficients of this
polynomial can be found in the explicit form (see [16, p. 581]). We have

2N
. B mam (2NNXT(2N +o0+v+1+m)
Pyn(tiov) =Cn Y (—1)™t < ) T T im)

m=0

m

This yields

p(zN)=<—1)k 2N F(2N+U+V+1+k)
k k L(c+1+k)

By virtue of Theorem 2, this enables us to efficiently construct rational approximants of the form described
above for the Appell series (9). Thus, we get the following result [presented only for the approximants obtained by
the method (¢)]:

Theorem 3. For the hypergeometric Appell series (9) and any N € N, the rational function

() PJEI? (Zv w)

T, p(zw) = — 35—,
' QE\T?N(Z’w)
where
N N ;
@ B B jHL; 2N —j—n 2N
Qn n(z,w) = Z Z ( 1) 22Nj”< N—n 2N —j—n

IF'AN+oc+v+1—j—n)
I'2N+o+1—-j5—n)

Zw™

2w,

(—1)i+n 1 (5+n 2N I'AN+o+4+v+1—j—n)
2N —-j—n) T2N+oc+1—j—n)
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(e L (FHm) (2N
20t n Jj+n

F2N+o+v+1+j+n)T(k+j+m+n—-2N+v+1)I'(c+1)
IF'c+1+j+n) Fk+j+m+n—2N+v+o+2)

N .
4 1 2N —j—n 2N
k., . m +n
1yt
+ zw . Z ( ) 22N]n< N —n )<]+TL>

N—j

Pjsfl)(z,w): Z 2™ i Z
=N N

—kn=N-m

3
g
i
i
3

F'2N+o+v+1+j+n)Tk+j+m+n—-2N+v+1)['(0c+1)

I(c+1+j+n) T(k+j+m+n—2N+v+o+2)
N—13N—-1-m m N—j .
1 [(j+n\/[ 2N
N k, m ]+TL
LS ey Y g () ()
m=0 k=0 7=0n=N-m

F'C2N+o+v+1+j+n)T(k+j+m+n—N+v+1I'(c+1)
I'c+1+j+n) I'k+j+m+n—N+v+o+2)

N—13N—-1-m N-1 N .
: 22N—j-n N—n j+n
m=0 k=0 j=0 n=N— ]+1

F'2N+o+v+1+j+n)Tk+j+m+n—-—N+v+1)(o+1)
T(c+1+j+n) T(k+j+m+n—N+v+o+2)

N—-13N—-1-k k N-n 1 j+n IN
N k i+
Y e Y g (T ()

k=0 m=0 n=0j=N—k

F'2N+o+v+1+j+n)T(k+j+m+n—-N+v+1)[(o+1)
T(oc+1+7+n) T(k+j+m+n—N+v+o+2)

N—-13N-1-k 1 IN — j — 2N
BT ot () ()

n=0 j=N—-n+1

F2N+o+v+1+j+n)Tl(k+j+m+n—-—N+v+1)I'(c+1)
IF'c+1+j+n) Fk+j+m+n—N+v+o+2)

)

admits an expansion in power series whose coefficients coincide with the coefficients of series (9) for all

(j,n) € E={(j,n) €Z%, j+n <AN —1}.
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Table 1
w z
0.0 0.2 0.4 0.6 0.8
1 1.115717756 1.277064060 1.527151220 2.011797390
0.0 1 1.115333333 1.269333333 1.474000000 1.741333333
1.000000000 1.115555556 1.273333333 1.497142857 1.826666667
1.115717756 1.25 1.438410362 1.732867952 2.310490602
0.2 1.115333333 1.247999999 1.423333333 1.653333333 1.949999999
1.115555556 1.249586777 1.433644860 1.696774194 2.088607595
1.277064060 1.438410362 1.666666667 2.027325540 2.746530722
0.4 1.269333333 1.423333333 1.623999999 1.883333333 2.213333333
1.273333333 1.433644860 1.655319149 1.975308642 2.458823529
1.527151220 1.732867952 2.027325540 2.5 3.465735903
0.6 1.474000000 1.653333333 1.883333333 2.176000000 2.543333333
1.497142857 1.696774194 1.975308642 2.382608696 3.010526316
2.011797390 2.310490602 2.746530722 3.465735903 5
0.8 1.741333333 1.949999999 2.213333333 2.543333333 2.951999999
1.826666667 2.088607595 2.458823529 3.010526316 3.886956522

To illustrate this result, consider a special case ¥ = ¢ = 0 and a version of the approximation (c). As already
indicated, the function f(z,w) has the form

f(z,w)

1—
In i
1—w

w—z

First, we set NV = 1. This yields the rational approximation

Py, (z,w)

w4+ 23 +w? 4+ 22+ 12

Q1,1(z,w) -

2zw — 6z — 6w + 12

We compare the values of the approximated function (10), the partial sum of the power series

3

1 1
Py(z,w) =1+ —(z+w) + = (22 + 2w + w?) +

1
(23 + 22w + +20? + w?),

and the constructed approximation at points of the square [0.8] x [0.8] (see Table 1 and Fig. 5).

(10)
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Pt L L
o
’f;:”lfflll//

1202
Fig. 6

We now take N = 2. This yields the rational function

P
Q”l((’"’“’)) = (6027 + 60w” — 4825w — 482w° + 6825 + 68w — 5625w — 562w°
2,2\%, W

+792° 4+ 79w° — 672w — 672wt + 9621 + 96w? — 8423w — 842w 4 13023 + 130w?
— 1302%w — 130zw? + 26022 + 260w? — 402w — 840z — 840w + 1680)

x (242%w? — 240zw* — 2402%w + 5402% + 540w? 4 1080zw — 1680z — 1680w + 1680) L.
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Table 2
w z
0.0 0.2 0.4 0.6 0.8
1 1.115717756 1.277064060 1.527151220 2.011797390
0.0 1 1.115717409 1.276949943 1.523044343 1.941530209
1.000000000 1.115717633 1.277013333 1.524834792 1.960940469
1.115717756 1.25 1.438410362 1.732867952 2.310490602
0.2 1.115717409 1.249996798 1.438182476 1.726707809 2.216801140
1.115717633 1.249999930 1.438370451 1.730591604 2.254184731
1.277064060 1.438410362 1.666666667 2.027325540 2.746530722
0.4 1.276949943 1.438182476 1.665574402 2.015233143 2.606110476
1.277013333 1.438370451 1.666626430 2.025280391 2.684240361
1.527151220 1.732867952 2.027325540 2.5 3.465735903
0.6 1.523044343 1.726707809 2.015233143 2.458009601 3.196987809
1.524834792 1.730591604 2.025280391 2.497044927 3.397215406
2.011797390 2.310490602 2.746530722 3.465735903 5
0.8 1.941530209 2.216801140 2.606110476 3.196987809 4.161139198
1.960940469 2.254184731 2.684240361 3.397215406 4.854606766

The values of the approximated function (10), a partial sum of the power series

and the constructed approximation are presented in Table 2 and in Fig. 6.

1
P7(Z,’LU):1+*

2

4

6

1

(z 4+ w) + 5 (22 + 2w + w?)

3

5

1
+ (25 + 2w + 22w? + 22w + 2wt + wP)

1
+ ?(26 + 2°w + ztw? + 22w + 22wt + 2w® + W)

1
+ =

23

7

0

8

1 1
+ = (23 + 22w + zw? + w?) + 2 (2* + Bw + 220? + 2w 4+ w?)

(27 + 25w + 2Pw? + 2tw? + 2wt + 22w’ + 28 + W)

1

k

k
— Z mek—m’

m=0
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