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PADE-TYPE APPROXIMANTS FOR SOME CLASSES OF MULTIVARIATE FUNCTIONS
A.P.Holub and L. O. Lysenko UDC 517.53

We extend Dzyadyk’s method of generalized moment representations to the multidimensional case and,
on this basis, construct and investigate the Padé-type approximants for some classes of multivariate func-
tions.

The method of Padé approximants is one of the most efficient and known methods used for the rational ap-
proximation of analytic functions. The Padé-type approximations for functions of many variables are constructed
and studied for more than forty years. Numerous works are devoted to the investigation and application of these
approximants (see, e.g., [1, 2] and the references in [3]).

In 1981, Dzyadyk [4] proposed a method of generalized moment representations, which enabled us to consider,
from the common point of view, the problems of investigation of the Padé approximants for numerous important
special functions and, in particular, for the functions that do not belong to the class of Markov functions. This
approach was later developed by Holub [5, 6].

Dzyadyk’s approach was generalized to the multidimensional case (see [7]). The aim of the present paper is
to construct Padé-type approximants for some classes of multivariate functions of a special form.

We now give the corresponding definition:

Definition 1 [7]. A generalized moment representation of a d-dimensional numerical sequence {Sk}kezi

on the product of linear spaces X and Y} with respect to a bilinear form () given on this product is defined as
a collection of equalities

Sty = (T, y5),  kj € 2%, (1)

where {xk}kezi C X and {yj}jezj_ Y.

Consider a formal power series in d variables
flz) = sz, )
where
Z:(Zl,ZQ,...,Zd)GCd, k:(kl,kg,...,kd)EZd, and zk:zlflzé”...zsd.

For the sake of convenience, we now introduce some notation.
For p=0,1,...,d, we denote

Q={wC{1,2,...,d}: |w|=p}.
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We order elements of each set w € Q,: w = {l1(w),l2(w),...,l,(w)} so that

1<h(w) <l(w) <...<lhw)<d.
We also order elements of the complement

w={1,2,...,d} \w={mi(w), ma(w),...,mg_p(w)} € Qa—p

so that
1 <my(w) <ma(w) <...<mg_p(w) <d.
For each set w € §,,, p =1,...,d, we introduce the notation
O(w) = (61(w), b2(w), - .., da(w)),
where
0 for 7€ w,
di(w) =
1 for i¢w,
e(w) = (a1(w), e2(w), - . ., ea(w))
Here,
—1 for i€ w,
gi(w) =
1 for idw,
and, hence,
; 1
Sy = S L s

We also denote 0 = (0,0,...,0) € Z4 and 1 = (1,1,...,1) € Z%. Thus,

1=6(2) and 0=46({1,2,...,d}).

For two vectors a,b € Zi, a=(ay,aa,...,aq), b= (b1, by,...,bg), we denote their coordinatewise prod-
uctby aob:
aob= (albl, agbg, ce ,adbd).
For each vector a = (ay, az,...,aq) € Zi, we denote

A(a):{j:(jl,jg,...,jd)EZi:jz-E{O,l,...,ai},i:1,2,...,d}.

For fixed N € Zi, we consider a continuous function P : ]Ri — R with the following properties:

(i) theset Doy = {x € RL | &n(x) < 0} is bounded in RY;
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d
(i) the cardinality of Doy () {x € Z4 | 2; > Ny, i =1,2,...,d} isequal to H (Ni 1) -1
1=

(iii) forall ¢ =1,2,...,d, there exist uniquely defined functions
x; = @i(T1, T2, . i1, Tt 1, -, Xq)
with
(X1, @2,y .oy L1, T 1, - - -, Tg) € Dy := {(ml,xg, ey i1, Ty - Xg) € ]R‘i_l \
Jz; € Ry: On(x) <0}
such that
O (21,22, .., Tim1, @i(@1, T2, .., Ti1, Tig s -+, Td)s Tigd, - - Tq) = 0;

(iv) foreachi=1,2,...,d,

@i(T1, T2, -, Tic1, Tig1, -+ Ta) > Ni V(21,22,.. ., Tio1, %1, ..., Ta) € D
By using this notation, we establish the following result, which enables one to construct d-dimensional Padé-

type approximants for series of the form (2) whose coefficients admit representations of the form (1):

Theorem 1 [7]. Suppose that the coefficients of a formal power series of the form (2) satisfy the generalized
moment representation of the form (1). If, for some N € N, there exists a generalized polynomial of the form

N
=3 gy
JEA(N)
such that

cl(\lf)#o

and, for k € {k € Zi ck+Ne€ @@N}, the conditions of biorthogonality

(g, Yn) =0
are satisfied, then the rational function
P(z)
M/N = ,
PN () = 5

where
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and

p

d—
Z > Lty 2
=0 weQy, 0k () SN (w) ~11=1:2,.d=p
N (k)<0

x z* Z C§(w)oN+e(w)ojSk+e(w)oj»
JEA(S(w)oN+d(w)ok)

admits an expansion in a power series whose coefficients coincide with the coefficients of series (2) for all

k € Dy N Z‘i and, hence, this rational function is a d-dimensional Padé-type approximant for series (2) of
order [N /N], where

M=DoyNZI\{x€Z: 2, > N;,i=1,2,....d}
and N = A(N).

Generalized moment representations of the form (1) can be also represented in the operator form. Assume
that the linear spaces X and Y are normed, the bilinear form (-, -) is separately continuous, pairwise commuting
bounded linear operators

A XX i=12....d
such that
Aixk:$k+ei,7 L= 1727"'?d7

for each k € Zi, where
e;, = (0,0,...,0,1,0,...,0) :1—5({@})7 1=1,2,...,d,

are given in the space X, and the space Y contains bounded linear operators A¥: Y — Y, 1 =1,2,...,d, adjoint
to the operators A;, i = 1,2, ..., d, with respect to the bilinear form (-, -).
Thus, representations (1) can be rewritten in the form

sk = (T, Yo) = <HA wo,yo> k ez,

and series (2) is convergent in the vicinity of the origin of coordinates to an analytic function with the following

representation:
<H Rz, (Ai)zo, y0>

RZ(A) = (I - ZA)_

where

is the resolvent function of the operator A.
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Let X =Y = Ly ([0,1],du) for some measure defined by a nondecreasing function p with infinitely many
points of increase on [0, 1]. On the product of the spaces X x Y, we define a separately continuous bilinear form

1
(2, y) = / (D) (t) du(t).
0

In the space X, for some fixed d;, 1 < d; < d, we consider bounded pairwise commuting linear operators

Al,AQ,...,Adi X=X

defined as follows:

(App)(t) = to(t), p=1,di,
(Aip)(t) = (1 = t)e(t), l=di+1,d.

In this case, for 2o (t), yo(t) = 1, we rewrite function (2) in the form

di d
f(Z) = <H :Rzk (Al) H fRzm (Ad)ﬂfo, y0>
k=1

m=di1+1

It is clear that

1 1 I | 1
L—zpm(l—t)  1—zpl—2nb  1—z, 1-Z,t

where
~ Zm
Z =
" Zm — 1
The following relation was used in [1]:
1 1 : d—1 k+1
- Z Wy, (1) H (wp — Wq
Hk,’:l(l o wkt) Hk<j (wk - w]) k=1 p{aqizk
d d—1 1

3)
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Thus, by setting

Zk for k=1,d,

W = .
= - for k=d +1,4d,

Zk—l

we obtain

1
Hz;(l ~ 1) szdlﬂ(l — 21— 1))

Hd

1
k=di+1 1 — 2Lk d ~
H 1 — Zkt Hk:dl-i-l(l — Zkt)

dy d—1
1 z 1
- SUNEDY =
Hd (1—z) k=1 - (2p — 1) Hd (zp — k) Lot

k=dy+1 T p=di+1"

d fzvg—l 1

+ d1 1Tl ~ 1t
k=d1+1 H _1(zp — Zk) Hp:dIH (Zp — Z1)
p= p#k

dy d—1 1

AR P +

d 1— 2zt
k=1 | | o1 (20 — 21) Hp:dl+1(zp + 2k — Zp2k) k

pF#k
d d—1
_ 1\ 23 1
+( 1) Z dy d 1—Zk(1—t)
k=di1+1 Hp:1 (Zp + 2k — szk) Hp:d1+1 (Zk - Zp)

p#k

The coefficients sy of expansion of the function f in the formal power series with d variables have the
following form:

k:1+k2+...+k:d k:d +1+...+k‘d
sk = (T, Yo) = <A1 YA 70, Yo

1
— /tk1+k2+...+kd1 (1 o t)kd1+1+--~+kd dﬂ(t)
0

To determine Padé-type approximants for functions (2) by Theorem 1, it is necessary to construct the polyno-
mials

(N1,...,Nq) thitkat. +ka kg, +1+...+kq
Z Z Ck17k27 :kd 1(1 o t) !

k1=0  kg=0
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satisfying the conditions of biorthogonality

for

je {(j17j27"'7jd) € Zi ’]Z € [O7NZ]72: 17d} \ {(N17N27"-7Nd)}~

In this case, Xn(¢) is an algebraic polynomial of degree N1 + Na + ... + Ny orthogonal to polynomials
of degree at most Ny + ... + Ny — 1. Hence, to within a constant factor, it coincides with the polynomial of
degree Ny + ...+ Ny orthonormal on [0, 1] with respect to the measure dy (see [8, p. 268]):

N; Ny
(N1,-sNg) kg +ho+...4k k otk

Do D gy Vit (1 et = Py (1), )

k1=0 kq=0

The coefficients

o Tin s k€A,

in equality (4) can be defined in many different ways. Since functions of the form (2) are symmetric in their
variables if and only if

dpu(t) = dp(1 — ),
it is necessary to consider two cases:

Case 1. In the asymmetric case, as one of the possibility of determination of the coefficients cglva’.”l'ﬁ’ivd),

k € A(N), we consider the following procedure:

Ni+...4+Ng Ni1—1 No—1

(N1+...+Ng) i k N k
Z D; th = Z Chky 0,00 F + 11 E CN1,k2,0,...,00 °
=0 k1=0 ka=0

N3—1

N1+ N: k
+ T E CN1,Na k3,0,...,00
k3=0

Ny, —1

Ni+..+Ng, — E k
+...+1 vt ha-t CN17N27---7Nd1—17kd1 707---70t 4
k’dlzo

Nd1+1—1
Ni+...+N, E k
4+t dy CN17-~~7Nd17k’d1+170,-~~70(1 — t) dy+1

ka, +1=0

Nd1+2_1
Ni+...4+Nyg o Ng, 11 _ ka+2
+t L1 — )Tt Cva--~7Nd1’Nd1+17kd1+270»~~~70(1 t)tat

kaq+2=0
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Ng_1—1
+. 4 tN1+...+Nd1(1 _ t)Nd1+1+...+Nd—2 Z CN1,...,Ndl,Nd1+1,...,kd_1,0(1 _ t)k:d_l
kg—1=0
Na
Ni+...4+N, N, 4+ Ny i
+ ¢ d (1 — ) dutt d—1 Z CNl,u-,Ndl7Nd1+1""’Nd—1,kd(1 —t)"d,
kq=0
ThllS,fOI' k‘l :O,Nl — 17 /{2 = ... :k;d:()’ we get
(N1,..,Ng) _ (N1+...+Ng)
kl:m:kd - pk1 :
For ki = Ni, ko =0,Na — 1, kg = ... = kg = 0, we can write
(N1,..sNg)  _ (N1+...4+Ng)

EN1k2,0,0.,0 = PNy+ks

and, for k& = N1, ko = Ny, k3 =0,N3 — 1, ky = ... = kg = 0, we obtain

(N1,...,Na) (Ni+...+Ng)
N1,Na,k3,0,....0 — PN14+Notks

Continuing in a similar way and using the same reasoning, we find:

for k‘l = Nl, k:g = NQ,...,kdl_l = Ndl—lv k‘dl = O, Nd1 - 1, kd1+1 = ... = k‘d = 0,

(N1,...,Nq) _ (N14...+Ny)
N17N2,...,Nd1_1,kd1 ,0,...,0 — pN1+N2+...+Nd1_1+k‘d1’

for ]{,‘1 = Nl, /{2 = NQ, .. .,k‘dl = Ndl, k‘d1+1 = O7Nd1+1 - 1, ]{Id1+2 = ... = k‘d = 0,
Nay+1—1 .
C(Nl""’Nd) _ (_1)kd1+1 § : (N1+...4+Ny) :
N1,N2,...;Ngy ;kay +1,0,...,0 Pit Ni4+-No+.. 4Ny, ka+1)’
1=kay +1 1
fOI’ k‘l = Nl, ey kdl = Ndl, ]{d1+1 = Nd1+1, kd1+2 = O,Nd1+2 — 1, kd1+3 =...= kd = 0,
Nd1+2_1 .
C(le--~7Nd) — (_1)kd1+2 (N1+‘..+Nd) ¢
N1,Na,....Ng, ,Na; +1,kd; +2,0,---,0 E 1’%’+Nl+N2+,..+Ndl+1 kg io)’
i:kd1+2 i
for kl = Nl; LR kdl = Nd17 kd1+1 = Nd1+17 kd1+2 = O7Nd1+2 - 17 kd1+3 = ... = kd = 07
Nay42—1 .
C(va--de) — (_1)kd1+2 (Nl+~~~+Nd) v
N1,Na,....,N4, ,Nd, +1,kd; +2,0,...,0 Z pi+N1+N2+...+Nd1+1 kg, 4o ’
i=kd 42 !

and so on.
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We also present the last two equalities:
for ky = Ni,..., kg2 =Ng 2, kg1 =0,Ng1—1, kg =0,
Ng_1—1

C(Nh 7Nd) (_1)kd,1 Z (N1+~~~+Nd) ? .
N1,Na,...Ng—2,kq—1,0 — Pit Ni+No+..+Nga | 1o 1)
i=kq_1 -

fOl‘kl :Nl,---,Nd—la kdIO,Nd—l,

Ng—1 .
C(lenNd) _ (‘de Z (N1+...4+Ny) 7
N1,No,....Ng_1,kqg — pi+N1+N2+...+Nd_1 kd :

i=kyq
Case 2. In the symmetric case, we assume that
Ny =Ny =...= Ny,
Ngy+1 = Nay42 = ... = Ny,

and, in addition,

N1+N2+...+Ndl :Nd1+1+Nd1+2—|—...—|—Nd.

Let
N1:N2:...:Nd1:N and Nd1+l:Nd1+2:---:Nd:M'
Then
diN = (d— di)M
and
N N M M
Xn() =30 D0 DD D e (1 gt = Py (0)
kl =0 kdl =0 kd1+1 =0 deO
We set
Chy ko, kg — 0 for ki+ko+...+ kdl 75 kd1+1 + ..+ kg,
Chy koyoky = ak|/g for ki +ka+...+kgy =kg1+...+kg= |k|/2.
Then
2d1 N a4 4
XN(t) = D Gtz b1 — )iz b
m=0

2d1 N

1=0
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According to Lemma 3.1 (see [9]), the coefficients ¢, have the form

p(()2d1N) for m=0
Cm = 2m—j—1 '] (2d1N) ©)
Z 5 for m>1.

=1

For the measure
du(t) =t"(1 —t)7dt,

the coefficients of the power expansion of function (3) have the form

Dk + ko4 ...+ kg +v+ D) (kgyp1+ ...+ ka+0+1)
I'(k|+v+o0+2)

dy d
F(Zi:1k¢+u+1)F<Zl . k+a—|—1> )
N L(k|+v+0o+2) ' ©)

Sk —

Hence, we obtain the function

dq d
o F<Zi1ki+y+1>I‘<Zz e K —|—a+1>

f@=" 3, T(k[+v+o+2)

k1,k2;....kq=0

k1 kq
Z1 ...Zd

in the form of a hypergeometric series of the second order (see [10]).
In this case, the polynomial Xn(¢) coincides, to within a constant factor, with the orthonormal Jacobi poly-

nomial P|(N| o) (t) of degree |N| shifted to [0, 1].

We now write the explicit expression for the coefficients of orthogonal Jacobi polynomials (see [11, p. 581],
Sec. 22.3.3; for the sake of convenience, we set the constant equal to 1):

o) (t)_leNd(_1>m Nito A NO\D(Ni 4.+ Natviotm+l),
Ni+...+Ng = m F(V—i—m—l—l) ’

For v = o, which corresponds to the symmetric case, the polynomial Xy coincides, to within a constant

factor, with the orthonormal Gegenbauer polynomial C’é;jj\l/ ?) shifted to [0, 1].
The coefficients of this polynomial can be found from the relationship connecting it with the Jacobi polynomial
(see [11, p. 584], Sec. 22.5.27):

C](\l;) (t) = ﬂpj(\;’*l/zl’*lﬁ)(t)‘

(),

(2d1N) (_1)im 2y N\ T(2d1 N +2v + 1 +14)
(v+1)ogn \ i T(v+1+1)

Thus, we get

(M
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Substituting (7) in (5), we obtain

I2(2diN +2v + 1)

TN +v+ )I20 + 1) m =0,
Cn = ®)
m . i 14 .
Z(_l)j (2d1'N) (2v + 1)9g, N (2m—j 1.).‘7 P(2d1N+2l/—|—‘1 —i—j)7 m> 1
j=1 J (v + Daa,y - ml(m —j)! F(v+1+7)

Hence, for the multidimensional hypergeometric series of the second kind given by the formula

. F(Zjil ki v+ 1) F(Zj_le ki v+ 1)
f@= 2, T(k| + 2v + 2)

k1,k2,....,kq=0

k k
242yt 9)

it is possible to construct Padé-type approximants by using Theorem 1, namely, the following assertion is true:

Theorem 2. Forany N = (N,...,N,M,..., M) € N, the rational function

where

d—1 p
ZOEDIDIN | Eiy > 2"

p:[) UJGQp r=1 ngmi(w)SNmi(w)fl,i:LZ AAAAA d—p
PN (k)<0
x Z C§(w)oN+e(w)ojSk+e(w)oj>

JEA(6(w)oN+6(w)ok)

On(k) =k +ko+...+kg—2d1N + 1,

(N)

the coefficients ¢~ are determined by relations (8), and the quantities sy are given by relations (6), admits
an expansion in a power series whose coefficients coincide with the coefficients of the Taylor-Maclaurin series for
a function of the form (9) for all

ke{keZl: k| <4d,N -1}

and, hence, this rational function is a d-dimensional Padé-type approximant of function (9) of the order [N /N],
where

M={keZl: k| <4dN -1} \{k€Z%i: k1 > Ny,...,kq > Ny}
and

N = A(N).
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