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GENERALIZED MOMENT REPRESENTATIONS AND 
INVARIANCE PROPERTIES OF PAD]~ APPROXIMANTS 

A. P. Golub UDC 517.53 

By the method of generalized moment representations, we generalize the well-known invariance proper- 
ties of Pad6 approximants under linear-fractional transformations of approximated functions. 

Let us first introduce necessary definitions and notation. 

Definition 1 [1, p. 36]. Assume that a function f ( z ) can be expanded in a power series of the form 

f ( z )  = ~ skz k 
k=0 

(1) 

in a neighborhood of the point z = O. 
Then the rational function 

[M/N]f(z) = PM (z) (2) 
0.~ (z)' 

where PM(Z) and QN(Z) are algebraic polynomials of degrees < M and < N, respectively, is called a Padd 

approximant of  order [ M / N ] for the function f ( z ), provided that 

f ( z )  - [M/N]f (z )  = O(z M+N+I) as z--->O. 

As a tool for the approximation of analytic functions, Pad6 approximants have significant advantages over poly- 

nomial approximations and are extensively used in numerical mathematics, number theory, and theoretical physics. 

There are many papers devoted to the investigation of the general properties of these approximants and, in particular, 

of their invariance properties under various transformations of approximated functions. The following result is 

presented in [1]: 

T h e o r e m  1 [1, p. 44]. Assume that, for an analytic function of the form (1), there exists a Padd approximant of 

order [ N/N], N ~ 1~I tA { 0 }. Then, for all a, b, c, d e ~ such that c + ds 0 ~ O, one can also construct a 

Padg approximant of the function f ( z )  = (a + by(z)) (c + d f ( z ) ) - I  and, moreover, i f  [N/N]y(z) = : 

PN(Z)/QN(Z ), then [N/N]~(z ) = PN(Z)/QN(Z), where 

PN (z) = aQN(Z) + bPN(z) and QN (z) = CQN(Z) + dPN(Z). 

In 1981, Dzyadyk suggested a new approach to the investigation of Pad6 approximants based on the method of 

generalized moment representations [2]. 
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Definition 2 [2]. The generalized moment representation of  a number sequence 

space X is defined as a collection of equalities 

sk+ j = (x k, Y)), 

where x k ~ X, k = O . . . . .  o~, yj ~ X*, j = O . . . . .  ~, and 

element x ~ X. 

o Q  {skL=o 

A. P. GOLUI) 

in the Banach 

k , j  = 0 . . . . .  0% (3) 

( x, y) denotes the value of a functional y ~ X* OFt aFt 

By applying and developing this approach, we managed to establish numerous properties and analyze the be- 
havior of Pad6 approximants and their generalizations for many special functions [3-7]. It was also discovered that 
the application of generalized moment representations enables one to obtain relevant generalizations of the theorems 
on invariance of Pad6 approximants. 

Theorem 2. Assume that, for  an analytic function of  the form (1), there exists a Padd approximant of order 

IN-1/N], N e  I~I, 

Then, for the function 

)(z) 

I N -  1/N]f(z)  =" PN-! (z)/QN(Z)" 

= ( f ( z ) [ z ( l  + ~ l l S l ) - S 0 ~ l l ]  + s2~l l } { f ( z ) [ z2(~Ol~ lOSl -~OO-~OO~l l s l )  

+ z(- lO + oo lls0- ol- lO OlSo) -  ll] 

+ [ Z ( I  +~lOSO+~llSO--~O0~ll s2 +~oiSO+~lO~OtS~)+~llSO]} -1, (4) 

the Padd approximant of  order [ N -  1/N] exists, provided that 1 + ~loSo + ~I|  Sl #: 0. 

nominator ON (Z) of this approximant can be represented in the form 

Q.N(Z) = l+~lOS 0 +~l lS l  QN(Z) l + ( ~ l O + ~ O l ) s O + ~ l l S l  + 

, ] 
z 

+ P~_I(Z) [ - ( { 1 0 + { 0 t )  + ( { o 0 + { l l s l )  

-- ! 9 1 1  + (~OI~IOSI - -~O0~I ISI - -~o0)Z  - - z N  Z c}N)(~IoSj+~IISj +I) 
Z j=2 

+ zN+I ( ~ O 0 ~ I I S O - ~ O I ~ I O S I - ~ O l )  z -- ~II Z c}N)sj ' (5) 
j=O 

where c~N), j = 0 . . . . .  N, are coefficients of the polynomial 

Furthermore, the de- 
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N 

QN(z)-- N-j 
j=0 

P r o o f  Since the funct ion f ( z )  possesses the Pad6 approximant  of  order [ N -  1 /N] ,  the Hankel  determinant 
o o  0 0  

is not equal to zero, i.e., H N = :  det II sk+j  II~.j= 0 ~: o. Therefore,  according to [3], for  the sequence {sk}k= 0, we 

can construct a general ized m o m e n t  representation of  the form (3) in a Hilbert space X. Consider  a linear transfor- 

marion A : X ~ X  such that A x  k = xk+ l, k = 0 . . . . .  0o, and the conjugate transformation A yj = yj+ l, J = 0 . . . . .  ~ .  

Then we can rewrite relation (3) as s k = (Akx0 , Y0), k = 0 . . . . .  oo. W e  can now introduce a t ransformation A �9 X ~ X 

of  the form 

A x  = A x  + Xo(X, ~00Y0+~01Yl)  + x l ( x ,  ~10Y0+~l lY l ) .  

Denote 2 k = Akx 0, k = 0 . . . . .  oo and  y j  = m*JYo, J =  0 . . . . .  ~ .  We seek 2 k, k = 0 . . . . .  oo, in the form 

k 

Xk = E dk-mXm + e~xo '  k =  0 . . . . .  oo (6) 
m=l 

(for k < 1, we set ~ k = l  = 0). By applying the operator ,4 to (6), we obtain 

k 

Xk+l = fii'Xk = E dk-mXm+l+ ekXl 
m=l 

+ x o d k - m ( { O O S ~ + { o t S m + t )  + e k ( ~ o o S o + { o t S i )  
m=l 

+ Xl E d k - m ( ~ l O S m + ~ l l S m + l )  + e k ( ~ l O S O + ~ l l S l  ) 
m=l 

k+l  

E dk+l_mXm +ek+lX 0. 
m=l 

This yields 

ek+ 1 = 
k 

E dk-m(~OOSm+~O1Sm+l) + e k ( ~ o o S o + ~ o l S l  ) '  
m=l 

dk = ek+ 
k 

E dk-m(~lOSm+~llSm+l) + 8k(~IOSO+~IISI)" 
m=l 

Consider the generating functions 
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E(z) = ~ ekz k and D ( z ) =  ~ dkz k. 
/ = 0  k=O 

We arrive at the following system of equations for E(z) and D(z): 

E(z)  = ~ ek zk = e 0 + ~ ek+lZ k§ 

k=O k--O 

= I + z k+J ~ a ~ - ~ ( ~ o o s ~ + ~ o l s m + t )  + * ~ ( ~ o o S o + { o i s ~ )  
k-=-O m=l 

= I + D(z) Z ({OOSm+~OlSrn+l) zm+l + Z(~ooSo+~olsl)E(z)' 
m.= l 

k 

/ = 0  k=0 k=l m=l k~-0 

= (1 +{loSo+~llsl)E(z) + D(z) ~ ({loS,~+~llsm.l)z m. 
m=l 

Its solution has the form 

m~l 

E(Z) = 1 -  

rn=0 

t 
-1 

-- (l +~lOSO+~llSl)(~OOSm+~OlS,,,+l) ] , 

~.~ (~lOSm+~llSm+l)zml {1 -- ~.~ (~IOSm+~IISm..I-I)Z m 
m=|  m=l 

+ ~ z"+~[(~ooSo+~o~s~)({loS,,,+~lls,,,+l) 
m=O 

-- (1 +~loSo+~llSl)(~OOSm+~olSm+I)] }-1  

Denote 
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ro>, k=o . . . . .  

k=0 

Taking the relations established above into account, we obtain 

k 

j ; (z)  = ~ (~k,Y0)Z k = ~ Z k  ~ d k _ m S m +  ~ ekZkSo 
k=0 k= l  m=l  k=0 

= f ( z )D(z )  + so (E(z ) -D(z )  ) 

i.e., we arrive at function (4). 

= ( f ( z ) [z (1  + ~11 sl ) - S o ' I l l  + s2~ 11 } (f(z)[z2(~Ol ~ l o S l  - - ~ 0 0  - - ~ 0 0 ~ 1 1 S l )  

+ Z ( - - ~ I O + ~ O 0 ~ I I S O - - ~ O I - - ~ I O ~ o I S o ) - - ~ I I ]  

+ [z(1 + ~loSo + ~ll So -~0o~l l  s~ + ~ol So + ~1o~olS~) + ~11 s0]} -1, 

According to [2], to construct its Pad4 approximant of order [ N -  1/N] it is neces- 
N _ N 

sary first to biorthogonalize the systems { k}k=0 and {YJ}j=o' i.e., to construct a nontrivial generalized poly- 

nomial XN x-,N -(N)~ = 2_,k=0Ck k such that ( -~N, Y]) = 0, j = 0 . . . .  N -  1. It is easy to see that, in the case where 

1 + ~ lo So + ~ I l sl ~ 0, this polynomial coincides, to within a constant factor, with the nontrivial generalized poly- 
'K ''~N (N) 

nomial X N= 2_,k=0Ck x k such that (Xmy])= 0, j = 0  . . . . .  N - 1 .  

Then under the assumption that the coefficients (N) k = 0, N, are known, it is necessary to determine the C k , . . .  , 

coefficients ~N) ,  k = 0, . . . ,  N. For this purpose, we express the elements x~, k = 0, . . . ,  N, in terms of the ele- 

ments -~k, k = 0 . . . . .  N. We get 

-~k "-" 

k 

~_~ d k - m X m  + ekX O. 

rn=l 

Denote 

ff(z) = ~ ;Ok zk and X(z) = ~ Xk zk. 
k=0 k=0 

Then 

.~(z) = z k ~ dg_rnXm + zkekxo = X(z)D(z)  + ( E ( z ) - D ( z ) ) x  O, 
k=0 m=l  k=0 

whence it follows that 

Yf(Z) + (D(z) - E(z))x 0 
X(z)  = 

D(z)  
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By equating the coefficients of the same powers of z, we obtain 

1 { 
x k = 2 k + 

1 + { l o s o  + ~11sl 

k-I 

Z ~;J [--~ 10 Sk-] -- ~tt Sk-j+ t + (~00 SO + ~01 SI )(~ t0 Sk-j-1 + ~ I t Sk-j) 
j=0 

- (1 + { t o S o + { l t s l ) ( { o o S k _ j _  t +{olSk-i)] + (~toSk+ {tlS~+l)-~O }- 

Thus, 

f('N = XN = 
N 

Z c~ N) Xk = 
k=0 

1 I ~ N-I N-I Ck+l 
I + ~ I o S 0  +~I IS  I cIN)~ck + Z Xj ~ (N) [--~IoSk-j+l--~llSk-j+2 

k=O j=O k=j 

+ (~ooSo + ~ o I S l ) ( ~ l O S k - j + ~ l l S k - j + l )  

- ( 1  +~lOSO+~ltSl)(~ooSk_j+~otS/~_j+t)] + 2 0 Zc~N)(~toSk+~ltSk+l) . 
k=O 

This implies that 

~N) = 1 
1 + ~loso + ~ t i s l  

N-I 
.(N) 

Vk,nt.N + ( I - 8k,N) 
j=k 

c(N) j+l [--~lOSj-k+l--~llSj-k+2 

+ (~ooSo + ~01SI )(~loSj-k + ~ 11Sj-k+l) -- (1 + ~ lOSO + ~ 11 si )(~OOSk-j + ~Ol Sk-j+ 1)] 

N } 
4- 8k. 0 Z c } N ) ( ~ I O S j + ~ I I S j + I )  , 

j=O 

where 

1 for  k=j, 
8k'J "= 0 for kcj .  

According to [2], the denominator ON (Z) of the Pad6 approximant of order [ N -  1/N] for the function ](z) 
has the form 

N r N N-I N-I  
QN(Z) = E =(N).N_ k c k  ~ = 1 l E Cl N)zN-k + ~-~ zN-k ~.~ cj+l-(N) 

k=0 1 + ~10S0 + ~llS1 k=O k=O j=k ----loSj-k+l 
S j-k+2 

+ (~ooSo + ~oi sl )(~loSj_~ + ~li sj_~+ 1) 

N } 
- ( I  +~lOSO + ~Il Sl)(~OOSk_j +~Ol Sk_j+i) ] + Z N Z c~N)(~IOSk + ~II Sk+I) , 

k=O 
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whence, by virtue o f  the equalities 

I N -  1/N]y(z) = 
P~-I (z) N 
QN (z~ ' QN(zl = ~.  c~N)z N-~, 

k=0 

PN-I  (Z) = 

N k - I  

E c N)z E 
k=0 j=0 

we arrive at relation (5). 

R e m a r k  1. The  relation for the numerator  of  the Pad6 approximant  of  order [ N -  1 /N]  for the function .f(z) 

can be obtained in exactly the same way. 

R e m a r k  2. In the case where  ~ol = ~ lo = ~11 = 0, T h e o r e m  2 implies the result equivalent to the assertion of  

Theorem 1. 
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