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ËÈÍÅÉÍÛÅ ÏÎËÎÆÈÒÅËÜÍÛÅ ÎÏÅÐÀÒÎÐÛ
ÒÈÏÀ Â Ñ ÇÀÄÀÍÍÎÉ ÊÎÂÀÐÈÀÖÈÅÉ

Íàéäåíî ñåìåéñòâî ôóíêöèé, êîòîðûå ìîãóò áûòü êîâàðèàöèÿìè ëèíåé-

íûõ ïîëîæèòåëüíûõ îïåðàòîðîâ òèïà Â, ïðèâîäÿòñÿ ñïîñîáû ïîñòðî-

åíèÿ òàêèõ îïåðàòîðîâ è ïðèìåðû.

Îïðåäåëåíèå è ñâîéñòâà ëèíåéíûõ ïîëîæèòåëüíûõ îïåðàòîðîâ
(ë.ï.î.) Ln(f ; x) òèïà Â èçëîæåíû â ðàáîòàõ 1 è 2. Îïðåäåëÿþùåå
ñâîéñòâî ýòèõ îïåðàòîðîâ (â îäíîìåðíîì ñëó÷àå) çàêëþ÷àåòñÿ â òîì,
÷òî îíè óäîâëåòâîðÿþò ñîîòíîøåíèþ:

v(x)
n

d

dx
Ln(f(·); x) = Ln((· − x)f(·); x), x ∈ X,

ãäå v(x) := Ln(f(· − x)2; x) � ãëàâíàÿ õàðàêòåðèñòèêà îïåðàòîðîâ
Ln(f ; x), êîòîðàÿ íàçûâàåòñÿ êîâàðèàöèîííîé õàðàêòåðèñòèêîé èëè
ïðîñòî êîâàðèàöèåé.

Íàïðèìåð, äëÿ ìíîãî÷ëåíîâ Áåðíøòåéíà v(x) = x(1−x), äëÿ îïå-
ðàòîðîâ Áàñêàêîâà v(x) = x(1+x), äëÿ îïåðàòîðîâ Ìèðàêüÿíà�Ñàñà
v(x) = x. Äëÿ ýòèõ îïåðàòîðîâ êîâàðèàöèÿ ÿâëÿåòñÿ ìíîãî÷ëåíîì
ñòåïåíè íå âûøå ÷åì 2; âñå òàêèå îïåðàòîðû áûëè èçó÷åíû â ðàáîòå
[3] (â ýòîé ñòàòüå îïåðàòîðû òèïà Â íàçûâàþòñÿ îïåðàòîðàìè ýêñ-
ïîíåíöèàëüíîãî òèïà), à â ñòàòüå [4] îïèñàíû âñå âèäû îïåðàòîðîâ,
äëÿ êîòîðûõ êîâàðèàöèÿ ÿâëÿåòñÿ ìíîãî÷ëåíîì òðåòüåé ñòåïåíè, è
âñå âèäû îïåðàòîðîâ, äëÿ êîòîðûõ êîâàðèàöèÿ ÿâëÿåòñÿ ñòåïåííîé
ôóíêöèåé.

Åñòåñòâåííî âîçíèêàåò çàäà÷à î íàõîæäåíèè îïåðàòîðîâ ñ çàðà-
íåå çàäàííîé êîâàðèàöèåé. Â íàñòîÿùåé ðàáîòå íàéäåíî áîëåå îáùåå
ñåìåéñòâî ôóíêöèé, êîòîðûå ìîãóò áûòü êîâàðèàöèÿìè ë.ï.î. òèïà
Â, ïðèâîäÿòñÿ ñïîñîáû ïîñòðîåíèÿ òàêèõ îïåðàòîðîâ è ïðèìåðû.

Äëÿ ýôôåêòèâíîãî ïîñòðîåíèÿ ë.ï.î. òèïà Â ïðèìåíÿþòñÿ ñòå-
ïåííûå ðÿäû ñ íåîòðèöàòåëüíûìè êîýôôèöèåíòàìè (ñì. [4]). Äàëåå
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ïîëüçóåìñÿ îáîçíà÷åíèÿìè èç ñòàòüè [4].
Òåîðåìà. Ïóñòü v(x) = x(1 + xu(x)), ãäå

u(x) =
∞∑

k=0

akxk, ak ≥ 0, 0 < x < R,

R � ðàäèóñ ñõîäèìîñòè ðÿäà u(x). Òîãäà ñóùåñòâóþò ë.ï.î. òèïà

Â, äëÿ êîòîðûõ êîâàðèàöèÿ ðàâíà v(x).
Äîêàçàòåëüñòâî. Îïðåäåëèì ôóíêöèè:

s(x) := x exp
(
−

x∫
0

u(t)dt

1 + tu(t)

)
, b(x) := exp

( x∫
0

dt

1 + tu(t)

)
, 0 ≤ x < R.

Ýòè ôóíêöèè àíàëèòè÷åñêèå, êðîìå òîãî, ôóíêöèÿ s(x) íà ïðîìå-
æóòêå [0, R) èìååò îáðàòíóþ, êîòîðóþ îáîçíà÷èì ÷åðåç s−1. Äàëåå
ðàçëîæèì ôóíêöèþ b(s−1(y)) â ðÿä ïî ñòåïåÿì y, èñïîëüçóÿ ðÿä
Ëàãðàíæà. Ïîëó÷èì

b(s−1(y)) = 1 +
∞∑

m=1

c1,mym, c1,m =
1
m!

dm−1

dzm−1

(
b′(z)

( z

s(z)

)m)
z=0

,

m = 1, 2, . . . .

Äîêàæåì, ÷òî êîýôôèöèåíòû c1,m ÿâëÿþòñÿ íåîòðèöàòåëüíûìè. Äëÿ
ýòîãî ââåäåì âñïîìîãàòåëüíóþ ôóíêöèþ

g(z) := b′(z)
( z

s(z)

)r

=
∞∑

k=0

bk,rz
k, r > 0, b0,r = 1.

Íàéäåì ðåêóððåíòíîå ñîîòíîøåíèå äëÿ êîýôôèöèåíòîâ bk,r. Èç
îïðåäåëåíèÿ ôóíêöèè g(z) ñëåäóåò

g′(z)
g(z)

=
1 + ru(z)
1 + zu(z)

− u(z) + zu(z)
1 + zu(z)

;

èç ÷åãî âûòåêàåò

g′(z)(1 + zu(z)) = (1 + (r − 1)u(z)− zu′(z))g(z),
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è äàëåå,

( ∞∑
k=1

kbk,rz
k−1
)(

1+
∞∑

k=0

akzk+1
)
=
(
1+

∞∑
k=0

(r−k−1)akzk
)( ∞∑

k=0

bk,rz
k
)
.

Ïðèðàâíèâàÿ êîýôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ z ñëåâà è
ñïðàâà â ïîñëåäíåì ñîîòíîøåíèè, ïîëó÷èì

kbk,r = (1 + (r − k)a0)bk−1,r + (r − k)a1bk−2,r + · · ·+ (r − k)ak−1b0,r.

Ïîëàãàÿ r = m, ïîñëåäîâàòåëüíî íàõîäèì b1,m, b2,m, . . . , bm−1,m. Òî-
ãäà c1,m = bm−1,m/m, è çíà÷èò, ýòè êîýôôèöèåíòû áóäóò íåîòðèöà-
òåëüíûìè. À îòñþäà ñëåäóåò, ÷òî êîýôôèöèåíòû

cn,0 = 1, cn,m =
1
m!

dm−1

dzm−1

(
nb′(z)(b(z)n−1

( z

s(z)

)m)∣∣∣
z=0

, m = 1, 2, . . . ,

ðàçëîæåíèÿ â ðÿä ôóíêöèè (b(s−1(y)))n, n ∈ N, òîæå áóäóò íåîòðè-
öàòåëüíûìè, â ÷àñòíîñòè,

cn,1 = n, cn,2 =
1
2
n(n + a0), cn,3 =

1
6
n((n + a0)(n + 2a0) + a1),

cn,4 =
1
24

n((n + a0)(n + 2a0)(n + 3a0) + 4na1 + 8a0a1 + 2a2),

cn,5 =
1

120
n((n + a0)(n + 2a0)(n + 3a0)(n + 4a0) + 10n2a1+

10n(5a0a1 + 2a2) + 6a3 + 28a2a0 + 58a1a
2
0 + 9a2

1).

Äàëåå ïðèìåíèì òåîðåìó 3 èç ðàáîòû 4. Ïîëó÷èì ë.ï.î.

Ln(f, x) = (b(x))−n
∞∑

k=0

f(k/n)cn,k(s(x))k.

Îíè áóäóò îïåðàòîðàìè òèïà Â ñ êîâàðèàöèåé

v(x) = x(1 + xu(x)).
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Çàìå÷àíèå. Â ïðåäëîæåííóþ ñõåìó ïîñòðîåíèÿ ë.ï.î. òèïà Â
óêëàäûâàåòñÿ è ñëó÷àé u(x) = −1. Äåéñòâèòåëüíî, â ýòîì ñëó÷àå
s(x) = x/(1− x), b(x) = 1/(1− x),

Ln(f, x) =
n∑

k=0

f(k/n)Ck
nxk(1− x)n−k,

à ýòî íå ÷òî èíîå êàê ìíîãî÷ëåíû Áåðíøòåéíà.
Ïðèìåð 1. Ïóñòü v(x) = x(1 + x)3. Òîãäà

b(x) = exp
( x(x + 2)

2(x + 1)2
)
, s(x) =

x

1 + x
exp

(
− x(3x + 4)

2(x + 1)2
)
,

cn,1 = n, cn,2 =
1
2
n(n + 3), cn,3 =

1
6
n(n2 + 9n + 21), . . . .

Ïðèìåð 2. Ïóñòü v(x) = x(1 + x3). Òîãäà

b(x) =
(x + 2)2

2(x2 + 2x + 2)
exp

( 1√
3

arctan
x
√

3
2− x

)
, s(x) =

x
3
√

1 + x3
,

cn,1 = n, cn,2 =
1
2
n2, cn,3 =

1
6
n3, . . . .

Ïðèìåð 3. Ïóñòü v(x) = x(1 + 2x)(1 + 3x)(1 + 4x)(1 + 6x). Òîãäà

b(x) =
(3x + 1)3(6x + 1)3/2

(4x + 1)4(2x + 1)1/2
, s(x) =

x(2x + 1)(4x + 1)16

(3x + 1)9(6x + 1)9
,

cn,1 = n, cn,2 =
1
2
n(n + 15), cn,3 =

1
6
n(n2 + 45n + 530), . . . .

Ïðèìåð 4. Ïóñòü v(x) = x/(1− x). Òîãäà

b(x) = exp(x− x2/2), s(x) = x exp(−x),

cn,1 = n, cn,2 =
1
2
n(n + 1), cn,3 =

1
6
n(n2 + 3n + 3), . . . .

Ïðèìåð 5. Ïóñòü v(x) = x(1 + x2)/(1− x). Òîãäà

b(x) =
exp(arctan(x))

2(1 + x2)
, s(x) = x exp(− arctan(x)),
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cn,1 = n, cn,2 =
1
2
n(n + 1), cn,3 =

1
6
n(n2 + 3n + 4), . . . .
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