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ON SEQUENCES THAT DO NOT INCREASE 
THE NUMBER OF REAL ROOTS OF POLYNOMIALS 

A. G. Bakan and A. P. Golub UDC 519.64 

A complete description is given for the sequences {~'k }~=0 such that, for an arbitrary real polynomial 

f ( t ) =  k=oakt , an arbitrary A~  (0,+~), anda fixed C~  (0, +~), the number of roots of the 

polynomial (Tf) (t) = ~2=0 ak )~k tk on [0, C] does not exceed the number of roots of f(t) on [0, A]. 

The following problem was formulated in [ 1, p. 382]: 

Karl in 's  problem. Describe the sequences of factors {)~k}k= 0 that do not increase the number of real zeros of 

n polynomials, i.e., the sequences such that, for any real polynomial f ( x )  = ~,k=0 akxk' 

k=0 k=0 
(1) 

where ~ l g ( f )  is the number of real zeros of f taking account of their multiplicities. 
In [6], it was proved that the solution of this problem presented in [2-5] is not correct and, thus, Karlin's prob- 

lem remains open. 

In this paper, we describe the sequences of factors {)~k}k= 0 such that, for an arbitrary real polynomial f ( t )  = 

~nk=o akt k, an arbitrary A ~ (0, oo), and a fixed C e (0, ~,), the number of roots of the polynomial ~ = 0  ak)~kx~ 

on [0, C] does not exceed the number of roots of f ( t )  on [0, A]. 

Denote by "~ the class of all sequences that do not increase the number of real zeros, i.e., sequences satisfying 
n property (1); the transformations determined by sequences of this type are denoted by T, i.e., if f ( x )  = ~ = 0  akx~' 

then 

Let us prove some auxiliary results. 

n 

( T f ) ( x )  = ~.~ ak)~kX k. (2) 
k=0 

Lemma 1. If{X.k}~__o e % 

= +_ 1 and ~ = +. 1 such that 

then there exists a nondecreasing function g(t) on 

o o  

0 

[0, + ~ )  and numbers 51 

(3) 
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Proof. We take an arbitrary algebraic polynomial 

n 

P(t) = E ~k tk 
k=O 

and construct the polynomial 

f(x) = [P(t)] 2 + e = 
R 

k,j : 0  

where e > 0. It is obvious that the polynomial f(t) is strictly positive on the entire real axis and, therefore, does not 

have real roots. By applying to f(t) the linear transformation T determined by relation (2), we get 

n 

k,j=O 

One can easily fred that 

(Tf)(O) = r + e o. 

If {~,k}:= 0 ~ "r then (Tf)(t) also has no real roots and, thus, it preserves its sign on the entire real axis. For 

example, 

s ign(Tf)(1)  = sign[ 
n 

~., ~k~jZk+j + e~o]  = sign (Tf)  (0) = s ignL o ="  5 I. 
k,j=O 

Since e > 0 is arbitrary, we conclude that the sequence { 61 ~,k}:= 0 is positive [7, p. 10]. Given an arbitrary 

polynomial 

n 

P(t) = E ~/~t~' 
k=O 

we construct the following one: 

f ( t )  : t( [P ( t ) ]  2 + ~) = 
n 

E ~ J  t~j+l + f,t, 
k,j=O 

E > 0 .  

Let us apply the transformation T to f(t), 

n 

(Tf)(t)  = E ~k~j t~J+l~'k+j+l + ~'t~'l. 
k,j=O 

1 _ _ _  
Since f(t)  has exactly one root t = 0 and (Tf)(O) -- 0, we conclude that Q(t) "= "--(Tf)(t) cannot have any 

t 
real roots. Obviously, 
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Q(0) = ~02L1 + E~,I. 

Therefore, 

1483 

n 

signQ(1) = sign[ ~ ~k~j)~k+/+, * e~,l ] = s ignQ(0)= signL 1 =.  82/5 1. 
k,j=0 

Consequently, in view of the arbitrariness of e > 0, the sequence { ( ~  / ~51) ~,~+1 }~=0 is also positive. This implies 

that representation (3) holds [7, p. 93]. 

Without loss of generality, we assume in what follows that gl ; g2 -- 1. The subclass of the class ~, deter- 
mined by these conditions, is denoted by '~+. 

Assume that the sequence {)~}k=0 ~ ,~§ possesses the following additional property: There exists a positive 
constant C such that 

~[O. CA](Tf) < ~'[0,A](f) (4) 

for any real polynomial f ( t )  and any A ~ (0, +,~), where, by analogy with the notation introduced above, 

~[0, A](f) denotes the number of zeros of the polynomial f ( t )  on the interval [0, A ] taking account of their multi- 

plicities. Let 'r~ denote the subclass of the class '~+ for which this condition is satisfied. 

Lemma 2. l f  a sequence {~.k]-k= o belongs to "c c, then it can be represented in the form 

C 

)~k = f tkd~t(t), k = 0,,~, (5) 
0 

where ~t(t) is a nondecreasingfunction on the segment [0, C]. 

Proof. One can easily see that it suffices to consider the case where C = 1. Consider the algebraic polynomial 

m 

f ( x )  = ( 1 - - t ) m t  n +E = Z ( m  k )(--1)ktk+nAm-k + s 

k--0 

where m and n are normegative integers and e > 0. This polynomial is strictly positive on [ 0, A ] and, hence, it 

have no zeros on this segment. Let us apply the transformation T determined by the sequence { ~k}k= 0 S "C~- tO 
this polynomial, 

m 

(T f ) ( t )  = ~ ( m  k )(-1)ktk+nLk+n am~ + ekO" 
k=0 

Taking into account the assumptions concerning the sequence { Lk}~=o, we conclude that (T f ) ( t )  is strictly 

positive on [0, A] and, in particular, 



1484 A.G.  BAKAN AND A. P. GOLUB 

m 

(Tf')(A) = A m + n z  ( m  k ) (-1)k~'k+" + e~o 
k=O 

> 0 .  

Letting e tend to zero, we obtain the Hausdofff condition [7, p. 97], which implies the possibility of represen- 
tation (5). Note that in our proof we only have used the validity of condition (4) for a single fixed number A > 0. 

Representation (5) allows one to define the transformation T not only on algebraic polynomials but also on 
arbitrary functions continuous on the semiaxis [0, +,,~ ). Consider the polynomial in powers of a logarithm 

m 

g(t) = A m+n Z ck (log t) k. (6) 
k=0 

Since the function g(t) can take arbitrarily large values at the point t = 0, it is impossible to define the trans- 
co 

formation T directly on it. Therefore, we define the transformation T that corresponds to the sequence {kk}k= 0 

'C~ on the function 

gp(t) = tPg(t), p >0 ,  (7) 

by the relation 

1 1 
(Tgp)(x) = f gp(xt)dg(t) = xP ~ tPg(xt)d~t(t). (8) 

0 0 

Let us prove the following lemma: 

L e m m a  3. Assume that the sequences {~'k]'~=0 belong to "c~. Then,for an arbitrary polynomial 

m 

g(t)  = ~ ck(logt)  k 
k=0 

with real coefficients c k, k = O, m, 

holds: 

m 

c 2 > O, for any P> 0 a n d A  ~ (0,+oo), 
k=0 

the following inequality 

~'(O,A](Tgp) <- ~ ' (o , a ] (gp) .  (9) 

Proof. Assume that the polynomial g(t) has r roots (taking account of their multiplicities) q ,  t 2 . . . . .  t r on 

(0, A ]. Consider an auxiliary function 

r = gp(t) 
( t - t l ) ( t - t 2 ) . . . ( t - t  r) 

The function q~(t) is continuous on [0, A] and preserves its sign on (0, A]. Without loss of generality, we assume 

that it is strictly positive on (0, A]. According to the Weierstrass theorem, the function ~ can be approximated 
on [0, A] by an algebraic polynomial P(t) so that 
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II 4cp(t)-P(t)IIc[o,A] < e 

for an arbitrary given e > 0. 
Consider the algebraic polynomial 

Q(t )  = ( [P(t)]  2 + e2) (t - tl)  ... (t - tr). 

Obviously, Q( t )  has exactly as many zeros on (0, A ] as g (t). Let us estimate on [ 0, A ] the difference 

1 
I (Tgp) (X)  - (TQ) (x ) [  = IS [xP tPg(x t ) -Q(x t ) ]d~ t<t ) [  

o 

1 
= [ I  [ c p ( x t X x t - t l ) " ' "  (X t - - t r ) - -  ([P(xt)] 2 + ~2) 

0 

X ( x t - t l )  . . .  ( x t - t r )  ] d~t(t)] 
1 

< ~ i x t - q i  ... I x t - t r ]]  q~(xt) 
0 

1 

- [P(xt)] 2 [d~ t ( t )+  e21 I x t - t l [  ... [ X t - - t r l 4 t ( t )  
0 

1 
<- A r l  [ ~f~(xt) - P ( x t ) l l  ~ ( x t )  + P(x t ) l  d~t(t) + Are  2 

0 

< Ar~ko II ~ -P(t)llc[o,A] II-f+(t) + P(t)IIc[O, A1 + ArE2 

< ArE( 2 [I ~ IIc[0,A] + e )  ~o + A~ ez. ( i0) 

Thus, the value 

II ( Tgp ) ( x ) - ( z a  )( x ) Ilc[0, a] 

can be made as small as desired by the proper choice of  the polynomial P( t) .  W e  complete the proof  by contradic- 

tion. Let (Tgp) (x)  have q > r zeros on (0, A]. Without loss of  generality, we can assume that these roots are dis- 

tinct; otherwise, we can make these roots distinct by changing insignificantly the coefficients of  the polynomial g ( t )  
so that the number of  its zeros remains unchanged. In exactly the same way, we can arrange that none of  these roots 
would coincide with the point x = A. We order the roots of (Tgp)(x) so that 0 < x 1 < x 2 < ... < Xq < A and denote 
x o : = 0 and Xq§ 1 : = A. Let us introduce the value 

~: : = ~ sup [ (Tgp) (x)l  > 0. 
j=0,q xe[xj,xj+l] 

Taking the previous reasoning into account, we get 

!10"gp)Cx)- (TQ)(x)IIcto,  A~ < ~:. 
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It is now easy to show that the algebraic polynomial (TQ)(x)  has at least as many zeros on (0 ,  A] as  
(Tgp)(x). Thus, 

~.(O,A](TQ) > ~.(O,A](Tgp) = q > r =  ~(0,A](gp) = ~" (0, A]( Q )- 

This contradicts our assumption that {~,k}~= 0 e "c~. Lemma 3 is proved. 

We  can now prove the principal result of this paper. 

oo + 

Theorem.  In order that a sequence {~,k]-k__0 belong to the class "c C, 0 < C < +o~, it is necessary and 

sufficient that the following conditions be satisfied: 

o o  

(i) The sequence { ~,k } ~ =0 can be represented in the form 

C 
~,k = f tkd~t(t), 

0 

where kt( t ) is a nondecreasing function on [0, C], 

(ii) The function 

k= 0 ,~ ,  

C 
�9 (z) = ~ t z4 t ( t )  

0 

is analytic in �9 \(-~o,  O) and can be represented in the form 

ep(z) = ~'~ 
o o  

H (l+aiz) 
i=1 

where ai>_O, i = 0,~,  ~ a i < oo, ~ _< logC. 
i=0 

(11) 

1 m m 

~'(0, A] ( ~ Xptp E Ck(IOgXt)~ d~t(t))  <_ ~'(0,A] ( tp E Ck(1Og t)k ) 
0 k=0 k=0 

(12) 

for all real c k, k = 0 ,m,  that are not equal to zero simultaneously. Let us make the change u = - l o g t  in the 

integral on the left-hand side of (12) and set w = log x. We get 

Proof. First, we  prove  the necessity of conditions (i) and (ii). We again restrict ourselves to the case where 

C = 1, since the proof can be  easily generalized for arbitrary C ~ (0, + oo) (for  this purpose, it suffices to consider 
k 0o 

the sequence {~,k/C ].k=0 ). It follows f romLemma 3 that 
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~(-~,,ogA](--ieP(W-U)~Ck(W--U)kd~t(e-U)) <- ~-(_,~ logA](e pw ~ CkWk) �9 
0 k=0 k=0 

Since A e (0, + ~),  this yields 

~(-~ ,o] ( -Se-PU~ck(w-u)kd l ' t ( e -U))  ~ ~( - ,~ ,0 ] (~CkW~)  �9 
0 k=0 k=0 

(13) 

m 

f(w) = Z ClcWlC' 
k=0 

(14) 

F(w) = - i e-pU f(w - u) d~(e-U), 
0 

(15) 

sk = - i u~ e -pu d~t(e -u) ), k =  0,'--~. 
0 

(16) 

Thus, by setting D = d / dw and 

Urn(D) = ~ (-1)k sk D/c 
k=0 k! ' 

(17) 

we can rewrite equality (15) in the form 

F(w) = U,n(D) f(w). (18) 

By applying the Laplace transform to the density -e-PUd~t(e-U), 0 _< u < + ,~, we obtain 

�9 ( z ) = - S e - Z U e - g U d ~ ( e - U ) =  i (--1)kskzk 
0 k=0 k! ' 

(19) 

Series (19) converges in a disk whose radius is nonzero. Since qb(O) = s o = ~ ~ O, the series 

1 ~o ~zk �9 (z) = W(z) = = k! (20) 

also converges in a certain neighborhood V 0 of the point z = 0. 

Further, since f(w) and F(w) are polynomials, equality (15) can be converted, and we get 

m 

f(w) = qY(D)F(w) = ( ~ rk Dk 
k= o k ! ) F(w). (21) 

The proof can be completed by an argument analogous to that used in the proof of Theorem 3.2 in [1, p. 342]. 
Denote 
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It follows from equality (13) that 

~- (-.0, o] (F) < ~(-**,o](f)- 

Consequently, ff F(w) = w m, then ~(-**,ol(f) = m. In this case, equality (21) yields 
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Hence, the polynomial 

f(w) = qT(D)w m = Am(w ) = 
m m!  

k=o k! (m-k)!  

m 

w~nAm(1) = ~.~ ( m )rkw k = A~n(w) 
w k 

k=O 

_ _  w m - k  

has only nonpositive zeros. Moreover, A~( w ) converges uniformly to V(w) inside any compact subregion K 0 
m 

C V o. Indeed, for given e > O, we choose N = N(~) such that 

I w  - 

k= 

Then, for any n > N, we obtain the following estimate: 

Ia2(W)-v(w)l ~ I ~  rk wk( 
n k=0 k! 

V W E  g O. 

n, 1)l + 2  ~ 1  I lwlk ' 
(n-k)  !nk k=N 

which implies the convergence. Thus, the function W(z) is a uniform limit of a sequence of polynomials having 
only real nonpositive zeros. It is known [1, p. 336] that this function admits the following representation: 

~P(z) = o~zkeSZ~= 1 (1 +aiz), 

where o~ ~ R, 

Hence, 

On the other hand, 

~)>0, ai>-O, i=  0,~,, and 0< ~ ai<oo, k~ I~I U {0}. 
i = 0  

-Sz 
1 e 

�9 (z) m k f i ( l + a i z )  
i=1 

~(z)  =-Se-U(P§ -u) = S t~Zdp.(t). 
0 0 

Since p > 0 is arbitrary, we have the representation 
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1 e_Sz 
dp(z) = dpo(Z ) = ~ tZd~t(t) = (22) 

k ~176 
0 fie. r I ( l + a i z )  

i=1 

Since the function r (z) is equal to ~0 at the point z = 0, we have k = 0 and 1 / a = )~0 in (22). Note that 

the condition E ~ = I  ai > 0 may  be not satisfied after passing to the limit as p ---> 0. Thus,  the necessity of  condi- 

tions (i) and (ii) is proved. Sufficiency follows f rom the Laguerre theorem [2, p. 544] and Theorem 2.1 in [1, p. 336]. 
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