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GENERALIZED MOMENT REPRESENTATIONS, BIORTHOGONAL
POLYNOMIALS, AND PADE APPROXIMANTS

A. P. Golub UDC 517.53

By using the method of generalized moment representations and certain properties of biorthogonal poly-
nomials, we establish new invariance properties of the Padé approximants.

1. Padé Approximants and Generalized Moment Representations

The method of Padé approximants is one of the most efficient and widely used methods for rational approxima-
tion of analytic functions. Padé approximants and their applications are studied in numerous papers (see, €.g., the
bibliography in [1]).

Definition 1 [1, p. 311). Assume that a function f(z) can be expanded in a power series of the form
f@) = Y s ¢
k=0

in a neighborhood of the point 7= 0. The rational function

PM(Z)

M/N = ,
[M/ ]f(Z) On(2)

@

where Pu(z) and Q y(z) are algebraic polynomials of degree not higher than M and N, respectively, is
called the Padé approximant of degree [M/N] for the function f(z) if f(z)-[M/N](z) = O(zM+N+1) for
z—0.

It was shown by Jacobi that the construction of the Padé approximants for functions defined by their power
expansions (1) can be reduced to the solution of linear algebraic equations and, hence, approximants (2) can be rep-
resented as a ratio of determinants [1, p. 18]. In many cases, however, this approach is not efficient. If f(z) isa
Markov function, i.e., if it can be represented in the form of an integral

du(r)
1-zt’

f@ = |

A

3

where W(z) is a nondecreasing function with infinitely many points of growth on a real interval A, then the con-
struction of the Padé approximants of degree [N —1/N ]. Ne N, for f(z) can be reduced to the construction of
polynomials orthogonal on A with weight du(z) [2, p. 34].

In 1981, Dzyadyk [3] suggested the method of generalized moment representations, which enables one to con-
struct and investigate the Padé approximants of functions more general than (3).
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Definition 2 [3]. The generalized moment representation of a numerical sequence {s; },_, in a Banach

space X is the following collection of equalities:
S = (%) kj = 0o, )

where x € X, k= 0,0, y,€ X", j = 0,0, and (x y) denotes the action of a functional y € X" on an
element xe€ X"

However, it turns out that the construction of the Padé approximants for functions expandable in power series
and representable in the form (4) requires not orthogonal polynomials as in the case of functions of the form (3) but

biorthogonal ones — much more complicated and inadequately studied objects. Namely, if f(z) is expandable in
series (1) and the sequence {s; },_, is representable in the form (4), the Padé approximant of degree [N - 1/N]
for the function f(z) can be written as follows:

PN—I(Z)

N-1/N = —,
[ / ]f(Z) QN(Z)

where

N -1
-
Py_(z) = Ei cﬁ- DN szbskzk,
j= =

N
On@) = Y NeN-i,
=

and the coefficients cﬁN ), j = 0, N, are determined by the biorthogonal relations for the generalized polynomial
N N . v
Y= 2o ¢ % (e Yy) =0, k=0N-1.
In this connection, it became quite important to study the properties of biorthogonal polynomials (see [4-71).
In this paper, we establish some new properties of biorthogonal polynomials and apply them to the investigation of
Padé approximants.

2. Generalized Moment Representations and Biorthogonal Polynomials

Let {s; },— be the sequence of coefficients of the expansion of an analytic function f(z) in a power series

f2y =Y, s~ (5)
k=0

Below, we assume that this sequence admits the following generalized moment representation in a Banach space X:
S = (oY) kj = 0. )

Furthermore, we assume that there exists a linear continuous operator A: X =X such that Ax, = X4, k = 0,00,
In this case, clearly, we have [8] A*yj =Yji+p J = 0, , the generalized moment representation (6) is equivalent to
the representation s, = {A*xy, yo), k = 0,0, whereas representation (5) can be rewritten in the form f(z) =
(R,(A)xp,¥0), where R (A) = (I-2zA)™! is the resolvent of the operator A.
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We also assume that the systems x; = Akxo, k = 0,0, and y; = AY Yo J = 0,°0, admit nondegenerate

. .. . . . _ M M) _ N (N)
biorthogonalization, i.e., for any M, Ne N, there exist polynomials X, = zk=0 c xand Yy = zj=0 ¢y

with nonzero leading coefficients such that
(Xp30 =0, j=0M=1, (X3 %0,
(% Yy) =0, k= O,N-1, (xy7Y,) #0.
Clearly, this is equivalent to the assumption that the Hankel determinants of the sequence { s, },‘;O are nonzero [1,

p- 18]. We consider the problem of biorthogonalization of the systems X, = Akio, k= 0,00, and y; =A"y,
j = 0,0, where %, € X satisfies the operator equation

M M
[T(-BA)% = Y 0,A"% = x,
m=1 m=0
Before formulating the corresponding result, we introduce some additional notation:

F@:= Y 57 = (R,(A)x. Y0
k=0

PN_1(Z) P —
N-1/N =: ——— N = 1,00,
[ / ]f(Z) QN(Z)

By_1(2) —
N—I/N "( ) = -, N= 19003
[ S W

f(2)On(z) = Py_1(2)
N )

SN(Z) =

Theorem 1. Let X, be a solution of the operator equation

D
11 (1-B,A)"% = x, %)

m=1

where all numbers B,, m = 1,p, are different. Then, forall N 2 M =r{+7ry+... + T

ized polynomials f’N in the system of functionals y; =A"y, j = 0,N, possessing the biorthogonal properties

nontrivial general-

(%, y) =0, k= 0,N-1,

where X, = Akio, k = 0,00, can be represented in terms of biorthogonal polynomials Y,,, m = N-M,N,
possessing the biorthogonal properties

(x,Y,)=0, k= 0m-1,
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by the relations

en-m(B1)  en-maa(Br) - en(B1)
r1 —1) gln —1) r1 —1
fo = g N B AB) '(B1)
. L o
dri)(B,) ewih(s,) . ’(ﬁp)
Yv_u Yy_ms Yy
Proof. First, we consider the case where r;=r,=...=r,=1. Clearly, the following expansion is possible
1512 P p
forany N 2 M:
Z TNy, ®)

By applying functional (8) to x;, k= 0, N-M-1, we get

k
0= Y y™(x,¥) k= O N-M-1. )
i=0

Since the biorthogonalization is nondegenerate, we have (x,-, Y;) #0 forany ie N U {0}. Therefore, relations (9)

imply that y(N ) =0, i = 0, N—-M~—1. Thus, we can rewrite (8) in the form
= Y vMv,. (10)
i=N-M

The coefficients Y(N ), i = N=M, N, can be determined (to within a constant factor) from the conditions of ortho-
gonality of ¥y to %, k= 0, M—1,

Il

I
e
R
L

N
0="(&%. %)= Y ¥"N&%.v) & (11)
N-

i=N-M

It follows from (11) that

Z Al H(I—BmA)xo, ) =0, k=TM. (12)
i=N-M
m#k

Consider the algebraic polynomials

M
b(x) = ] (1-Bpx).
m=1

m#k
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These polynomials are linearly independent. Indeed, assume the contrary, i.e., let

M M M

0= Y Eb(x)= Y& [ (1-Bnx) (13)
k=1 k=1 m=1
m#k

By settingx = 1/B,, j = I, M, in (13), we get §=0j= 1, M, which contradicts the assumption. This implies
that conditions (11) and (12) are equivalent. In view of (7), equalities (12) can be rewritten in the form

N
2 WU-BA) 0 Y) = 0, k=T M. (14)
i=N-M

It can be shown that [8]

Bk)Qi(Bgi)"Pi—l(ﬁk) = &(Be) (15)
k

where i = N—M, N, k = 1, M. Taking (10), (14), and (15) into account, we obtain

(1= BeA) T, 1) = 11

ex-m(B1)  en-ma(Br) o ex(By)
en-m(B2)  envome1(B2) o en(B2)

Yy = det
en-m(Bu) evomr1(Ba) - en(Bu)

Yn_u Yn_m+1 Yy

To prove Theorem 1 in the general case, i.e., for multiple f,,, it suffices to replace each number B,, of multi-
plicity r,, by r,, distinct numbers B,, B, +4, ..., B,, + (r,,— 1)k and then pass to the limit as # — 0.

3. Biorthogonal Polynomials and Padé Approximants

The properties of biorthogonal polynomials established in Theorem 1 involve certain invariance properties of
the Padé approximants.

Theorem 2. Suppose that there exist nondegenerate Padé approximants of degree [N —~1/N] and [N -
2/N -1], N22, forafunction f(z) = 2:=0 skzk. Assume also that, for some point B,

F(B)On-1(B)-Py_2(B) £0.

8N—l(ﬁ') = BN_l

Then there exists a nondegenerate Padé approximant of degree [N — 1/N] for the function

2f(2)-BS(B).

f(2) = —

In this case,
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PN—I(Z)
N—l/N 7 = = E)
[ ]f(Z) QN(Z)
where
Py_i(z) = NBI(B) [Bf(B)ON(z)-2Py_1(2)] - z?_(f) [Bf(B)Qn_1(2) —2Py2(2)],

On (z) = ey_1(B) On(z) - zex(B) Qw1 (2).

Proof. Without loss of generality, we can assume [9] that the sequence {s; };_, admits the generalized

moment representation s, = {A*xg, yo), k = 0,00. Weset %, = (I-BA)'x, Then

5 = (A% %0, yo) = ((I-BA) "5, A™yp) = (Ry(A)x0. i) = f(B)_g(k_l(f;B),

where T,(f, B) are Taylor polynomials of degree k for the function f(z) [8]. Further, we have

f(Z) - i ..kzk: i (B) T}c l(f B) k i i i—k k

S Lo = 1-(z/pY"
= Y5 Y Bt —ZsB,Z(z/ﬁ) %SJ-B’ 1-2/B

j=0 " k=0 j=0

o p! Z’“ _ zf(2)-Bf(B)
Z - z-B ’

j=0
By virtue of Theorem 1, we get
Yy = ey_1(B) Yy — ex(B) ¥y
or

N N-1
N N -1
Z C§ ))’j = [SN—I(B)C§ )"SN(B)C§’N )]}’j +€N—1(B)C§$’)}’N-
j=0 j=0

Hence,

(N N N-1 . ~
C,(' ) = SN-l(B)Cg' )—ﬁN(B)C§- ), j=0N-1, & =ey_1(B)c.

Therefore, the denominator of the Padé approximant of degree [N — 1/N] for the function f(z) can be written as
follows:
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N N-1
Ov(2)=Y, &7 2= 3 len1(B)ef ~en(B)ej" P 1" T vy (B) cf”

j=0

N N-1
= ey_1(B) _2(,) C§N)ZN'j -ex(B) 2 Cﬁ'N—l)ZN'j = ex_1(B)Qu(2) ~en(B)z0On-1 (2).
Jj= j=0

Jj=0

The numerator of the Padé approximant has the form

We have

[F52]

N
Py1(2) = Y &M NIt [F:2].
=

. ,_ . ) -
j Spe” = ]Zlfp(ﬁ)zp= jZ /(P) T’;’l(f’mzp
p=0 p=0 p=0 B
0 i
) ZSkBk_PZp= ]z I:Z ka P 2 ka"’:i
k=0 k=p p=0 “k=p
J-1 k p oo j-1
585 S (i F TS (5}
k=0 p=0 B k=j p=0 B
z k+1 Z j
i 5l
leskﬁ"——l—ﬁg—+ > s — b
k=0 —-B k=j —- B
S - ¢ e St (-2
- Py

i sk(Bkn _ Bk—j-l-lzj)

1
g (BT LSBT [} + 5 X

B

L (BT LBl -2Ty [f el + e 1= | 2] | ££(B) 2T, 1£: BT
B-z -z

J
R LLCRL (g] )+ 8 (2] L8 - o154 |.

By inserting (17) in (16), we obtain

1469

(16)

amn
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J
Byi(2) = ext(B) z v L re) - p (g) @) +8( 2] 7501 - 27,0554 |

N J i
— ex(B) Z (N=1) N~ Biz {Bf(B) - B[é—] f(B) + B(%) T;1(B) "ZTj—l(z)jI

= 2D B3 0@ - 2Pua - B (g) ev(P)B" |

N
- o { 2BS(B) On-1(2) = 2Py (@) - B (%) ey_1 (B)B"! }

= GN[;(ZB) {Bf(B)On(2) ~2Py_1(2)} - f-g-f—z—) [2BF(B) Oy_1(2)~22Py_(2)}.

Thus, Theorem 2 is proved.

Example. Consider the function
f(z) = (expz-1)/z = 2:=0 25/ (k+ 1)1

The sequence s, = 1/(k+1)!, k = 0,0, admits the generalized moment presentation
k g p

1 & J
1 t* (1-1) —

P= = dt: k: = ,ooa
S T (kr 1) I & ;! /

or

k .
5 = (A Xy yo), k,j=0,c0,
where X = X* = L,[0, 1], the operator A is determined by the relation

(A49)() = [ 9(v)ar,
0

and the initial elements (functions) x, and y, are identically equal to one. We now take X,(f) =cosoaz, o €
(0, ®/2]. Ttis easy to see that

I3 .
(Axy)(1) = jcosom:d’c = smoct,
0
t .
2. sinot 1 — cosou
(4%%) 0 = | = — .

0
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Hence, [(1+ oczAz) DlJny=1= %,(#) and, thus, we can use the argument presented above. Moreover, for any
Ne NU{0} and o e (0, m/2], the system of functions {ik(t)}iv:o is a Chebyshev system on [0, 1] [10, p.13].
Indeed, for N <2, this is obvious and, for N>2, this statement follows from the fact that {J”ck(t)},]:;'oz U

{x, (t)}}c___0 is a Chebyshev system of functions. For the Wronskian, we can write

1t ... N2(N-2)! cosat oL sinos
01 ... "3/N-3)! -asinu cosaut
Wy=det| 0 0 1 (cosar) M2 (cosour) N3
0 0 .. 0 (cosoct)(N - (cosoct)(N -2)
0 0 0 (cosoct)(N ) (cosou) (N-1)
- N -
aN‘Icos[oct + M} oM 2ginlr + DT
= det 2 2 = a4 20
N l: Nnjl N-1 . [ NTE:}
o’ cos| o + —2—‘ o sin{ o + -2—

for any re [0, 1].
Note that {y; (t)}kN=0 is also a Chebyshev system of functions for all Ne NU{0}. Therefore, we can use
the results obtained in [8] and conclude that the Padé approximants of degree [N-1/N], Ne N, for the function

1 Z .
2 . - ze* + asina — zcoso,
F@) = (R (A) %, yp) = jcosatez(l Dt = o

0

exist, are nondegenerate, and converge uniformly on compact sets of the complex plane.
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