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ÍÀÉÊÐÀÙÅ ÍÀÁËÈÆÅÍÍß ÊËÀÑIÂ BΩ

p,θ ÔÓÍÊÖIÉ
ÁÀÃÀÒÜÎÕ ÇÌIÍÍÈÕ Ó ÏÐÎÑÒÎÐI Lp(Rd)

Îäåðæàíî òî÷íi çà ïîðÿäêîì îöiíêè íàéêðàùèõ íàáëèæåíü êëàñiâ BΩ
p,θ

ôóíêöié áàãàòüîõ çìiííèõ öiëèìè ôóíêöiÿìè åêñïîíåíöiàëüíîãî òèïó â
ïðîñòîði Lp(Rd), 1 < p < ∞.

Â ðîáîòi ðîçãëÿíóòî êëàñè BΩ
p,θ ôóíêöié áàãàòüîõ çìiííèõ, åëå-

ìåíòàìè ÿêèõ ¹ ôóíêöi¨ ç ïðîñòîðó Lp(Rd), 1 < p <∞. Êëàñè BΩ
p,θ ¹

íåïåðiîäè÷íèì àíàëîãîì êëàñiâ BΩ
p,θ (çáåðiãà¹ìî òàêå æ ïîçíà÷åííÿ)

ôóíêöié f(x) = f(x1, . . . , xd) 2π�ïåðiîäè÷íèõ ïî êîæíié çìiííié, ÿêi
áóëè ðîçãëÿíóòi â [1].

Îäåðæàíî òî÷íi çà ïîðÿäêîì îöiíêè íàáëèæåíü êëàñiâ BΩ
p,θ â ïðî-

ñòîði Lp(Rd) çà äîïîìîãîþ åëåìåíòiâ ïiäïðîñòîðó öiëèõ ôóíêöié åêñ-
ïîíåíöiàëüíîãî òèïó, à òî÷íiøå çà äîïîìîãîþ ôóíêöié iç Lp(Rd),
íîñié ïåðåòâîðåííÿ Ôóð'¹ ÿêèõ çîñåðåäæåíèé íà ñïåöiàëüíèõ îáëà-
ñòÿõ iç Rd (òåîðåìà 1). Áàçîþ â òàêèõ îöiíêàõ ¹ âñòàíîâëåíà òåîðåìà
ïðî åêâiâàëåíòíiñòü íîðìè ôóíêöié iç ïðîñòîðiâ BΩ

p,θ ñïåöiàëüíîìó
âèðàçó (òåîðåìà 2).

1. Îçíà÷åííÿ êëàñiâ ôóíêöié òà àïðîêñèìàòèâíèõ âå-
ëè÷èí. Íåõàé Rd � d-âèìiðíèé åâêëiäîâèé ïðîñòið ç åëåìåíòàìè
x = (x1, ..., xd) i (x, y) = x1y1 + ... + xdyd. Lp(Rd), 1 ≤ p ≤ ∞, �
ïðîñòið âèìiðíèõ ôóíêöié f(x) = f(x1, ..., xd) çi ñêií÷åííîþ íîðìîþ

‖f‖p :=
( ∫

Rd

|f(x)|pdx
) 1

p

, 1 ≤ p <∞,

||f ||∞ := ess sup
x∈Rd

|f(x)|.

Îçíà÷èìî îñíîâíi îá'¹êòè, ùî âèâ÷àþòüñÿ â äàíié ðîáîòi, � êëàñè
BΩ

p,θ.
Äëÿ f ∈ Lp(Rd) ïîêëàäåìî
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∆l
hj
f(x) =

l∑
n=0

(−1)l−nCn
l f(x1, ..., xj−1, xj + nhj , xj+1, ..., xd)

� ðiçíèöÿ l-ãî ïîðÿäêó, l ∈ N, ôóíêöi¨ f(x) ç êðîêîì hj çà çìiííîþ
xj ,

∆l
hf(x) = ∆l

hd
(∆l

hd−1
...(∆l

h1
f(x)), h = (h1, . . . , hd),

i
Ωl(f, t)p := sup

|h|≤t

‖∆l
hf(x)‖p

� ìiøàíèé ìîäóëü íåïåðåðâíîñòi ôóíêöi¨ f ∈ Lp(Rd). Òóò
t = (t1, ..., td), tj ≥ 0, j = 1, d (íàäàëi áóäåìî ïèñàòè t ≥ 0),
|h| := (|h1|, ..., |hd|) i íåðiâíiñòü |h| ≤ t îçíà÷à¹, ùî |hj | ≤ tj , j = 1, d.

Íåõàé Ω(t) = Ω(t1, . . . , td) � ôóíêöiÿ òèïó ìiøàíîãî ìîäóëÿ íåïå-
ðåðâíîñòi ïîðÿäêó l, òîáòî ôóíêöiÿ, ùî âèçíà÷åíà íà Rd

+ i çàäîâîëü-
íÿ¹ òàêi óìîâè:

1) Ω(t) > 0, t > 0; Ω(t) = 0,
d∏

j=1

tj = 0;

2) Ω(t) çðîñòà¹ ïî êîæíié çìiííié;

3) Ω(m1t1, . . . ,mdtd) ≤
( d∏

j=1

mj

)l

Ω(t), mj ∈ N, j = 1, d;

4) Ω(t) íåïåðåðâíà íà Rd
+.

Òàêîæ áóäåìî ââàæàòè, ùî Ω(t) çàäîâîëüíÿ¹ óìîâè (S) òà (Sl), ÿêi
íàçèâàþòü óìîâàìè Áàði�Ñò¹÷êiíà [2] i ÿêi ïîëÿãàþòü â íàñòóïíîìó.

Ôóíêöiÿ îäíi¹¨ çìiííî¨ ϕ(τ) ≥ 0 çàäîâîëüíÿ¹ óìîâó (S), ÿêùî
ϕ(τ)/τα ìàéæå çðîñòà¹ ïðè äåÿêîìó α > 0, òîáòî iñíó¹ òàêà íåçà-
ëåæíà âiä τ1 i τ2 ñòàëà C1 > 0, ùî

ϕ(τ1)
τα
1

≤ C1
ϕ(τ2)
τα
2

, 0 < τ1 ≤ τ2 ≤ 1.

Ôóíêöiÿ ϕ(τ) ≥ 0 çàäîâîëüíÿ¹ óìîâó (Sl), l ∈ N, ÿêùî ϕ(τ)/τ l−γ

ìàéæå ñïàäà¹ ïðè äåÿêîìó 0 < γ < l, òîáòî iñíó¹ òàêà íåçàëåæíà âiä
τ1 i τ2 ñòàëà C2 > 0, ùî

ϕ(τ1)

τ l−γ
1

≥ C2
ϕ(τ2)

τ l−γ
2

, 0 < τ1 ≤ τ2 ≤ 1.
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Áóäåìî ââàæàòè, ùî Ω(t) çàäîâîëüíÿ¹ óìîâè (S) i (Sl), ÿêùî Ω(t)
çàäîâîëüíÿ¹ öi óìîâè ïî êîæíié çìiííié tj ïðè ôiêñîâàíèõ ti, i 6= j.
Ñòâåðäæóþ÷è öå, (òàêîæ i äëÿ ôóíêöi¨ ω(t) îäíi¹¨ çìiííî¨) áóäåìî
âèêîðèñòîâóâàòè çàïèñ: Ω ∈ Ψl, l ∈ N.

Íåõàé äàëi ed := {1, 2, ..., d}, d ∈ N, e = {j1, ..., jm},
1 ≤ j1 < j2 < ... < jm ≤ d, te = (tj1 , . . . , tjm

), t̄e := (t̄1, . . . , t̄d),
äå

t̄i =

{
ti, i ∈ e,
1, i ∈ ed\e.

Îòæå, äëÿ 1 ≤ p ≤ ∞, 1 ≤ θ ≤ ∞ i ôóíêöi¨ Ω(t) = Ω(t1, . . . , td)
òèïó ìiøàíîãî ìîäóëÿ íåïåðåðâíîñòi ïîðÿäêó l ïîêëàäåìî

BΩ
p,θ := {f ∈ Lp(Rd) : ‖f‖BΩ

p,θ
≤ 1},

äå

‖f‖BΩ
p,θ

:= ‖f‖p +
∑
e⊂ed

( 2∫

0

. . .

2∫

0

(Ωle(f, te)p

Ω(t̄e)

)θ ∏

j∈e

dtj
tj

) 1
θ

(1)

ïðè 1 ≤ θ <∞ òà

‖f‖BΩ
p,∞ := ‖f‖p +

∑
e⊂ed

sup
te>0

Ωle(f, te)p

Ω(t̄e)
. (2)

Çàçíà÷èìî òàêîæ, ùî

Ωle(f, te)p := sup
|he|≤te

‖∆le

hef(·)‖p, he := (hj1 , . . . , hjm
),

∆le

hef(x) = ∆l
hjm

(∆l
hjm−1

...(∆l
hj1
f(. . . , xj1 , . . . , xjm , . . . ))).

Òåïåð äàìî îçíà÷åííÿ àïðîêñèìàòèâíî¨ âåëè÷èíè, ÿêà áóäå äî-
ñëiäæóâàòèñü.

Äëÿ s = (s1, ..., sd), sj ∈ Z+, j = 1, d, ïîêëàäåìî

Q2s :=
{
λ=(λ1,. . .,λd) : η(sj)2sj−1≤ |λj | < 2sj , λj ∈ R, j=1, d

}
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i
ρ(s) := Q2s ∩ Zd,

äå ââàæà¹ìî, ùî η(0) = 0 i η(t) = 1, t > 0.
Äëÿ n ∈ N ââåäåìî ïîçíà÷åííÿ

Q
1

n =
⋃

‖s‖1<n

Q2s ,

äå ‖s‖1 = s1 + ...+sd. Ìíîæèíà Q1

n ïîðîäæó¹ â Rd òàê çâàíèé ñõiä÷à-
ñòèé ãiïåðáîëi÷íèé õðåñò. Äëÿ f ∈ Lp(Rd) ÷åðåç Ff ïîçíà÷èìî ïåðå-
òâîðåííÿ Ôóð'¹ ôóíêöi¨ f , à ÷åðåç F−1f � ¨¨ îáåðíåíå ïåðåòâîðåííÿ.
Ïîêëàäåìî

Gp(Q
1

n) =
{
f ∈ Lp(Rd) : Ff ⊆ Q

1

n

}
.

Ìíîæèíà Gp(Q
1

n) � ïiäïðîñòið â Lp(Rd), à ¨¨ åëåìåíòè � öiëi ôóíêöi¨
åêñïîíåíöiàëüíîãî òèïó.

Âåëè÷èíà

En(f)p := E(f,Gp(Q
1

n))p := inf
g∈Gp(Q1

n)
‖f − g‖p

íàçèâà¹òüñÿ íàéêðàùèì íàáëèæåííÿì ôóíêöi¨ f ∈ Lp(Rd) ôóíêöiÿ-
ìè iç Gp(Q

1

n).
Äëÿ F ⊂ Lp(Rd) ïîêëàäåìî

En(F )p = sup
f∈F

En(f)p. (3)

2. Îñíîâíèé ðåçóëüòàò (ôîðìóëþâàííÿ). Íàäàëi äëÿ äîäàò-
íèõ ôóíêöié µ1(N) òà µ2(N) çàïèñ µ1 ¿ µ2 îçíà÷à¹, ùî iñíó¹ ñòà-
ëà C > 0 òàêà, ùî µ1(N) ≤ Cµ2(N). Ñïiââiäíîøåííÿ µ1 ³ µ2 ðiâ-
íîñèëüíå òîìó, ùî âèêîíóþòüñÿ ïîðÿäêîâi íåðiâíîñòi µ1 ¿ µ2 òà
µ1 À µ2.

Âñi ñòàëi Ci, i = 1, 2, . . . , ÿêi áóäóòü çóñòði÷àòèñÿ, ìîæóòü çàëå-
æàòè òiëüêè âiä ïàðàìåòðiâ, ùî âõîäÿòü â îçíà÷åííÿ êëàñó, ìåòðèêè,
â ÿêié âèìiðþ¹òüñÿ ïîõèáêà íàáëèæåííÿ, òà ðîçìiðíîñòi d ïðîñòîðó
Rd.
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Íåõàé A ⊂ Rd � äåÿêà ìíîæèíà. Ïîçíà÷èìî ÷åðåç χ
A

õàðàêòå-
ðèñòè÷íó ôóíêöiþ ìíîæèíè A i äëÿ f ∈ Lp(Rd) ïîêëàäåìî

δ∗s (f, x) = F−1(Ff · χQ2s )

i
Sn(f, x) =

∑

‖s‖1<n

δ∗s (f, x).

Ìà¹ ìiñöå íàñòóïíå òâåðäæåííÿ.
Òåîðåìà 1. Íåõàé 1 < p < ∞, 1 ≤ θ ≤ ∞ i Ω(t) = ω(

d∏
j=1

tj), äå

ω(τ) � ôóíêöiÿ îäíi¹¨ çìiííî¨ òèïó ìîäóëÿ íåïåðåðâíîñòi ïîðÿäêó
l, ω ∈ Ψl, l ∈ N. Òîäi ìàþòü ìiñöå ïîðÿäêîâi ñïiââiäíîøåííÿ

En(BΩ
p,θ)p ³ sup

f∈BΩ
p,θ

‖f − Snf‖p ³ ω(2−n)n(d−1)( 1
p∗− 1

θ )+ ,

äå a+ = max{a; 0}, p∗ = min{p; 2}.
3. Äîïîìiæíi ðåçóëüòàòè.
Òåîðåìà À (Ëiòòëâóäà � Ïåëi) (äèâ., íàïðèêëàä, [3, c. 81]).

Íåõàé çàäàíî 1 < p < ∞. Iñíóþòü äîäàòíi ÷èñëà C3, C4 òàêi, ùî
äëÿ êîæíî¨ ôóíêöi¨ f ∈ Lp(Rd) âèêîíóþòüñÿ ñïiââiäíîøåííÿ

C3‖f‖p ≤
∥∥∥∥
( ∑

s≥0

|δ∗s (f, ·)|2
) 1

2
∥∥∥∥

p

≤ C4‖f‖p.

ßê íàñëiäîê ç òåîðåìè À ëåãêî îòðèìàòè òàêå ñïiââiäíîøåííÿ
(äèâ., íàïðèêëàä, [4, c. 17])

‖f‖p ¿
( ∑

s≥0

‖δ∗s (f, ·)‖p∗
p

) 1
p∗

, p∗ = min{p, 2}. (4)

Äàëi ñôîðìóëþ¹ìî i äîâåäåìî âàæëèâå òâåðäæåííÿ ïðî ïðåäñòàâ-
ëåííÿ íîðìè ôóíêöié ç ïðîñòîðó BΩ

p,θ â òåðìiíàõ, âiäìiííèõ âiä òèõ,
â ÿêèõ ïîäà¹òüñÿ ¨¨ âèõiäíå îçíà÷åííÿ (äèâ. (1) i (2)). Äàíå òâåðäæåí-
íÿ áóäå ñóòò¹âî âèêîðèñòàíå â ïîäàëüøèõ ìiðêóâàííÿõ i â äîâåäåííi
îñíîâíî¨ òåîðåìè 1.
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Òåîðåìà 2. Íåõàé 1 < p < ∞ i Ω(t) � ôóíêöiÿ òèïó ìiøàíîãî
ìîäóëÿ íåïåðåðâíîñòi ïîðÿäêó l, Ω ∈ Ψl, l ∈ N. Ôóíêöiÿ f ∈ BΩ

p,θ,
1 ≤ θ <∞, òîäi i òiëüêè òîäi, êîëè

{∑

s≥0

Ω−θ(2−s)||δ∗s (f, ·)||θp
} 1

θ

<∞,

ïðè÷îìó

‖f‖BΩ
p,θ
³

{∑

s≥0

Ω−θ(2−s)||δ∗s (f, ·)||θp
} 1

θ

,

äå, äëÿ s = (s1, . . . , sd), Ω(2−s) = Ω(2−s1 , . . . , 2−sd).
Ôóíêöiÿ f ∈ BΩ

p,∞ òîäi i òiëüêè òîäi, êîëè

sup
s≥0

||δ∗s (f, ·)||p
Ω(2−s)

<∞,

ïðè÷îìó
‖f‖BΩ

p,∞ ³ sup
s≥0

||δ∗s (f, ·)||p
Ω(2−s)

. (5)

Äîâåäåííÿ. Îöiíêè çâåðõó.
Íåõàé f ∈ BΩ

p,θ, 1 ≤ θ <∞, òîáòî

‖f‖BΩ
p,θ

= ‖f‖p +
∑
e⊂ed

( 2∫

0

· · ·
2∫

0

(Ωle(f, te)p

Ω(t̄e)

)θ ∏

j∈e

dtj
tj

) 1
θ

≤ 1.

Ïîêàæåìî ñïî÷àòêó, ùî
( 2∫

0

· · ·
2∫

0

(
Ωle(f, te)p

Ω(t̄e)

)θ ∏

j∈e

dtj
tj

) 1
θ

¿
(∑

s≥0

Ω−θ(2−s)‖δ∗s (f, ·)‖θ
p

) 1
θ

(6)

äëÿ e = ed, òîáòî, ùî
( 2∫

0

· · ·
2∫

0

(
Ωl(f, t)p

Ω(t)

)θ d∏

j=1

dtj
tj

) 1
θ

¿
( ∑

s≥0

Ω−θ(2−s)‖δ∗s (f, ·)‖θ
p

) 1
θ

. (7)
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Òóò æå çàóâàæèìî, ùî äîâåäåííÿ (6) äëÿ âèïàäêó e ⊂ ed i e 6= ed

àíàëîãi÷íå.
Îñêiëüêè [0, 2]d =

⋃
k∈Zd

+

[2−k, 2−k+1], äå k = (k1, . . . , kd), kj ∈ Z+,

j = 1, d i [2−k, 2−k+1] = [2−k1 , 2−k1+1]× ...× [2−kd , 2−kd+1], òî

2∫

0

...

2∫

0

(
Ωl(f, t)p

Ω(t)

)θ d∏

j=1

dtj
tj

=
∑

k≥0

2−k1+1∫

2−k1

...

2−kd+1∫

2−kd

(
Ωl(f, t)p

Ω(t)

)θ

×

×
d∏

j=1

dtj
tj

¿
∑

k≥0

(
Ωl(f, 2−k)p

Ω(2−k)

)θ

, (8)

(òóò i íàäàëi, ÿêùî k = (k1, . . . , kd), òî 2−k := (2−k1 , . . . , 2−kd)).
Äàëi, çãiäíî ç îçíà÷åííÿì ìîäóëÿ íåïåðåðâíîñòi, é òîãî, ùî

f(x) =
∑
s≥0

δ∗s (f, x) (äèâ., íàïðèêëàä, [5, c. 145]), ìîæíà çàïèñàòè

Ωl(f, 2−k)p = sup
|h|≤2−k

‖∆l
hf(·)‖p ≤

∑

s≥0

sup
|h|≤2−k

‖∆l
hδ
∗
s (f, ·)‖p.

Âèêîðèñòîâóþ÷è íåðiâíiñòü ‖∆l
hj
g‖p ≤ |hj |l

∥∥∥ ∂lg
∂xl

j

∥∥∥
p
(äèâ., íàïðèê-

ëàä, [3, c. 202]) òà íåðiâíiñòü Áåðíøòåéíà äëÿ öiëèõ ôóíêöié åêñïî-
íåíöiàëüíîãî òèïó, îòðèìó¹ìî

‖∆l
hδ
∗
s (f, ·)‖p ≤ ‖δ∗s (f, ·)‖p

d∏

j=1

min{1, |hj |l2sj l}.

Çâiäñè âèïëèâà¹, ùî

sup
|h|≤2−k

‖∆l
hδ
∗
s (f, ·)‖p ≤ ‖δ∗s (f, ·)‖p

d∏

j=1

min{1, 2l(sj−kj)}

i (
Ωl(f, 2−k)p

)θ

¿
( ∑

s≥0

‖δ∗s (f, ·)‖p

d∏

j=1

min{1, 2l(sj−kj)}
)θ

=
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=
( ∑

e⊂ed

∑

s∈Υe(2−k)

‖δ∗s (f, ·)‖p

d∏

j=1

min{1, 2l(sj−kj)}
)θ

, (9)

äå Υe(2−k) = {s ∈ Zd
+ : sj ≤ kj , ÿêùî j ∈ e, i sj > kj , ÿêùî j ∈ ed\e}.

Òàêèì ÷èíîì, âðàõîâóþ÷è (8) i (9), ìîæåìî çàïèñàòè
( 2∫

0

· · ·
2∫

0

(
Ωl(f, t)p

Ω(t)

)θ d∏

j=1

dtj
tj

) 1
θ

¿
∑
e⊂ed

( ∑

k≥0

Ω−θ(2−k)×

×
( ∑

s∈Υe(2−k)

‖δ∗s (f, ·)‖p

d∏

j=1

min{1, 2l(sj−kj)}
)θ

)
. (10)

Äàëi, ïðîâîäÿ÷è äëÿ ïðàâî¨ ÷àñòèíè ñïiââiäíîøåííÿ (10) ìiðêó-
âàííÿ, àíàëîãi÷íî, ÿê i â [1] (ç ôîðìàëüíîþ çàìiíîþ ‖δs(f, ·)‖p íà
‖δ∗s (f, ·)‖p), âñòàíîâëþ¹ìî ñïiââiäíîøåííÿ

∑

k≥0

Ω−θ(2−k)
( ∑

s∈Υe(2−k)

‖δ∗s (f, ·)‖p

d∏

j=1

min{1, 2l(sj−kj)}
)θ

¿

¿
∑

s≥0

Ω−θ(2−s)‖δ∗s (f, ·)‖θ
p. (11)

Îá'¹äíóþ÷è (10) i (11), îòðèìó¹ìî (7). Áåðó÷è äî óâàãè òå, ùî
êiëüêiñòü ïiäìíîæèí e ⊂ ed çàëåæèòü ëèøå âiä d, i âðàõîâóþ÷è òà-
êîæ, ùî

‖f‖p ≤
∑

s≥0

‖δ∗s (f, ·)‖p ¿
∑

s≥0

Ω−θ(2−s)‖δ∗s (f, ·)‖θ
p (11∗)

ç (1) i (6), îäåðæó¹ìî

‖f‖BΩ
p,θ
¿

( ∑

s≥0

Ω−θ(2−s)‖δ∗s (f, ·)‖θ
p

) 1
θ

.

Íåõàé òåïåð f ∈ BΩ
p,∞, òîáòî

‖f‖BΩ
p,∞ = ‖f‖p +

∑
e⊂ed

sup
te>0

Ωle(f, te)p

Ω(t̄e)
≤ 1.
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Äîâåäåìî, ùî äëÿ e = ed âèêîíó¹òüñÿ ñïiââiäíîøåííÿ

sup
te>0

Ωle(f, te)p

Ω(t̄e)
¿ sup

s≥0
Ω−1(2−s)‖δ∗s (f, ·)‖p, (12)

òîáòî
sup
t>0

Ωl(f, t)p

Ω(t)
¿ sup

s≥0
Ω−1(2−s)‖δ∗s (f, ·)‖p. (13)

Äîâåäåííÿ (12) äëÿ âèïàäêó e ⊂ ed (e 6= ed) àíàëîãi÷íå.
Âèêîðèñòîâóþ÷è íåðiâíiñòü

sup
t>0

Ωl(f, t)p

Ω(t)
¿ sup

k≥0

Ωl(f, 2−k)p

Ω(2−k)
, (14)

àíàëîãi÷íî, ÿê i ó âèïàäêó 1 ≤ θ <∞, îäåðæó¹ìî

sup
t>0

Ωl(f, t)p

Ω(t)
¿

∑
e⊂ed

(
sup
k≥0

Ω−1(2−k)
∑

s∈Υe(2−k)

‖δ∗s (f, ·)‖p

d∏

j=1

min{1, 2l(sj−kj)}
)
.

Äàëi, ìiðêóþ÷è àíàëîãi÷íî, ÿê i â ðîáîòi [6], âñòàíîâëþ¹ìî ñïðà-
âåäëèâiñòü ñïiââiäíîøåííÿ

sup
k≥0

Ω−1(2−k)

( ∑

s∈Υe(2−k)

‖δ∗s (f, ·)‖p

d∏

j=1

min{1, 2l(sj−kj)}
)
¿

¿ sup
s≥0

‖δ∗s (f, ·)‖pΩ−1(2−s).

Ç (11∗) äëÿ θ = ∞ ìà¹ìî

‖f‖p ¿ sup
s≥0

‖δ∗s (f, ·)‖pΩ−1(2−s). (14∗)

Äîâåäåííÿ (12) äëÿ âèïàäêó e ⊂ ed i e 6= ed � àíàëîãi÷íå, à îòæå,
iç (2), (12) i (14∗), îòðèìó¹ìî

‖f‖BΩ
p,∞ ¿ sup

s≥0
‖δ∗s (f, ·)‖pΩ−1(2−s).
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Îöiíêè çíèçó.
Ñïî÷àòêó ïîêàæåìî, ùî äëÿ äîâiëüíîãî s=(s1,. . . ,sd) ∈ Zd

+

‖δ∗s (f, ·)‖p ¿ Ωl(f, 2−s)p. (15)

Áåçïîñåðåäíüî iç îçíà÷åííÿ ìîäóëÿ íåïåðåðâíîñòi, çàñòîñîâóþ÷è
òåîðåìó À, îòðèìó¹ìî

Ωl(f, 2−s)p ≥ ‖∆l
2−sf(·)‖p À ‖∆l

2−sδ∗s (f, ·)‖p =

=
∥∥∥∥

∑

k∈ρ(s)

cγk

(
d∏

j=1

(
eikj

π
γ 2−sj−1

)l
)
ei π

γ (k,·)
∥∥∥∥

p

, (16)

äå
cγk =

1
(2t)d

∫

¤γ

f(p)e−i π
γ (k,p)dp,

¤γ0 = {|xj | < γ0, j = 1, d} � ìíîæèíà, äî ÿêî¨ íàëåæèòü íîñié ôóíê-
öi¨ f(x), à γ ≥ γ0.

Çàóâàæèìî, ùî

δ∗s (f, x) =
∑

k∈ρ(s)

cγke
i π

γ (k,x).

Íåâàæêî ïîêàçàòè, ùî ÷èñëà

(
λl

kj
(sj)

)−1 =
((
eikj

π
γ 2−sj−1

)l
)−1

, η(sj)2sj−1 ≤ |kj | < 2sj ,

çàäîâîëüíÿþòü óìîâó òåîðåìè Ìàðöèíêåâè÷à (äèâ., íàïðèêëàä, [3,
c. 69]), à òîìó

‖∆l
2−sδ∗s (f, ·)‖p À ‖δ∗s (f, ·)‖p.

Ïiäñòàâëÿþ÷è îñòàíí¹ ñïiââiäíîøåííÿ â (16), îòðèìó¹ìî (15).
Îòæå, ÿêùî 1 ≤ θ <∞, òî çãiäíî ç (15) áóäåìî ìàòè
(∑

s≥0

‖δ∗s (f, ·)‖θ
pΩ

−θ(2−s)

) 1
θ

¿
(∑

s≥0

Ωθ
l (f, 2

−s)pΩ−θ(2−s)

) 1
θ

¿
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¿
( ∑

s≥0

2−s1+1∫

2−s1

...

2−sd+1∫

2−sd

(
Ωl(f, t)p

Ω(t)

)θ d∏

j=1

dtj
tj

) 1
θ

¿ ‖f‖BΩ
p,θ
.

Àíàëîãi÷íî, äëÿ âèïàäêó θ = ∞, âðàõîâóþ÷è (15), îäåðæó¹ìî

sup
s≥0

‖δ∗s (f, ·)‖p

Ω(2−s)
¿ sup

s≥0

Ωl(f, 2−s)p

Ω(2−s)
¿ sup

t>0

Ωl(f, t)p

Ω(t)
¿ ‖f‖BΩ

p,∞ .

Îöiíêè çíèçó âñòàíîâëåíi.
Òåîðåìó äîâåäåíî.
Çàóâàæåííÿ 1. Ïðè Ω(t) = tr1

1 · . . . · trd

d , rj > 0, j = 1, d, êëàñè
BΩ

p,θ ñïiâïàäàþòü ç êëàñàìè Sr
p,θB (äèâ., [7, 8]) i â öüîìó âèïàäêó

ç òåîðåìè 2 âèïëèâà¹ âiäïîâiäíå òâåðäæåííÿ äëÿ êëàñiâ Sr
p,θB, ÿêå

îäåðæàíå â ðîáîòi [5].
4. Äîâåäåííÿ òåîðåìè 1. Ïðè äîâåäåííi òåîðåìè 1 áóäåìî âè-

êîðèñòîâóâàòè äåÿêi ôàêòè, ÿêi ìè òóò íàâîäèìî.
Ëåìà À. Íåõàé Λ(t) = λ(t1 · ... · td), äå λ(τ) � çàäàíà ôóíêöiÿ

òèïó ìîäóëÿ íåïåðåðâíîñòi ïîðÿäêó l, ùî çàäîâîëüíÿ¹ óìîâó (S) ç
äåÿêèì α > 0. Òîäi

( ∑

‖s‖1≥n

Λa(2−s)
)1/a

³ λ(2−n)n
d−1

a , a > 0.

Äîâåäåííÿ. Îñêiëüêè Λ(t) = λ
( d∏

j=1

tj

)
çàäîâîëüíÿ¹ óìîâó (S)

iç äåÿêèì α > 0, òî
λ(2−‖s‖1)
2−α‖s‖1 ¿ λ(2−n)

2−αn
(17)

ïðè ‖s‖1 ≥ n.
Òîìó, ç îäíîãî áîêó, ç óðàõóâàííÿì (17) îäåðæó¹ìî

( ∑

‖s‖1≥n

Λa(2−s)
) 1

a

=
( ∑

‖s‖1≥n

(
λ(2−‖s‖1)
2−α‖s‖1 2−α‖s‖1

)a ) 1
a

¿

¿λ(2−n)
2−αn

( ∑

‖s‖1≥n

(
2−α‖s‖1

)a ) 1
a

=
λ(2−n)
2−αn

( ∞∑
m=n

(
2−αm

)a ∑

‖s‖1=m

1
) 1

a³
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³ λ(2−n)
2−αn

2−αn n
d−1

a = λ(2−n)n
d−1

a . (18)

Ç äðóãîãî áîêó, ìà¹ìî
( ∑

‖s‖1≥n

Λa(2−s)
) 1

a

À
( ∑

‖s‖1=n

Λa(2−s)
) 1

a

³ λ(2−n)n
d−1

a . (19)

Iç (18) òà (19) âèïëèâà¹ òâåðäæåííÿ ëåìè.
Ìà¹ ìiñöå òàêîæ íàñòóïíå ñïiââiäíîøåííÿ.
ßêùî 1 < p <∞ i f ∈ Lp(Rd), òî (äèâ., [5, c. 146])

‖f − Snf‖p ³ En(f)p.

Ïî÷íåìî çi âñòàíîâëåííÿ îöiíîê çâåðõó â òåîðåìi 1.
Ðîçãëÿíåìî âèïàäîê p∗ < θ <∞, p∗ = min{p; 2}. Ñêîðèñòàâøèñü

ïîñëiäîâíî òåîðåìîþ À, ñïiââiäíîøåííÿì (4), íåðiâíiñòþ Ìiíêîâñü-
êîãî òà íåðiâíiñòþ |a+ b|v ≤ |a|v + |b|v, 0 ≤ v ≤ 1, äëÿ f ∈ BΩ

p,θ îòðè-
ìà¹ìî

‖f − Snf‖p³
∥∥∥∥∥
( ∑

‖s‖1≥n

|δ∗s (f, ·)|2
) 1

2

∥∥∥∥∥
p

¿
( ∑

‖s‖1≥n

‖δ∗s (f, ·)‖p∗
p

)
1

p∗ =

=

( ∑

‖s‖1≥n

Ω−1(2−s)‖δ∗s (f, ·)‖p∗
p Ω(2−s)

) 1
p∗

=: J1.

Çàñòîñóâóþ÷è äî J1 íåðiâíiñòü Ãåëüäåðà ç ïîêàçíèêîì θ
p∗ òà ëåìó À,

áóäåìî ìàòè

J1 :=

( ∑

‖s‖1≥n

Ω−θ(2−s)‖δ∗s (f, ·)‖θ
p

) 1
θ
( ∑

‖s‖1≥n

(Ω(2−s))
p∗θ

θ−p∗

) 1
p∗− 1

θ

¿

¿ ‖f‖BΩ
p,θ
ω(2−n)n(d−1)( 1

p∗− 1
θ ) ¿ ω(2−n)n(d−1)( 1

p∗− 1
θ ).

ßêùî θ = ∞, òî äëÿ f ∈ BΩ
p,∞ ç (5) âèïëèâà¹ ñïiââiäíîøåííÿ

‖δ∗s (f, ·)‖p ¿ Ω(2−s), (20)
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âèêîðèñòîâóþ÷è ÿêå äëÿ îöiíêè âèðàçó, ùî âèçíà÷à¹òüñÿ ñèìâîëîì
J1, ç ïîäàëüøèì çàñòîñóâàííÿì ëåìè A, îòðèìó¹ìî

‖f − Snf‖p ¿
( ∑

‖s‖1≥n

Ωp∗(2−s)

) 1
p∗

¿ ω(2−n)n(d−1) 1
p∗ .

Íåõàé òåïåð 1 ≤ θ ≤ p∗. Âèêîðèñòîâóþ÷è (4) òà íåðiâíiñòü(∑
k

|ak|v2

) 1
v2 ≤

( ∑
k

|ak|v1

) 1
v1 , 0 < v1 ≤ v2 < ∞ (äèâ., [9, ñ. 43]),

îòðèìó¹ìî

‖f − Snf‖p ¿
( ∑

‖s‖1≥n

‖δ∗s (f, ·)‖p∗
p

) 1
p∗

≤
( ∑

‖s‖1≥n

‖δ∗s (f, ·)‖θ
p

) 1
θ

¿

¿
( ∑

‖s‖1≥n

Ω−θ(2−s)‖δ∗s (f, ·)‖θ
p

) 1
θ

sup
‖s‖1≥n

Ω(2−s) ¿

¿ ‖f‖BΩ
p,θ

sup
‖s‖1≥n

Ω(2−s) ¿ ω(2−n).

Îöiíêè çíèçó.
Äëÿ äîâåäåííÿ îöiíîê çíèçó äîñòàòíüî âêàçàòè ôóíêöi¨ f ∈ BΩ

p,θ

(ìîæëèâî ðiçíi äëÿ ðiçíèõ ñïiââiäíîøåíü ìiæ ïàðàìåòðàìè p i θ),
äëÿ ÿêèõ

En(f) À ω(2−n)n(d−1)( 1
p∗− 1

θ )+ .

Äëÿ k ∈ Nd ðîçãëÿíåìî ôóíêöiþ

Dk(x) :=
d∏

j=1

Dkj (xj),

äå

Dkj (xj) :=

√
2
π

(
2 sin

xj

2
cos

2kj + 1
2

xj

)
· x−1

j

i
D 1

2
(xj) := D0(xj) :=

√
2
π

sinxj

xj
.
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Çðîçóìiëî, ùî äëÿ ïåðåòâîðåííÿ Ôóð'¹

FDk(x) = χk(x) =
d∏

j=1

χkj
(xj),

à äëÿ îáåðíåíîãî ïåðåòâîðåííÿ

F−1χk(t) = Dk(x).

Ìà¹ ìiñöå òàêîæ íàñòóïíå òâåðäæåííÿ.
Ëåìà Á [8]. Íåõàé 1 < p <∞. Òîäi äëÿ ôóíêöi¨

f(x) =
∑

k≥0

ck

d∏

j=1

D2kj−1(xj),

âèêîíó¹òüñÿ ñïiââiäíîøåííÿ

‖f‖p ³
( ∑

k≥0

|ck|2
) 1

2

.

À) Íåõàé 1 < p ≤ 2, θ = ∞.
Ïîêëàäåìî

fp,n(x) := C5

∑

‖s‖1≥n

Ω(2−s)2−
‖s‖1

p′
∑

k∈ρ(s)

Dk(x),

äå 1
p + 1

p′ = 1, C5 > 0 � äåÿêà ñòàëà.
Âðàõîâóþ÷è, ùî [8, c. 460]

∥∥∥
∑

k∈ρ(s)

Dk(x)
∥∥∥

p
¿ 2

1
p′ ‖s‖1 , (21)

áóäåìî ìàòè

‖fp,n‖BΩ
p,∞ ³ sup

‖s‖1≥n

Ω−1(2−s)‖δ∗s (fp, ·)‖p ³

³ sup
‖s‖1≥n

2−
‖s‖1

p′
∥∥∥

∑

k∈ρ(s)

Dk(x)
∥∥∥

p
¿ sup

‖s‖1≥n

2−
‖s‖1

p′ 2
1
p′ ‖s‖1 = 1,
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òîáòî fp,n ∈ BΩ
p,∞ ïðè äåÿêîìó çíà÷åííi ñòàëî¨ C5.

Âðàõóâàâøè, ùî Snfp,n = 0 òà çàñòîñóâàâøè òåîðåìó À, îòðèìà¹-
ìî

En(BΩ
p,θ)

p
p ≥ En(fp,n)p

p À ‖fp,n‖p
p ³

∥∥∥∥∥
( ∑

‖s‖1≥n

|δ∗s (fp,n, ·)|2
) 1

2

∥∥∥∥∥

p

p

≥

≥
∑

‖s‖1≥n

∫

∆(s)

|δ∗s (fp,n, x)|pdx, (22)

äå
∆(s) := {x : 2−sj−1 ≤ xj < 2−sj , j = 1, d}.

Çðîçóìiëî, ùî ∆(s)
⋂

∆(s′) = Ø ïðè s 6= s′.
Ïðîäîâæóþ÷è îöiíêó îñòàííüîãî iíòåãðàëó ç (22), áóäåìî ìàòè

∫

∆(s)

|δ∗s (fp,n,x)|pdxÀΩp(2−s)2
−p‖s‖1

p′
∫

∆(s)

∣∣∣∣∣
d∏

j=1

sin 2sj−2xj

xj

∣∣∣∣∣

p d∏

j=1

dxjÀ

À Ωp(2−s)2
−p‖s‖1

p′
∫

∆(s)

2p‖s‖1
d∏

j=1

dxj À

À Ωp(2−s)2
−p‖s‖1

p′ 2(p−1)‖s‖1 = Ωp(2−s). (23)

Îá'¹äíàâøè (22), (23) òà çàñòîñóâàâøè ëåìó À, áóäåìî ìàòè

En(BΩ
p,θ)p ≥ En(fp,n)p À

( ∑

‖s‖1≥n

Ωp(2−s)

) 1
p

³ ω(2−n)n
d−1

p .

Á) Íåõàé 2 < p <∞, θ = ∞.
Ðîçãëÿíåìî ôóíêöiþ

ϕn(x) := C6

∑

‖s‖1≥n

Ω(2−s)
d∏

j=1

D2sj−1(xj),
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äå C6 > 0 � äåÿêà ñòàëà. Òîäi

δ∗s (ϕn, x) = C6Ω(2−s)
d∏

j=1

D2sj−1(xj).

Äàëi ïåðåêîíà¹ìîñÿ, ùî ôóíêöiÿ ϕn ∈ BΩ
p,∞ ïðè ïåâíîìó âèáîði

ñòàëî¨ C6.
Äiéñíî,

‖ϕn‖BΩ
p,∞ ³ sup

‖s‖1≥n

Ω−1(2−s)‖δ∗s (ϕn, ·)‖p ¿ 1.

Îòæå, âèêîðèñòîâóþ÷è ëåìè Á òà À ç Λ(t) = Ω(t), îòðèìà¹ìî

En(BΩ
p,∞)p ≥ En(ϕn)p À

∥∥∥∥∥
∑

‖s‖1≥n

Ω(2−s)
d∏

j=1

D2kj−1(xj)

∥∥∥∥∥
p

³

³
( ∑

‖s‖1≥n

Ω2(2−s)
) 1

2

³ ω(2−n)n
d−1
2 .

Â) Íåõàé 1 < p ≤ 2, p ≤ θ <∞.
Ðîçãëÿíåìî ôóíêöiþ

fp,θ,n(x) := C7n
− d−1

θ ω(2−n)2−
n
p′

∑

‖s‖1=n

∑

k∈ρ(s)

Dk(x).

Âðàõîâóþ÷è (21), îòðèìó¹ìî

‖δ∗s (fp,θ,n, ·)‖p = C7n
− d−1

θ ω(2−n)2−
n
p′

∥∥∥
∑

k∈ρ(s)

Dk(x)
∥∥∥

p
¿ n−

d−1
θ ω(2−n)

(24)
i

‖fp,θ,n‖BΩ
p,θ
¿

( ∑

‖s‖1=n

Ω−θ(2−s)‖δ∗s (fp,θ,n, ·)‖θ
p

) 1
θ

¿

¿
( ∑

‖s‖1=n

n−(d−1)ωθ(2−n)Ω−θ(2−s)

) 1
θ

³ n−
d−1

θ n
d−1

θ = 1.
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Îòæå, fp,θ,n ∈ BΩ
p,θ ïðè äåÿêîìó çíà÷åííi ñòàëî¨ C7 > 0. Äàëi,

àíàëîãi÷íî, ÿê i äëÿ ôóíêöi¨ fp,n(x) (äèâ. ï. À), äîâîäèìî, ùî

En(BΩ
p,θ)pÀ

( ∑

‖s‖1=n

∫

∆(s)

|δ∗s (fp,θ,n, x)|pdx
) 1

p

Àω(2−n)n(d−1)( 1
p− 1

θ ).

Ã) Íåõàé 1 < p <∞, 1 ≤ θ ≤ p∗.
Ðîçãëÿíåìî ôóíêöiþ

ϕn(x) := C8ω(2−n)
d∏

j=1

D2sj−1(xj),

äå s : ‖s‖1 = n.
Ïðè äåÿêîìó çíà÷åííi ñòàëî¨ C8 > 0 ϕn ∈ BΩ

p,θ, áî

‖ϕn‖BΩ
p,θ
³

(∥∥∥ω(2−n)
d∏

j=1

D2sj−1(xj)
∥∥∥

θ

p
Ω−θ(2−s)

) 1
θ

¿ 1

i îñêiëüêè Snϕn = 0, òî

En(BΩ
p,θ)p ≥ En(ϕn)p ³ ‖ϕn − Snϕn‖p = ‖ϕn‖p ³ ω(2−n).

Ä) Íåõàé 2 < p <∞, 2 ≤ θ <∞.
Ïîêëàäåìî

ψθ,n(x) := C9n
− d−1

θ ω(2−n)
∑

‖s‖1=n

d∏

j=1

D2sj−1(xj).

Ïîêàæåìî, ùî ψθ,n ∈ BΩ
p,θ ç äåÿêîþ ñòàëîþ C9 > 0. Äiéñíî

‖ψθ,n‖BΩ
p,θ

= C9n
− d−1

θ ω(2−n)

( ∑

‖s‖1=n

Ω−θ(2−s)
∥∥∥

d∏

j=1

D2sj−1(xj)
∥∥∥

θ

p

) 1
θ

³

³ n−
d−1

θ ω(2−n)

( ∑

‖s‖1=n

Ω−θ(2−s)

) 1
θ

¿ 1.
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Îñêiëüêè Snψθ,n = 0, òî çà ëåìîþ Á, îòðèìó¹ìî
En(BΩ

p,θ) À En(ψθ,n)p ≥ ‖ψθ,n‖p ³

³ n−
d−1

θ ω(2−n)

∥∥∥∥∥
∑

‖s‖1=n

d∏

j=1

D2sj−1(xj)

∥∥∥∥∥
q

³

³ n−
d−1

θ ω(2−n)
( ∑

‖s‖1=n

1
) 1

2

³ ω(2−n)n(d−1)( 1
2− 1

θ ).

Îöiíêè çíèçó äîâåäåíî.
Òåîðåìà äîâåäåíî.
Çàóâàæåííÿ 2. Ðåçóëüòàò òåîðåìè 1 ó âèïàäêó Ω(t) = tr :=

tr1
1 · . . . · tr1

d , r = (r1, . . . , r1) > 0, òîáòî, êîëè êëàñè BΩ
p,θ ñïiâïàäàþòü

ç êëàñàìè Sr
p,θB âñòàíîâëåíî â [8].
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