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Î ÍÅÐÀÂÅÍÑÒÂÀÕ ÒÈÏÀ ÄÆÅÊÑÎÍÀ È
ÏÎÏÅÐÅ×ÍÈÊÀÕ ÊËÀÑÑÎÂ ÏÅÐÈÎÄÈ×ÅÑÊÈÕ
ÔÓÍÊÖÈÉ Â ÏÐÎÑÒÐÀÍÑÒÂÅ L2

Äëÿ õàðàêòåðèñòèêè ãëàäêîñòi Φ2(f) 2π-ïåðiîäè÷íèõ ôóíêöié f ∈ L2 îò-
ðèìàíî òî÷íi íåðiâíîñòi òèïó Äæåêñîíà òà îá÷èñëåíî òî÷íi çíà÷åííÿ
n-ïîïåðå÷íèêiâ êëàñiâ Lψβ,2(Φ2, Ω), äå Ω � ìàæîðóþ÷à ôóíêöiÿ, ÿêà çàäî-
âîëüíÿ¹ ïåâíå îáìåæåííÿ .

1. ×åðåç L2 = L2([0, 2π]) îáîçíà÷èì ïðîñòðàíñòâî èçìåðèìûõ ïî
Ëåáåãó 2π-ïåðèîäè÷åñêèõ ôóíêöèé f ñ íîðìîé

‖f‖ =
{

1
π

2π∫

0

|f(x)|2dx
}1/2

<∞.

Ñèìâîëîì Tn−1 îáîçíà÷èì ïîäïðîñòðàíñòâî òðèãîíîìåòðè÷åñêèõ
ïîëèíîìîâ ïîðÿäêà n−1. Äëÿ ïðîèçâîëüíîé ôóíêöèè f ∈ L2 â ñìûñ-
ëå ñõîäèìîñòè â ìåòðèêå L2 ñïðàâåäëèâî ñëåäóþùåå ïðåäñòàâëåíèå

f(x) =
a0(f)

2
+

∞∑

k=1

ak(f) cos kx+ bk(f) sin kx,

ãäå a0(f), ak(f), bk(f), k ∈ N, � êîýôôèöèåíòû Ôóðüå ôóíêöèè f.
Âåëè÷èíà íàèëó÷øåãî ïðèáëèæåíèÿ ýëåìåíòà f ∈ L2 ïîäïðîñòðàí-
ñòâîì Tn−1 ðàâíà

En−1(f) = inf {‖f − Tn−1‖ : Tn−1 ∈ Tn−1} =

= ‖f − Sn−1(f)‖ =
{ ∞∑

k=n

ρ2
k(f)

}1/2

,

ãäå Sn−1(f) � ÷àñòíàÿ ñóììà ïîðÿäêà n−1 ðÿäà Ôóðüå ôóíêöèè f, à
ρ2
k(f) df= a2

k(f)+ b2k(f). Ïîä Lr2 (r ∈ Z+;L0
2 = L2) ïîíèìàåì ìíîæåñòâî
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ôóíêöèé f ∈ L2, ó êîòîðûõ ïðîèçâîäíûå (r−1)-ãî ïîðÿäêà àáñîëþò-
íî íåïðåðûâíû, à ïðîèçâîäíûå r-ãî ïîðÿäêà ïðèíàäëåæàò ïðîñòðàí-
ñòâó L2.

Çàäà÷è íàõîæäåíèÿ òî÷íûõ êîíñòàíò â íåðàâåíñòâàõ òèïà Äæåê-
ñîíà â L2, ñîäåðæàùèõ ìîäóëü íåïðåðûâíîñòè l-ãî ïîðÿäêà, l ∈ N,
ñâÿçàíû ñ âû÷èñëåíèåì ðàçëè÷íûõ ýêñòðåìàëüíûõ õàðàêòåðèñòèê,
ïðèâîäÿùèõ ê óòî÷íåíèþ îöåíîê ñâåðõó óêàçàííûõ ïîñòîÿííûõ.
Ñîäåðæàòåëüíûå ðåçóëüòàòû â ýòîì íàïðàâëåíèè â ðàçíîå âðåìÿ
áûëè ïîëó÷åíû Í.È.×åðíûõ [1], Ë.Â.Òàéêîâûì [2�3], À.À.Ëèãóíîì
[4], À.Ã.Áàáåíêî [5], Ì.Ã.Åñìàãàíáåòîâûì [6], Â.È.Èâàíîâûì è
Î.È.Ñìèðíîâûì [7] è äðóãèìè (ñì., íàïð., [8�10]). Çàäà÷è àíàëîãè÷-
íîãî ñîäåðæàíèÿ â ïðîñòðàíñòâàõ Sp, 1 ≤ p ≤ ∞, ðàññìàòðèâàëèñü
À.È.Ñòåïàíöîì è åãî ó÷åíèêàìè (ñì., íàïð., [11�14]). Â ñëó÷àå p = 2
ïðîñòðàíñòâî S2 ÿâëÿåòñÿ îáû÷íûì ïðîñòðàíñòâîì L2. Ïîëó÷åííûå
â Sp ðåçóëüòàòû óêàçàííîãî ñîäåðæàíèÿ îêàçàëèñü íîâûìè è äëÿ
ñëó÷àÿ p = 2. Â ïîñëåäóþùåì ýòà òåìàòèêè íàøëà ïðîäîëæåíèå â
ðàáîòàõ [15, 16]. Íåðàâåíñòâà òèïà Äæåêñîíà ñ íåñêîëüêî èíûìè õà-
ðàêòåðèñòèêàìè ãëàäêîñòè ôóíêöèé ðàññìàòðèâàëèñü, íàïðèìåð, â
ðàáîòàõ Ê.Â.Ðóíîâñêîãî [17], Í.Í.Ïóñòîâîéòîâà [18] è äðóãèõ (ñì.,
íàïð., [19�23]).

Ìîäóëü íåïðåðûâíîñòè l-ãî ïîðÿäêà ôóíêöèè f ∈ L2 îáîçíà÷èì
÷åðåç ωl(f, t) = sup

{‖∆l
hf(·)‖ : |h| ≤ t

}
, ãäå

∆l
hf(x) =

l∑

j=0

(−1)l−j
(
l

j

)
f(x+ jh).

Äëÿ äâóõ ïîëîæèòåëüíûõ ôóíêöèé g(t) è ϕ(t), ãäå t ∈ D, ïîëàãà-
þò g(t) ³ ϕ(t), åñëè ñóùåñòâóþò ïîëîæèòåëüíûå êîíñòàíòû c1 è c2
òàêèå, ÷òî c1 6 g(t)/ϕ(t) 6 c2 äëÿ âñåõ t ∈ D.

Â ðàáîòå [18] îöåíêè ñâåðõó âåëè÷èí íàèëó÷øèõ ïîëèíîìèàëü-
íûõ ïðèáëèæåíèé ôóíêöèé ïîëó÷åíû ÷åðåç óñðåäíåííûå ðàçíîñòè
ïîðÿäêà l. Â ïðèíÿòûõ íàìè îáîçíà÷åíèÿõ óêàçàííûå õàðàêòåðèñòè-
êè ãëàäêîñòè èìåþò âèä

Φl(f, t) =
1
t

t∫

0

‖∆l
hf(·)‖dh.

Ïðè ýòîì Φl(f, t) ≤ ωl(f, t) äëÿ âñåõ l ≥ 1 è ωl(f, t) ³ Φl(f, t), ãäå
0 < t 6 2π.
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2. Ïóñòü f � ñóììèðóåìàÿ 2π-ïåðèîäè÷åñêàÿ ôóíêöèÿ;
ψ(k)(ψ(k) 6= 0, k ∈ N) � ñóæåíèå íà ìíîæåñòâî N ïðîèçâîëüíîé âå-
ùåñòâåííîé ôóíêöèè ψ, îïðåäåëåííîé íà ïîëóñåãìåíòå [1,∞); β �
êîíå÷íîå äåéñòâèòåëüíîå ÷èñëî. Ñëåäóÿ À.È.Ñòåïàíöó [24], ïðåäïî-
ëîæèì, ÷òî ðÿä

∞∑

k=1

1
ψ(k)

(
ak(f) cos

(
kx+

βπ

2

)
+ bk(f) sin

(
kx+

βπ

2

))

ÿâëÿåòñÿ ðÿäîì Ôóðüå íåêîòîðîé ñóììèðóåìîé ôóíêöèè (îáîçíà÷èì
åå ÷åðåç fψβ ), íàçûâàåìîé (ψ, β)-ïðîèçâîäíîé ôóíêöèè f. Ìíîæå-
ñòâî 2π-ïåðèîäè÷åñêèõ ñóììèðóåìûõ ôóíêöèé f, èìåþùèõ (ψ, β)-
ïðîèçâîäíûå, îáîçíà÷èì ñèìâîëîì Lψβ . Ïðè ýòîì êîýôôèöèåíòû Ôó-
ðüå ôóíêöèé f è fψβ ñâÿçàíû ñîîòíîøåíèÿìè





ak(f) = ψ(k)
(
ak(f

ψ
β ) cos

βπ

2
− bk(f

ψ
β ) sin

βπ

2

)
,

bk(f) = ψ(k)
(
ak(f

ψ
β ) sin

βπ

2
+ bk(f

ψ
β ) cos

βπ

2

)
.

(1)

Îòìåòèì, ÷òî â ñëó÷àå ψ(k) = k−r, ãäå r > 0, β ∈ R, ïîëó÷à-
åì (r, β)-ïðîèçâîäíóþ â ñìûñëå Âåéëÿ�Íàäÿ fψβ = f

(r)
β . Åñëè, êðîìå

ýòîãî, β = r, ãäå r ∈ N, òî fψβ ÿâëÿåòñÿ îáû÷íîé ïðîèçâîäíîé r-ãî
ïîðÿäêà ôóíêöèè f.

Åñëè f ∈ Lψβ è ïðè ýòîì fψβ ∈ M, ãäå M � íåêîòîðîå ïîäìíî-
æåñòâî ñóììèðóåìûõ 2π-ïåðèîäè÷åñêèõ ôóíêöèé, òî ãîâîðÿò, ÷òî f
ïðèíàäëåæèò êëàññó LψβM. Â äàëüíåéøåì ïîä M áóäåì ïîíèìàòü
ïðîñòðàíñòâî L2 è âìåñòî LψβL2 ïèñàòü Lψβ,2.

Ñôîðìóëèðóåì äëÿ îäíîìåðíîãî ñëó÷àÿ îäèí ðåçóëüòàò
À.Ñ.Ðîìàíþêà [26], çàïèñûâàÿ åãî â óäîáíîì äëÿ íàñ âèäå:
åñëè ôóíêöèÿ ψ íàòóðàëüíîãî àðãóìåíòà k òàêîâà, ÷òî âåëè÷èíû

sup{|ψ(k)| : k ∈ N} (2)

è

sup

{
2ν−1∑

k=2ν−1

|ψ(k + 1)− ψ(k)| : ν ∈ Z+

}
(3)
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êîíå÷íû, òî äëÿ ëþáîãî ÷èñëà β ∈ R ñïðàâåäëèâî âêëþ÷åíèå Lψβ,2 ⊂
L2.

Âñþäó äàëåå ïîëàãàåì, ÷òî ôóíêöèÿ ψ, çàäàííàÿ íà ìíîæåñòâå
1 6 x <∞, ÿâëÿåòñÿ ïîëîæèòåëüíîé è ìîíîòîííî óáûâàþùåé ê íóëþ
ïðè âîçðàñòàíèè x. Ëåãêî ïðîâåðèòü, ÷òî óñëîâèÿ (2)�(3) â äàííîì
ñëó÷àå âûïîëíÿþòñÿ àâòîìàòè÷åñêè.

Îòíîøåíèå 0/0 ïîëàãàåì ðàâíûì íóëþ. Îäíèì èç îñíîâíûõ ðå-
çóëüòàòîâ äàííîé ðàáîòû ÿâëÿåòñÿ ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 1. Äëÿ ëþáûõ ÷èñåë n ∈ N è 0 < t ≤ π/(2n) ñïðàâåäëèâû
ðàâåíñòâà

sup
{

En−1(f)

ψ(n)Φ2(f
ψ
β , t)

: f ∈ Lψβ,2, f 6≡ const
}

=
1

2(1− sinnt
nt )

. (4)

3. Ïðåæäå, ÷åì ñôîðìóëèðîâàòü ñëåäóþùèé ðåçóëüòàò, íàïîìíèì
íåîáõîäèìûå ïîíÿòèÿ è îïðåäåëåíèÿ.

Ïóñòü B � åäèíè÷íûé øàð â L2; Q � âûïóêëîå öåíòðàëüíî-
ñèììåòðè÷íîå ïîäìíîæåñòâî èç L2; Λn ⊂ L2 � n-ìåðíîå ïîäïðî-
ñòðàíñòâî; Λn ⊂ L2 � ïîäïðîñòðàíñòâî êîðàçìåðíîñòè n; T : L2 →
Λn � íåïðåðûâíûé ëèíåéíûé îïåðàòîð; T ⊥ : L2 → Λn � íåïðåðûâ-
íûé îïåðàòîð ëèíåéíîãî ïðîåêòèðîâàíèÿ. Âåëè÷èíû

bn(Q;L2) = sup{sup{ε > 0 : εB ∩ Λn+1 ⊂ Q} : Λn+1 ⊂ L2},

dn(Q;L2) = inf{sup{inf ‖f − g‖ : g ∈ Λn} : f ∈ Q} : Λn ⊂ L2},
δn(Q;L2)= inf{inf{sup{‖f−T f‖ : f∈Q} : T L2 ⊂ Λn} : Λn ⊂ L2},

dn(Q;L2) = inf{sup{‖f‖ : f ∈ Q ∩ Λn} : Λn ⊂ L2},
Πn(Q;L2)= inf{inf{sup{‖f−T ⊥f‖ :f∈Q} :T ⊥L2⊂Λn} :Λn⊂L2}

íàçûâàþò ñîîòâåòñòâåííî áåðíøòåéíîâñêèì, êîëìîãîðîâñêèì, ëè-
íåéíûì, ãåëüôàíäîâñêèì, ïðîåêöèîííûì n-ïîïåðå÷íèêàìè.

Èñïîëüçóÿ îïðåäåëåíèå îñðåäíåííîé õàðàêòåðèñòèêè ãëàäêîñòè
Φ2(f), ââåäåì â L2 ñëåäóþùèå êëàññû ôóíêöèé. Ïóñòü Ω(t), ãäå t ≥ 0,
åñòü ïðîèçâîëüíàÿ âîçðàñòàþùàÿ ôóíêöèÿ òàêàÿ, ÷òî Ω(t) > 0 ïðè
t > 0 è lim {Ω(t) : t→ 0} = Ω(0) = 0. ×åðåç Lψβ,2(Φ2,Ω) îáîçíà÷èì
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êëàññ ôóíêöèé f ∈ Lψβ,2, ó êîòîðûõ (ψ, β)-ïðîèçâîäíûå fψβ óäîâëå-
òâîðÿþò óñëîâèþ Φ2(f

ψ
β , t) ≤ Ω(t) äëÿ ëþáûõ t > 0.

Òåîðåìà 2. Ïóñòü ïðè ëþáîì n ∈ N ìàæîðèðóþùàÿ ôóíêöèÿ
Ω óäîâëåòâîðÿåò îãðàíè÷åíèþ

Ω(t)
Ω(π/(2n))

≥ π

π − 2

{
1− sinnt

nt , åñëè 0 < t ≤ π/n,

2− π
nt , åñëè t ≥ π/n.

(5)

Òîãäà èìåþò ìåñòî ðàâåíñòâà

p2n(L
ψ
β,2(Φ2,Ω);L2) = p2n−1(L

ψ
β,2(Φ2,Ω);L2) =

= En−1(L
ψ
β,2(Φ2,Ω)) =

ψ(n)

2
(
1− 2

π

)Ω
( π

2n

)
, (6)

ãäå pm � ëþáîé èç m-ïîïåðå÷íèêîâ: áåðíøòåéíîâñêèé bm, êîë-
ìîãîðîâñêèé dm, ãåëüôàíäîâñêèé dm, ëèíåéíûé δm, ïðîåêöèîííûé
Πm; En−1(L

ψ
β,2(Φ2,Ω)) df= sup

{
En−1(f) : f ∈ Lψβ,2(Φ2,Ω)

}
. Ïðè ýòîì

ìíîæåñòâî ìàæîðàíò, óäîâëåòâîðÿþùèõ óñëîâèþ (5), íå ïóñòî.
4. Äîêàçàòåëüñòâî òåîðåìû 1. Èç (1) èìååì





ak(f
ψ
β ) =

1
ψ(k)

(
ak(f) cos

βπ

2
+ bk(f) sin

βπ

2

)
,

bk(f
ψ
β ) =

1
ψ(k)

(
−ak(f) sin

βπ

2
+ bk(f) cos

βπ

2

)
.

Ñëåäîâàòåëüíî, ρk(f) = ψ(k)ρk(f
ψ
β ), k ∈ N).Èñïîëüçóÿ ñâîéñòâà òðè-

ãîíîìåòðè÷åñêîé ñèñòåìû è îïðåäåëåíèå ãèëüáåðòîâà ïðîñòðàíñòâà,
äëÿ ïðîèçâîëüíîé ôóíêöèè f ∈ Lψβ,2 ïîëó÷àåì

‖∆2
hf

ψ
β (·)‖2 = 4

∞∑

k=1

ρ2
k(f

ψ
β )(1−cos kh)2 = 4

∞∑

k=1

1
ψ2(k)

ρ2
k(f)(1−cos kh)2.

(7)
Î÷åâèäíî, ÷òî

E2
n−1(f)−

∞∑

k=n

ρ2
k(f) cos kh =

∞∑

k=n

ρk(f)ρk(f)(1− cos kh).
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Ïðèìåíÿÿ ê ïðàâîé ÷àñòè äàííîãî ðàâåíñòâà ðàññóæäåíèÿ èç ðà-
áîòû [26], à èìåííî, èñïîëüçóÿ íåðàâåíñòâî Êîøè�Áóíÿêîâñêîãî äëÿ
÷èñëîâûõ ðÿäîâ, à òàêæå ó÷èòûâàÿ (7), ìîæåì çàïèñàòü

E2
n−1(f)−

∞∑

k=n

ρ2
k(f) cos kh ≤

≤ En−1(f)

{
ψ2(n)

∞∑

k=n

1
ψ2(k)

ρ2
k(f)(1− cos kh)2

}1/2

≤

≤ En−1(f)
‖∆2

hf
ψ
β (·)‖
2

ψ(n). (8)

Ïðîèíòåãðèðîâàâ ñîîòíîøåíèå (8) ïî h â ïðåäåëàõ îò 0 äî t è
óìíîæèâ îáå ÷àñòè ïîëó÷åííîãî íåðàâåíñòâà íà 1/t, èìååì

E2
n−1(f)≤

∞∑

k=n

ρ2
k(f)

sin kt
kt

+
En−1(f)

2
ψ(n) · 1

t

t∫

0

‖∆2
hf

ψ
β (·)‖dh. (9)

Â ñèëó îïðåäåëåíèÿ õàðàêòåðèñòèêè ãëàäêîñòè Φ2(f, t) è ñîîòíî-
øåíèÿ

max
nt≤u

| sinu|
u

=
sinnt
nt

,

ãäå 0 < nt ≤ π/2, èç (9) ïîëó÷àåì

E2
n−1(f) ≤ sinnt

nt
E2
n−1(f) +

En−1(f)
2

ψ(n)Φ2(f
ψ
β , t).

Îòñþäà ñëåäóåò îöåíêà ñâåðõó

sup
{

En−1(f)

ψ(n)Φ2(f
ψ
β , t)

:f ∈ Lψβ,2, f 6≡const
}
≤ 1

2(1− sinnt
nt )

. (10)

Äëÿ ïîëó÷åíèÿ îöåíêè ñíèçó ðàññìîòðèì ôóíêöèþ f̃(x) df= sinnx.
Ïîñêîëüêó ïðè 0 < h ≤ t ≤ π/(2n)

f̃ψβ (x) =
sin(nx+ βπ/2)

ψ(n)
,
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En−1(f̃) = 1, ‖∆2
hf̃

ψ
β (·)‖ =

2
ψ(n)

(1− cosnh),

Φ2(f̃
ψ
β , t) =

2
ψ(n)

(
1− sinnt

nt

)
,

òî
sup

{
En−1(f)

ψ(n)Φ2(f
ψ
β , t)

: f ∈ Lψβ,2, f 6≡ const
}
≥

≥ En−1(f̃)

ψ(n)Φ2(f̃
ψ
β , t)

≥ 1

2
(
1− sinnt

nt

) . (11)

Ñðàâíèâ íåðàâåíñòâà (10) è (11), ïîëó÷àåì ðàâåíñòâà (4). Òåîðåìà
1 äîêàçàíà.

5. Äîêàçàòåëüñòâî òåîðåìû 2. Ïîëàãàÿ â (10) t = π/(2n), äëÿ
ïðîèçâîëüíîé ôóíêöèè f ∈ Lψβ,2(Φ2,Ω) èìååì

En−1(f) ≤ ψ(n)

2
(
1− 2

π

) Ω
( π

2n

)
. (12)

Ïóñòü Q � âûïóêëîå öåíòðàëüíî-ñèììåòðè÷íîå ïîäìíîæåñòâî èç
L2. Â ãèëüáåðòîâîì ïðîñòðàíñòâå L2 ñïðàâåäëèâû ñëåäóþùèå ñîîò-
íîøåíèÿ ìåæäó n-ïîïåðå÷íèêàìè:

bn(Q,L2) ≤ dn(Q,L2) ≤ dn(Q,L2) = δn(Q,L2) = Πn(Q,L2). (13)

Ó÷èòûâàÿ (12) è (13), ìîæåì çàïèñàòü

p2n(L
ψ
β,2(Φ2,Ω);L2) ≤ p2n−1(L

ψ
β,2(Φ2,Ω);L2) ≤

≤ d2n−1(L
ψ
β,2(Φ2,Ω);L2) ≤ En−1(L

ψ
β,2(Φ2,Ω)) ≤ ψ(n)

2
(
1− 2

π

) Ω
( π

2n

)
.

(14)
Äëÿ ïîëó÷åíèÿ îöåíîê ñíèçó ðàññìàòðèâàåìûõ çäåñü n-

ïîïåðå÷íèêîâ îïðåäåëèì â Tn ∩ L2 øàð

B2n+1
df=

{
Tn ∈ Tn : ‖Tn‖ ≤ ψ(n)

2
(
1− 2

π
) Ω

( π

2n

) }
.
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Ïîëàãàåì (1 − cosnt)∗
df= {1 − cosnt, åñëè 0 ≤ t ≤ π/n; 2, åñëè t ≥

π/n}. Äëÿ ïðîèçâîëüíîãî ïîëèíîìà Tn ∈ Tn â ñèëó (7) èìååì

‖∆2
h(Tn)

ψ
β (·)‖ =

{
4

n∑

k=1

1
ψ2(k)

ρ2
k(Tn)(1− cos kh)2

}1/2

≤

≤ 2
ψ(n)

(1− cosnh)∗‖Tn‖. (15)

Ïîêàæåì ñïðàâåäëèâîñòü âêëþ÷åíèÿ B2n+1 ⊂ Lψβ,2(Φ2,Ω). Äëÿ
ýòîãî ðàññìîòðèì äâà ñëó÷àÿ: 0 < t 6 π/n è π/n 6 t. Ïóñòü âíà÷àëå
0 < t ≤ π/n. Â ñèëó îïðåäåëåíèÿ êëàññà Lψβ,2(Φ2,Ω), íåðàâåíñòâà
(15) è ïåðâîãî íåðàâåíñòâà â îãðàíè÷åíèè (5), äëÿ ïðîèçâîëüíîãî
ïîëèíîìà Tn ∈ B2n+1 ïîëó÷àåì

Φ2((Tn)
ψ
β , t)=

1
t

t∫

0

‖∆2
h(Tn)

ψ
β (·)‖dh≤ 2

ψ(n)
‖Tn‖1

t

t∫

0

(1− cosnh)dh ≤

≤ Ω
( π

2n

) 1− sinnt
nt

1− 2
π

≤ Ω(t). (16)

Ïóñòü òåïåðü π/n ≤ t. Èñïîëüçóÿ âòîðîå íåðàâåíñòâî èç îãðà-
íè÷åíèÿ (5) è ñîîáðàæåíèÿ, àíàëîãè÷íûå âûøå ïðèâåäåííûì, äëÿ
ïðîèçâîëüíîãî ïîëèíîìà Tn ∈ B2n+1 èìååì

Φ2((Tn)
ψ
β , t) ≤

2
ψ(n)

‖Tn‖
{1
t

π/n∫

0

(1− cosnh)dh+ 2
(
1− π

tn

)}
=

=
2

ψ(n)

(
2− π

tn

)
‖Tn‖ ≤ Ω

( π

2n

) 2− π
nt

1− 2
π

≤ Ω(t).

Ñëåäîâàòåëüíî, B2n+1 ⊂ Lψβ,2(Φ2,Ω).
Èñïîëüçóÿ (13) è îïðåäåëåíèå áåðíøòåéíîâñêîãî n-ïîïåðå÷íèêà,

ïîëó÷àåì

p2n(L
ψ
β,2(Φ2,Ω);L2) ≥ b2n(L

ψ
β,2(Φ2,Ω);L2) ≥
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≥ b2n(B2n+1;L2) ≥ ψ(n)

2
(
1− 2

π

) Ω
( π

2n

)
. (17)

Ñîïîñòàâèâ íåðàâåíñòâà (14) è (17), ïîëó÷àåì ðàâåíñòâà (6).
Ïîêàæåì, ÷òî ìíîæåñòâî ìàæîðàíò, óäîâëåòâîðÿþùèõ îãðàíè-

÷åíèþ (5), íå ïóñòî. Äëÿ ýòîãî ðàññìîòðèì ñòåïåííóþ ôóíêöèþ
Ω∗(t)

df= tν , ãäå ν df= 2/(π − 2), è ïîêàæåì, ÷òî äëÿ íåå ïðè ëþáîì
n ∈ N èìååò ìåñòî (5). Ïîäñòàâèâ â (5) âìåñòî Ω ôóíêöèþ Ω∗ è
ïîëàãàÿ 0 < u

df= nt <∞, ïîëó÷àåì ñîîòíîøåíèå

uν+1 ≥ π

π − 2

(π
2

)ν {
u− sinu, åñëè 0 < u ≤ π,

2u− π, åñëè u ≥ π,
(18)

êîòîðîå è íóæíî äîêàçàòü. Îáîçíà÷èì

µ(u) df= uν+1 − π

π − 2

(π
2

)ν
(u− sinu), (19),

ãäå ïîëàãàåì 0 ≤ u ≤ π.
Ïóñòü 0 ≤ u ≤ π/2. Â áåñêîíå÷íî ìàëîé îêðåñòíîñòè íóëÿ

µ(u) = uν+1

[
1− π

π − 2

(π
2

)ν
O(u2−ν)

]
.

Ñëåäîâàòåëüíî, â íåé ñóùåñòâóþò ïîëîæèòåëüíûå çíà÷åíèÿ u, äëÿ
êîòîðûõ µ(u) > 0. Ïîêàæåì, ÷òî íà èíòåðâàëå (0, π/2) ôóíêöèÿ µ
ÿâëÿåòñÿ çíàêîïîñòîÿííîé. Äëÿ ýòîãî ïðèìåíÿåì ìåòîä ðàññóæäåíèé
îò ïðîòèâíîãî, ïîëàãàÿ, ÷òî ñóùåñòâóåò òî÷êà λ ∈ (0, π/2), â êîòîðîé
µ(λ) = 0. Ïîñêîëüêó µ(0) = µ(π/2) = 0, òî â ñèëó òåîðåìû Ðîëëÿ è
(19) ïðîèçâîäíàÿ ïåðâîãî ïîðÿäêà

µ(1)(u) = (ν + 1)
[
uν −

(π
2

)ν
(1− cosu)

]
(20)

äîëæíà èìåòü íà (0, π/2) íå ìåíåå äâóõ ðàçëè÷íûõ íóëåé. Ó÷èòûâàÿ
ðàâåíñòâà µ(1)(0) = µ(1)(π/2) = 0, çàêëþ÷àåì, ÷òî â ñèëó àíàëîãè÷-
íûõ ñîîáðàæåíèé ïðîèçâîäíàÿ âòîðîãî ïîðÿäêà

µ(2)(u) = (ν + 1)
[
νuν−1 −

(π
2

)ν
sinu

]
(21)
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äîëæíà èìåòü íà èíòåðâàëå (0, π/2) íå ìåíåå òðåõ ðàçëè÷íûõ íóëåé.
Òàê êàê µ(2)(0) = 0, òî î÷åâèäíî, ÷òî ïðîèçâîäíàÿ òðåòüåãî ïîðÿäêà

µ(3)(u) = (ν + 1)
[
ν(ν − 1)uν−2 −

(π
2

)ν
cosu

]

äîëæíà îáðàùàòüñÿ â íóëü íà (0, π/2) íå ìåíåå ÷åì â òðåõ ðàçëè÷íûõ
òî÷êàõ. Îäíàêî ýòî íåâîçìîæíî, ïîñêîëüêó µ(3) êàê ðàçíîñòü âûïóê-
ëîé âíèç è âûïóêëîé ââåðõ ìîíîòîííî óáûâàþùèõ íà (0, π/2) ôóíê-
öèé ìîæåò èìåòü íà óêàçàííîì èíòåðâàëå íå áîëåå äâóõ ðàçëè÷íûõ
íóëåé. Ïîëó÷åííîå ïðîòèâîðå÷èå äîêàçûâàåò ñïðàâåäëèâîñòü íåðà-
âåíñòâà µ(u) > 0 ïðè 0 < u < π/2.

Ïóñòü π/2 ≤ u ≤ π. Èç (21) èìååì µ(2)(π/2) > 0. Ïîñêîëüêó íà
îòðåçêå [π/2, π] µ(2) ÿâëÿåòñÿ ðàçíîñòüþ ìîíîòîííî âîçðàñòàþùåé
è ìîíîòîííî óáûâàþùåé ôóíêöèé, òî, î÷åâèäíî, ÷òî íà óêàçàííîì
òî÷å÷íîì ìíîæåñòâå µ(2)(u) > 0. Òàê êàê â ñèëó (20) µ(1)(π/2) = 0,
òî íà îòðåçêå [π/2, π] ôóíêöèÿ µ(1)(u) ≥ 0. Ïîñêîëüêó µ(π/2) = 0, òî
îòñþäà ñëåäóåò, ÷òî µ(u) ≥ 0 ïðè π/2 ≤ u ≤ π.

Ïóñòü u ≥ π. Èñïîëüçóÿ (18), îáîçíà÷èì

µ1(u)
df= uν+1 − π

π − 2

(π
2

)ν
(2u− π). (22)

Îòñþäà, ó÷èòûâàÿ çíà÷åíèå ν, ïîëó÷àåì

µ
(1)
1 (u) = (ν + 1)

[
uν − 2

(π
2

)ν]
.

Òàê êàê µ
(1)
1 (π) > 0, òî íà îñíîâàíèè (22) èìååì µ

(1)
1 (u) > 0 äëÿ

ëþáîãî u ∈ [π,∞). Â ñèëó ïîñëåäíåãî íåðàâåíñòâà è ñîîòíîøåíèÿ
µ1(π) > 0 çàêëþ÷àåì, ÷òî µ1 ÿâëÿåòñÿ ïîëîæèòåëüíîé ìîíîòîííî
âîçðàñòàþùåé íà ìíîæåñòâå π ≤ u < ∞ ôóíêöèåé. Òåîðåìà 2 äîêà-
çàíà.

Ñëåäñòâèå 1. Åñëè âûïîëíåíû óñëîâèÿ òåîðåìû 2, òî

sup{|an(f)|, |bn(f)| : f ∈ Lψβ,2(Φ2,Ω)} =
ψ(n)

2(1− 2
π )

Ω
( π

2n

)
,

ãäå an(f) è bn(f) åñòü êîñèíóñ- è ñèíóñ-êîýôôèöèåíòû Ôóðüå ôóíê-
öèè f ñîîòâåòñòâåííî.
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