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Âñòàíîâëåíî íåîáõiäíi, äîñòàòíi óìîâè, óìîâè ¹äèíîñòi òà êðèòåði¨

åêñòðåìàëüíîãî åëåìåíòà äëÿ çàäà÷i íàéêðàùî¨ ðiâíîìiðíî¨ àïðîêñèìà-

öi¨ íåïåðåðâíîãî êîìïàêòíîçíà÷íîãî îïóêëîçíà÷íîãî âiäîáðàæåííÿ ìíî-

æèíàìè iíøèõ íåïåðåðâíèõ êîìïàêòíîçíà÷íèõ îïóêëîçíà÷íèõ âiäîáðà-

æåíü.

Íåõàé S � êîìïàêò, X � ëiíiéíèé íàä ïîëåì êîìïëåêñíèõ (äiéñ-
íèõ) ÷èñåë íîðìîâàíèé ïðîñòið, C (S,X) � ëiíiéíèé íàä ïîëåì äiéñ-
íèõ ÷èñåë íîðìîâàíèé ïðîñòið îäíîçíà÷íèõ âiäîáðàæåíü g êîìïàêòó
S â X, íåïåðåðâíèõ íà S, ç íîðìîþ ‖g‖ = max ‖g (s)‖, K (X) � ñó-
êóïíiñòü íåïîðîæíiõ êîìïàêòiâ ïðîñòîðóX, C (S,K (X)) � ìíîæèíà
íåïåðåðâíèõ íà S âiäíîñíî ìåòðèêè Õàóñäîðôà íàK (X) áàãàòîçíà÷-
íèõ âiäîáðàæåíü S â K (X), K0 (X) � ñóêóïíiñòü âñiõ íåïîðîæíiõ
îïóêëèõ êîìïàêòiâ ïðîñòîðó X , C (S,K0 (X)) � ìíîæèíà òèõ áà-
ãàòîçíà÷íèõ âiäîáðàæåíü g iç C (S,K (X)), äëÿ ÿêèõ g (s) ∈ K0 (X),
s ∈ S.

Çàäà÷åþ íàéêðàùî¨ ðiâíîìiðíî¨ àïðîêñèìàöi¨ âiäîáðàæåííÿ a ∈
C (S,K0 (X)) ìíîæèíîþ V ⊂ C (S,K0 (X)) áóäåìî íàçèâàòè çàäà÷ó
âiäøóêàííÿ âåëè÷èíè

α∗a (V ) = inf
g∈V

max
s∈S

H (g (s) , a (s)) , (1)

äå H (g(s), a(s)) = max
{

max
x∈g(s)

min
y∈a(s)

‖x− y‖ , max
y∈a(s

min
x∈g(s)

‖x− y‖
}

�

õàóñäîðôîâà âiäñòàíü ìiæ êîìïàêòàìè g (s) òà a (s), s ∈ S .
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ßêùî iñíó¹ åëåìåíò g∗ ∈ V òàêèé, ùî

α∗a (V ) = max
s∈S

H (g∗ (s) , a (s)) ,

òî éîãî áóäåìî íàçèâàòè åëåìåíòîì íàéêðàùîãî íàáëèæåííÿ äëÿ âi-
äîáðàæåííÿ a ó ìíîæèíi V àáî åêñòðåìàëüíèì åëåìåíòîì äëÿ âåëè-
÷èíè (1).

Ñëiä çàçíà÷èòè, ùî ïèòàííÿ àïðîêñèìàöi¨ áàãàòîçíà÷íèõ âiäîáðà-
æåíü ó ðiçíèõ àñïåêòàõ ðîçãëÿäàëèñü â áàãàòüîõ ïðàöÿõ. Áiëüøiñòü ç
öèõ ïðàöü ïðèñâÿ÷åíà ïèòàííÿì iñíóâàííÿ òàê çâàíèõ íåïåðåðâíèõ
ñåëåêöié, îäíîçíà÷íèõ òà ïðîñòiøèõ áàãàòîçíà÷íèõ ε-àïðîêñèìàöié
áàãàòîçíà÷íèõ âiäîáðàæåíü. Ëèøå â íåáàãàòüîõ ç íèõ ðîçãëÿäàþòüñÿ
îêðåìi ïèòàííÿ íàéêðàùî¨ àïðîêñèìàöi¨ áàãàòîçíà÷íèõ âiäîáðàæåíü.

Çîêðåìà, ó ïðàöi [1] äîñëiäæóâàëàñü çàäà÷à íàéêðàùîãî íàáëè-
æåííÿ ñåãìåíòíèõ ôóíêöié âiäíîñíî õàóñäîðôîâî¨ ìåòðèêè. Â [2]
ðîçãëÿíóòî ïèòàííÿ ïðî iñíóâàííÿ ó ìíîæèíi áàãàòîçíà÷íèõ ïîëi-
íîìiâ ôiêñîâàíîãî ïîðÿäêó íàéêðàùîãî ðiâíîìiðíîãî íàáëèæåííÿ
íåïåðåðâíîãî áàãàòîçíà÷íîãî âiäîáðàæåííÿ ñåãìåíòà [0, 1] ó ìíîæèíó
Kϑ

(
Rl

)
íåïåðåðâíèõ îïóêëèõ êîìïàêòiâ ïðîñòîðó Rl. Â [3] âñòàíîâ-

ëåíî òåîðåìè iñíóâàííÿ òà õàðàêòåðèçàöi¨ íàéêðàùîãî ðiâíîìiðíî-
ãî íàáëèæåííÿ áàãàòîçíà÷íîãî íåïåðåðâíîãî âiäîáðàæåííÿ êîìïàê-
òà U ïðîñòîðó Rm â Kϑ

(
Rl

)
ñòàëèìè âiäîáðàæåííÿìè êîìïàêòó U â

Kϑ
(
Rl

)
. Â [4] âñòàíîâëåíî òåîðåìè iñíóâàííÿ, ¹äèíîñòi òà õàðàêòå-

ðèçàöi¨ åêñòðåìàëüíîãî åëåìåíòà äëÿ çàäà÷i íàéêðàùî¨ ðiâíîìiðíî¨
àïðîêñèìàöi¨ íåïåðåðâíîãî íà ñåãìåíòi [0, 1] ñåãìåíòíîçíà÷íîãî âiäî-
áðàæåííÿ ìíîæèíîþ àëãåáðà¨÷íèõ ïîëiíîìiâ n-ãî ñòåïåíÿ. Ó ïðàöÿõ
[5�11] ðîçãëÿíóòî ïèòàííÿ iñíóâàííÿ, ¹äèíîñòi òà õàðàêòåðèçàöi¨ åêñ-
òðåìàëüíîãî åëåìåíòà äëÿ çàäà÷i íàéêðàùî¨ ðiâíîìiðíî¨ àïðîêñèìà-
öi¨ íåïåðåðâíîãî êîìïàêòíîçíà÷íîãî âiäîáðàæåííÿ a ∈ C (S,K (X))
ìíîæèíîþ V ⊂ C (S,X) íåïåðåðâíèõ îäíîçíà÷íèõ âiäîáðàæåíü, äëÿ
öi¹¨ çàäà÷i îòðèìàíî òàêîæ ñïiââiäíîøåííÿ äâî¨ñòîñòi òà òåîðåìó
"ïðî î÷èñòêó à äëÿ âèïàäêó, êîëè V ¹ ñêií÷åííîâèìiðíèì ÷åáèøîâñü-
êèì ïiäïðîñòîðîì ïðîñòîðó C (S,X) , ïîáóäîâàíî çáiæíi ÷èñåëüíi ìå-
òîäè ¨¨ ðîçâ'ÿçóâàííÿ.

Â äàíié ñòàòòi âñòàíîâëåíî íåîáõiäíi, äîñòàòíi óìîâè, óìîâè ¹äè-
íîñòi òà êðèòåði¨ åêñòðåìàëüíîãî åëåìåíòà äëÿ çàäà÷i âiäøóêàííÿ âå-
ëè÷èíè (1), ÿêi iäåéíî áåðóòü ñâié ïî÷àòîê ó ïðàöÿõ Ì.Ã. ×åáîòàðüî-
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âà [12], À.Ì. Êîëìîãîðîâà [13], Ã.Ñ. Ñìiðíîâà [14] òà Ï.Ë. Ïàïiíi [15].
Çîêðåìà, ó ïðàöi [12] Ì.Ã. ×åáîòàðüîâ ó âiäïîâiäíié ôîðìi îõàðàê-
òåðèçèâàâ åëåìåíò íàéìåíøîãî ðiâíîìiðíîãî âiäõèëåííÿ â ïðîñòîði
àëãåáðà¨÷íèõ ïîëiíîìiâ ñòåïåíÿ, íå âèùîãî íiæ n, âiä ôóíêöi¨, íåïå-
ðåðâíî¨ íà âiäðiçêó [−1, 1].

Ó ïðàöi [13] À.Ì. Êîëìîãîðîâ âñòàíîâèâ ñâié âiäîìèé êðèòåðié
åëåìåíòà íàéêðàùîãî ïîëiíîìiàëüíîãî íàáëèæåííÿ êîìïëåêñíîçíà÷-
íî¨ ôóíêöi¨.

Â [14, 15] áóëî âñòàíîâëåíî áëèçüêi çà ôîðìîþ äî êðèòåði¨â ïðàöü
[12, 13] óìîâè åëåìåíòà íàéìåíøîãî âiäõèëåííÿ àáñòðàêòíî¨ íåïåðå-
ðâíî¨ ôóíêöi¨ çi çíà÷åííÿìè â êîìïëåêñíîìó áàíàõîâîìó ïðîñòîði â
îïóêëié ìíîæèíi, ÿêi äîçâîëèëè òàêîæ ðîçãëÿíóòè ïèòàííÿ ¹äèíîñòi
öüîãî åëåìåíòà.

Çàçíà÷èìî, ùî ðåçóëüòàòè ïðàöü [12�15] âèêîðèñòîâóâàëèñü òà
óçàãàëüíþâàëèñü ó ïðàöÿõ áàãàòüìà àâòîðàìè íà âèïàäîê íàéêðà-
ùèõ ó ðîçóìiííi íîðìè àáî äåÿêîãî íåâiä'¹ìíîãî ñóáëiíiéíîãî ôóíê-
öiîíàëó ðiâíîìiðíèõ àïðîêñèìàöié äiéñíîçíà÷íèõ, êîìïëåêñíîçíà÷-
íèõ òà àáñòðàêòíèõ ôóíêöié, çàäàíèõ i íåïåðåðâíèõ íà äåÿêîìó êîì-
ïàêòi, ïiäïðîñòîðàìè àáî îïóêëèìè ìíîæèíàìè (äèâ., íàïðèêëàä,
[16�22]). Ó ïðàöÿõ [5�11] âîíè óçàãàëüíåíi íà âèïàäîê çàäà÷i íàéêðà-
ùî¨ ðiâíîìiðíî¨ àïðîêñèìàöi¨ íåïåðåðâíîãî êîìïàêòíîçíà÷íîãî âiäî-
áðàæåííÿ ìíîæèíîþ íåïåðåðâíèõ îäíîçíà÷íèõ âiäîáðàæåíü.

Îñíîâíà ñêëàäíiñòü äîñëiäæåííÿ çàäà÷i âiäøóêàííÿ âåëè÷èíè (1)
ó ïîðiâíÿííi iç äîñëiäæåííÿìè çãàäàíèõ âèùå çàäà÷ ïîëÿãà¹ â òî-
ìó, ùî ó öié çàäà÷i íå ëèøå îá'¹êò àïðîêñèìàöi¨ ¹ áàãàòîçíà÷íèì
âiäîáðàæåííÿì iç C (S,K0 (X)), à é ó ÿêîñòi àïðîêñèìóþ÷î¨ ìíîæè-
íè V âèñòóïà¹ òàê çâàíà Γ-ìíîæèíà íåïåðåðâíèõ êîìïàêòíîçíà÷-
íèõ îïóêëîçíà÷íèõ âiäîáðàæåíü ìåòðè÷íîãî ïðîñòîðó C (S,K0 (X)),
ÿêèé íå ¹ ëiíiéíèì, à îòæå, íå ¹ i ëiíiéíèì íîðìîâàíèì ïðîñòîðîì.

Îñêiëüêè C (S,X) ⊂ C (S,K0 (X)), à îïóêëi ìíîæèíè ¹ ÷àñòêîâèì
âèïàäêîì Γ-ìíîæèí, òî çðîçóìiëî, ùî îòðèìàíi ó öié ñòàòòi ðåçóëü-
òàòè óçàãàëüíþþòü âiäïîâiäíi ðåçóëüòàòè çíà÷íî¨ êiëüêîñòi çãàäàíèõ
âèùå ïðàöü.

Äëÿ áóäü-ÿêèõ g, h ∈ C (S,K0 (X)) ïîêëàäåìî

ρ (g, h) = max
s∈S

H (g (s) , h (s)) .
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Ëåãêî ïåðåêîíàòèñÿ, ùî âåëè÷èíà ρ (g, h), g, h ∈ C (S,K0 (X)) ,
çàäà¹ ìåòðèêó íà ìíîæèíi C (S,K0 (X)).

Âiäïîâiäíèé ìåòðè÷íèé ïðîñòið áóäåìî ïîçíà÷àòè ÷åðåç
(C (S,K0 (X)) , ρ).

Ó ïîäàëüøîìó áóäåìî ïðèïóñêàòè, ùî ó çàäà÷i âiäøóêàííÿ âå-
ëè÷èíè (1) a /∈ V̄ , äå V̄ � çàìèêàííÿ ìíîæèíè V ó ïðîñòîði
(C (S,K0 (X)) , ρ).

Ïîçíà÷èìî ÷åðåç X∗ � ïðîñòið , ñïðÿæåíèé ç X, à ÷åðåç B∗ �
îäèíè÷íó êóëþ ç öüîãî ïðîñòîðó:

B∗ = {f : f ∈ X∗, ‖f‖ 6 1} .

Îñêiëüêè äëÿ áóäü-ÿêèõ A,B ∈ K0 (X) H (A,B) =

max
f∈B∗

∣∣∣∣max
x∈A

Ref (x)−max
x∈B

Ref (x)
∣∣∣∣ (äèâ., íàïðèêëàä, [23, ñ.9] ), òî

äëÿ áóäü-ÿêèõ g, h ∈ C (S,K0 (X)) ìà¹ ìiñöå ðiâíiñòü

ρ (g, h) = max
s∈S

max
f∈B∗

∣∣∣∣ max
x∈g(s)

Ref (x)− max
y∈h(s)

Ref (y)
∣∣∣∣ .

Äàëi áóäåìî òàêîæ âèêîðèñòîâóâàòè äåÿêi âëàñòèâîñòi àëãåáðà¨÷-
íèõ îïåðàöié íàä áàãàòîçíà÷íèìè âiäîáðàæåííÿìè.

Íåõàé g, h ∈ C (S,K (X)), λ ∈ R.
ßê âiäîìî, ñóìîþ áàãàòîçíà÷íèõ âiäîáðàæåíü g i h íàçèâà¹òüñÿ

âiäîáðàæåííÿ g+h òàêå, ùî (g + h) (s) = g (s)+h (s) äëÿ âñiõ s ∈ S, à
äîáóòêîì ÷èñëà λ ∈ R íà âiäîáðàæåííÿ g íàçèâà¹òüñÿ âiäîáðàæåííÿ
λg òàêå, ùî (λg) (s) = λg (s) äëÿ âñiõ s ∈ S.

Ïðè λ = −1 çàìiñòü (−1) g ïèøóòü −g.
Çðîçóìiëî, ùî îïåðàöi¨ äîäàâàííÿ âiäîáðàæåíü ç ìíîæèí

C (S,K (X)) òà C (S,K0 (X)) i ìíîæåííÿ ¨õ íà äiéñíi ÷èñëà íå âè-
âîäÿòü ç öèõ ìíîæèí.

Ç óðàõóâàííÿì çàçíà÷åíîãî âèùå òà âëàñòèâîñòåé àëãåáðà¨÷íèõ
îïåðàöié íàä ìíîæèíàìè (äèâ., íàïðèêëàä, [2] ) ëåãêî ïåðåêîíàòèñÿ,
ùî äëÿ äîâiëüíèõ λ, β ∈ R, g, h, p ∈ C (S,K (X)) ìàþòü ìiñöå òàêi
ñïiââiäíîøåííÿ:

1) g + h = h+ g;
2) g + (h+ p) = (h+ g) + p;
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3) g + 0 = g, äå 0 îçíà÷à¹ âiäîáðàæåííÿ , ÿêå êîæíîìó s ∈ S
ñòàâèòü ó âiäïîâiäíiñòü íóëüîâèé åëåìåíò ïðîñòîðó X;

4) λ (βg) = (λβ) g;
5) 1 · g = g;
6) 0 · g = 0;
7) α (g + h) = αg + αh ;
8) (α+ β) g (s) ⊂ αg (s) + βg (s) äëÿ âñiõ s ∈ S;
9) (α+ β) g = αg + βg, ÿêùî g ∈ C (S,K0 (X)) i λ · β > 0.
Îçíà÷åííÿ 1. Ìíîæèíó V ⊂ C (S,K0 (X)) áóäåìî íàçèâàòè Γ-

ìíîæèíîþ âiäíîñíî g∗ ∈ V , ÿêùî äëÿ âñiõ g ∈ V òà ε > 0 iñíó¹
α ∈ (0, ε) òà åëåìåíòè ga ∈ V òàêi, ùî g∗ + αg = gα + αg∗.

Çðîçóìiëî, ùî êîëè ìíîæèíà V ¹ Γ-ìíîæèíîþ âiäíîñíî g∗, òî
âîíà ¹ é Γ∗-ìíîæèíîþ âiäíîñíî g∗ ó ðîçóìiííi îçíà÷åííÿ 11.2 [ 23,
ñ.46].

Òâåðäæåííÿ 1. Áóäü-ÿêà ìíîæèíà V ⊂ C (S,K0 (X)), çiðêîâà
âiäíîñíî g∗ ∈ V , ¹ Γ-ìíîæèíîþ âiäíîñíî g∗.

Äîâåäåííÿ. Îñêiëüêè V ¹ çiðêîâîþ âiäíîñíî g∗ ∈ V ìíîæèíîþ,
òî äëÿ áóäü-ÿêîãî g ∈ V òà α ∈ [0, 1]

gα = (1− α) g∗ + αg ∈ V.

Çãiäíî ç âëàñòèâiñòþ 9) àëãåáðà¨÷íèõ îïåðàöié íàä áàãàòîçíà÷íèìè
âiäîáðàæåííÿìè

(1− α) g∗ + αg∗ = g∗, α ∈ [0, 1] .

Çâiäcè

g∗ + αg = (1− α) g∗ + αg∗ + αg = gα + αg∗, α ∈ [0, 1] .

Âiäïîâiäíî äî îçíà÷åííÿ 1 V ¹ Γ-ìíîæèíîþ âiäíîñíî g∗. Òâåðäæåííÿ
äîâåäåíî.

Íàñëiäîê 1. Îïóêëà ìíîæèíà V ⊂ C (S,K0 (X)) ¹ Γ-
ìíîæèíîþ âiäíîñíî áóäü-ÿêîãî ¨¨ åëåìåíòà.

Ñïðàâåäëèâiñòü íàñëiäêó âèïëèâà¹ ç òîãî, ùî îïóêëà ìíîæèíà ¹
çiðêîâîþ âiäíîñíî êîæíîãî ñâîãî åëåìåíòà.

Íàñëiäîê 2.Ìíîæèíà ñòàëèõ áàãàòîçíà÷íèõ âiäîáðàæåíü V ⊂
C (S,K0 (X)) ¹ Γ-ìíîæèíîþ âiäíîñíî áóäü-ÿêîãî ¨¨ åëåìåíòà.
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Ñïðàâåäëèâiñòü íàñëiäêó 2 âèïëèâà¹ ç íàñëiäêó 1, îñêiëüêè ìíî-
æèíà V ⊂ C (S,K0 (X)) ñòàëèõ áàãàòîçíà÷íèõ âiäîáðàæåíü ¹ îïóê-
ëîþ ìíîæèíîþ C (S,K0 (X)).

Òåîðåìà 1. Íåõàé V � äîâiëüíà ìíîæèíà C (S,K0 (X)), g∗ ∈ V .
Äëÿ òîãî ùîá åëåìåíò g∗ áóâ åêñòðåìàëüíèì äëÿ âåëè÷èíè (1),
íåîáõiäíî, ùîá äëÿ êîæíîãî g ∈ V òà sg ∈ S,fg ∈ B∗ òàêèõ, ùî∣∣∣∣ max

x∈g(sg)
Refg (x)− max

y∈a(sg)
Refg (y)

∣∣∣∣ = H (g (sg) , a (sg)) = ρ (g, a) , (2)

ìàëî ìiñöå ñïiââiäíîøåííÿ

sign
(

max
x∈g(sg)

Refg (x)− max
y∈a(sg)

Refg (y)
)
×

×
(

max
x∈g(sg)

Refg (x)− max
x∈g∗(sg)

Refg (x)
)

> 0. (3)

Äîâåäåííÿ. Íåõàé g∗ ¹ åêñòðåìàëüíèì åëåìåíòîì äëÿ âåëè÷èíè
(1), g � äîâiëüíèé åëåìåíò ìíîæèíè V , åëåìåíòè sg ∈ S,fg ∈ B∗

òàêi, ùî ìà¹ ìiñöå (2).
Òîäi

sign
(

max
x∈g(sg)

Refg (x)− max
y∈a(sg)

Refg (y)
)(

max
x∈g(sg)

Refg (x)− max
x∈g∗(sg)

Refg (x)
)
=

= sign
(

max
x∈g(sg)

Refg (x)− max
y∈a(sg)

Refg (y)
)
×

×
(

max
x∈g(sg)

Refg (x)− max
y∈a(sg)

Refg (y) + max
y∈a(sg)

Refg (y)− max
x∈g∗(sg)

Refg (x)
)

>

≥
∣∣∣∣ max
x∈g(sg)

Refg (x)− max
y∈a(sg)

Refg (y)
∣∣∣∣−∣∣∣∣ max

x∈g∗(sg)
Refg (x)− max

y∈a(sg)
Refg (y)

∣∣∣∣ >

> ρ (g, a)−max
s∈S

max
f∈B∗

∣∣∣∣ max
x∈g∗(s)

Ref (x)− max
y∈a(s)

Ref (y)
∣∣∣∣ =

= ρ (g, a)− ρ (g∗, a) > 0,

îñêiëüêè g∗ ∈ V ¹ åêñòðåìàëüíèì åëåìåíòîì äëÿ âåëè÷èíè (1).
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Òåîðåìó äîâåäåíî.
Òåîðåìà 2. Íåõàé V ⊂ C (S,K0 (X)), g∗ ∈ V , V ¹ Γ-ìíîæèíîþ

âiäíîñíî g∗ i äëÿ êîæíîãî g ∈ V iñíóþòü sg ∈ S, fg ∈ B∗ òàêi, äëÿ
ÿêèõ âèêîíóþòüñÿ óìîâè (2), (3). Òîäi g∗ ¹ åêñòðåìàëüíèì åëåìåí-
òîì äëÿ âåëè÷èíè (1).

Äîâåäåííÿ. Íåõàé V ⊂ C (S,K0 (X)), g∗ ∈ V , V ¹ Γ-ìíîæèíîþ
âiäíîñíî g∗ i äëÿ êîæíîãî g ∈ V iñíóþòü sg ∈ S, fg ∈ B∗ òàêi, ùî
äëÿ íèõ âèêîíóþòüñÿ óìîâè (2), (3). Ïåðåêîíà¹ìîñÿ, ùî g∗ ¹ åêñòðå-
ìàëüíèì åëåìåíòîì äëÿ âåëè÷èíè (1). Ïðèïóñòèìî ñóïðîòèâíå. Òîäi
iñíó¹ ḡ ∈ V òàêå, ùî

ρ (ḡ, a) = max
s∈S

H (ḡ (s) , a (s)) < max
s∈S

H (g∗ (s) , a (s)) = ρ (g∗, a) . (4)

Îñêiëüêè V ¹ Γ-ìíîæèíîþ âiäíîñíî g∗, òî äëÿ äîâiëüíî¨ ïîñëi-
äîâíiñòü {εk}∞k=1, εk > 0, k = 1, 2, ..., lim

k→∞
εk = 0, iñíó¹ ïîñëiäîâíiñòü

{αk}∞k=1, αk ∈ (0, εk) , òà åëåìåíò gk ∈ V , k = 1, 2, ..., òàêi, ùî

g∗ + αkḡ = gk + αkg
∗, k = 1, 2, .... (5)

I îñêiëüêè (äèâ., íàïðèêëàä, òâåðäæåííÿ 4.2 [23, ñ.12])

ρ (g∗ + αkḡ, g
∗) = ρ (g∗ + αkḡ, g

∗ + αk · 0) ≤

6 ρ (g∗, g∗) + αkρ (ḡ, 0) = αkρ (ḡ, 0) ,

äå 0: s ∈ S → 0 ∈ X,òà lim
k→∞

αk = 0, òî ìà¹ ìiñöå ðiâíiñòü

lim
k→∞

(g∗ + αkḡ) = g∗.

Ç óðàõóâàííÿì (5) çâiäñè âèïëèâà¹, ùî

lim
k→∞

(gk + αkg
∗) = g∗.

Ìà¹ìî äàëi (äèâ., íàïðèêëàä, òâåðäæåííÿ 7.1[23, ñ.24]), ùî

|ρ (gk, g∗)− ρ (αkg∗, 0)| =

=
∣∣∣∣max
s∈S

H (gk (s) , g∗ (s))−max
s∈S

H (αkg∗(s), 0)
∣∣∣∣ 6
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6 max
s∈S
|H (gk (s) , g∗ (s))−H (αkg∗ (s) , 0)| 6

6 max
s∈S

H (gk (s) + αkg
∗ (s) , g∗ (s)) = ρ (gk + αkg

∗, g∗) .

Òîìó

lim
k→∞

ρ (gk, g∗) = lim
k→∞

ρ (αkg∗, 0) = ρ (g∗, 0) lim
k→∞

αk = 0.

Çâiäñè òà ç íåðiâíîñòi (4) ìîæíà çðîáèòè âèñíîâîê, ùî iñíó¹ íîìåð
k, äëÿ ÿêîãî 0 < αk < 1 i

ρ (ḡ, a) < ρ (gk, a) . (6)

Ç óðàõóâàííÿì íåðiâíîñòi (6) îäåðæèìî, ùî äëÿ äîâiëüíèõ sk ∈ S,
fk ∈ B∗ òàêèõ, ùî

ρ (gk, a) = H (gk (sk) , a (sk)) =
∣∣∣∣ max
x∈gk(sk)

Refk (x)− max
y∈a(sk)

Refk (y)
∣∣∣∣

ìàþòü ìiñöå ñïiââiäíîøåííÿ

sign
(

max
x∈gk(sk)

Refk (x)− max
y∈a(sk)

Refk (y)
)
×

×
(

max
x∈ḡ(sk)

Refk (x)− max
y∈a(sk)

Refk (y)
)
<

< sign
(

max
x∈gk(sk)

Refk (x)− max
y∈a(sk)

Refk (y)
)
×

(
max

x∈gk(sk)
Refk (x)− max

y∈a(sk)
Refk (y)

)
.

Çâiäcè

sign
(

max
x∈gk(sk)

Refk (x)− max
y∈a(sk)

Refk (y)
)
×

×
(

max
x∈ḡ(sk)

Refk (x)− max
x∈gk(sk)

Refk (x)
)
< 0. (7)
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Âiäïîâiäíî äî (5)

max
x∈g∗(sk)

Refk (x) +αk max
x∈ḡ(sk)

Refk (x) = max
x∈gk(sk)

Refk (x) +αk max
x∈g∗(sk)

Refk (x) .

Òîìó

max
x∈ḡ(sk)

Refk (x)− max
x∈gk(sk)

Refk (x) =
1
αk

(
max

x∈gk(sk)
Refk (x)− max

x∈g∗(sk)
Refk (x)

)
−

−
(

max
x∈gk(sk)

Refk (x)− max
x∈g∗(sk)

Refk (x)
)

=

=
(

1
αk
− 1

) (
max

x∈gk(sk)
Refk (x)− max

x∈g∗(sk)
Refk (x)

)
.

Ç óðàõóâàííÿì (7) çâiäñè îäåðæèìî, ùî

sign
(

max
x∈gk(sk)

Refk (x)− max
y∈a(sk)

Refk (y)
)
×

×
(

max
x∈gk(sk)

Refk (x)− max
x∈g∗(sk)

Refk (x)
)
< 0,

ùî ñóïåðå÷èòü óìîâi òåîðåìè. Òîìó g∗ ¹ åêñòðåìàëüíèì åëåìåíòîì
äëÿ âåëè÷èíè (1). Òåîðåìó äîâåäåíî.

Òåîðåìà 3. Äëÿ òîãî ùîá åëåìåíò g∗ áóâ åêñòðåìàëüíèì åëå-
ìåíòîì äëÿ âåëè÷èíè (1), íåîáõiäíî, à ó âèïàäêó, êîëè ìíîæèíà V
¹ Γ-ìíîæèíîþ âiäíîñíî g∗, i äîñòàòíüî, ùîá äëÿ êîæíîãî g ∈ V
iñíóâàëè åëåìåíòè sg ∈ S,fg ∈ B∗, äëÿ ÿêèõ âèêîíóþòüñÿ ñïiââiä-
íîøåííÿ (2), (3).

Ñïðàâåäëèâiñòü íåîáõiäíîñòi óìîâ òåîðåìè äëÿ åêñòðåìàëüíîñòi
åëåìåíòà g∗ ∈ V âèïëèâà¹ ç òåîðåìè 1, à ñïðàâåäëèâiñòü ¨õ äîñòàò-
íîñòi âñòàíîâëåíî ó òåîðåìi 2.

Òåîðåìà 4. Íåõàé V ⊂ C (S,K0 (X)), g∗ ∈ V , ìíîæèíà V ¹
Γ-ìíîæèíîþ âiäíîñíî g∗, â òîìó ÷èñëi çiðêîâîþ âiäíîñíî g∗ àáî
îïóêëîþ ìíîæèíîþ.

Äëÿ òîãî ùîá åëåìåíò g∗ áóâ åêñòðåìàëüíèì åëåìåíòîì äëÿ
âåëè÷èíè (1), íåîáõiäíî i äîñòàòíüî, ùîá äëÿ êîæíîãî g ∈ V iñíó-
âàëè åëåìåíòè sg ∈ S, fg ∈ B∗ òàêi, ùî∣∣∣∣ max

x∈g∗(sg)
Refg (x)− max

y∈a(sg)
Refg (y)

∣∣∣∣ = H (g∗ (sg) , a (sg)) = ρ (g∗, a) ,
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sign
(

max
x∈g∗(sg)

Refg (x)− max
y∈a(sg)

Refg (y)
)
×(

max
x∈g(sg)

Refg (x)− max
x∈g∗(sg)

Refg (x)
)

> 0.

Ñïðàâåäëèâiñòü öi¹¨ òåîðåìè âèïëèâà¹ ç òåîðåìè 11.1 [23, ñ.48],
ÿêùî âðàõóâàòè, ùî Γ-ìíîæèíà âiäíîñíî òî÷êè g∗ ¹ òàêîæ Γ∗-
ìíîæèíîþ âiäíîñíî òî÷êè g∗.

Òåîðåìà 5. Íåõàé V ⊂ C (S,K0 (X)), g∗ ∈ V . Äëÿ òîãî ùîá åëå-
ìåíò g∗ ∈ V áóâ ¹äèíèì åêñòðåìàëüíèì åëåìåíòîì äëÿ âåëè÷èíè
(1), íåîáõiäíî, à ó âèïàäêó, êîëè V ¹ Γ-ìíîæèíîþ âiäíîñíî êîæíî-
ãî ñâîãî åëåìåíòà, â òîìó ÷èñëi îïóêëîþ ìíîæèíîþ, i äîñòàòíüî,
ùîá äëÿ êîæíîãî g ∈ V , g 6= g∗, òà áóäü-ÿêèõ sg ∈ S,fg ∈ B∗ òàêèõ,
ùî∣∣∣∣ max

x∈g(sg)
Refg (x)− max

y∈a(sg)
Refg (y)

∣∣∣∣ = H (g (sg) , a (sg)) = ρ (g, a) , (8)

âèêîíóâàëèñü ñòðîãà íåðiâíiñòü

sign
(

max
x∈g(sg)

Refg (x)− max
y∈a(sg)

Refg (y)
)
×

×
(

max
x∈g(sg)

Refg (x)− max
x∈g∗(sg)

Refg (x)
)
> 0. (9)

Äîâåäåííÿ. Íåîáõiäíiñòü. Íåõàé g∗ ¹ ¹äèíèì åêñòðåìàëüíèì
åëåìåíòîì äëÿ âåëè÷èíè (1). Ïðèïóñòèìî, ùî äëÿ äåÿêîãî g ∈ V ,
g 6= g∗, iñíóþòü òàêi åëåìåíòè sg ∈ S, fg ∈ B∗, ùî ìà¹ ìiñöå ðiâíiñòü
(8), àëå

sign
(

max
x∈g(sg)

Refg (x)− max
y∈a(sg)

Refg (y)
)
×

×
(

max
x∈g(sg)

Refg (x)− max
x∈g∗(sg)

Refg (x)
)
≤ 0.

Ç óðàõóâàííÿì öi¹¨ íåðiâíîñòi îäåðæèìî, ùî

ρ (g, a) = sign
(

max
x∈g(sg)

Refg (x)− max
y∈a(sg)

Refg (y)
)
×
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×
(

max
x∈g(sg)

Refg (x)− max
y∈a(sg)

Refg (y)
)

=

= sign
(

max
x∈g(sg)

Refg (x)− max
y∈a(sg)

Refg (y)
)
×

×
(

max
x∈g(sg)

Refg (x)− max
x∈g∗(sg)

Refg (x)
)

+

+sign
(

max
x∈g(sg)

Refg (x)− max
y∈a(sg)

Refg (y)
)
×

×
(

max
x∈g∗(sg)

Refg (x)− max
y∈a(sg)

Refg (y)
)

6

6 sign
(

max
x∈g(sg)

Refg (x)− max
y∈a(sg)

Refg (y)
)
×

×
(

max
x∈g∗(sg)

Refg (x)− max
y∈a(sg)

Refg (y)
)

6 ρ (g∗, a) .

Çâiäñè âèïëèâà¹, ùî g, g 6= g∗, òàêîæ ¹ åêñòðåìàëüíèì åëåìåíòîì
äëÿ âåëè÷èíè (1), ùî ñóïåðå÷èòü óìîâi òåîðåìè ïðî ¹äèíiñòü åêñòðå-
ìàëüíîãî åëåìåíòà.

Íåîáõiäíiñòü äîâåäåíî.
Äîñòàòíiñòü. Íåõàé g∗ ∈ V , V ¹ Γ-ìíîæèíîþ âiäíîñíî êîæíîãî

ñâîãî åëåìåíòà i äëÿ g ∈ V , g 6= g∗, òà äëÿ áóäü-ÿêèõ sg ∈ S,fg ∈ B∗,
ùî çàäîâîëüíÿþòü ðiâíiñòü (8), ìà¹ ìiñöå íåðiâíiñòü (9).

Ç òåîðåìè 2 âèïëèâà¹, ùî g∗ ∈ V ¹ åêñòðåìàëüíèì åëåìåíòîì
äëÿ âåëè÷èíè (1). Ïåðåêîíà¹ìîñÿ, ùî âií ¹ ¹äèíèì åêñòðåìàëüíèì
åëåìåíòîì äëÿ öi¹¨ âåëè÷èíè.

Íåõàé g, äå g ∈ V , g 6= g∗, òàêîæ ¹ åêñòðåìàëüíèì åëåìåíòîì äëÿ
âåëè÷èíè (1).

Çãiäíî ç òåîðåìîþ 4 iñíóþòü åëåìåíòè sg ∈ S,fg ∈ B∗ òàêi, äëÿ
ÿêèõ âèêîíóþòüñÿ óìîâà (8), i

sign
(

max
x∈g(sg)

Refg (x)− max
y∈a(sg)

Refg (y)
)
×

×
(

max
x∈g∗(sg)

Refg (x)− max
x∈g(sg)

Refg (x)
)

> 0,
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ùî ñóïåðå÷èòü (9).
Òîìó g∗ ¹ ¹äèíèì åêñòðåìàëüíèì åëåìåíòîì äëÿ âåëè÷èíè (1).
�äèíiñòü åêñòðåìàëüíîãî åëåìåíòà ó âèïàäêó, êîëè V ¹ îïóêëîþ

ìíîæèíîþ, âèïëèâà¹ ç òîãî, ùî çãiäíî ç íàñëiäêîì 1 îïóêëà ìíîæèíà
¹ Γ-ìíîæèíîþ âiäíîñíî êîæíîãî ñâîãî åëåìåíòà.
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