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GENERALIZED MOMENT REPRESENTATIONS AND
INVARIANCE PROPERTIES OF PADE APPROXIMANTS

A. P. Golub UDC 517.53

By the method of generalized moment representations, we generalize the well-known invariance proper-
ties of Padé approximants under linear-fractional transformations of approximated functions.

Let us first introduce necessary definitions and notation.

Definition 1 [1, p. 36]). Assume that a function f(z) can be expanded in a power series of the form

f@) =Y 5.2 (1)
k=0
in a neighborhood of the point z=0.
Then the rational function
Py (2)
[M/N];(2) = ==, )
d Oy (2)

where P,(z) and Q,(z) are algebraic polynomials of degrees SM and < N, respectively, is called a Padé
approximant of order [M/N] for the function f(z), provided that

f@2) - [M/IN],(2) = 0(z**™Y)  as z—0.

As a tool for the approximation of analytic functions, Padé approximants have significant advantages over poly-
nomial approximations and are extensively used in numerical mathematics, number theory, and theoretical physics.
There are many papers devoted to the investigation of the general properties of these approximants and, in particular,
of their invariance properties under various transformations of approximated functions. The following result is
presented in [1]:

Theorem 1 [1, p. 44]. Assume that, for an analytic function of the form (1), there exists a Padé approximant of
order [N/N], Ne N U{0}. Then, forall a,b,c,de R suchthat c+dsy#0, one can also construct a
Padé approximant of the function f(z) = (a+bf(2))(c+df(2))”! and, moreover, if [N/N]f(z) =:

P(2)/Qy(2), then [N/Nz,) = Py (2)/ Oy (2), where

By(2) = aQy(z) + bPy(z) and  Qy(2) = cQu(z) + dPp(2).

In 1981, Dzyadyk suggested a new approach to the investigation of Padé approximants based on the method of
generalized moment representations [2].
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Definition 2 {2]. The generalized moment representation of a number sequence {Sk}:=0 in the Banach

space X is defined as a collection of equalities
Seej = () k=0, e (3)

where x,e X, k=0,..., %, y; € X", j=0,...,o, and {x,y) denotes the value of a functional ye X* on an
element xe X.

By applying and developing this approach, we managed to establish numerous properties and analyze the be-
havior of Padé approximants and their generalizations for many special functions [3—7]. It was also discovered that
the application of generalized moment representations enables one to obtain relevant generalizations of the theorems
on invariance of Padé approximants.

Theorem 2. Assume that, for an analytic function of the form (1), there exists a Padé approximant of order
[N-1/N], Ne N,

[N-1/N1,2) =: Py, (2)/Qy(2)-
Then, for the function
F@ = {f@ [z +& s —so&n] + s3€ 13 {F@ (2% Eor&ro51 ~Eoo-EaoE 1 s1)
+2(-810+ &8 1150 —&o1 —E1080150) - &1l

+ [2(1+E 1050+ &1 50 -E00E1155 +Earso+Er0barss) +Enselt ™ @

the Padé approximant of order [N —-1/N] exists, provided that 1+& 4so+& s, # 0. Furthermore, the de-
nominator Q v (2) of this approximant can be represented in the form

1
1+ 81050 +&1151

Oy (2) = {QN(Z)[1+(§1o+§01)so+§1151 +
1
+ ;énso - (@00511%‘@01&1051)50}

+ Py (2) [—(&10‘*501) + (oo +E&p15y)

1 N
- ;&n + (Eo0181051 =800 81151 —§00)2:| 2N 2 C(N)(ﬁxos +8115541)

=2

-

N“[(éoognso EorE 105 - gm)z-gu}zc(m } (5

j=0

where ch ) ,7=0,..., N, are coefficients of the polynomial
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N .
QN(Z) = 2 C;N)ZN—]-
j=0

Proof. Since the function f(z) possesses the Padé approximant of order [N - 1/N], the Hankel determinant
is not equal to zero, i.e., Hy =:det| s, ; [[:j=0 # 0. Therefore, according to [3], for the sequence {s,};_,, we

can construct a generalized moment representation of the form (3) in a Hilbert space X. Consider a linear transfor-

mation A: X=X suchthat Ax, =x.,;, k=0, ..., e, and the conjugate transformation A*yj =Yjiup J= 0,...,00.
Then we can rewrite relation (3) as s, = (Akxo, Yo)» k=0, ..., 0. We can now introduce a transformation A: X = X
of the form

Ax = Ax + Xo<x’ EooYo+Eo1y1) + x{x, Er0Yo+ &1y

Denote %, = A'xy, k=0,...,00 and §;= A"y, j=0,..., . Weseek %,k =0,..., o, inthe form

k
ik = 2 dk_mxm +ekxo, k=0,...,°° (6)
m=]
(for k<1, weset 22:1 = 0). By applying the operator A to (6), we obtain
_ k
Bro1 = A% = D di X+
=1

k
+ xo( > dim EooSm+Eo1Smer) + ek(éooso*'iom)]

m=]

k
+ Xl( z dom G 1oSm +&115,,1) + ek(§1050+§1151)j

m=1

k+1
= 2 pitom®m + e Xo-
m=1
This yields
k
€l = Z diomGooSm+Eo15ms1) + (€000 +Eo151)
m=1

k
dy = e, + z dikem(&10Sm +E115mse1) + e(E1050 + &1 51)-

m=]

Consider the generating functions
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E(x)= Y i and D(z)= 3 4.7
k=0 k=0

We arrive at the following system of equations for £(z) and D(z):

k+1
k=0

E@z) = Y gz2*
k=0
o i
=1+ 3y % (2 Qhem G0 Sm +Eo1 Smat) + ek(§0030+§0151))
k=0 m=|

I+ D(Z) 2 (&%Sm+€015m+])zm+l + Z(§00S0+§0151)E(Z)’

m=1

]

i

D(z) = i d &t

o0 = -] k o
% & ¢ ¢ k
Sear+ 2 Y dimEGioSntE 1Smar) * Eros+ 8 ) > ez
k=0 k=0 k=1 m=l

k=0

it

(1+E195+ &) ER) + D(2) Y, (BroSm+ &1 Sma) T

m=1i

Its solution has the form

D(z) = (1+&05+&(15)) {1 - z EroSm*+E&115man) ™
m=|

+ z ZﬁH’l[(éOOSG +€0131)(§105m+§118m+1)

m=0

~1
- (1481050 + 815 )Eoosm+ G5 |

E(z) = i:l - (§105m+§113m+1)2'"} {1 ~ Y E1oSntE1Sme )"

m=1 m=1

+ > 2™ [(Eooso + Eo1 1) E1oSm +E 11 Smet)

m=Q

-1
- (1+&050+ &1 5))(Egosm +Ep) Sms )] } .

Denote
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- /= _ 7 - =k
5 = (xk,yo), k=0,..., 00, f@) = Z ¥4
k=0

Taking the relations established above into account, we obtain

oo

oo k oo
f(2) = z % Yo) 2 Z QiemSm + 2 e z*sy
k=1 m=1

k=0

= f(z2)D(z2) + so(E(z)- D(z))

= {Ff@) 21 +& 1 5) =508, 1+ 5§81, HF@ [P B0 E1051 - Eoo—Eoo&rr51)
+2(=E10+ 80081150~ &o1 — 10801 S0) —E11]

-1
+ [2(1+& 1050+ &S0 —E00& 1155 + EorSo+E1080150) +E 1150137,

i.e., we arrive at function (4). According to [2], to construct its Padé approximant of order [N~ 1/N] it is neces-

sary first to biorthogonalize the systems {X, } ¢=o and {y j} i.e., to construct a nontrivial generalized poly-

=0’
nomial Xy = ZZJ 0 (N)xk such that (J"cN, }"Jj> =0, j=0,..., N~ 1. Itis easy to see that, in the case where
1+&,050+&,;5, # 0, this polynomial coincides, to within a constant factor, with the nontrivial generalized poly-
nomial X, = 211:, 0 (N)xk such that (XN,yJ) =0, j=0,. -1

Then under the assumption that the coefficients Ck M k=0,..., N, are known, it is necessary to determine the
coefficients c(N ) k=0,...,N. For this purpose, we express the elements x,, k=0,..., N, in terms of the ele-
ments X, k=0,...,N. Weget

X, = z dk_m.xm + €rXop-
m=1

Denote

Then

oo k oo
X@@) = Y 23 di_mxm+ 2, 2exq = X(2)D(2) + (E(z) - D(2)) xg,
k=0 m=1

k=0

whence it follows that

X0+ (D@-E@)x

X(z) =
(z) D)
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By equating the coefficients of the same powers of z, we obtain

k-1

1 - -

X = {xk + 2 %5 1810565 = &11Skjut + (BooSo+&o151)(Er05k-jmi + E115k-))
1+ 810850 +&Enisy j=0

= (1 +8&1050+&115)(8oo5kjot + Eor Sk )] + (Biosi+ &1 ses1) %o }

Thus,
(M) ! I
C = C X, + C S S
2 1+§IOSO +§1151 {kg k jzo kE k+1[ E.le k-j+1 7 é!l k—j+2
J
+ (EooS0 +8o151)(E105 ke + & 11 Sk-ju)
& v
= (1+8 1050+ 81151 (&o05k—j +&o15k-j+ )] + %o ZC;(C )(§105k+§115k+1)}-
k=0
This implies that
2 1 V) 5w
Cp = Sunen + (1=8, ) Y I [-E10Simkar1—E11S;
e k, kN 1 10Sj-k+1 — G 11 Sjok+2
1+&050 + &5 { " Z,( o I I
+ (8o0S0 +E0151)(C10Sjk + & 11 Sjopet) — (1 + & 1050+ &1151)(Eoo Sk +E o1 Sk—jr1)]
o (M)
+ 8 o ZC,- (§105j+§llsj+l)}:
j=0
where

1 for k=],
Sk.:= }
o 0 for k=j.

According to [2], the denominator QN (z) of the Padé approximant of order [N —1/N] for the function f(z)
has the form

i . 1 N N- -
Oy (2) = Z (Mg N-k = {2 (VgN-k 2 Z j+1[ §105j ket =511 Sjok+2
k=0 j=k

1+ &80 + 118 £=0

+ (EooSo + E0151)(E 105+ &1 5jksr)

N
— (1+&105 +&115)Go05kmj+E01 Skjr)] + 27 > M (Erosk+ Eirsie) }

k=0
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whence, by virtue of the equalities

Py_1(2)

N-1/N = —
[ ]f(Z) oy @

N

N —

() = 3 M,
k=0

N k=1

N N .

Py_1(2) = Zc,(c YN stjz’,
k=0 i=0

we arrive at relation (5).

Remark 1. The relation for the numerator of the Padé approximant of order [N - 1/N] for the function f(2)
can be obtained in exactly the same way.

Remark 2. In the case where &y =& =&, =0, Theorem 2 implies the result equivalent to the assertion of
Theorem 1.
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