Anatoly GOLUB

GENERALIZED MOMENT REPRESENTATIONS AND PADE
APPROXIMANTS

Abstract. Using the method of generalized moment representations Padé
approximants of orders [N —1/N], N > 1, are constructed for some elementary
functions.

1. Introduction. In the theory of Padé approximants for functions that are
not represented by Markov-Stieltjes integrals there are not unique approach
to construction and investigation of diagonal and quasi-diagonal Padé approxi-
mants, and appropriate problems are solved only for some individual functions
such as expz, (1 + 2)%, etc. (majority of known examples are cited in [1]).
Proposed by V.K.Dzyadyk method of generalized moment representations [2]
admitted to receive practically all known examples from unique positions as
well as to widen substantially the number of these examples.

Let us introduce necessary definitions.

Definition 1 ([3]). The rational function

_ PM(Z)
Qn(2)’
where Py/(z) and Qn(z) are algebraic polynomials of degrees < M and <

N recpectively, is called to be Padé approximant of order [M/N] for analytic
function

[M/N]¢(2)

f2) =) s, (1)
k=0

if f(2) — [M/N]s(2) = O(zM+N+1) for z — 0, i.e. power expansion of rational

function [M/N]¢(z) coinsides with expansion (1) up to the term, containing
M+N
z .

Definition 2 ([2]). The generalized moment representation of the number se-
quence {sx}72, in Banach space X is defined as two-parametric set of equalities

Sktj = li(zx), k,j =0,00, (2)

where z, € X, k=0,00, l; € X*, j =0,00.

In the case when in X there exists linear continuous operator A : X — X
such that
Axk = Tk+1, k= 0, 0o,

the representation (2) is equivalent to the representation:

sk =lo(A* ), k=10, 00. (3)



Then the function having power expansion of the form (1) with coefficients
represented in the form (3) will have the representation:

f(z) = lo(R2(A)z0), (4)
where R, (A) = (I — zA)~! - the resolvent of the operator A (see [4]).

In this paper we construct Padé approximants of orders [N — 1/N], n > 1,
for functions:

2(2+2) z
fi(z) = z\/ﬁ arctan i
Rle) =
! (z) _ sinz+1—cosz
a(2) = 2 - T TRE
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2. Padé Approximants for Function f1(z).

Theorem 1. The Padé approximants of orders [N — 1/N], N > 1 for the

function
22+ 2) z
arctan

he) ==

may be represented in the form

~1/N e
where
al 1
PN 1 — ZN m m/2] -«
D=2 [(m —1)/2]
m— 1
N (k m/2 —1 (4 +1 )/2]! 3/2} ;
X I 27,
2 - N
_ Z(N m/2] l(N m/ N—-m
On(2) Z+Z —1/2Z k—ml -
and l,gN)7 k =0, N are the coeflicients of shifted orthonormal on [0, 1] Legendre
polynomial

N
t)="> 1M
k=0
Here and further by [p] entire part of number p is denoted.

Proof. Let us consider in the space C[0,1] of continuous on [0, 1] functions
linear bounded operator

(A9)(t) = tp(1 - t).



It is easy seen that its second degree is representable in the form

(A20)(t) = t(1 — t)e(1). ()

The resolvent of operator A2 has the form:

A0 = s, (©

M8

[R-(A%)¢](t) =

B
Il

0

Obviously:

R.(A*) =R_ (AR ;(A),
and, consequently,

R ;(A) =+ VZA)R,(A?).
Thus, because of (6):

o(t) + o1 — 1)

R0 = =570 5

Let us assume now:
1

xo(t) = 1,lp(z) = /m(t)dt,

and construct the function of the form (4):

1

1+ 2t 224 2) z
10 = [ Tt = o arctan 2

0

Its Padé approximant of order [N —1/N], N > 1 according to [2] may be written
in the form:

PNfl(Z)
[N —=1/Nlg (2) = QTZ)’
where
N m—1
Py_1(2) = Z ) N=—m Z sp2", (7)
m=1 k=0
N
Qn(z) =Y N, (8)
m=0

and coefficients c\ ), m = 0, N are defined from bi-orthogonality relations for

generalized polynomial:
N
LN = Z C,(ﬂjlv)lm
m=0

of the form:
LN(l'k) :O7k:0aN_ 17



and sg, k = 0,00 - Maclaurin coefficients of the function f;(z).
Let us determine the functions

zg(t) = (Akxo)(t), k=0,o00.

From (5) it is seen that for even k = 2m:

Tom(t) =t (1 =)™, m =0, 00. (9)

Applying operator A to (9) we will obtain:

Tomi1(t) = t™ (1 — )™ m =0, cc.

Similarly we now determine linear functionals I, = A**ly, k = 0, oo:

l(z) = / (O (b)dt,
0

where
(t) = (1 —-um for k =2m
I =0 em(1 — )™+ for k= 2m + 1.

Thus, the construction of bi-orthogonal polynomial Ly is reduced to bi-orthogo-
nalization of systems of functions {zj(t)}_, and {yx(t)}2_, on interval [0, 1].
Because xj(t) and yi(t) are algebraic polynomials of degree equal exactly to
k, then such bi-orthogonalization inevitably will lead us to construction up to
constant multiplyer which is unessential in our reasoning of shifted orthonormal
on [0, 1] Legendre polynomials L% () (see, for example, [5]):

N
Xn(t) = eDam(t) = Li(1). (10)
m=0
In order to calculate coefficients c%v )it is necessary to represent functions t*, k =
0, oo by means of functions x(t), k = 0, c0. Let us write required representation
with indeterminate coefficients:

k k-1
25 =" aWaom(t) + > B wamia(t), k=0,00, (11)
m=0 m=0
k k
2R = Z ) o () + Z 6 o i1 (t), k=10, 00, (12)
m=1 m=0

and consider generating functions:

oo k
Az, w) = sz Z alfw™,

k=0 m=0



k=1 m=0
oo k
D(zyw) =Y 2 Aw™,
k=1 m=1
oo k
Az, w) = sz Z SF ™
k=0 m=0

Multiplying equality (11) by ¢ we will obtain:

& k-1 k-1
R =N 0B a1 () + Y B zomir () = Y B womya(t) =
m=0 m=0 m=0

k k—1 k
= oW ana () + Y B s () = Y AN jwan (). (13)
m=0 m=1

m=0

Since functions zy(t) are linearly independent, and right sides of (12) and (13)
coinside, then their equality will not be broken if we instead of functions xa,, (t)
substitute w™, and instead of functions zg,y1(t) substitute zeros. We will
receive:

k k
> AW == 5w (14)
m=1 m=1
Let us multiply (14) by z¥, and sum by & from 1 to co. We will obtain:
I'(z,w) = —wB(z,w). (15)

Similarly we will establish the relations:

A(z,w) =1 — z2wA(z,w), (16)
B(z,w) = zA(z,w) 4+ 2T'(z,w), (17)
Az, w) = A(z,w) + B(z,w). (18)
Solving the system of linear algebraic equations (15)-(18) we will receive:
1+2z2w—2z
A =
z
B -
(Z,'LU) (1+ZU})2—27
—wz
r =
(z,w) (14 2w)2 -2’
1+ zw
A =
(2, w) (14 2w)2 -2



From this formulae we have:

Cltu—: _ (1-VDR |, (1+VA2
Al )_(1+zw)2—z_1+zw—\/5+l+zw+\/§_

> ZFwk = 2wk
SR g Y 2,;}‘”'“ T Ve -
> = (k+m—1) E4+m—1)! mm
= (2m E-D . 2m —k — 1)!
B ;;)<_ ot Z @m— 20" mz::oz Q‘”kwk (k( D)2m — 2k)!”
whence
o) — (—1)m (2k —m —1)! (19)
(m — DI(2k — 2m)!
Similarly we will obtain:
B m (2k—m —1)!
Bl = (1) m!(2k — 2m — 1)’ (20)
= (D" 15'2(k2k = Z)m o 2D
i) = H)mm (22)

Substituting (19)-(22) in (11)-(12), and combining these equalities, we will re-
ceive:

k
=3 (-2 [(7;’“_‘1[)”;2/} 2!](];_1:1)!%(75) for k> 1 (23)

and t° = 1 = z4(¢). From (10) and (23) we will obtain:

(V) — (—1)m/2] () (k= [m/2] - ! _
e’ = (—1) _1/2|Zl (s —m)! form=1,N  (24)
and c((JN) = ZSN).

Substituting (24) in (7) and (8) we will receive the statement of the Theorem
1.

Remark. Similarly it is possible to construct Padé approximants for function:

2 24+ (1—-a)z V1 —a?

arctan

V1-a2\2-(1+a)z V= (a+1)2)2— (a—1)z)

fz) =




for a # £1 (for « = 0 we will obtain function f1(z)). For this it is necessary to
consider in space C0, 1] operator

(A¢)(t) = atp(t) + tp(1 —1).

3. PadéApprozimants for function fa(z).
Theorem 2. Padé approximants of orders [N —1/N], N > 1 for the function:

tan /2

f2(z): \/z

are representable in the form:

N N k=1 oo, .
2m)! B 227+2(92i+2 _ 1) B. ]
Py_i(z)=> (-)F > K(N)¥ N—k ( ) i

k=1 m=k " (me%)!z §=0 (27 +2)! ’
= 3 1)k S (V) (2m)! N—k
QN(Z)—kZ:O(—) mzz:k/fm Gm—2)°

and by /{%V ) the coefficients of shifted orthonormal on [0, 1] with weight t—1/2

Jacobi polynomial
N

RY () =Y wem
m=0

are denoted, and B; - Bernoulli numbers, defined by formulae:

(27)! 11 1

Proof. Let us consider in space C[0, 1] linear bounded operator

o
0

Its second degree may be represented in the form:

(A%0)(t 1—t/¢ d7+/1¢ (1—17)d
t

Let us assume z¢(t) = 1 and find [R,(A%)z](t) from operator equation:

(I — 2A2)g](t) = (=) —zl—t/¢ T—Z/¢(T)(1—T)d7=1. (26)

t



Successive double differentiation of the equality (26) gives:

’t)—|—z/0t¢(7')d7'=

¢"(t) + zp(t) = 0
General solution of equation (28) is representable in the form:
@(t) = C1 cos /2t + Cy sin /zt.
From (26) and (27) we will obtain boundary conditions:
¢(1) =1, ¢'(0) =

Taking into account (29) and (30), we will receive:

(R (A%)0] (1) = —\jf

1

Let us assume now lo(z) = [ z(7)dr, and construct function:
0

cos \/_t _ tan \/_
cos \/— vz

fol) = 1o[R-(4%)zg] = /

Let us assume:
xgk(t) = (Azkxo)(t).

Taking into account the equality:

[R.(A%)x0]( Z (A% (t) = Z 2P o1 (t)
k=0 k=0

as well as expansion:

k thk e

t (o]
cos vz = cos+/ztsec/z = Z

Z Ekz
cos+/z pars = (2k)!

_k: 2m 2k—2m)
where Ej, are Euler numbers deﬁned by formulae:

22k+2(2k)! 1 1 1
k= T 2kt T 32hAT T paRel 7kl

+ ..

we will obtain:

k
-1 mtsz
1'219 Z k—m

N (2k — 2m)!’

m:O



i.e. functions xox(t) are even algebraic polynomials of degree equal exactly to
2k. Let us take into account also that

1 11—t
lop(z) = A%kl (z) = 1o(A%z) / A%k g) / (A%*=12)(r)drdt =
0 0

o7

//A?k L) (r)drdt = /I(AZk_lx)(t)(l—t)dt:...:/13:( Daan(t)dt. (32)

According to [2] Padé approximant for function fa(z) of order [N —1/N], N > 1
may be written in the form:

[N = 1/N]p,(2) =

where
m—1

N
Pyoi(z) =Y cZN"m 3" g2k, (33)
k=0

m=1

N
z) = Z ) N=m (34)
m=0

and coefficients ¢\ ), m = 0, N are defined from bi-orthogonality relations for

generalized polynomial:
N
Z Com l 2m

m=0
of the form:
L2N<x2k) = O7k = O>N -1

and sg, k = 0,00 - Maclaurin coefficients of the function fa(z).

Keeping in mind (32) we conclude that the construction of polynomial Loy
is equivalent to construction of polynomial

Xon(t E C ) Zom (t

having bi-orthogonality properties
1
/.’L‘Qk(t)XQN(t)dt = 0, k= 0, N —1.
0

Taking into account that xox(t) are even algebraic polynomials one can write:

Xon (1) = Un(t?),



where Up (t) is algebraic polynomial of degree equal exactly to N such that
1
/UN(tQ)tdet =0, k=0,N — 1.
0

Fulfilling the substitution v = ¢2 in the last integral we see that Uy (v) is shifted
orthonormal on [0,1] with the weight v='/2 Jacobi polynomial up to constant
multiplyer (see, for example [5])

N
Un(w) = Y ko™ = Ry (),

m=0

In order to determine coefficients c%v ) of the polynomial X5 (t) we need, there-

fore, to find the expression of even degrees of variable by means of functions
2ok (t). We have:

. t b
cos+/z _ Z r—
k=0

cos+/z
Hence -
cos y/zt = cos \/EZ 2P 201 (1)
k=0
or
0 Zk( 1>kt2k > Zk(_l)k 0 . 00 . k (_1)k—m
Z :Z Zz :rgk(t)—Zz Z;vgm(t) g
D DT > 3 a8 gy
From here we obtain
k
% _ (=)™ (2k)!
o 7;“"“(’5) (2k —2m)!
Thus,
N N k
_ 2y _ (N) 2k _ (V) (=1)™(2k)! _
Xon(t) = Un(t?) = ZHk A Z/{k Z xzm(t)m -
k=0 k=0 m=0
N N
_ _ym ) (2k)!
U;)xm(t)( Y k:zm”’“ 2k — 2m)!’
whence N
|
() _ (_qym ) (2k)!

Substituting (35) in (33)-(34) and taking account of well-known formula for
Maclaurin coefficients of function f(z), we will obtain the statement of the
Theorem 2.

10



Remark. Let us note that Padé approximants for f5(z) by another way were
constructed in [1].

4. Padé Approximants for function f3(z).
Theorem 3. Padé approximants of orders [N — 1/N], N > 1 for function

sinz+1—cosz

fa(z) = ZCos z
are representable in the form:
PN_l(Z)
N —1/Nls,(2) = ,
N = 1N () = 5=
where
N k-1
Pyn_1(z ):Z [k/Q]Zl(N) [6m+(5km(1—6m N- st 27,
k=1 m=k 7=0
N
Z [k/2] Z l [Gm + 6k m(l - Em)]ZN_k,
k=0 m=k

and by l,gN), k =0, N the coefficients of shifted orthonormal on [0, 1] Legendre
polynomial are denoted,

| 1, if mis even,
€m = 0, if m is odd,

Kronecker symbol 6y, ,, is defined by formula:
P 1, if k=m,
km= 0, ifk#m,
and s;, j = 0,00 are Maclaurin coefficients of function f3(z):

22k+2(22k+271)B . .
s = G if =2k,
if j =2k + 1

k41
@k+2)1
(Bernoulli numbers By, and Euler numbers Ej, are defined respectively by for-
mulae (25) and (31)).

Proof. Let us use the same operator A as in proof of the Theorem 2. We
have established that
cos /2t

(R (A2)rolit) = T2

Hence

[R=(A)zo)(t) = {(I + zA)R.2 (A*)zo }(t) =

11



1—t
cos zt / COs 2T cos zt +sinz(1 — t)
+z d .

Cos z Cos z CoS z
0
1
Assuming lo(z) = [ z(7)dr, we receive the function
0
/ (1-1)
coszt +sinz(l—t sinz+1—cosz
Fo(2) = Io[Ra (A)ao] = / it = .
coS z ZCOS 2

0
While proving the Theorem 2 we also have obtained that

k
-1 thmEk m
$2k( ) A2kx0 = E 42]€ — 2m) (36)
0

Hence
m t)2m+1Ek
2m —|— DI(2k — 2m)!

k
Tokt1(t) = (Azap)( Z (37)
Formulae (36) and (37) ensure that z (t) are algebraic polynomials of degrees
equal exactly to k.
According to [2] Padé approximant for function f3(z) of order [N — 1/N],
N > 1 may be written in the form:

. 1
[N_ 1/N]f1(2) = QN(Z) )
where

N
Pn_1(z) = (M) N—m Z sp2", (38)

m=1
z) = Z ) N=m (39)

m=0

and coefficients c%v ), m = 0, N are defined from bi-orthogonality relations for

generalized polynomial:
N
v X

m=0
of the form:
LN(xk) :Oak:()aN* 1,

and si, k = 0,00 - Maclaurin coefficients of the function f3(z).
As before we conclude that construction of polynomials Ly is equivalent to
construction of the polynomial

N
Xn(t) = NVam(t),
m=0



having bi-orthogonality properties
1
/ g (t t)dt =0, k = 0,N—-1
0

but this construction taking into account stated above will give us as well as
in Theorem 1 shifted orthonormal on [0, 1] Legendre polynomials L% (¢) (up to

constant mulriplyer). In order to obtain coefficients c( ) of polynomial Xy (t)
let us first find expressions of functions ¥, k = 0, 0o by means of functions z(t),
k = 0,00. For even degrees these expressions are received in the proof of the

Theorem 2:
(=1)™(2k)!
Z Zam(! 2k 2k —2m)!”

For odd degrees let us write expression with indeterminate coefficients:

k
p2h41 _ ZO‘ Zam() + 3 B wama (8). (40)

m=0
Let us apply operator A% to (40). We will obtain:

1 42k+3 k "
S - mas(t). 41
2k +2)(2k+3) Za T2m+2 )+Zﬁm$2 +3(t) (41)

From other hand

1— t2k+3 1 k+1
= Z a(k+1)x2 (t)—
(2k +2)(2k +3) ~ (2k +2)(2k + 3
k+1
=37 B8 241 (1) (42)
m=0

Comparing right sides of (41) and (42) and taking into account linear indepen-
dence of functions x(t), k = 0, 00, we will receive

aék'H) =1,
2k ! -
altl) = —(2k +2)(2k +3)al) | = ... = (1)m(2k(_ 2;2 3),agk iy
whence @) _ (_qym (2k + 1)!
G’ = 2k —2m + 1)’
and also .
Bt =0,

13



B = —(2k +2)(2k +3)8%) , = .. = (-1)"

(2k —2m + 3170
whence

By =0, if m <k,
) — (k2K + 118 = —(=1)F(2k + 1)1,
We obtain the representation:

k

Pt = (R DN Ly (C1)R(@k + 1)l (),

(2k —2m + 1)!

m=0
Combining formulae (40) and (43) we will receive:

[k/2]

th = Z (—1)m_]€7!m)!$2m(t) — (1= &) (=)D 2kl (1),

m=0

where
| 1, if mis even,
“m =19 0, ifmis odd.

)

From (44) we have:

N

N
=3 eMan(t) = Lyt = Y1V =
k=0

k=0

= Zl;iN)[Z(—l)m(k_k—;m)!xgm(t) — e (~1) D2 (1)) =

(N/2] (N/2]

= 2 (0"l 3 & s

m=0
N KNZE)/Q] t) [(Ni)m o @kl
"am 2412k — 2m 1 1)

k=m
[(N=1)/2] N
— > (D (DI (2k + DL

k=0

Thus for N = 2M being even we will obtain

M 1

(2k)! ;M) (2k +1)!
e+ (2k —2m + 1)V

M
2M .
oy = (=D IS )m

k=m

o~

c=m

M M
e = (= 1)™ISM, (2m + L.

14

(Qk—l- 3)’ (k—m+1)

)

(43)

(44)

(45)



For N =2M + 1 being odd

M
LM 2M+1) @My (2k+1)!
C2m ];l 2k 2m Z 2t (2k —2m +1)! i)
2M+1 mi(2M+1
MY = (—1)mgT Y (2m 4 1), (46)

Substituting ((45)-(46) to (38)-(39) we will receive the statement of the Theo-
rem 3.

Remark. Continuing the reasoning used in proofs of the Theorem 2 and
Theorem 3 it is possible to construct also Padé approximants of orders [N —
1/N], N > 1 for function f(z) = (secy/z — 1)/z, which is representable in
the form f(z) = l3(R.(A?)zg), where Ag, 7o and l; are just the same as in
mentioned theorems. This result is equivalent to construction of diagonal Padé

approximants for function cos z carried out in [6]. Besides that if in the proof of
1—t

the Theorem 3 instead of operator (4¢)(t) = [ ¢(7)dr one consider operator
0

t 1—t
(46)(t) = a [ otridr + [ o(ryds
0 0

(for av # 1) it is possible to construct Padé approximants for function

(1 —oz)““\jL —coszvV1—a?+ 1.
z[cos zv/1 — a? — ]
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