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ÍÀÁËÈÆÅÍÍß ÄÅßÊÈÌÈ ËIÍIÉÍÈÌÈ
ÎÏÅÐÀÒÎÐÀÌÈ ÊËÀÑIÂ ÇÀÄÀÍÈÕ
ÍÀ ÄIÉÑÍIÉ ÎÑI ÍÅÏÅÐÅÐÂÍÈÕ
(ψ, β)�ÄÈÔÅÐÅÍÖIÉÎÂÍÈÕ ÔÓÍÊÖIÉ∗

Îäåðæàíî àñèìïòîòè÷íi (ïðè σ →∞) ðiâíîñòi äëÿ òî÷íèõ âåðõíiõ ìåæ
âiäõèëåíü îïåðàòîðiâ Ñåðäþêà Uσ(f ; ·) � öiëèõ ôóíêöié åêñïîíåíöiàëüíî-
ãî òèïó íå áiëüøîãî íiæ σ � íà êëàñàõ bCψ

β Hω íåïåðåðâíèõ çàäàíèõ íà
äiéñíié îñi ôóíêöié â ðiâíîìiðíié ìåòðèöi.

Íåõàé C � ìíîæèíà íåïåðåðâíèõ îáìåæåíèõ íà äiéñíié îñi ôóíê-
öié, N � îäèíè÷íà êóëÿ ó ïðîñòîði iñòîòíî îáìåæåíèõ íà äiéñíié îñi
ôóíêöié, S∞ = {ϕ : ess sup

t∈R
|ϕ(t)| ≤ 1}, àáî æ êëàñ Hω = {ϕ ∈ C :

|ϕ(t) − ϕ(t′)| ≤ ω(|t − t′|) ∀t, t′ ∈ R}, äå ω(t) � ôiêñîâàíèé ìîäóëü
íåïåðåðâíîñòi.

Íåõàé, äàëi, ψ(υ) � ôóíêöiÿ, íåïåðåðâíà ïðè âñiõ υ ≥ 0, i β �
ôiêñîâàíå äiéñíå ÷èñëî, äëÿ ÿêèõ ìàéæå ïðè âñiõ t ∈ R iñíó¹ ïåðå-
òâîðåííÿ

ψ̂β(t) =
1
π

∞∫

0

ψ(υ) cos
(
υt− βπ

2

)
dυ. (1)

Òîäi, çãiäíî ç Î.I. Ñòåïàíöåì [1, 2], ÷åðåç Ĉψβ N ïîçíà÷à¹ìî ìíîæèíó
âñiõ íåïåðåðâíèõ ôóíêöié f , ÿêi äëÿ âñiõ x ∈ R ìîæíà ïðåäñòàâèòè
ó âèãëÿäi

f(x) = A0 +

∞∫

−∞
ϕ(x− t)ψ̂β(t)dt = A0 + (ϕ ∗ ψ̂β)(x), (2)

äå A0 � äåÿêà ñòàëà, ϕ∈N, à iíòåãðàë ðîçóìiþòü ÿê ãðàíèöþ iíòå-
ãðàëiâ ïî ñèìåòðè÷íèõ ïðîìiæêàõ, ùî ðîçøèðþþòüñÿ. Ôóíêöiþ ϕ(·)
ó ðiâíîñòi (2) íàçèâàþòü (ψ, β)-ïîõiäíîþ ôóíêöi¨ f(·) i ïîçíà÷àþòü

∗×àñòêîâî ïiäòðèìàíî Äåðæàâíèì ôîíäîì ôóíäàìåíòàëüíèõ äîñëiäæåíü Óêðà¨-
íè (ïðîåêò 25.1/043).
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fψβ (·).
ßê íàáëèæàþ÷i àãðåãàòè äëÿ ôóíêöié f ∈ Ĉψβ N áóäåìî âèêîðè-

ñòîâóâàòè ôóíêöi¨ Uσ(f ; ·), σ ≥ 0, ùî ìàþòü âèãëÿä

Uσ(f ;x) = A0 +

∞∫

−∞
fψβ (x− t)

1
π

∞∫

0

uσ(t, v) dv dt, (3)

äå ôóíêöiÿ uσ(t, υ) = uσ(ψ, β; t, υ) âèçíà÷à¹òüñÿ òàêîþ ðiâíiñòþ:

uσ(t, υ) =





u∗σ(t, υ), 0 ≤ v ≤ σ−1,
u∗σ(t, υ)+ψ(3σ)(υ−σ+1) cos(υt+βπ

2 ), σ−1 < v < σ,
0, σ ≤ v,

à u∗σ(t, υ)=(ψ(υ)−ψ(2σ−υ)) cos(υt−βπ
2 )−ψ(2σ+υ) cos(υt+βπ

2 ) ïðè
υ ∈ [0, σ].

Âiäìiòèìî, ùî ó âèïàäêó, êîëè f(x) ¹ 2π-ïåðiîäè÷íèìè ôóíêöiÿ-
ìè ç ìíîæèí Lψβ (äèâ. îçíà÷åííÿ â [3, 4]) i σ = n ∈ N, òî ôóíêöi¨
Un(f, ·) ¹ òðèãîíîìåòðè÷íèìè ïîëiíîìàìè ïîðÿäêó ≤ n−1, àïðîêñè-
ìàòèâíi âëàñòèâîñòi ÿêèõ íà âiäîìèõ êëàñàõ 2π-ïåðiîäè÷íèõ ôóíêöié
Cψβ,∞ i Lψβ,1 äîñëiäæåíî À.Ñ. Ñåðäþêîì [5]. Òîìó ôóíêöi¨ Uσ(f ; ·) áó-
äåìî íàçèâàòè îïåðàòîðàìè Ñåðäþêà. Ó çàãàëüíîìó âèïàäêó (äèâ.
[6] (òâåðäæåííÿ 1)) ôóíêöi¨ Uσ(f ; ·) ∈ Eσ, òîáòî ¹ öiëèìè ôóíêöiÿìè
åêñïîíåíöiàëüíîãî òèïó, ùî íå ïåðåâèùó¹ σ.

Ç ðåçóëüòàòiâ ðîáîòè [7] i íàñëiäêó 2 ðîáîòè [6] âèïëèâà¹, ùî ÿêùî
ôóíêöiÿ ψ(v) âèçíà÷à¹òüñÿ ðiâíiñòþ

ψ(υ) =
{
ψ1(υ), υ ∈ [0, 1),
e−αυ, υ ≥ 1, (4)

äå α � äîâiëüíå ÷èñëî, α > 0, ψ1(υ) � äåÿêà àáñîëþòíî íåïåðåðâíà
ôóíêöiÿ, ùî ìà¹ ïîõiäíó ψ′(υ) îáìåæåíî¨ âàðiàöi¨ íà [0, 1] i òàêà, ùî
ψ1(0) sin(βπ/2) = 0 i ψ1(1) = e−α, à β ∈ R, òî ïðè σ →∞

E(Ĉψβ S∞;Uσ) ∼ Eσ(Ĉ
ψ
β S∞) ∼ 4

π
e−ασ,

äå
E(Ĉψβ N;Uσ) = sup

f∈ bCψβ N

|f(x)− Uσ(f ;x)|, (5)
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Eσ(Ĉ
ψ
β N) = sup

f∈ bCαβN

inf
g∈Eσ

sup
x∈R

|f(x)− g(x)|,

à çàïèñ f(σ) ∼ ϕ(σ) ïðè σ →∞ îçíà÷à¹, ùî lim
σ→∞

f(σ)
ϕ(σ) = 1.

Ìåòà äàíî¨ ðîáîòè ïîëÿãà¹ â çíàõîäæåííi àñèìïòîòè÷íèõ ïðè
σ →∞ ðiâíîñòåé äëÿ âåëè÷èí E(ĈψβHω;Uσ) ó âèïàäêó, êîëè ôóíêöiÿ
ψ(υ), ùî çàäà¹ êëàñ ĈψβHω, ìà¹ âèãëÿä (4). Öå äîçâîëèòü óòî÷íèòè
çðîáëåíi â [2, ãë. IX] îöiíêè çâåðõó âåëè÷èí Eσ(ĈψβHω).

Îñíîâíèé ðåçóëüòàò ðîáîòè ìiñòèòüñÿ â òàêîìó òâåðäæåííi.
Òåîðåìà. Íåõàé ôóíêöiÿ ψ(v) âèçíà÷à¹òüñÿ ðiâíiñòþ (4), äå

α > 0, i β ∈ R. Òîäi âåëè÷èíè

E(ĈψβHω;Uσ) = sup
f∈ bCψβHω

|f(x)− Uσ(f ;x)|

íå çàëåæàòü âiä çíà÷åííÿ x i ïðè σ →∞ ìà¹ ìiñöå ðiâíiñòü

E(ĈψβHω;Uσ)=
2θωe−ασ

π

π/2∫

0

ω

(
2t
σ

)
sin tdt+

O(1)e−ασω(1/σ)
α2σ

, (6)

äå θω ∈
[
2
3 , 1

]
, ïðè÷îìó θω = 1, ÿêùî ω(t) � îïóêëèé ìîäóëü íåïå-

ðåðâíîñòi, O(1) � âåëè÷èíè, ðiâíîìiðíî îáìåæåíi ïî ïàðàìåòðàõ
α, β i σ.

Äîâåäåííÿ. Ïîêàæåìî ñïî÷àòêó, ùî âåëè÷èíè E(ĈψβHω;Uσ) íå
çàëåæàòü âiä çíà÷åííÿ x. Êëàñè ĈψβHω iíâàðiàíòíi âiäíîñíî çñóâó
àðãóìåíòà: ÿêùî f ∈ ĈψβHω, òî äëÿ äîâiëüíîãî äiéñíîãî τ ôóíêöiÿ
f1(x) = f(x + τ) òàêîæ íàëåæèòü äî ĈψβHω. Îòæå, ÿêùî ôóíêöiÿ
f íàëåæèòü äî ĈψβHω, òî çíàéäåòüñÿ ôóíêöiÿ f1 ç ĈψβHω òàêà, ùî
f(x)− Uσ(f ;x) = f1(0)− Uσ(f1; 0). Òîìó

E(ĈψβHω;Uσ) = sup
f∈ bCψβ N

|f(0)− Uσ(f ; 0)|.

Çâiäcè âèïëèâà¹, ùî âåëè÷èíè E(ĈψβHω;Uσ) äiéñíî íå çàëåæàòü âiä
çíà÷åííÿ x.
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Äëÿ ôóíêöi¨ ψ(v), îçíà÷åíî¨ ðiâíiñòþ (4), ïåðåòâîðåííÿ ψ̂β(t)
âèãëÿäó (1) � ñóìîâíå íà R. Òîìó, âðàõîâóþ÷è, ùî

σ∫

0

(
ψ(2σ − v) cos(vt− βπ

2
) + ψ(2σ + v) cos(vt+

βπ

2
)
)
dv =

= 2 cos(σt− βπ

2
)

∞∫

0

ψ(v + σ) cos vt dv −
∞∫

σ

ψ(v) cos(vt− βπ

2
) dv−

−
∞∫

σ

ψ(v + 2σ) cos(vt+
βπ

2
) dv,

ç ðiâíîñòåé (2)�(3), ïðè f ∈ ĈψβHω â êîæíié òî÷öi x îòðèìó¹ìî

f(x)−Uσ(f ;x)=
2
π

∞∫

−∞
fψβ (x−t) cos

(
σt−βπ

2
) ∞∫

0

ψ(v+σ) cos vtdvdt−

−
∞∫

−∞
fψβ (x−t)

( 1
π

σ∫

σ−1

ψ(3σ)(v−σ+1)cos(vt+
βπ

2
)dv+

+
1
π

∞∫

σ

ψ(v + 2σ) cos(vt+
βπ

2
) dv

)
dt. (7)

Ðîçãëÿäàþ÷è òî÷íó âåðõíþ ìåæó ïî ôóíêöiÿì f ∈ ĈψβHω â ðiâ-
íîñòi (7), îäåðæó¹ìî

Eσ(ĈψβHω;Uσ)=

=
2
π

sup
f∈ bCψβHω

∥∥∥∥
∞∫

−∞
fψβ (x−t) cos(σt−βπ

2
)

∞∫

0

ψ(v+σ) cos vtdvdt
∥∥∥∥
C

+

+O(1) sup
f∈ bCψβHω

∥∥∥∥
∞∫

−∞
fψβ (x−t)

(1
π

σ∫

σ−1

ψ(3σ)(v−σ + 1) cos(vt+
βπ

2
)dv+
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+
1
π

∞∫

σ

ψ(v + 2σ) cos(vt+
βπ

2
) dv

)
dt

∥∥∥∥
C

. (8)

Ïîçíà÷èìî ïåðøèé äîäàíîê â ïðàâié ÷àñòèíi îñòàííüî¨ ðiâíîñòi
÷åðåç Dσ(Ĉ

ψ
βHω). Ïîìi÷àþ÷è, äàëi, ùî äðóãèé äîäàíîê ¹ òî÷íîþ

âåðõíüîþ ìåæåþ âiäõèëåíü îïåðàòîðiâ Ôóð'¹ Fσ(g; ·) âiä ôóíêöié
g ç êëàñó Ĉψσ−βHω â ðiâíîìiðíié ìåòðèöi, òîáòî äîðiâíþ¹ âåëè÷èíi
E(Ĉψσ−βHω;Fσ), äå

ψσ(t) =
{
ψ

(
(2σ + 1)t

)
, 0 ≤ t ≤ 1,

ψ(t+ 2σ), t ≥ 1, (9)

E(Ĉψβ N;Fσ) = sup
f∈ bCψβ N

|f(x)− Fσ(f ;x)|,

Fσ(f ;x) � ââåäåíi â [1] îïåðàòîðè Ôóð'¹ ïîðÿäêó σ :

Fσ(f ;x) = A0 +

∞∫

−∞
fψβ (x− t)

1
π

∞∫

0

ψ(υ)λσ(υ) cos(υt+
βπ

2
)dυdt,

λσ(υ) =





1, 0 ≤ υ ≤ σ − 1,
1− (υ − σ + 1)ψ(σ)/ψ(υ), σ − 1 < υ < σ,

0, σ ≤ υ,

çi ñïiââiäíîøåííÿ (8), ìà¹ìî

E(ĈψβHω;Uσ) = Dσ(Ĉ
ψ
βHω) +O(1)E(Ĉψσ−βHω;Fσ). (10)

ßê âèïëèâà¹ ç òåîðåìè 9.12.2 ìîíîãðàôi¨ [2], ÿêùî ôóíêöiÿ ψσ(v),
ùî çàäà¹ êëàñ Ĉψσ−βHω, âèçíà÷à¹òüñÿ ðiâíiñòþ (9), òî ïðè σ →∞

E(Ĉψσ−βHω;Fσ) = O(1)e−3ασω(1/σ). (11)

Òàêèì ÷èíîì, çi ñïiââiäíîøåíü (10) i (11), îäåðæó¹ìî

E(ĈψβHω;Uσ) = Dσ(Ĉ
ψ
βHω) +O(1)e−3ασω(1/σ). (12)
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Çíàéäåìî âåëè÷èíó D(ĈψβHω). Âðàõîâóþ÷è, ç îäíîãî áîêó, òîé
ôàêò, ùî êëàñ ĈψβHω iíâàðiàíòíèé âiäíîñíî çñóâó àðãóìåíòó i ìi-
ñòèòü ÿê ôóíêöiþ f(t), òàê i f(−t), à ç iíøîãî, � ðiâíiñòü

∞∫

0

ψ(v+σ) cos vtdv =

∞∫

0

e−α(v+σ) cos vtdv =
αe−ασ

t2 + α2
, σ ≥ 1, (13)

òà îçíà÷åííÿ âåëè÷èíè D(ĈψβHω) (äèâ. (8)), îòðèìó¹ìî

D(ĈψβHω) =
2αe−ασ

π
sup
ϕ∈Hω

∣∣∣∣
∞∫

−∞
ϕ(t)

cos(σt−βπ
2 )

t2 + α2
dt

∣∣∣∣. (14)

Ïðàâà ÷àñòèíà â (14) ¹ 4-ïåðiîäè÷íîþ ôóíêöi¹þ âiäíîñíî ïàðà-
ìåòðà β. Òîìó äàëi äîñòàòíüî ââàæàòè, ùî β ∈ [0, 4).

Ñïðîñòèìî âèðàç, ùî çíàõîäèòüñÿ ïiä çíàêîì ìîäóëÿ â ïðàâié ÷à-
ñòèíi (14). Äëÿ öüîãî, íàñëiäóþ÷è Î.I. Còåïàíöÿ [2] (ñïiââiäíîøåííÿ
(9.12.45), ââåäåìî ïðè σ ≥ 1 òàêi ïîçíà÷åííÿ:

xk =
(1 + β)π

2σ
+
kπ

σ
,

tk = xk − π

2σ
=
βπ

2σ
+
kπ

σ
,

k ∈ Z,

i
lσ(t) = xk ïðè t ∈ [tk, tk+1). (15)

Òîäi â ïðèéíÿòèõ ïîçíà÷åííÿõ ìà¹ ìiñöå òàêà ëåìà.
Ëåìà 1. Íåõàé ϕ ∈ Hω, òîäi
∞∫

−∞
ϕ(t)

cos(σt−βπ
2 )

t2 + α2
dt =

∞∫

−∞
ϕ(t)

cos(σt−βπ
2 )

l2σ(t) + α2
dt+

O(1)ω(1/σ)
α3σ

. (16)

Äîâåäåííÿ. Äëÿ äîâåäåííÿ ñïiââiäíîøåííÿ (16) ðîçãëÿíåìî ðiç-
íèöþ

Rσ(ϕ) =

∞∫

−∞
ϕ(t)

cos(σt−βπ
2 )

t2 + α2
dt−

∞∫

−∞
ϕ(t)

cos(σt−βπ
2 )

l2σ(t) + α2
dt

df=

∞∫

−∞
ϕ(t)rσ(t)dt.

(17)
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Ôóíêöiÿ rσ(t) � ñóìîâíà íà R i íà iíòåðâàëàõ (tk, tk+1), k ∈ Z,
çáåðiãà¹ çíàê, ïî÷åðãîâî çìiíþþ÷è éîãî çi çìiíîþ íîìåðà k. Ðîçiá'¹ìî
iíòåãðàë, ùî ñòî¨òü â ïðàâié ÷àñòèíi (17), íà äâi ÷àñòèíè

∞∫

−∞
ϕ(t)rσ(t)dt =

( 0∫

−∞
+

∞∫

0

)
ϕ(t)rσ(t)dt

df= I−σ (ϕ) + I+
σ (ϕ), (18)

i çíàéäåìî íåîáõiäíó îöiíêó äëÿ êîæíî¨ ç ÷àñòèí I−σ (ϕ) i I+
σ (ϕ). Äëÿ

öüîãî áóäóòü ïîòðiáíi íàñòóïíi âiäîìi òâåðäæåííÿ.
Ëåìà A ([3], ëåìà 5.18.2). Íåõàé íà âiäðiçêó [a, a+ 2h], h > 0,

çàäàíî äâi÷i íåïåðåðâíî äèôåðåíöiéîâíó ôóíêöiþ g(t) i

F (t)=|g(t)−g(a+h/2)|−|g(t+h)− g(a+3h/2)|, t∈[a, a+h]. (19)

Òîäi, ÿêùî g(t) íå çðîñòà¹ íà [a, a + 2h] i g′′(t) ≥ 0 ïðè âñiõ
t ∈ [a, a+ 2h], òî

F (t) ≥ 0 ∀t ∈ [a, a+ h]. (20)

ßêùî æ ïðè öüîìó g′′(t) ≤ 0 ïðè âñiõ t ∈ [a, a+ 2h], òî

F (t) ≤ 0 ∀t ∈ [a, a+ h]. (21)

Ó âèïàäêó, êîëè g(t) íå ñïàäà¹, ç óìîâè g′′(t) ≥ 0, âèïëèâà¹
ñïiââiäíîøåííÿ (21), à ç óìîâè g′′(t) ≤ 0 � ñïiââiäíîøåííÿ (20).

Ëåìà Á ([3], ëåìà 5.1.3). Íåõàé ϕ(t) � ñóìîâíà íà J ôóíêöiÿ
(ϕ ∈ L(J )). Òîäi, ÿêùî J = {x : a ≤ x ≤ b} i xk, k = 1, n,
a ≤ x1 < x2 < . . . < xn ≤ b, � äåÿêèé íàáið òî÷îê, äëÿ ÿêèõ

xk+1∫

xk

ϕ(t)dt = 0, k = 1, n− 1, (22)

òî ∀f ∈ Hω(J )

∣∣∣∣
b∫

a

f(t)ϕ(t)dt
∣∣∣∣ ≤ max

a≤t≤x1
|f(t)|

x1∫

a

|ϕ(t)|dt+ ω(∆)

xn∫

x1

|ϕ(t)|dt+
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+ max
xn≤t≤b

|f(t)|
b∫

xn

|ϕ(t)|dt. (23)

ßêùî J = {x : x ≥ a}, à xk, k = 1, 2, . . ., � çíîâó äåÿêèé íà-
áið òàêèõ òî÷îê, ùî âèêîíó¹òüñÿ ñïiââiäíîøåííÿ (22) ∀k ∈ N, òî
∀f ∈ Hω(J )

∣∣∣∣
∞∫

a

f(t+ x)ϕ(t)dt
∣∣∣∣ ≤ max

a≤t≤x1
|f(t)|

x1∫

a

|ϕ(t)|dt+ ω(∆)

∞∫

x1

|ϕ(t)|dt. (24)

Òóò i ó ñïiââiäíîøåííi (23) ∆ = sup
k

(xk+1 − xk).

Òâåðäæåííÿ À ([3], òâåðäæåííÿ 5.1.1). Íåõàé ôóíêöiÿ ϕ(·),
ñóìîâíà íà [a, b], ïåðåòâîðþ¹òüñÿ â íóëü â äåÿêèõ òî÷êàõ
tk ∈ [a, b], k = 1, n, a≤t1<t2< . . .<tn≤b, à íà ïðîìiæêàõ (tk, tk+1)
ìàéæå ñêðiçü çáåðiãà¹ çíàê, ïðè÷îìó sign αk = −sign αk+1, äå

αk =

tk+1∫

tk

ϕ(t)dt. (25)

Òîäi, ÿêùî ÷èñëà |αk| íå çðîñòàþòü, òî ôóíêöiÿ

Φ1(x) =

x∫

tn

ϕ(t)dt (26)

ïåðåòâîðþ¹òüñÿ â íóëü, çìiíþþ÷è çíàê íà êîæíîìó ïðîìiæêó
[tk, tk+1] â äåÿêié òî÷öi xk. ßêùî æ ÷èñëà |αk| íå ñïàäàþòü,
òî òàêå æ òâåðäæåííÿ ¹ âiðíèì äëÿ ôóíêöi¨

Φ2(x) =

x∫

t1

ϕ(t)dt. (27)

Òâåðäæåííÿ Á ([3], òâåðäæåííÿ 5.1.1′) ßêùî ôóíêöiÿ ϕ(·),
ñóìîâíà íà ìíîæèíi t ≥ a, ïåðåòâîðþ¹òüñÿ â íóëü â äåÿêèõ òî÷-
êàõ tk, a ≤ t1 < t2 < . . ., ïðè÷îìó sign αk = = −sign αk+1, k ∈ N,
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i ÷èñëà |αk| óòâîðþþòü íåçðîñòàþ÷ó ïîñëiäîâíiñòü, òî íà êîæ-
íîìó ïðîìiæêó [tk, tk+1], k ∈ N, ôóíêöiÿ

Φ(x) =

∞∫

x

ϕ(t)dt (28)

ïåðåòâîðþ¹òüñÿ â íóëü â äåÿêié òî÷öi xk.
Çíàéäåìî ñïî÷àòêó îöiíêó iíòåãðàëà I+

σ (ϕ) çi ñïiââiäíîøåííÿ
(18). Íà ïðîìiæêó [0,+∞) ôóíêöiÿ g(t) = = 1

t2+α2 ìà¹ ¹äèíó òî÷êó
ïåðåãèíó α√

3
, òîáòî íà (0, α√

3
) ôóíêöiÿ g(t) ñïàäà¹ i îïóêëà âãîðó, à

íà ( α√
3
,∞) � ñïàäà¹ i îïóêëà âíèç. Íåõàé, äàëi, ÷èñëà k1 i k2 òàêi, ùî

òî÷êà tk1 ¹ íàéáëèæ÷îþ çëiâà äî òî÷êè α√
3
ñåðåä òî÷îê tk, à òî÷êà

tk2 � íàéáëèæ÷à ñïðàâà, i

αk=

tk+1∫

tk

rσ(t)dt=

tk+1∫

tk

(
1

t2+α2
− 1
l2σ(t)+α2

)
cos(σt−βπ

2
)dt. (29)

Â òàêîìó âèïàäêó
signαk = (−1)k (30)

i ÷èñëà |αk| íå ñïàäàþòü ïðè k = 2, 3, . . . , k1 − 1. Äiéñíî, íåõàé äëÿ
âèçíà÷åíîñòi k � ïàðíå ÷èñëî. Òîäi çãiäíî ç (15) i (29)

|αk| − |αk+1| =
∣∣∣∣
tk+1∫

tk

(
1

t2 + α2
− 1
l2σ(t) + α2

)
cos(σt−βπ

2
)dt

∣∣∣∣−

−
∣∣∣∣
tk+2∫

tk+1

(
1

t2 + α2
− 1
l2σ(t) + α2

)
cos(σt−βπ

2
)dt

∣∣∣∣ =

=

tk+1∫

tk

|g(t)−g(xk)|
∣∣ cos(σt−βπ

2
)
∣∣dt−

tk+2∫

tk+1

|g(t)−g(xk+1)|
∣∣ cos(σt−βπ

2
)
∣∣dt=

=

tk+1∫

tk

(
|g(t)−g(xk)|−|g(t+π

σ
)−g(xk+π

σ
)|

)
| cos(σt−βπ

2
)|dt. (31)
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Íà iíòåðâàëi [0, tk1 ] ôóíêöiÿ g(t) ñïàäà¹ i g′′(t) ≤ 0. Òîìó, çàñòîñîâó-
þ÷è ëåìó A ïðè a = tk i h = π

2σ , ïåðåêîíó¹ìîñÿ, ùî äiéñíî

|αk| ≤ |αk+1|, k = 2, 3, . . . , k1 − 1. (32)

ßêùî æ k ≥ k2, òî àíàëîãi÷íî âñòàíîâëþ¹ìî, ùî

signαk = (−1)k (33)

i
|αk| ≥ |αk+1|, k = k2, k2 + 1, k2 + 2, . . . . (34)

Ïîêëàäåìî

Φ1(x) =

x∫

t2

rσ(t)dt i Φ2(x) =

∞∫

x

rσ(t)dt. (35)

Ç òâåðäæåíü À i Á òà ñïiââiäíîøåíü (30)�(34) âèïëèâà¹, ùî ôóíê-
öiÿ Φ1(x) íà êîæíîìó ïðîìiæêó [tk, tk+1] ìà¹ ¹äèíèé ïðîñòèé íóëü
x̄k, k = 2, 3, . . . , k1, à ôóíêöiÿ Φ2(x) ìà¹ ïðîñòi íóëi x̄k íà êîæíîìó
ïðîìiæêó [tk, tk+1] ïðè k = k2, k2 + 1, . . . .

Áåðó÷è äî âiäîìà öþ iíôîðìàöiþ, ïîêëàäåìî

I+
σ (ϕ) =

t2∫

0

ϕ(t)rσ(t)dt+

x̄k1−1∫

t2

ϕ(t)rσ(t)dt+

x̄k2∫

x̄k1−1

ϕ(t)rσ(t)dt+

+

∞∫

x̄k2

ϕ(t)rσ(t)dt
df=

4∑

j=1

ij(ϕ), (36)

ïðè öüîìó

0≤t2<tk1−1<x̄k1−1<tk1<
α√
3
<tk2<x̄k2<tk2+1< . . . . (37)

Âðàõîâóþ÷è, ùî |lσ(t)− t| ≤ π
2n i

max
0≤t

lσ(t)
l2σ(t) + α2

≤ max
0≤t

t

t2 + α2
=

1
2α
, (38)
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äëÿ äîâiëüíî¨ ôóíêöi¨ ϕ ∈ Hω îòðèìó¹ìî

|i1(ϕ)| =
∣∣∣∣
t2∫

0

ϕ(t) cos(σt−βπ
2

)
(lσ(t)− t)(lσ(t) + t)
(t2 + α2)(l2σ(t) + α2)

dt

∣∣∣∣ ≤

≤O(1)
σ

t2∫

0

(
t

t2+α2
· 1
l2σ(t)+α2

+
lσ(t)

l2σ(t)+α2
· 1
t2+α2

)
dt=

O(1)
α3σ2

. (39)

Çàñòîñîâóþ÷è ëåìó Á íà ïðîìiæêàõ [t2, x̄k1−1] i [x̄k2 ,∞), çíàõî-
äèìî

|i2(ϕ)|+ |i4(ϕ)| ≤ ω(
4π
σ

)

∞∫

t2

|rσ(t)|dt, (40)

ïðè÷îìó, âðàõîâóþ÷è (38),
∞∫

t2

|rσ(t)|dt ≤ π

2σ

∞∫

0

(
t

t2 + α2

1
l2σ(t) + α2

+
lσ(t)

l2σ(t) + α2

1
t2 + α2

)
dt =

=
O(1)
ασ

∞∫

0

dt

t2 + α2
=
O(1)
α2σ

. (41)

Áåðó÷è äî âiäîìà ñïiââiäíîøåííÿ (40) i (41), îäåðæó¹ìî

|i2(ϕ)|+ |i4(ϕ)| ≤ O(1)ω(1/σ)
α2σ

. (42)

Âíàñëiäîê (38), ìà¹ìî

|i3(ϕ)| =
∣∣∣∣

x̄k2∫

x̄k1−1

ϕ(t)rσ(t)dt
∣∣∣∣ ≤

≤ O(1)
σ2

max
x̄k1−1≤t≤x̄k2

t+ lσ(t)
(t2 + α2)(l2σ(t) + α2)

=
O(1)
α3σ2

. (43)
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Îá'¹äíóþ÷è ñïiââiäíîøåííÿ (36), (39), (42) i (43), ìà¹ìî

|I+
σ (ϕ)| = O(1)ω(1/σ)

α3σ
. (44)

Çðîçóìiëî, ùî òàêà ñàìà îöiíêà áóäå âèêîíóâàòèñü i äëÿ âåëè÷èíè
|I−σ (ϕ)|, i òîìó çãiäíî ç (18) ìà¹ ìiñöå ñïiââiäíîøåííÿ (16). Ëåìó 1
äîâåäåíî.

Ïðîäîâæóþ÷è äîâåäåííÿ òåîðåìè, âðàõîâóþ÷è (14) i (16), ìîæå-
ìî çàïèñàòè

D(ĈψβHω)=
2αe−ασ

π
sup
ϕ∈Hω

∣∣∣∣
∞∫

−∞
ϕ(t)

cos(σt−βπ
2 )

l2σ(t)+α2
dt

∣∣∣∣+
O(1)ω(1/σ)

α2σ
. (45)

Äàëi äëÿ äîâåäåííÿ íåîáõiäíå òàêå äîïîìiæíå òâåðäæåííÿ.
Ëåìà 2. Íåõàé α > 0 i β ∈ R , òîäi ïðè σ →∞

Iσ(α, ω) df= sup
ϕ∈Hω

∣∣∣∣∣

∞∫

−∞
ϕ(t)

cos(σt−βπ
2 )

l2σ(t) + α2
dt

∣∣∣∣∣ =

=
θω
α

π/2∫

0

ω(
2t
σ

) sin tdt+
O(1)ω(1/σ)

α2σ
, (46)

äå θω ∈
[
2
3 ; 1

]
, ïðè÷îìó θω = 1, ÿêùî ω(t) � îïóêëèé ìîäóëü íåïå-

ðåðâíîñòi, O(1) � âåëè÷èíè, ðiâíîìiðíî îáìåæåíi ïî ïàðàìåòðàõ
α, β i σ.

Äîâåäåííÿ. Âðàõîâóþ÷è (15), äëÿ äîâiëüíî¨ ôóíêöi¨ ϕ ∈ Hω ìà¹-
ìî

Iσ(ϕ) df=

∣∣∣∣∣

∞∫

−∞
ϕ(t)

cos(σt−βπ
2 )

l2σ(t) + α2
dt

∣∣∣∣∣=
∣∣∣∣∣

∞∑

k=−∞

tk+1∫

tk

ϕ(t)
cos(σt−βπ

2 )
l2σ(t) + α2

dt

∣∣∣∣∣≤

≤
∞∑

k=−∞

ek(ϕ, σ)
x2
k + α2

, (47)
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äå

ek(ϕ, σ) =
∣∣∣∣
tk+1∫

tk

ϕ(t) cos
(
σt−βπ

2
)
dt

∣∣∣∣. (48)

Çãiäíî ç (15), îäåðæó¹ìî

ek(ϕ, σ) =
∣∣∣∣
xk∫

tk

(ϕ(t)− ϕ(2xk − t)) cos(σt−βπ
2

)dt
∣∣∣∣ ≤

≤
xk∫

tk

ω(2(xk − t))
∣∣ cos(σt−βπ

2
)
∣∣dt =

=

π/2σ∫

0

ω(2t) sinσtdt =
1
σ

π/2∫

0

ω(
2t
σ

) sin tdt df=
eσ(ω)
σ

. (49)

Îòæå, îá'¹äíóþ÷è (47)�(49), îòðèìó¹ìî, ùî

Iσ(ϕ) ≤
∞∑

k=−∞

eσ(ω)
σ(x2

k + α2)
. (50)

Ïîáóäó¹ìî ôóíêöiþ ϕ∗ ∈ Hω, äëÿ ÿêî¨ çíà÷åííÿ I(ϕ∗) áóäå ñïiâ-
ïàäàòè ç ïðàâîþ ÷àñòèíîþ (50). Ïîêëàäåìî

ϕk(t) =
{

1
2ω

(
2(xk − t)

)
, t ∈ [tk, xk],

− 1
2ω

(
2(t− xk)

)
, t ∈ [xk, tk+1],

k ∈ Z, (51)

i
ϕ∗(t) = (−1)|k|ϕk(t), t ∈ [tk, tk+1], k ∈ Z.

Íåõàé ñïî÷àòêó ω(t) � îïóêëèé ìîäóëü íåïåðåðâíîñòi. Òîäi íåïå-
ðåðâíà (çà ïîáóäîâîþ) ôóíêöiÿ ϕ∗(t) áóäå çàäîâîëüíÿòè íåðiâíiñòü

|ϕ∗(t)− ϕ∗(t′)| ≤ ω(|t− t′|) ∀t, t′ ∈ R (52)

â ñèëó îïóêëîñòi ôóíêöi¨ ω(t). Öå i ¹ øóêàíà åêñòðåìàëüíà ôóíêöiÿ,
îñêiëüêè ϕ∗ ∈ Hω i, ÿê ïîêàçóþòü áåçïîñåðåäíi ïiäðàõóíêè, çíà÷åííÿ
Iσ(ϕ∗) áóäå ñïiâïàäàòè ç ïðàâîþ ÷àñòèíîþ (50), òîáòî
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Iσ(α, ω) =
∞∑

k=−∞

eσ(ω)
σ(x2

k + α2)
. (53)

ßêùî æ ω(t) íå îáîâ'ÿçêîâî îïóêëèé ìîäóëü íåïåðåðâíîñòi, òî i â
öüîìó âèïàäêó äëÿ ïîáóäîâàíî¨ ôóíêöi¨ ϕ∗ çíà÷åííÿ I(ϕ∗) áóäå ñïiâ-
ïàäàòè ç ïðàâîþ ÷àñòèíîþ (50), àëå ôóíêöiÿ ϕ∗ ìîæå íå çàäîâoëüíÿ-
òè óìîâó (52). Ïîêàæåìî, ùî äëÿ äîâiëüíîãî ìîäóëÿ íåïåðåðâíîñòi
ω ôóíêöiÿ ϕ∗ = 2

3ϕ
∗ íàëåæèòü äî êëàñó Hω. Äiéñíî, ÿêùî òî÷êè t, t′

çíàõîäÿòüñÿ ïî îäèí áiê âiä òî÷êè xk, òî çàâæäè âèêîíó¹òüñÿ íåðiâ-
íiñòü (52). ßêùî, íàïðèêëàä, t ∈ [tk, xk], à t′ ∈ [xk, tk+1], òî â ñèëó
ìîíîòîííîñòi ôóíêöi¨ ϕ∗

|ϕ∗(t′)− ϕ∗(t)| = 1
3
(ω(2t′ − 2xk) + ω(2xk − 2t)) =

=
1
3
(ω(2t′ − 2xk) + ω(2(t′ − t) + 2(xk − t′))) = ∆(ω).

Áà÷èìî, ùî ó âèïàäêó t′ − xk ≤ t′ − t ≤ 2(t′ − xk)

∆(ω) ≤ 1
3
ω(2(t′ − t)) +

1
3
ω(t′ − t) ≤ ω(t′ − t),

à ó âèïàäêó, êîëè t′ − t ≥ 2(t′ − xk),

∆(ω) ≤ 1
3
ω(t′ − t) +

1
3
ω(2(t′ − t)) ≤ ω(t′ − t),

òîáòî ϕ∗ ∈ Hω.
Äëÿ ôóíêöi¨ ϕ∗ ∈ Hω

Iσ(ϕ∗) =
2
3

∞∑

k=−∞

eσ(ω)
σ(x2

k + α2)
.

Ïî¹äíóþ÷è îñòàííþ ðiâíiñòü ç íåðiâíiñòþ (50), îòðèìó¹ìî
2
3

∞∑

k=−∞

eσ(ω)
σ(x2

k + α2)
≤ Iσ(α, ω) ≤

∞∑

k=−∞

eσ(ω)
σ(x2

k + α2)
. (54)

Äëÿ çàâåðøåííÿ äîâåäåííÿ ëåìè 2, ïîêàæåìî, ùî
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∞∑

k=−∞

1
σ(x2

k + α2)
=

1
α

+
O(1)
α2σ

. (55)

Äiéñíî, âðàõîâóþ÷è (15), ìà¹ìî
∞∑

k=−∞

1
σ(x2

k + α2)
=

∞∑

k=−∞

1
π

tk+1∫

tk

dt

l2σ(t) + α2
=

=
∞∑

k=−∞

1
π

tk+1∫

tk

dt

t2 + α2
+O(1)

∞∑

k=−∞

tk+1∫

tk

(
1

l2σ(t) + α2
− 1
t2 + α2

)dt =

=
1
π

∞∫

−∞

dt

t2 + α2
+O(1)

∞∑

k=−∞

π

σ

tk+1∨
tk

1
t2 + α2

=

=
1
α

+
O(1)
σ

∞∨
−∞

1
t2 + α2

=
1
α

+
O(1)
α2σ

.

Îá'¹äíóþ÷è ñïiââiäíîøåííÿ (53)�(55), îäåðæó¹ìî (46). Ëåìó 2
äîâåäåíî.

Ïî¹äíóþ÷è òåïåð ñïiââiäíîøåííÿ (45) i (46), îòðèìó¹ìî (6). Òåî-
ðåìó ïîâíiñòþ äîâåäåíî.
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