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Î ÍÅÊÎÒÎÐÛÕ ÒÅÎÐÅÌÀÕ ÂËÎÆÅÍÈß
ÊËÀÑÑÎÂ ÔÓÍÊÖÈÉ ÈÇ ÏÐÎÑÒÐÀÍÑÒÂ Lm

p È Sp
m

Ðàññìàòðèâàþòñÿ ïîäïðîñòðàíñòâà eSp
m è eLp

m èç èçâåñòíûõ ïðî-
ñòðàíñòâ Sm

p è Lm
p ñî ñïåöèàëüíûìè ðÿäàìè Ôóðüå, íîñÿùèå "êàñêàä-

íûé" õàðàêòåð ïðÿìîóãîëüíîãî òèïà. Äëÿ òàêèõ ïðîñòðàíñòâ äîêàçàíû
àíàëîãè òåîðåì òèïà Ïýëè, Õàðäè�Ëèòòëâóäà, Ï.Ë.Óëüÿíîâà äëÿ ñëó÷àÿ
ôóíêöèé ìíîãèõ ïåðåìåííûõ, a òàêæå, òåîðåìû òèïà âëîæåíèÿ êëàññîâ
ôóíêöèé â ïðîñòðàíñòâàõ À.È.Ñòåïàíöà Sp

m.

Ïóñòü Lm
p , 1 ≤ p ≤ ∞, � èçâåñòíîå ïðîñòðàíñòâî 2π-ïåðèîäè-

÷åñêèõ ïî êàæäîé èç ïåðåìåííûõ èíòåãðèðóåìûõ ïî Ëåáåãó íà êóáå
[0, 2π]m = Qm ôóíêöèé f(x) = f(x1, x2, ..., xm) ñ íîðìîé

‖f(x)‖Lm
p

=





( ∫
Qm

|f(x)|p dx
) 1

p

, 1 ≤ p < ∞,

Vrai sup |f(x)| , p = ∞,

ãäå x = (x1, x2, ..., xm), dx =
m

Π
k=1

dxk.

Ïîäïðîñòðàíñòâîì L̃p
m ïðîñòðàíñòâà Lm

p ÿâëÿåòñÿ ñîâîêóïíîñòü
ôóíêöèé f(x) èç ïðîñòðàíñòâà Lm

p (ðàññìîòðåííîå â ðàáîòå [1]), ðÿäû
Ôóðüå êîòîðûõ èìåþò âèä

∞∑
n=0

cnS∗n(x1, x2, ..., xm), (1)

ãäå

S∗n(x1, x2, ..., xm) = Dn(x1, x2, ..., xm)−Dn−1(x1, x2, ..., xm), (2)

Dn(x1, x2, ..., xm) =
m∏

k=1

Dn(xk), n = 1, 2, . . . ,
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Dn(xk) =
1
2

+
n∑

ν=1

cos νxk, k = 1, 2, . . . , m.

×åðåç Sp
m, 1 ≤ p < ∞, îáîçíà÷èì (ñì. [2]) ïðîñòðàíñòâî ïåðèî-

äè÷åñêèõ ïåðèîäà 2π ïî êàæäîé èç ïåðåìåííûõ èíòåãðèðóåìûõ ïî
Ëåáåãó íà êóáå [0, 2π]m = Qm ôóíêöèé f(x1, x2, ..., xm), äëÿ êîòîðûõ
êðàòíûé ÷èñëîâîé ðÿä, ñîñòîÿùèé èç p-ûõ ñòåïåíåé ìîäóëåé âñåõ êî-
ýôôèöèåíòîâ Ôóðüå ôóíêöèè f(x1, x2, ..., xm) ñõîäèòñÿ. Çà íîðìó â
ïðîñòðàíñòâå Sp

m, 1 ≤ p < ∞, ïðèíèìàåòñÿ âåëè÷èíà

‖f‖Sp
m

=
{ ∞∑

n1=0

· · ·
∞∑

nm=0

ρp
n1,...,nm

}1/p

,

ãäå ρn1,...,nm =

√
µn1,...,nm

2∑
ν1=1

· · ·
2∑

νm=1

(
a
(ν1,...,νm )
n1,...,nm

)2

, a
(ν1,...,νm )
n1,...,nm

�

êîýôôèöèåíòû Ôóðüå ôóíêöèè f(x1, x2, ..., xm) ïî ñèñòåìàì
{sinnµx, cosnµx} , µ = 1, 2, ..., n. Ïîäïðîñòðàíñòâî òåõ ôóíêöèé èç
ïðîñòðàíñòâà Sp

m, ó êîòîðûõ ðÿä Ôóðüå èìååò âèä (1), îáîçíà÷èì
÷åðåç S̃p

m.
Äëÿ ñëó÷àÿ ôóíêöèé îäíîé ïåðåìåííîé (m = 1)

L̃1
p = L1

p = Lp, à S̃p
1 = Sp

1 = Sp.

Îòìåòèì òàêæå (ñì. [4, ñ.140]) ñëåäóþùèé àíàëîã òåîðåìû Ïýëè
(ñì. [3, ñ.181]).

Òåîðåìà 1. Ïóñòü f ∈ L̃p
m. Òîãäà ïðè 1 < p ≤ 2 ñïðàâåäëèâî

íåðàâåíñòâî
∞∑

n=1

|cn|pnm (p−1)−1 ≤ M1(p,m) ‖f‖p
Lm

p
,

à, ïðè 2 ≤ p < ∞ èç ñõîäèìîñòè ðÿäà
∞∑

n=1
|cn|pnm (p−1)−1 âûòåêà-

åò, ÷òî ÷èñëà {cn} ÿâëÿþòñÿ êîýôôèöèåíòàìè Ôóðüå íåêîòîðîé
ôóíêöèè f ∈ L̃m

p è âåðíî íåðàâåíñòâî

‖f‖p

L̃m
p

≤ M2(p,m)
∞∑

n=1

|cn|pnm (p−1)−1,
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ãäå M1(p, m) è M2(p, m) � íåêîòîðûå êîíñòàíòû, íå çàâèñÿùèå
îò f.

Àíàëîãîì òåîðåìû Õàðäè�Ëèòòëâóäà (ñì. [3, ñ.191]) ÿâëÿåòñÿ (ñì.
[4, ñ.139])

Òåîðåìà 2. Ïóñòü f(x1, x2, ..., xm) ∈ L̃m
1 è åå êîýôôèöèåíòû

Ôóðüå ðÿäà (1) {cn} óäîâëåòâîðÿþò óñëîâèþ cn+1 ≤ cn, n = 1, 2, . . . .
Äëÿ òîãî, ÷òîáû ïðè íåêîòîðîì p, 1 < p < ∞, ôóíêöèÿ f ∈ L̃m

p ,
íåîáõîäèìî è äîñòàòî÷íî, âûïîëíåíèÿ óñëîâèÿ

∞∑
n=1

|cn|pnm (p−1)−1 < ∞.

Îáùàÿ òåîðåìà âëîæåíèÿ äëÿ êëàññîâ ôóíêöèé èç ïðîñòðàíñòâ
Lm

p , 1 ≤ p < ∞, ñîäåðæèòñÿ â ñëåäóþùåì óòâåðæäåíèè (ñì. [4,
ñ.134]).

Òåîðåìà 3. Ïóñòü f ∈ L̃p
m, 1 ≤ p < ∞, è ïðè íåêîòîðîì r (r >

p) ñõîäèòñÿ ðÿä

R(f, m, p, r) =
∞∑

n=1

Er
n,...,n(f)Lm

p
nm ( r

p−1)−1, (3)

ãäå En,...,n(f)Lm
p

� ïîëíîå íàèëó÷øåå ïðèáëèæåíèå ôóíêöèè
f(x1, x2, ..., xm) òðèãîíîìåòðè÷åñêèìè ïîëèíîìàìè ñòåïåíè ≤ n ïî
êàæäîé èç ïåðåìåííûõ xk, k = 1, 2, ..., m, â ìåòðèêå ïðîñòðàíñòâà
Lm

p . Òîãäà f ∈ Lm
r è ñïðàâåäëèâî íåðàâåíñòâî

‖f(x)‖Lm
r
≤ M(p,m)R(f, m, p, r). (4)

Îòìåòèì, ÷òî ïðè m = 1 òåîðåìà 3 ïðèíàäëåæèò Ï.Ë.Óëüÿíîâó
(ñì. [5]). Ïî ïîâîäó äîêàçàòåëüñòâà òåîðåìû 3 ïðè m = 1 ñì. òàêæå
[6].

Â [4] óñòàíîâëåíî òàêæå, ÷òî ñõîäèìîñòü ðÿäà (3) ÿâëÿåòñÿ íå
òîëüêî äîñòàòî÷íûì äëÿ âëîæåíèÿ ôóíêöèé èç Lm

p ïðîñòðàíñòâà â
ïðîñòðàíñòâî Lm

r , r > p ≥ 1. Íà âñåì ïðîñòðàíñòâå Lm
p îíî ÿâëÿåòñÿ

òàêæå è íåîáõîäèìûì. Ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.
Òåîðåìà 4. Ïóñòü ïîñëåäîâàòåëüíîñòü ÷èñåë {αn} óäîâëåòâî-

ðÿåò óñëîâèÿì 0 < αn+1 ≤ αn, n = 0, 1, . . . , lim
n→∞

αn = 0 è ïðè



398 Ì.Ô. Òèìàí, Î.Á. Øàâðîâà

íåêîòîðûõ 1 ≤ p < r < ∞ ðàñõîäèòñÿ ðÿä
∞∑

n=1
αr

nnm ( r
p−1)−1. Òîãäà

â ïðîñòðàíñòâå Lm
p íàéäåòñÿ ôóíêöèÿ f0(x1, x2, ..., xm), ó êîòîðîé

En,...,n(f0)Lm
p

= O(αn), íî îíà íå ïðèíàäëåæèò ïðîñòðàíñòâó Lm
r .

Óòâåðæäåíèå òåîðåìû 4 ïðè m = 1 óñòàíîâëåíî â [6], äëÿ ëþáîãî
m ≥ 1 � â ðàáîòå [9]. Ôóíêöèÿ

f0(x1, x2, ..., xm) =
∑

cnS∗n(x1, x2, ..., xm),

ãäå cn =
{ ∞∑

ν=n

(ν−n+1) (αp
ν−αp

ν+1)

(ν+1)m (p−1)+1

} 1
p

, n = 0, 1, 2, ..., î êîòîðîé èäåò

ðå÷ü â òåîðåìå 4, ÿâëÿåòñÿ îäíîé èç ôóíêöèé ïîäïðîñòðàíñòâà L̃m
p .

Ýòîò ôàêò, â íåêîòîðîé ñòåïåíè õàðàêòåðèçóåò ðîëü ïîäïðîñòðàíñòâà
L̃m

p â íåêîòîðûõ âîïðîñàõ òåîðèè àïïðîêñèìàöèè ôóíêöèé.
Äàëåå ðàññìàòðèâàþòñÿ âîïðîñû àíàëîãè÷íîãî õàðàêòåðà äëÿ

âëîæåíèÿ Sp
m, 1 ≤ p < ∞, � êëàññîâ ôóíêöèé.

Óñòàíîâëåíèå òåîðåì âëîæåíèÿ Sp
m êëàññîâ ôóíêöèé îïèðàåòñÿ

íà ñëåäóþùèå âñïîìîãàòåëüíûå óòâåðæäåíèÿ.
Ëåììà 1. Ïóñòü f ∈ S̃p

m. Òîãäà ïðè ëþáîì p, 1 ≤ p < ∞,

‖f‖Sp
m

=
{ ∞∑

k=1

|ck|pkm−1

}1/p

,

ãäå {ck} � êîýôôèöèåíòû Ôóðüå ôóíêöèè f(x1, x2, ..., xm).
Ëåììà 2. Åñëè f ∈ S̃p

m, 1 ≤ p < ∞, òî

En,...n(f)S̃p
m

= ‖f(x1, x2, ..., xm)− Sn,...,n(f, x1, ..., xm)‖S̃p
m

,

En,...,n(f)S̃p
m
� ïîëíîå íàèëó÷øåå ïðèáëèæåíèå ïîðÿäêà n ôóíêöèè

f(x1, x2, ..., xm) ïîëèíîìàìè âèäà

Tn(x1, x2, ..., xm) =
n∑

k=0

akS∗k(x1, x2, ..., xm), (5)

à Sn(f, x1, x2, ..., xm) � ÷àñòíûå ñóììû ïîðÿäêà n ïî êàæäîé èç ïå-
ðåìåííûõ xk, k = 1, 2, ...,m, ðÿäà Ôóðüå (1) ôóíêöèè f(x1, x2, ..., xm).
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Ëåììà 3. Ïóñòü ÷èñëà p è r óäîâëåòâîðÿþò óñëîâèþ 1 ≤ p <
r < ∞. Òîãäà äëÿ êàæäîãî ïîëèíîìà âèäà (5) ñïðàâåäëèâî íåðàâåí-
ñòâî

‖Tn‖S̃p
m
≤ A(m) n( 1

p− 1
r ) m ‖Tn‖S̃r

m
, (6)

ãäå A(m) � êîíñòàíòà, çàâèñÿùàÿ ëèøü îò m.
Óòâåðæäåíèå ëåììû 1 âûòåêàåò èç îïðåäåëåíèÿ íîðìû â ïðî-

ñòðàíñòâå Sp
m.

Óòâåðæäåíèå ëåììû 2 äëÿ ïðîñòðàíñòâ Sp
m óñòàíîâëåíî À.È. Ñòå-

ïàíöîì (ñì. [2]).
Äîêàçàòåëüñòâî ëåììû 3. Î÷åâèäíî, ÷òî èç îïðåäåëåíèÿ

íîðìû â ïðîñòðàíñòâå Sp
m âûòåêàåò, ÷òî

‖Tn‖Sp
m

=
∥∥∥∥

n∑

k=1

akS∗k(x1, x2, ..., xm)
∥∥∥∥

Sp
m

≤A(m)

{
n∑

k=1

|ak|p km−1

} 1
p

. (7)

Ïðèìåíÿÿ ê ïðàâîé ÷àñòè ýòîãî íåðàâåíñòâà (7) íåðàâåíñòâî Ãåëüäå-
ðà ñ ïîêàçàòåëÿìè q = r

p , q′ = r
r−p , íàõîäèì, ÷òî

n∑

k=1

|ak|p km−1 ≤ nm (1− p
r )

{
n∑

k=1

|ak|r k(m−1) r
p

} p
r

.

Ñëåäîâàòåëüíî,

n∑

k=1

|ak|p km−1 ≤ nm (1− p
r )

{
n∑

k=1

|ak|r k(m−1)

} p
r

≤

≤
{

n∑

k=1

|ak|r nm−1

} p
r

n(m−1) p
r ( r

p−1)n
r−p

r ,

ò.å.
‖Tn‖S̃p

m
≤ A(m) n( 1

p− 1
r ) m ‖Tn‖S̃r

m
.

Ëåììà 3 äîêàçàíà.
Ñ ïîìîùüþ ëåìì 1, 2 è 3 äëÿ âëîæåíèÿ S̃p

m êëàññîâ ôóíêöèé
óñòàíàâëèâàþòñÿ ñëåäóþùèå òåîðåìû.
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Òåîðåìà 5. Ïóñòü f ∈ S̃r
m, 1 < r < ∞, è äëÿ íåêîòîðîãî ÷èñëà

p, 1 ≤ p < r < ∞, ñõîäèòñÿ ðÿä
∞∑

n=1

Ep
n,...,n(f)S̃p

m
nm (1− p

r )−1, (8)

En,...n(f)S̃r
m
� ïîëíîå íàèëó÷øåå ïðèáëèæåíèå ïîðÿäêà n ôóíê-

öèè f(x1, x2, ..., xm) òðèãîíîìåòðè÷åñêèìè ïîëèíîìàìè ñòåïåíè ≤
nâèäà (5) â ìåòðèêå ïðîñòðàíñòâà Sr

m. Òîãäà f ∈ S̃p
m è ñïðàâåäëèâà

îöåíêà

‖f‖p

S̃p
m
≤ A(m)

∞∑
n=1

Ep
n,...,n(f)S̃p

m
nm (1− p

r )−1. (9)

Âåðíî òàêæå è óòâåðæäåíèå, îáðàòíîå ê òåîðåìå 5.
Òåîðåìà 6. Ïóñòü ôóíêöèÿ f ∈ S̃p

m, 1 ≤ p < ∞, è åå êîýôôè-
öèåíòû Ôóðüå {cn} òàêîâû, ÷òî ïðè íåêîòîðîì r > p ïîñëåäî-
âàòåëüíîñòü cnn(m−1) 1

r ìîíîòîííî ñòðåìèòñÿ ê íóëþ. Òîãäà äëÿ
ýòîãî ÷èñëà r ðÿä (8) ñõîäèòñÿ.

Äîêàçàòåëüñòâî òåîðåìû 5. Ïóñòü ðÿä (8) ñõîäèòñÿ, òîãäà
íà îñíîâàíèè ëåììû 1 ñõîäèòñÿ è ðÿä

∞∑

k=1

( ∞∑

k=n

|ck|r km−1

) p
r

nm (1− p
r )−1. (10)

Äàëåå, ïîêàæåì, ÷òî èç ñõîäèìîñòè ðÿäà (10) âûòåêàåò ñõîäèìîñòü
ðÿäà

∞∑
n=1

|cn|pnm −1 . (11)

Äåéñòâèòåëüíî,

∞∑

k=1

|ck|pkm−1 =
∞∑

ν=1

2ν−1∑

k=2ν−1

|ck|pkm−1 =
∞∑

ν=1

∆ν(f, m, p),

ãäå ∆ν(f,m, p) =
2ν−1∑

k=2ν−1
|ck|pkm−1.
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Îöåíèâàÿ âåëè÷èíó ∆ν(f, m, p), íàõîäèì, ÷òî íà îñíîâàíèè ëåì-
ìû 3

∆ν(f, m, p) =
2ν−1∑

k=2ν−1

|ck|pkm−1 ≤ 2νm(1− p
r )

( 2ν−1∑

k=2ν−1

|ck|rkm−1

) p
r

.

Ïîýòîìó
∞∑

k=1

|ck|pkm−1 ≤
∞∑

ν=1

2νm(1− p
r )Ep

2ν−1,...,2ν−1(f)eSr
m
≤

≤
∞∑

k=1

Ep
k,...,k(f)eSr

m
km(1− p

r ).

Òàêèì îáðàçîì, èç ñõîäèìîñòè ðÿäà (9) âûòåêàåò ñõîäèìîñòü ðÿäà
(11), è ñëåäîâàòåëüíî, f ∈ S̃p

m.
Äîêàçàòåëüñòâî òåîðåìû 6. Èç ïðèíàäëåæíîñòè ôóíêöèè

f(x1, x2, . . . , xm) ê S̃p
m íà îñíîâàíèè ëåììû 1 âûòåêàåò, ÷òî ðÿä (11)

ñõîäèòñÿ.
Ðàññìîòðèì ðÿä (9). Â ñèëó ëåìì 1 è 2 ïîëó÷àåì, ÷òî

∞∑
n=1

Ep
n,...,n(f)S̃r

m
nm(1− p

r )−1≤A(m)
∞∑

n=1

( ∞∑

k=n

|ck|r km−1

) p
r

nm(1− p
r )−1.

(12)
Äàëåå, èñïîëüçóÿ íåðàâåíñòâî À.Êîíþøêîâà (ñì. [7]) î òîì, ÷òî ïðè
0 < δ < 1, c < 1 ñïðàâåäëèâî íåðàâåíñòâî

∞∑
n=1

n−c

( ∞∑

k=n

dk

)δ

≤
∞∑

n=1

(n dn)δ
n−c,

íàõîäèì, ÷òî ðÿä â ïðàâîé ÷àñòè íåðàâåíñòâà (12) áóäåò ñõîäÿùèìñÿ,
åñëè áóäåò ñõîäèòüñÿ ðÿä

∞∑
n=1

nm (1− p
r )−1(n |cn|r nm −1)

p
r =

∞∑
n=1

|cn|pnm −1. (13)
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À òàê êàê f ∈ S̃p
m, òî íà îñíîâàíèè ëåììû 1 ðÿä (13) ñõîäèòñÿ, à,

ñëåäîâàòåëüíî, ñõîäèòñÿ è ðÿä (9).
Îòìåòèì, ÷òî óñëîâèÿ äëÿ âëîæåíèÿ S̃p

m êëàññîâ ôóíêöèé, óêà-
çàííûå â òåîðåìå 6 ñôîðìóëèðîâàíû â êîíñòðóêòèâíûõ òåðìèíàõ
(òåðìèíàõ íàèëó÷øèõ ïðèáëèæåíèé). Îäíàêî òàêèå óñëîâèÿ ìîãóò
áûòü ñôîðìóëèðîâàíû è â ñòðóêòóðíûõ òåðìèíàõ ôóíêöèé f ∈ Sp

m.
Äåéñòâèòåëüíî, â ñèëó àíàëîãîâ òåîðåì òèïà Äæåêñîíà äëÿ f ∈

Sp, 1 ≤ p < ∞, (ñì. [8]) ñïðàâåäëèâî íåðàâåíñòâî

En,...,n(f)Sp
m
≤ A(p,m) ωl(f,

1
n

)Sp
m

, (14)

ãäå A(p, m) � êîíñòàíòà, íå çàâèñÿùàÿ îò ôóíêöèè, l � ëþáîå íàòó-
ðàëüíîå ÷èñëî,

ωl(f, ρ)Sp
m

= ωl(f, h1, h2, ..., hm)Sp
m

=

= sup

∥∥∥∥∥
l∑

ν=0

(−1)l−ν

(
l
ν

)
f(x1 + νt1, ..., xm + νtm)

∥∥∥∥∥
Sp

m

� ïîëíûé ìîäóëü ãëàäêîñòè ïîðÿäêà l ôóíêöèè f(x1, x2, . . . , xm),
âåðõíÿÿ ãðàíü áåðåòñÿ ïî âñåì

√
t21 + t22 + ... + t2m ≤ ρ =√

h2
1 + h2

2 + ... + h2
m.

Ïîýòîìó, áëàãîäàðÿ òåîðåìå 5 äëÿ âëîæåíèÿ ôóíêöèè f ∈ Sr
m â

êëàññ f ∈ Sp
m, 1 ≤ p < r < ∞, âìåñòî óñëîâèÿ ñõîäèìîñòè ðÿäà (8)

ìîæåò áûòü èñïîëüçîâàíî ñëåäóþùåå óñëîâèå:
∞∑

n=1

ωp
l

(
f,

1
n

)

S̃r
m

nm (1− p
r )−1 < ∞.

Óêàçàííûå âûøå â ñòàòüå óòâåðæäåíèÿ ïîêàçûâàþò êàêèì îáðàçîì
òåîðåìû âëîæåíèÿ äëÿ ïðîñòðàíñòâ Sp

m îòëè÷àþòñÿ îò àíàëîãè÷íûõ
óòâåðæäåíèé äëÿ ïðîñòðàíñòâ Lm
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