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EXTREMAL PROBLEMS OF APPROXIMATION THEORY IN LINEAR SPACES

A. L. Stepanets UDC 517.5

We propose an approach that enables one to pose and completely solve main extremal problems
in approximation theory in abstract linear spaces. This approach coincides with the traditional
one in the case of approximation of sets of functions defined and square integrable with respect

to a given c-additive measure on manifoldsin R, m > 1.

1. Spaces S}

In the present work, we develop the approach proposed in [1-7], which enables one to pose classical ex-

tremal problems of approximation theory in general linear spaces and find their exact solutions. The spaces S(f)’
considered in [1-7] are constructed as follows:

Let X be an arbitrary linear complex space and let @ = {@;};-; be a fixed countable system in it. As-
sume that, for any pair x, y € X in which at least one of the vectors belongs to @, the scalar product (x, y) is
defined and satisfies the following conditions:

() (x,y)= (y,x), where Z is the complex conjugate of z;
(i) (Ax;+WUxy,y)=A(x;,y)+ WU(x,,y), where A and W are arbitrary complex numbers;

0, k=1

(i) (@, @) = {L k=1

Every element fe X is associated with a system of numbers f‘ (k) by the equalities

f = foo = (g0, k=12, (keN) ()

and, for fixed p € (0, =), we set
P = SLX) = {feae:2|f(p(k)|” < oo} 2)
k=1

Elements x,y e S(f)’ are assumed to be identical if )?(p(k) = fz(p(k) forall ke N.
For vectors x,y € X, we define the @-distance between them by the equality
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1/p
Ro(k) = §o (k) |”) .

p(p(x’ )’)p = (Z
k=1

The vector 6 such that é(p(k) =0 forall ke N is called the zero element of the space Sg . The distance

Py(6,x), x€ S5, is called the @-norm of an element x and is denoted by ||x||,, ,- Thus,

1/p
Zo(k) |”) : (3)

Il = pot0.) = (S

k=1

The set Sg is a linear space. For p =1, the @-norm satisfies all necessary axioms of a norm. In this case, S(g
is a linear normed space containing the orthonormal system ¢. For p =2, the space Sé is a Hilbert space if it

is complete. For other p € (0, «), the spaces S(g inherit the most important properties of Hilbert spaces such
as the Parseval equality in the form (3), the minimum property of partial Fourier sums, etc.

Let v = {y,};-; bea given system of complex numbers. If, for a given element fe X, there exists an
element F e X for which

Fyk) = wif(k),  keN,

then the vector F is called the y-integral of f and is denoted by F =7V f. Let Ug be a unit ball in the space

SP

0 namely,

Ug = {re sg. Ifllgp =1}
By 1|IU(‘{’,7 , we denote the set of all y-integrals of all elements of U}, i.e.,
wUg = {FeX: F=JVf fe U}
Note that if the space X is complete and, furthermore,
vy, #0, keN,

then

fo®)
Vi

P
<1f,

In [1-7], the least upper bounds were determined for the best approximations of elements fe wUé’ by
polynomials of the form

YUy = {fe%: i

k=1

i.e., the set WUp isa p-ellipsoid with semiaxes equal to | y|.
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Py = D 04
key,

where v, are fixed collections of n natural numbers and o are certain coefficients, and the exact values were

found for the Kolmogorov widths d,(yUg; S§) and the quantities

, 0 < p,g < oo,

e, (WU, = sup inf |f- P, o

feyUqy %Tn

which are called the best n-term approximations of the g-ellipsoids v Ug in the space Sg .
It should be noted that, eventually, all these problems are reduced to the corresponding extremal problems
for numerical series with positive terms whose solutions can be obtained in explicit form.

The system of numbers (1) can be regarded as the set of values of a certain function f (t) defined on the
integer-valued lattice Z" in the Euclidean space R™ of dimension m, m > 1, with properly enumerated points

t e Z™. Moreover, the operator of scalar multiplication can be interpreted as an operator acting from X onto the
corresponding set of functions. Furthermore, the functional defined by the series in (2) can be regarded as an in-

tegral constructed with respect to the measure du whose support is the set Z".
This approach enables us to propose the following construction:

Let (R", dw), m>1, be the m-dimensional Euclidean space of points ¢=(t{,...,t,) equipped witha o-

additive measure dy, let A be a p-measurable subset of (R™, du) whose p-measure is equal to a, where
either a is finite or a =, 1.€.,

meSMA = |A||J' =da, ae(09°°]a
and let Y=Y (A, du) be the set of functions y =y(¢) defined on A and measurable with respect to the measure
du.

Further, let X be an arbitrary linear space of vectors x and let @ be a linear operator acting from X into
Y, namely,

D: X YA dy), O L R xeX  Fe YA d.

Fora given p € (0, ], we denote by L,(A,dJ) a subset of functions from Y (A, du) that have the finite
norm

(JAIy(t) [” dt)l/p, P €0, ),

y = 4)
I iy ess sup | y(1), p =
teA

Let S = S§(X;Y) denote the preimage of the set L,(A, di) in X under the mapping ®. Thus,

S6 = So&: ) = {xe X, || %], aam<<} 5)
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Elements x;,x, € S§ are assumed to be identical if X;(r) = X,(rf) almost everywhere with respect to the
measure |L.

For elements xq, x, € Sg , p € (0, ), we define the ®-distance between them by the equality

1/p
Po (X, Xp) = X1, Xp) g = | @Gy —x) ||, aap) = [Jlil(t)—iz(t)l”duJ :
A

An element 6 for which é(t) =0 almost everywhere on A is called the zero element of the set S§ .

The distance pg,(0; x), x € S§, is called the ®-norm of an element x and is denoted by || x||,= || x|| -
Thus, by definition,

Ixlly = llxllpe = P 05 = || ][4, 4.0y (©)

In this case, S§ is a linear metric space; indeed, the operations of addition of elements and their multiplication
by numbers defined in X remain applicable for any pair x,, x, € S§. Furthermore, for any numbers A; and
Ay, the element x5 =A;x; + A, x, belongs to SZ. Indeed, since x3€ X, we have Xx3(r) = Ax(7) + AaXy(0).
If p=1, then

%1l = ||’AC3||LP(A,du) < (M|l ’A‘l”Lp(A,du)Jf|7V2|||’%2||LP<A,du> = [ A [l [l + [ A2 | [l 22l
by virtue of the Minkowski inequality. If p € (0, 1), then, using the inequality

|a+b|pS |a|p+|bp, 0<p<l,

we get

1/p
|51l = (Jlmlm + Aoy (1)) du)
A

IN

1/p
('7”1 |pj|5€1(t)|pdu+|7vz |p.[|£2(t)|pduj < 2"7(|2 ||, 1o+ 122 || %21,
A A

ie., x;€ S{; in all cases.

It is clear that, for p > 1, the functional || . || » satisfies all necessary axioms of a norm. Therefore, S{I’) is
a linear normed space for p = 1.

In the terminology accepted in the theory of integral transformations, the element x = ®(x) is the image
(d-image) of an element x, and the set E(®) of values of the operator @ is the set of images. Thus, the &-
distance and ®-norm are the distance and norm in the space of images.
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2. Multipliers. Approximating Aggregates and Objects of Approximation

As approximating aggregates for elements x € S5, we use elements from S§ whose images have sup-
ports Y, of given measure ©. Itis clear that exactly this principle is used in the classical case in the construc-

tion of, e.g., trigonometric polynomials for the approximation of a given periodic function if the operator @ is
understood as the mapping of functions into the set of their Fourier coefficients. In the general case, there arise

certain problems related to the fact that the spaces S§ can be incomplete. In this connection, we introduce the
following definitions:

Let ® = w(t) be a certain function from Y (A, du). Then we denote by Mg the operator acting from X
into X that associates x € X with an element x, € X such that if ®(x)= x(f), then Xx,(f)= ®(x,) =

o(t)x(t) almost everywhere. The operator Mg is called the multiplier of the operator ® generated by the
function ®. Let Qg (X)=Qq (X, X) denote the subset of functions ® from Y(A, du) for which the multi-

pliers Mg exist.

If 9t and I’ are some subsets of X, w € Qgp(X), and the operator Mg maps I into I, then we
say that Mg has the type (9, 9"). In particular, if Mg maps S§ into S§, then the operator Mg has the
type (Sh, S§) or, briefly, the type (p, p). The set of functions ® generating operators of the type (p, p) is
denoted by Q.

Thus, if @ € Qf and the operator Mg acts from SJ, thenitacts into S§. In this case, every x e S§

is associated with an element x, = Mg(x) for which the following equality holds almost everywhere on A:
Xp(t) = @(xy) = ONOX(D), X, € Ly(A, dw). (7)
Given o >0, assume that y; is a u-measurable setin A,

mes,, Yo £ |vs| =0 o©<a (8)

and A =A(r) is a measurable function with support y;. Also assume that, for a given p € (0, ), we have

Ae Qg and ch (x; ) d X = Mzg(x), and, therefore, according to (7), we get

R MOX(r), tE€Yg,
Uy (1) = ©U,_(x;1)) = )

0, { €Y, xeSh.

The elements U, _(x; A) are considered as approximating aggregates for x € S§. In this case, if A(7)=1
on Y, i.e., if A(f) coincides with the characteristic function Xy (1) of the set 75, then we set Uy (X3 %) =
Uy (x).

Let I's =I'5(A) be the set of all measurable subsets of A whose measures are equal to ¢. We say that,
for a given p >0, an operator @ satisfies condition (A,) if the functions x, () of all sets Y5 € I'; belong to

Qf, forall ¢ € [0,a). Thus, if @ satisfies condition (Ap), then all elements Uy (x) are defined for any
x € S§ and are contained in S§. The element Uyc(x) is called the restriction of an element x of rank ©, and

the element U,_(x; A) is called the A-restriction of x of rank G.
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Let p be an arbitrary positive number and let x € S§. Then, by virtue of (6) and (9), we get

P

”x = Uy, (1) ||£ = L, (A,dy)

0 - Uy (M) = [i-20Pzofdu+ [ |20 du.
Yo

A\Yg

Hence, we arrive at the following statement:

Assertion 1. Suppose that p € (0, ), x € S§ = S§(X;Y), Y5 € Iy, and the operator ® satisfies
condition (A,). Then

df .
€0, & it = Gl = = U0l

Furthermore, the following equality is true:

€, (), = |xIlb = [I30))" du. (10)
Yo

Thus, if %, € Q}f, then, among all elements Uy (x; A) generated by the multipliers MZI‘, and satisfying

condition (9), the element UYG (x) has the least deviation from an element x in ®-norm in the space Sq’;, i.e.,
among all A-restrictions of x of given rank o, its restriction for A(z)= 1 is the closest one to x. It is clear
that this property is an analog of the minimum property of Fourier sums in the Hilbert spaces L,.

Let I'={Y5}s50- |Ys|=0. be a family of measurable subsets of A that exhausts the entire set A for
O — oo, i.e., it possesses the property that any point € A is contained in all sets 'y, for all sufficiently large
values of ¢ and, therefore,

lim j |20 du = j|£(x)|”dp Vxe Sb. (11)
G—oo
Yol A

Combining relations (10) and (11), we get

lim €, (x),=0 Vre 5.

Yol

We now define the objects of approximation, namely the unions of elements x € X corresponding to the
notion of a class of functions in approximation theory. Such objects, along with approximating aggregates, are
introduced with the use of multipliers. However, in this case, it is more convenient to use a somewhat different

terminology closer to the traditional one. Let = y(¢) be an arbitrary function from Qg(X) and let Mg be

the multiplier of an operator @ generated by this function. In this case, the image x, of an element x under

\T}
the mapping M%’ is called the w-integral of an element x and is denoted by M&,’ (x) =xy =7 ¥x. In certain

cases, it is convenient to call x the y-derivative of x,, and write x = D“’x\v.
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Thus, if x,, is the y-integral of x, then

Xy = @I Vx) = yOi() (12)
almost everywhere.

Let 9 be a certain subset of X. By w3, we denote the set of y-integrals of all x € It for which they

exist. In particular, if U} is a unit ball in a certain space S}, namely,
Up = {x: xe 8§, ||x] o<1}
then WUJ is the set of y-integrals of all x € U§ for which these integrals exist.
Comparing relations (12) and (7), we conclude that, as functions y for which the definition of y-integral
is correct, one can choose any function from Qg (S§). In this case, the inclusion yS§ < S§ is valid.

3. Approximation Characteristics

In the present work, we consider the following approximation characteristics of the sets yU}§. For any
Yo € I', We set

— : _ . p
6y (), = K161;2fg)||x Uy (x; x)||q’q), xe SP, (13)
€, (WUb), = sup &, (x),, (14)
xeyU}
and
Do (WUR), = inf &, (WUR),. (15)

In the case of the approximation of periodic functions by trigonometric polynomials, the quantity %Ys(x) q
corresponds to the best approximation of a function x by polynomials of degree ©, the quantity %YG(\VU(’I';)(]
corresponds to the upper bound of these best approximations on a given set of functions, and the quantity

D (WUg), resembles the trigonometric width of order & of the set yUg.
We also consider the following characteristics, which, in the periodic case, correspond to quantities related
to the best G-term approximation:

o= 0, =0
cSlo cSlo @

and

es(WUg), = Sup_¢g(x). (17)
xeyUg
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In what follows, we restrict ourselves to the case p =¢. Moreover, we assume that the corresponding char-
acteristic functions ,_(-) belong to QF, i.e., the operator @ satisfies condition (Ap)- In this case, according

to Assertion 1, of major interest are quantities (13)—(17), where A(7)= Xy, (1)- In this connection, we set

%’YG(X)P = ”X— UYc(x)”P’(D’ Xe Sg’ (18)
€, (WUB), = sup &, (1), (19)
xeyUR
and
Ds(WUG), = Yinfr € (WU"), . (20)
c€ls
Similarly,
eq(x), = Yirelt{‘c || x- U,Yo_(x)”p’q) 1)
and

ec(\ljU(g)p = Sup eG(x)p'
xeyU§

4. Quantities %YG(U{I’,)I, and 9,(yUR),

Below, we use the notion of the rearrangement of a function in decreasing order. Apparently, this notion
first appeared in works of Hardy and Littlewood (see [8], Chap. X), and then it was successfully used by many
authors. We present necessary definitions following ([9], Chap. 6). Note that, in [9], rearrangements of func-
tions of one variable are considered, but the main definitions can also be used in the general case.

Assume that, on a [l-measurable set A C R", m=>1, mesuA =a, where a is either finite or infinite, a
nonnegative [l-measurable function f(x) is defined for which the distribution function

me(y) = mesyE,, E, = {x:xeA, f(x)2y}, y 20,

takes only finite values for y > 0.

The function 7=m,(y) does not increase for all y >0 and, moreover, m(0) = a. If m(y) is continu-
ous and strictly decreasing, then, on the interval 7€ (0, a), there exists its strictly decreasing inverse y = @(¢),
which is called the rearrangement of the function f(x) in decreasing order. In the general case, depending on
f(-), the function m,(y) can possess intervals of constancy and discontinuities of the first kind on a finite or
countable set of points. In order to uniquely determine the inverse function, we improve the graph of the func-
tion my(y) as follows: Atevery discontinuity point y; of the function m(y), we supplement its graph with
the segment y =y;, me(y;+0)<t<m(y;+0), and, on every interval [a, B1 where ms(y) is constant, we

leave only one point in its graph with the coordinates, say, y=(o.+ 3)/2 and = mf(((x +B)/2). In this case,
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every te (0,a) corresponds to a single point with coordinates (z, m;l(t)). This mapping defines the function

y = @(t), which is the rearrangement of the function @(x) in the case under consideration.
For any y >0, the Lebesgue measure of the set of points # € (0, a) on which @(f) >y is my(y). Thus,

mes{7: t€(0,a), o) 2y} = mes, {x: x€A, f(x)2y} = mp(y). (22)
In particular, this implies that

a

[ F@w)dr = [F(f(x))du (23)
A

0

for any function F for which these integrals exist (see [8], Chap. X).
In the notation accepted, the following statement is true:

Theorem 1. Let =\ (t) be an arbitrary function from Y (A, d\) essentially bounded on A, i.e.,

ess sup|\|1(t)| = ||\|1||M < oo, (24)
teA

and, in the case where the set A is unbounded, let

lim () = 0. (25)

[#]—>eo

Then, forany X, Ac R", m>1, y;e 'y, 6 <a, and p € (0, ) and any operator ® satisfying condi-
tion (A,), the following estimates are true:

%?G (ng)p < @{c 0 +0), (26)

where 6% (v) is the rearrangement of the function

ly@®) P,  teA\y,,
O(t) = ¢, (1) = ? 27)
0, revys,
in decreasing order,
D (WUE), < Y(o+0), (28)

and Y(v) is the rearrangement of the function | w(t)| in decreasing order.
If, in addition, the functions Xy (1) belong to the set E(®) for any Ys€ I'y and o € (0,a), and

their preimages U, have \y-integrals, then relations (26) and (28) are the equalities. In this case, T s

contains the set Vg for which the following equalities are true:
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€. (WUg), = Ds(WUE), = Y(o+0). (29)
This set is defined by the relation
Yo = {t€A: |y()|2 Y6 +0)}, mesys; = 0.
Proof. Conditions (24) and (25) guarantee that, for the function |\|I(l‘) |, its distribution function
mpy(y) = mesyEy, E, = {reA: lv|zy}, y =0, (30)

takes only finite values from the interval [0, a] for any y > 0. Therefore, the quantities @5(0+0) and
y(o + 0) are always defined.

We also note that, in the case where E(®)=L,(A, di), the operator @ satisfies condition (A,). More-
over, by virtue of conditions (24) and (25), the requirements that guarantee the equality in relations (26) and (28)
are also satisfied.

First, we prove relation (26). If x € WyUZ, then, according to (18), (6), and (12), we get

€, = |-y ), = [0 -2, 00|

VOO = %y, VOO = [ W@y du. (31)
b A\
Yo

where L,=L,(A,dn) and y is a certain function from a unit ball U, in the space L, (A, du), namely,

U, = {ye L,(A,dw), ||Y||LP(A,du)S 1}.

Therefore, according to (19),

€ (yUp), < sup [ly@Plyoldu, Ag = A\,
yeUp A,

If ye U,, then the function h = |y(t)|p belongs to the subset U] of nonnegative functions from U, .
Hence,

€ (wUp), < sup [y htydn = sup [ @o(h(dy.
hEUlJr AG ]’ZEUIJr A(S

In order to prove (26), it remains to show that

sup [ @o(h(Ddn = §5(0 +0). (32)
h€U1+ Ag
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The function @4(#) is essentially bounded on A, by virtue of (24). Therefore, its rearrangement in de-
creasing order is bounded. Hence, the limit

9,(0+0) = lim 9, = y, (33)

v—>0+0

exists. Let e, = E(t: @4(t) 2 y). Itis clear that the point ys is such that mes e,>0 for 0 <y<ys; and

n

mes, e, =0 for y>y;. In particular, this yields
Yo = esssup ¢g(1) (34)
teAs
If he U and ye (0,y,), then
Joshtydun < [ogh@du +y [ htydn < [og®)f@d, (35)
As e, A \e, e,
where
f(t) = h(r) + (mes, ey)_l J h(t)dp.
As\e,
Since

[rodn <1,

y

relations (34) and (35) imply that, for any & e U1+ ,

[ oshydu < y,.
AG

Hence,

sup j POt < y,. (36)

nely As

By virtue of (33), to prove equality (32) we must show that relation (36) cannot be the strict inequality.
Let y be an arbitrary number from the interval (0, y;) and let e, be the set corresponding to it. We put

(mes, e )_1, tee,,
hy(1) = n y
0, teAG\ey,

and, hence, we always have hy € U1+ . At the same time,
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y < [ @shy(du < ys.
AG

Passing to the limit as y tends to y;, we conclude that, indeed, the strict equality in (36) cannot be realized,
which completes the proof of equality (32) and estimate (26).
Considering the lower bounds of both parts of (26) over the set I';, we get

D (yUB), < , 1an ¢, (0+0). (37)

In view of relation (27), we can conclude that the least value of the quantity 6“/0 (0 4+ 0) is realized in the case

where Y5 = Y5, and this value is equal to y”(c + 0):

inf G, (0+0) = §,.(0+0) = §”(c+0). (38)

Yo€ls
This proves relation (28).
Now assume that, for any y;€ I'; and 6 € (0, a), the function Xy (1) belongs to the set E(®), and its
preimage U, has the y-integral, which belongs to S§ by virtue of (23). Fora given Ys € I, we also assume
that y € (0, y5), €,= E(95()2y), X ., (1) is the characteristic function of the set e,,

hy()) = (mesye,)” "7y, (1),

U, is the preimage of the function h; () under the mapping of @, ®(U,)= h; (1), and xy, =J VYU, is the y-
integral of the element Uy. By virtue of the above assumptions, all elements constructed exist, and, since

[lmol a= |

A e

# 4
mo| du =1,

y

we get x, € yU.
For the element Xy relation (31) yields

)y = |00y = Uy ey = [vOR @[, = mesye, [lvolde 2 .

€y

Taking into account the arbitrariness of the choice of y from the interval (O, y;), we can conclude that the set
YU} contains elements x for which the values of %’;6 (x) are arbitrarily close to the value of y;. With re-
gard for relation (33), this means that, in the case considered, relation (26) is, in fact, the equality. Then, accord-

ing to (37) and (38), relation (33) is also the equality. If, in this case, the set yg is chosen from condition (30),
then

¢,.(0+0) = y(c +0).
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Then, according to relation (26) (which is now the equality), we get
%y:}(ch’g)p = y(o +0).
This yields (29). Theorem 1 is proved.

5. Quantities e;(YU}),
In the notation accepted, the following theorem is true:

Theorem 2. Let y =\ (t) be an arbitrary function from Y (A, d\) essentially bounded on A and let
this function satisfy condition (25) if the set A is unbounded.

Then, for any X, Ac R", m>1, o <a, and p € (0, ), and any operator ® satisfying condition
(A)), the following relation is true:

G(WUR) < sup jqq — (39)
6<q<a
Oy

where (V) is the rearrangement of the function | \|1(t)| in decreasing order. The value of the least upper

bound in (39) is realized for a certain finite value q = q*.
If, in addition, the set E(®) of values of the operator @ coincides with the entire space L (A, dW),

then relation (39) is, in fact, the equality.

Proof. For any x e S5, relations (6) and (21) yield

. p . A p
G, = inf oG -Uy, @ = inf [500 -2, O,
= inf | [|Z0[du- [|30)) du
Yoels| % Yo
5o |P S|P df
= j|x(r)| du — sup j|x(t)| dw, L, = Ly(A dw).
A Yo €l Yo
Hence,
eS(WUg), = sup {Ilfc(t)l”du— sup Jli(t)l”du} (40)
xeyUS \ 4 ycer3Y6

If xe yUg, then x(t) = y(t)y(r), where y is a certain element from U,. Therefore, the following relation is

true:



EXTREMAL PROBLEMS OF APPROXIMATION THEORY IN LINEAR SPACES 1675

sup [JIX(t)I”dM— sup IIX(t)I”duJ < sup flw(t)l”ly(t)lpdu— Sup flw(t)l”ly(t)lpdu]

xeyUL \ 4 Yol S Vs yeu, Yo € cy
= sup j [P h(tydp — sup le(r)lphmduJ @1)
heUl+ Yo €l S Yg

where, as above, U;' is the subset of nonnegative functions from U, .
To determine the value of the right-hand side of (41), we use the statement presented below,. This state-
ment is, apparently, of independent interest, and, therefore, we formulate it as a theorem.

Theorem 3. Let A be an arbitrary \-measurable set from R"™, m>1, let mesuA =a, where either
a is finite or a =oo, let ©(x) be a nonnegative function essentially bounded on A, and let

lim @(x) = 0 (42)

[ x]|—eo

if the set A is unbounded. Then, for any & < a, the following equality is true:

€6(¢) = sup inf [jcp(x)h(x)du— J cp(x)h(x)du] = sup 2= (43)
heu; Yo&lo| 5 YoeTy 6<q<a J‘O%

where T'g =T'g(A) is the set of all \-measurable subsets Y5 of A whose measures are equal to G, and

©(t) is the decreasing rearrangement of the function @(x).
The least upper bound on the right-hand side of (43) is realized for a certain finite value q = q*.

Assume that Theorem 3 is proved. Then, setting ¢(x) = |y (x)|” and combining relations (40), (41), and
(43), we obtain relation (39).
Note that the strict inequality in (39) can be realized only in the case where the same is true for (41). The

strict inequality in (39) is possible only due to the fact that not every function y € U, has its preimage in us
that possesses the y-integral. However, if E(®)=L,(A), then this is not the case. Indeed, forany y € U, its
preimage exists, and, by virtue of the boundedness of W, the product y(#)y(7) belongs to L,(A,du) and,

hence, has its preimage in S(‘I';, or, more precisely, in \|IU£. Thus, in this case, relation (39) is, in fact, the
equality. Thus, to prove Theorem 2, it remains to prove Theorem 3.

6. Proof of Theorem 3

First, we give several preliminary remarks. Below, we consider the Lebesgue integrals of nonnegative -

measurable functions f(x) defined on [l-measurable sets A in R", m>1, namely,

I.(f) = [ fxdu.

A
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In the case where this value if finite, we write f(x)e L(A). We introduce the following definition:
Definition 1. Let fe L(A) and let Y5 be an arbitrary measurable subset of A such that
mes, ¥ = 0 < a = mesuA,

i.e., Vs € I's=TG(A). Then the quantity

Jo(f) = sup [ fdu = sup [ f(x)du (44)

Yo €ls Yo Yo €A Yo
is called the principal value of rank & of the integral 1,(f).
The following statement is true:

Proposition 1. The quantity J5(f) exists for any f e L(A). Furthermore, the following equality is

true:
G -
Io(f) = [ fyt, (45)
0
where f(t) is the decreasing rearrangement of the function f(x).
The least upper bound in (44) is realized on a certain set Y5 C A, mes, Y5 =0, ie.,
G -
Io(f) = sup [fdu = [ forydu = [ foyd. (46)
VoA y vE 0
Proof. Let
f(-x)’ X € YG’
f'yG ()C) = _
0, X € Ys.

Then, for any set vy, relation (23) yields
a B (6} B
[ r@du = [ 1, du = [ f, i = [ f, (0ar.
Yo A 0 0

It is clear that j:Yc < f(t) for all ¢t € (0, o). Therefore,

[ fdu < [ foyde  VyscA.

Yo

S —Qq
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Hence, we always have
G -
Is(f) < [ fatr,
0

and, to prove equalities (45) and (46), it remain to establish the existence of the sets y;.
Let the quantity ys; be defined by the equality f(o) = Vg First, assume that yg is a pointof continuity of

the function m;(y). Then we set Y5 = E(f(x)> ;).
By virtue of (22), mes;, Ys =0 and f(t) 2y, for t € (0, o). Therefore, according to (23), we get

[ Fydu = Ti(r)dr, (47)

Vs 0

i.e., equalities (45) and (46) are proved in this case.
If y; is a point of discontinuity of the function m,(y), then the measure of the set E (f(x)=y) may be

greater than ©. In this case, we set Y =¢e; + €5, ¢; = E(f(x)>ys), where e5 is any measurable part of the

set e, = E(f(x)=ys) for which mes, e, + mes, ¢ = G. Itis clear that relation (47) is true for the set v thus

u u
defined, which proves the required statement. Note that, in the last case, the set Yg is not unique.

Definition 2. Assume that, on a \\-measurable set A C R", m>1, mes“A =a, where either a is fi-

nite or a = oo, a summable function f(x) such that

[lreoldn < o
A

is given and Y5 € I's. Then the quantity
eo(f) = inf | [ f0ydu— [ fx)du
Yo€A A y

is called the best approximation of the integral of a function f over the set A by integrals of rank G.

If f(x)=0 forall xe A, then e;(f) can be represented in the form

e(f) = [ f(x)du —sup | f(x)du.
A

Yo Yo

Then Proposition 1 yields the following statement:

Proposition 2. Let a nonnegative summable function f(x) be defined on a measurable set A < R",
where m21, mes A =a, and a Is either finite or infinite. Then
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¢(f) = inf ( [ r@du - ff(x)duJ = [ fwydr. (48)

Yo
In this case, the lower bound in (48) is realized by the set Y € A, mes;, Y& = O, defined in Proposition 1.

If 9t is a certain subset of functions from L(A), then we set

€(R) = sup eo(f) = sup inf Uf(x)du J f(X)duJ

fen feRVs€
Yo

Thus, the quantity €4(Jt) is the upper bound of the best approximations of the integrals of functions from the
set Jt by integrals of rank ©.

As i, we now consider the set H,, that consists of functions f(x), x € A. These functions can be repre-
sented by products of a certain fixed nonnegative function @(x) and nonnegative functions 4 (x) that belong to
the unit ball U;" in L(A):

= {f(x)=0x)h(x): he U}

We see that the quantity €5(¢) in (43) coincides with %G(H(p), and, hence, it is the upper bound of the
best approximations of the integrals of functions f€ H, over the set A by integrals of rank ©.

We now pass directly to the proof of Theorem 3.

It suffices to prove Theorem 3 only in the case of bounded sets A. Indeed, assume that it is proved for any

bounded measurable set A from R". Let us show its validity in the general case.

We fix an arbitrarily small number € >0 and choose a number N, such that, forall N> N, and he U,
the following relation is true:

[fdw = [ feodu+p, f(x) = h(x), Ay = ANKy, (49)
A

Ay
Ky ={x: xeR" |x|<N}, p<e
Note that, since h e U;", we can take as N, a number for which the relation |x | > N, holds for @(x)<¢e [see

condition (42)].

At the same time, forany y;€ A and he U ", we get

[f@dw = [ fodu+p, p<e

Yo YO‘nAN
whence
sup [ fdp = sup [ f@du+p”. pY < (50)
yceAy ’YGGA,Y NAy
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Let 85 be any measurable subset of Ay, mes, 8;=0. Then

sup [ f(x)dp < sup [ flx)du (51)
ds€Ay 8o Yo €A Yo
and
sup [ fydp < sup [ (. (52)
Yo EA Y NAy ds€Ay S

Combining relations (49)—(52), we get

sup jf(x)du sup Jf(x)du +p, p® <
Yo‘eA Y SGGAN 8

Taking into account (43) and (49), we obtain

€s(H,) = sup Ucp(x)h(x)du — sup j@(x)h(x)du}

heU;y Yo €A Yo

= sup ( [ o)h(x)du — sup f(p(x)h(x)du] + p

hEUl Ay ds€Ay s
f
= sup( | 9Con(x)du - sup Jcp(x)h(x)du]w“) € Eo(Hy) +p), (53)
heH Ay ds€AN S

where p(4) and p(5 ) satisfy the inequalities

|p(4)| <e, p(5) <e,

={f(x)=@(x)h(x): he H}, and H is the subset of functions from U;" for which

jh(x)du <1
Ay

For any N, the sets A are bounded and their measures are finite (assume that they are equal to a,). There-
fore, according to the assumption made and equality (43), we have

= q-o0
€5(Hy) = G<su<pa —d (54)
e ‘[0 Pn(D)
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where @ /(f) is the decreasing rearrangement of the restriction of a function @(x) on the set A, and

(p(x)’ X € AN,
Oy(x) = {

0, X € Ay.

Combining relations (53) and (54), we get

9-60 (5)
€5(H,) = G<su<pa .« i TP
e ‘[0 On (D)

Let us show that

First, note that if a = oo, then, for any fixed ©, the function

qg-o

fs(q) = J.q 7
0 (1)

tends to zero as g — oo. Therefore, there exists a point g* for which

sup f5(q) = f5(q")-

o<g<a

It is clear that such a point g* can also be found for a < eo.
Let us prove the following statement:

(55)

(56)

(57)

(58)

(39)

Proposition 3. Let @y (x) be defined by relation (55). Then, on a certain interval [0, by], one has

6N(t) = 6(t)a te [O’ bN],
and, furthermore,
lim by = a.

N— oo

Proof. For a given natural N, let

Yo = YN, = esssup @(x),
xeA\Ay,

E, ={x:xeA o)y}

(60)

(61)

(62)

(63)
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If yo=0, then there exists N; such that, for all N > N;, we have @(x)=0 almost everywhere if x EAy.
Consequently, @y(x)=@(x), x € Ay, forall N> N;, whence @Qy(¢) = @(¢) forall ¢ € [0, ay] Therefore, it
suffices to assume that y, > 0. By virtue of condition (42), if y,> 0, then the set Eyo is bounded. Therefore,

we can find a number Nyo such that Eyo cAy VN> Nyo' Hence, for N > Nyo’ we get @O(x)<yp, x EAy.

Therefore, for the distribution functions m(P(y) and m(pN(y), we get m(p(y) = m(pN(y), y e [y, .‘M(p =

ess sup @(x)]. Consequently, the functions @(r) and @u(f) coincide on the interval [0, M ( yol, ie.,
xXeA

On(0) = 0(t), te [0,my(yg)]. According to (42) and (62), we have ~ lim yy = 0. Therefore, by setting

NO —> 00
bNO =m, ( yNO), we arrive at relations (60) and (61).
Returning to the proof of equality (57), we conclude that if the number N, is such that by 2g* for
N> Nq*, then

q—o qg-—0
sup = )
o<g<ay q_i J‘q* i
Con( o )

which proves equality (57).
Combining equalities (56) and (57) and taking into account the arbitrariness of the choice of the number ¢,
we arrive at the required statement. Thus, it remains to prove the theorem only in the case of bounded sets A.
Assume that the theorem is proved for all bounded sets A in the case where the function ¢@(x) takes an ar-
bitrary finite number of values. Namely, assume that the following statement is true:

Proposition 4. Let A be an arbitrary bounded measurable set from R™, mesA =a, and let ¢(x) be
a nonnegative function taking finitely many values on A. Then, for any © <a, equality (43) is satisfied.

Let us prove the following statement:

Proposition 5. Let A be an arbitrary bounded measurable set from R™, mesA =a, and let ¢(x) be
an arbitrary nonnegative bounded measurable function. Then equality (43) holds for any ¢ < a.

Proof. Let
c = esssup Q(x)
xXeA
and let n be a certain natural number. We divide the segment [0, c] into n equal parts p,, k=1,...,n, by
points y\":

c = yf") > y(zn) >..> oy s =g

n+l

If E is an arbitrary measurable subset of A, then we put

e = {xeE: y,(cn)<(p(x)S y,((’fr)l , k=1,2,...,n.
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Then, for any function % € U1+ , we get
(@) df n n df (2)
> (e S ,231 [ hxydu < jcp(x)h(x) do < Y 3" [hxydu €Y
€k - €k

In this case, we have

YP@n -3 @h =5 jh(x)du

SIG

Hence,

€)) @)
[owhwdn = ¥ @ + &) = ¥ (9.1 - €2,
E
0<el <& 0<e? <
n n

Therefore, for any he U and n e N, the following equality is true:

j QLI = sup [ oton(x)du = j ¢, ()h(x)du — sup [ @, (h(x)du + €, (64)
To€A y_ Toeh v,
where
0.() = W, xe{ <o)<y
and
62| < 2.
" n

Considering the upper bounds of both sides of equality (64) on the set U;" and taking into account the uniform
boundedness of the quantities 8513) by the numbers 2c¢/n, we get

€o(Hy) = sup ( [ @u(onGx)dn - sup | cpn<x)h<x>du]+ el
heU, ] Yo EA Yo

where

o] <

The function @,(x) takes only n values, and, therefore, according to Proposition 4, we obtain
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EoHy) = sup 17+ &),

where @, () is the decreasing rearrangement of the function @, (x). To prove Proposition 5, it remains to note
that, for any ¢ <a, we have

Thus, to complete the proof of the theorem, it remains to prove Proposition 4, i.e., to prove Theorem 3 in the
case of bounded sets A for the functions @(x) that take finitely many values o;, j=1,2,...,n, n€ N, on A.
Assume that @(x) takes n different values ¢,. We enumerate them in decreasing order as follows:

QO > @y >...> O, (65)
We set
e = {xeA: o)=@}, k=1,....n, mes;e=|e

It is clear that the sets e; and ¢ do not intersect for k#j, and
Ue = A (66)
k

Let h(x) be a function nonnegative on A, let

h(x), xee,
h(x) = (67)

, X € ¢,

and let Ek(x) be the decreasing rearrangement of the function 4, (x) (defined on [0, |ek|]). Also let
i
= Ylel, i=12...n 1, S0 (68)
k=1

We define a function 4" (t) by setting

K ()= ht—t, ), teltiit) S An k=1,...n, (69)

and prove the following statement:

Proposition 6. Let A be an arbitrary bounded measurable set from R", mes, A =a, let @ (x) be a
nonnegative function taking finitely many values on A, and let h(x) be a nonnegative function for which
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jh(x)du = b < oo.
A

Further, let Y5 be an arbitrary subset of A, mes, Y5 =0 < a. Then the function h* (t) defined by relation
(69) satisfies the equalities

Th*(t)dt =b
0

and

Eo(:h) S [oh(dy — sup [ohxdy = [G@h*0de - sup [ GOk (), (70)
A\ Yo CA T 0 SGC(O,Q) 8

where ©(t) is the decreasing rearrangement of the function @ (x) and &4 are subsets of (0, a) for

which mes 8;=0.

Proof. Taking (23) into account, we get

b= [h(x)du = i [ h(x)du

A k=1 €

Y, [ mxdu
k=1

€k

n ‘ek‘ n a
D j h(dt = | It -t dt = jh*(t)dt.
0 0

k=1 A

>~
—

k

Let us show that the function also satisfies equality (70). First, note that, by virtue of (23), the following equal-
ities are true:

b (1) dt

O'—ak{-“

n n ‘
Jonydn = ¥ o [ (odun = Y, o
A k=1 k=1

€k

Y o jﬁk(r—tk_,)dz =Y o jh*(z)dt = j@(:)h*(z)dt.
k=1 A, k=1 A, 0

Therefore, it remains to verify the relation

J(oh) = sup [QWhxdy = sup [ @R (0)dr = T (@h"). (71)
YGCA Yo SGC(O,LI) 86
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Let Y be an arbitrary set from A, mes, Y;=|v5|= 0, and let

N =YoNep k=12,....n mesn=|ngl 72
Then
n n ‘nk ‘_
[otonedn = 3 o [hwdn = Yo, | hyar
YG k=1 nk k=1 0

1]
M=

j Bt —t,_)dt = Eq)k jh (t)dt = j SO (1) dt, (73)
Br k=1 Us=1Bx

>~
1l
—_

where By={r:te A, t—1_; € (0,|ng|)}. Since

n n
es, U Br = Z Mk
k=1 k=1
we conclude, by virtue of (73), that

J(ph) = sup [eh(x)du < sup [ QK (t)dt = J4(Gh"). (74)
Yo CA Yo BGG(O,a) 6(5

To prove (70), it remains to show that the last relation cannot be the strict equality. For this purpose, taking

Proposition 1 into account, we consider a set 8*6 with measure ¢ on [0, a) for which

Is@h*) = [Qn"(@)dr (75)
O
and put
Vi = Sz;ﬂAk, meSqu=|Vk|, k = 1,...,7’1.
According to (69) and (75), we get
I (Qh*) = Z(pk jh (t)dt = Z(pk jhk(z—rk Ddt = thk jhk(z)dt (76)
k=1 Vk k=1 Vk k=1 ()(k

where oy ={r: 1€ [0,|v|), t+5_1€ v}, k=1,2,...,n Ontheintervals [0, |v,|), the functions hy(7)

do not decrease. Hence, the functions Ek(t —t;_1) do not decrease for re€ A;. Therefore, relations (75) and
(76) yield
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V=l +|vell, k=1,2,....n,
or
vi={titeA, It =)= b (|ve]) - (77)
Consequently, according to (76), we obtain

n |V |
Io@ 1) = Y o [ hwar. (78)
k=1 0

We now construct a set Yo < A corresponding to the set 85 < [0, a). For this purpose, we put
Ne = {x:xee, h(x)2 e (|ve])}, k=12...n (79)

and
n
vs = U (80)
k=1

Since h(x)=hi(x) for x € ¢;, by virtue of (22), (77), and (79) we get mes, n*k = mes, V= |vk|. Hence, ac-

n
cording to (80), we have mes, y:‘, = 0. For such y;, we obtain [see relations (72), (73), and (78)]

Nk n [vil

[onydn = Y op | mwdr = Y ¢ [ htydr = 35, h).
Y k=1 0 k=1 0

Thus, relation (74) is indeed the equality, i.e., relation (71) is true. Proposition 6 is proved.

Assume, as above, that
Ul = {h(x):h(x) > 0, jh(x)du < 1},
A

the function @(x) takes finitely many values ®;, j=1,2,...,n, on A, and H*((p) is the set of functions de-

fined on [0, a) and constructed for every ke U; according to formula (69). Then Proposition 6 yields the
following statement:

Proposition 7. Let A be an arbitrary bounded measurable set from R™, mesy A =a, and let ¢ (x)
be a nonnegative function taking a finite number n of values ¢;, j =1, 2,...,n, on A. Then, for any
o < a, the following equality is true:
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a
€s(Hy) = sup €5(g;h) = sup (J@(r)h*(r)dr— sup j@(r)h*(z)drj, 81)
heU;f R eH™(9) \ SGG(O,a)SG

where ©(t) is the decreasing rearrangement of the function @ (x) and 85 are the subsets of (0,a) for
which mes 8;=0.

Finally, we establish one more auxiliary statement.

Lemma 1. Assume that, on an interval (0, a) of the real axis Rl, where a is either finite or infinite,
a bounded nonincreasing function o.(t) satisfying the condition

lim o(¢) = 0

[—>o0

in the case a = o (in this case, we write o € A) and the set M of nonnegative functions m (t) for

which

a

j m(t)dt < 1
0
are given. Then
a
q—0
€0, M) = sup | [a@m@ydi— sup [aoym(@ryde | = sup =, (82)

me 0 d5€(0,a) § ge(c,a) | ——
o 0 out)

where Oy is an arbitrary measurable set from (0, a), mes 5 = | u| = 6. The upper bound on the right-hand

side of (82) is always realized at a certain point q* € (6, a). The upper bound on the left-hand side of (82) is
realized by a function m* € M, namely

5

1 dx %
m*(t) = (0103) E‘)‘ o(x)’ rel0.ql
0, te(q”, a).
Proof. For given aoe 4 and me M, let
Fy(o,m) = j a(tym(t)dt — sup ja(z)m(t)dz (83)
0 8 5,

and let 85 = 85(m) be the set from (0, a) for which
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Fola,m) = [ a@m@)dt - [ o(oym(t)dr.
0 5

Note that the existence of such a set 8 is guaranteed by Proposition 1 and the summability of the product
a(t)m(t). Assume, in addition, that

Vo = Yo(m) = inf a(tym().

red
It is clear that, in this case, we have

&5 = {t: a(n)m(1)2ys (84)
and the inequality 7€ e5=(0,a)\85 holds for o.(¢)m(t) < y. Therefore, for the function

m(t), tees,

m(t) = 1§ Vs re st (85)
(x(t) b G b
the following equalities are true:
j oan)m(t)dt = Gy,
5
and
Fs(o, m) = Fg(o, m). (86)
We choose a point ¢ > ¢ from the condition
C a
| (y—ﬁ - n_i(t)) di = [ m(r)d. (87)
) La) )

By virtue of the fact that o.(¢) is a monotone nonincreasing function, such a point always exists and is unique.
We set

Yo
b t 0’ b
m'(t) = 4 ) €. (88)

0, t€lc, a).

Taking (87) into account, we obtain
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jamwmm—jmmmmh:jam(ﬁl—ﬁm)m—jammmm
0 0 0 o) c

v

a@+m((li—mm)m— mmm):o
-([ oft) -[

By virtue of (86), this yields
Fs(o,m’) 2 Fg(o, m). (89)

It follows from relations (85) and (84) that

Tn_q(t)dt < Tm(t)dt,
0 0

and relations (88) and (87) yield

a , B C yc B (l_
!;m(t)dt = -([ %dt = .([m(t)dt.

Hence, m’ € M.
Let M’ denote the subset of functions m from M for which there exists a number g =¢g(m), 6<gq < a,
such that m(¢#)=0 forall € (g, a), and the product o (¢)m(t) is constant on the interval [0, g):

{k, t €10, q],
m(t) = (90)
0, t €(q, a),

where A is a positive number. The function m from (88) belongs to M’ and satisfies relation (89). There-
fore,

Es(0, M) = sup Fg(o,m) = sup Fg(o,m) = €g(o, M).

meM mGM,

Thus, the problem of the determination of the quantity €5(c, M) is reduced to the determination of the quan-
tity €5(at, M").
If m e M’, then, according to (90), we get

F(S(a’ m) = }V(q_G)

and
q q
df dt
|m|l, = .([m(f)df = 7».([%.
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Consequently, since ||m||; <1, we obtain

_ (g —o)|m], <« 4-6

folm) = a =
0 au(r) 0 our)
Therefore,
sup Fg(o,m) < sup qq_d(; 1)
meM’ o<g<a —_
0 o?)

The existence of the number ¢* indicated in Lemma 1 has, in fact, been established above [see relations (58)
and (59)]. Therefore, according to (91), we get

q -

c
sup Fg(o,m) < —— . (92)
meM’ ¢ dr
0 o)
The function
q*

1 dx *

* N VERE te 07 I s

m* (1) = { ar) { a(x) 10,471

09 t € (q*’ a)’

belongs to M’, and, hence, relation (92) is indeed the equality, which completes the proof of Lemma 1.

We continue the proof of Proposition 4. The set H" (@) from equality (81) is contained in 4. Therefore,
denoting the right-hand side of this equality by €.(@; H"), we get

€5(0; H") = sup F;(o; h*) < sup Fs(@; m). (93)
he H* () meM

On the interval (0, a), the function @(¢) satisfies the conditions imposed on the function o () in Lemma 1
(for finite values of a). Therefore, according to Lemma 1, we obtain

— q—o0 q*—o

sup F;(Q;m) = sup = s (94)
medl ge.a) [T I J'q*i
050 o B

where ¢* is a certain point from (G, a) and the upper bound on the left-hand side is realized by the function

w0 =150 g =00 ©5)

09 te (q*7 a)’
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1.€e.,
— q"—0
F.(o;m*) = .
5(0 ) Jq* dr
0 o)
In Proposition 4, the function @(x) takes only a finite number of values ¢, k =1, 2,..., n. If these

values are enumerated in decreasing order, then its rearrangement is constant on the intervals A, [see relations
(65)—(69)]:

6(1) = O, tEAk, k=1,2,...,l’l.

Therefore, in this case, the function m™(¢) from (95) is piecewise constant on [0, ¢*]:

F

1 K dx df
¥ _ — - = my, te[tk—l’tk]’ k:1,2,...,tSq*,
m (1) = Y@ 3 9(x)
0, te(q”, a).

This implies that the set U;" contains a function 4 for which the function h* constructed according to (69)

coincides with m”. This means that m* e H*(¢). Thus, relation (93) is, in fact, the equality. Combining
equalities (93) and (94), we complete the proof of Proposition 4 and Theorem 3.

7. Examples

Consider several simplest realizations of the constructions considered above.

1. We say that a certain space I is a partial case of the space S§ if it can be obtained by the proper
choice of the space X, measure du, and operator ®.

In this sense, the spaces considered in [1 5], as well as the spaces S[P’ introduced in [6], are partial cases

of the space S§. We show this in a simple but important case.

Let R" be the m-dimensional, m > 1, Euclidean space, let x =(x, ..., x,,) be its elements, let Z " be
the integer-valued lattice in R", i.e., the set of all vectors k = (ks ..., k,) with integer-valued coordinates, and
let xy= (XY + e + X )5 |X]|= x x, and, in particular, kx =k x| + ... +k,x,), |k|= kE + ...+ kpy -

Further, we denote by L = L(R"™, 27) the set of all functions f(x)=f(x;,...,x,,) 2n-periodic in each
variable and summable with respect to the ordinary Lebesgue measure in the cube of periods

Q" = {x: xeR", -n<x,<m, k=1,2,...,m}.
In the space L(R™, 21), we define an operator % by setting

F(fik)y= Qu " [ fe ™ ax = f(k). (96)
Qm
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The operator % maps the space L (R", 2m) into the set Y of functions y(¢) given on the integer-valued
lattice Z™ in R™. Now let dube a measure in the space R” whose support is the set Z™, where it is equal to
1, ie., W(k)=1, ke Z™. In this case, the functional defined by equality (4) has the form

1/p A 1/p
Iy |z, rm.ap) = (Ily(t)l”du) = ( > ‘f(k)‘p) . PE(0,00).
Rm

kez™

Choosing the space L as X and the operator % as @, we obtain the space Sg(L; Y):

SO(L,Y) = {feL: 2 ‘];(x)“p < oo}.

kez™

Note that these spaces coincide with the considered spaces S(g generated by the space L, the system ¢ =

{@4}r=, where

o = 2n) "M k=12,

A

and the scalar product (f, ¢;) = f(k) defined by (96).
If f=f(x) and g=g(x) are arbitrary functions from L(R",2r), then their convolution

h(x) = (Fxg)(x) = Q0™ [ flog(x - r)dt 97)
Qm

also belongs to L(R", 2r), and

A

F(hyx) = hk) = 2n)"'? jh(x)e‘”“ dx = f()ak). (98)
Qm

Therefore, the role of the multiplier Mg is played by the convolution operator (97), and the set Qf contains
all functions ®(¢) satisfying the equality

o(k) = gk), gel,
and such that
| Fwfow]” < -

forall fe S§. In the case under consideration, the measure of any bounded set Y, is a natural number or zero.
Therefore, for any function A(f) on 7, the function
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gy (1) = > Mke™

keys
is a polynomial of degree <o, and, hence, it belongs to Sc’]; for any p € (0, o). Setting
U, (M) = (F# g,) ().
we get

MOfK), ke,

@(Uyc(f; N) = { .
0, kevs,

by virtue of (98), i.e., the function U, (f; A), which is also a polynomial of degree G, satisfies condition (9).
In particular, if A, =1 for k€ Y5, then U, (f) is a polynomial with the numbers of harmonics belonging to

Ys. and its coefficients are the corresponding Fourier coefficients of the function f. Such polynomials are called
the Fourier sums of a function f constructed on the sets 7.

In this case, -integrals are defined in the following way: Let y={ y(k)} . z» be an arbitrary system of

complex numbers and let fe L. Then a y-integral of a function f is an arbitrary function u=9J¥f from L for
which

F(u: k) = Wk fk).
In particular, if y e QF, then JVf is given by the formula
JVf =1,
where y =y(x) is a function summable on R” and such that its Fourier series has the form

Slyl = Y wike™.

kez™
In this case, we have
\|JS§ c Sg, p e (0,).

The results corresponding to those obtained in Theorems 1 and 2 for the case under consideration are presented
in [1-5].

We now give examples of the spaces SJ that have nothing common with the scheme of the construction

of the spaces S§ in Sec. 1.
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2. Consider an example in which the spaces S} are definitely nonseparable. Let L,(R™) be the space of

all functions f(x)=f(x;,..., x,,) Lebesgue-measurable on R", m>1, and such that

1/2
i =  [11007ar] <=

R m

As X and Y, we choose the spaces L,(R") and define the operator @ by the Fourier transformation

o) = f0 = FEn= @ [ fwe ™ dx.

Rm

As is known (see, e.g., [11, Chap.I], the operator % is unitary on L,(R™). Hence, the ®-norm ||f||2.o

of an element f coincides with its norm in the space L,(R™):
I l25 = 1l com)- (99)

In this case, by virtue of formula (5), the space Sz = S (Ly(R™), L,(R™), dx) has the form S = {f: fe
L,(R™}Y, ie., S3=%=L,(R")=Y.

The set Q%D = Q(ZD(LZ (R™)) coincides with the set of all functions ® for which the product (z) f (1) 1is
contained in L,(R™) forany fe L,(R"), and the function f, (1)= Mgf(f) satisfying equality (7) is given by
the formula

folt) = F (o f0) = Q0" [ 0()f(xe™ dr. (100)
Rm

It is clear that the set Qé(Lz(Rm)) contains all functions essentially bounded on R™. In particular, be(Rm)
contains all essentially bounded functions A; = A5 () whose supports are bounded sets Y, for which condition
(8) is satisfied, and, hence, the operator ¥ satisfies condition (A,). In this case, according to (100), the func-
tions U, (f; A; x) have the form

Uy (FXx) = @™ [dgfme™ dt = @m™" [ f()ho(x - 2)dz, (101)
R™ R™

where

Ao@) = F g1 v) = @my ™2 [ Ao ar.
Rm

The proof of equality (101) is based on the well-known Plancherel theory. It is also known that, in this
case, the functions U, (f; A; x) are entire functions of exponential type (see, e.g., [10, Chap. V]).
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In the case under consideration, the -integrals of functions fe L,(R™) are defined as follows: Let y =
Y (t) be a certain function from QZ@ and let fe L,(R™) Then the y-integral of f is the function fy=J vf
from L, (R™) for which

J(fy: 1) = WOF@).

Note that if y e L, (R™), then the function Jy 1s representable in the form

fy@) = 7Vf@) = o7 [ f@QUG-2dz, ) = e [ ye™ dr.
R™ R™

In this case, Theorem 1 yields the following statement:
Theorem 1. Let W= (t)=(t,,...,t,) be an arbitrary function essentially bounded on R", m>1,

ess sup [y (1)] < e,
teR"

and such that

lim |y(1)| = 0,

[#]—eo

and let WU, be the set of \y-integrals of all functions from U,(R™)={ ¢ : ||(p ||L2(Rm)S 1 }. Further, let

T be the set of all Lebesgue-measurable subsets Y5 < R" whose measures are equal to o, 6 € (0, «).
Then, for any s € I';, the following equalities are true:

2 _
€ (yUy) = Ju [ £O = Uy (£ g, = By, O+ 0,

where 6% (v) is the decreasing rearrangement of the function

WP, teR"\y,,
(ch(t) =
0, tE€Yqss

and

Do(Wly) = int %, (yly) = (o +0).

where Y(v) is the decreasing rearrangement of the function | Y (1) | .

The set Ty contains the set Y for which

%Yg(wUz) = Ds(WU,) = W(o+0).
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This set is defined by the relation

Yo = 11eR": |y(®)|2 y(c+0)}, mesys = o
By analogy, using Theorem 2, we obtain the following statement:

Theorem 2’. Under the conditions of Theorem 1’ and in the notation accepted therein, the following
equality is true:
-0
eb(WUy) = sup inf [[fO)=Uy (i) o = sup L, (102)
c 2 Fewls T5<Ts “ Yo ”LZ(R ) >G J-q_dt
0y ()

where (V) is the rearrangement of the function |\|I (t)| in decreasing order. The least upper bound on the
right-hand side of (102) is realized for a certain finite value q = q*.

3. Using the scheme presented in the second example, we can obtain analogs of Theorems 1" and 2’ in the
case where, instead of the Fourier transformation, one takes an arbitrary operator @ unitary on the set

L, (A, du), where A is a certain manifold in R™ and  is a certain c-additive measure in R”. We present the
corresponding reasoning for the case where L, (A, dl) is the set LZ(RJIF) of functions f(¢) square summable
in the Lebesgue sense on the semiaxis (0, o), and @ is the Hankel transformation, i.e.,

Hyf = Hy(fix) = f(x) = fy(x) = 2 V*/2 iijij](xt)Mdt,
dx 0 t

where v is a certain number, v>—1, and J,(z) is the Bessel function of the first kind of order .

As is known, the Hankel transformation generates the operator H,,, which is unitary on L, (Rl) and coin-
cides with its inverse (see, e.g., [10, Chap. III]). Therefore, the following analog of equality (99) is true:

”f”z,HV = ”f”Lz(Ri)'

Hence, S%IV ={f: L,(RH}, ie., S,ziv =X= L,(R)) =Y in this case as well.
As in the previous example, the set Q%IV = Q%,V (LZ(R}F)) is the set of functions ® for which the product

(1) f(t) is contained in LZ(RJlr) if fe LZ(R}r) , and the function f, () = Mﬁv f(r) satisfying equality (7) is
defined by the equality

fo(1) = Hy(@f;1) = f(V*”z)% tv+ljv+1(xt)m(x)%dx. (103)

S — 3

In particular, if T'; is the set of all Lebesgue-measurable subsets vy, of R}r whose measures are equal to ©,
6€ (0,%), and y;€ I;, then
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Uy F50) = By i) = 070D L [vetg o T g (104
Yo
If ye Q%IV and fe Lz(Rl), then the y-integral of a function f is defined by formula (103) for ® (¢) = y(¢).
If we now denote the set of -integrals of all functions from UZ(RJ]r) ={o: ||(p|| Ly(R)) <1} by yU,, then
the functions U, (f; -) defined by (104) satisfy the statement obtained from Theorems 1” and 2’ by the replace-
ment of R" by RJ]r.

4. Consider the partial case of the spaces S§ generated by the identity operator, i.e., the case ® =1. It is
clear that, in this case, X = Y(A, du), x =x, and, according to (5), we get

St =A{xe X |[x]l, <t = LA dn),  pe (0l

The set Q}D contains all {1-measurable functions @ for which the product ®(#)x(z) belongsto L, (A, du) for
all xe L,(A,dn). In particular, if ;€ I'5(A), then, for any & € (0, e=), the inclusion }‘Yc e QF holds for

any essentially bounded function A = A(#) with support V5. The multiplier M;> multiplies the element x(t)
by (). Therefore,

MOx(@), 1€,
U, (x, At) =
0, reA\ys, AeQFf,
and, correspondingly,
x(®), tevYs,
Uy (x;31) =
° 0, te A\y,.

In this case, the unit ball U }’ coincides with the unit ball U » in U p(A, dp), i.e.,

= {x: xe ) =L,(A, dw), <1},

and, for a given function y =y(¢), the set YU/ is the set of products y(7)x(r), x€ U}.
In the case under consideration, Theorems 1 and 2 yield the following statement:

Theorem 4. Let W =y (t) be an arbitrary function from Y (A, dW) essentially bounded on A and let
condition (25) be satisfied in the case where the set A C R", m>1, is unbounded. If yoels), o<a=
mesy A, then the following equalities are true:

€, up), = supinf [x() - Uy (s Ao)]

ceyU, heQ) L, (A, dy)

sup || x() - U,_(x; t)”
xeyy,

Dy = PO+, pe 0o,
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where 6% (v) is the decreasing rearrangement of the function

@’  teA\yg,
(Pc(t) =
0, 1€Ygs
and
Ds(wUP) = inf  sup |[x(t) - U, (x;1) = y(6 +0),
s (W 1 Yo €Ty (A) XG\VI[)][, || Yo ||LP(A’ du) v
where Y(v) is the decreasing rearrangement of the function | y(r) | .
For the quantities
es(WUP) = su inf ||x(t)-U, (x;1 ,
G(W ! ) xG\I-’I[)]p YGEFG(A) || ( ) YG( )”Lp(A’ dn)
the following equality is true:
-0
WUy = sup —I—. (105)
o0<g<a —
0y ()

The least upper bound on the right-hand side of (105) is realized for a certain finite value q = q*.
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