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Çíàéäåíî àñèìïòîòè÷íi ðiâíîñòi äëÿ âåðõíiõ ìåæ íàáëèæåíü ñóìàìè
Âàëëå Ïóññåíà â ðiâíîìiðíié ìåòðèöi íà êëàñàõ 2π-ïåðiîäè÷íèõ ôóíêöié
Cψ
β̄,s
, 1 6 s 6 ∞, i Cψ

β̄
Hω, ùî çàäàþòüñÿ ìóëüòèïëiêàòîðàìè ψ(k) i çñó-

âàìè ïî àðãóìåíòó βk çà óìîâè, ùî ïîñëiäîâíîñòi ψ(k) ñïàäàþòü äî íóëÿ
øâèäøå íiæ áóäü-ÿêà ãåîìåòðè÷íà ïðîãðåñiÿ (â öüîìó âèïàäêó ôóíêöi¨ iç
çàçíà÷åíèõ êëàñiâ äîïóñêàþòü ðåãóëÿðíå ïðîäîâæåííÿ íà âñþ êîìïëåêñ-
íó ïëîùèíó). Àíàëîãi÷íi ðåçóëüòàòè îäåðæàíî â ìåòðèêàõ ïðîñòîðiâ
Ls, 1 6 s 6 ∞, äëÿ êëàñiâ Lψ

β̄,1
òà â ìåòðèöi L1 äëÿ êëàñiâ Lψ

β̄
Hω1 .

Íåõàé Ls, 1 6 s < ∞, � ïðîñòið ñóìîâíèõ íà
(0, 2π) â s-ìó ñòåïåíi 2π-ïåðiîäè÷íèõ ôóíêöié f(t) ç íîðìîþ
‖f‖Ls = ‖f‖s =

( π∫
−π
|f(t)|s dt

)1/s

, L∞ = M � ïðîñòið âèìið-

íèõ i iñòîòíî îáìåæåíèõ 2π-ïåðiîäè÷íèõ ôóíêöié f(t) ç íîð-
ìîþ ‖f‖L∞ = ‖f‖M = ess sup

t
|f(t)|, C � ïðîñòið íåïåðåðâíèõ 2π-

ïåðiîäè÷íèõ ôóíêöié f(t), â ÿêîìó íîðìà çàäà¹òüñÿ ðiâíiñòþ
‖f‖C = max

t
|f(t)|.

Â ðîáîòàõ Î.I. Ñòåïàíöÿ [1, 2] ââåäåíî êëàñè Lψ
β̄
N i Cψ

β̄
N ïåðiîäè÷-

íèõ ôóíêöié íàñòóïíèì ÷èíîì. Íåõàé f(·) � 2π-ïåðiîäè÷íà ñóìîâíà
íà ïåðiîäi ôóíêöiÿ (f ∈ L1) i

S[f ] =
a0

2
+

∞∑

k=1

(ak cos kx+ bk sin kx) ≡
∞∑

k=0

Ak(f ;x) (1)

� ¨¨ ðÿä Ôóð'¹. ßêùî ïîñëiäîâíîñòi ψ = ψ(k) i β̄ = βk, k ∈ N, äiéñíèõ
÷èñåë òàêi, ùî ðÿä

∞∑

k=1

1
ψ(k)

(
ak cos

(
kx+

βkπ

2
)

+ bk sin
(
kx+

βkπ

2
))
, (2)

∗×àñòêîâî ïiäòðèìàíî Äåðæàâíèì ôîíäîì ôóíäàìåíòàëüíèõ äîñëiäæåíü Óêðà¨-
íè (ïðîåêò 25.1/043).
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¹ ðÿäîì Ôóð'¹ äåÿêî¨ ôóíêöi¨ ϕ ∈ L1, òî ¨¨ íàçèâàþòü (ψ, β̄)-ïîõiäíîþ
ôóíêöi¨ f(·) i ïîçíà÷àþòü ÷åðåç fψ

β̄
, ïðè öüîìó êàæóòü, ùî ôóíê-

öiÿ f(·) íàëåæèòü ìíîæèíi Lψ
β̄
. ßêùî f ∈ Lψ

β̄
i fψ

β̄
∈ N, òî ââàæà-

þòü, ùî f ∈ Lψ
β̄
N. Ïîêëàäåìî äàëi Cψ

β̄
= C ∩ Lψ

β̄
, Cψ

β̄
N = C ∩ Lψ

β̄
N,

Lψ
β̄,s

= Lψ
β̄
U0
s , Cψβ̄,s = Cψ

β̄
U0
s , 1 6 s 6 ∞. ßêùî βk ≡ β, β ∈ R, òî

áóäåìî ïèñàòè, ùî Lψ
β̄
N = LψβN i Cψ

β̄
N = Cψβ N. Ó âèïàäêó, êîëè

ψ(k) = e−αk
r

, α > 0, r > 0, êëàñè Lψ
β̄
N i Cψ

β̄
N ïîçíà÷àòèìåìî ÷å-

ðåç Lα,r
β̄

N i Cα,r
β̄

N âiäïîâiäíî. Ïðè r = 1 i βk ≡ β, β ∈ R, êëàñè
Cα,r
β̄

N ¹ êëàñàìè iíòåãðàëiâ Ïóàññîíà

a0

2
+

1
π

π∫

−π
ϕ(x− t)Pα,β(t) dt, ϕ ∈ N ⊂ L0

1, a0 ∈ R,

äå

Pα,β(t) =
∞∑

k=1

e−αk cos
(
kt− βπ

2

)
, α > 0, β ∈ R,

� ÿäðà Ïóàññîíà ç ïàðàìåòðàìè α i β, à L0
1 � ìíîæèíà ôóíêöié

ϕ ∈ L1 ç ñåðåäíiì çíà÷åííÿì íà ïåðiîäi ðiâíèì íóëþ:
π∫
−π

ϕ(t) dt = 0.

Â ðîáîòi â ðîëi N áóäóòü âèñòóïàòè ìíîæèíè âèãëÿäó:

U0
s =

{
ϕ ∈ Ls : ‖ϕ‖s 6 1, ϕ ⊥ 1

}
, 1 6 s 6 ∞,

Hω =
{
ϕ ∈ C : ω(ϕ; t) 6 ω(t)

}

i
Hω1 =

{
ϕ ∈ L1 : ω1(ϕ; t) 6 ω(t)

}
,

äå ω(ϕ; t) i ω1(ϕ; t) � ìîäóëi íåïåðåðâíîñòi ôóíêöi¨ ϕ â ïðîñòîðàõ C
i L1 âiäïîâiäíî, à ω(t) � ôiêñîâàíà ìàæîðàíòà òèïó ìîäóëÿ íåïåðå-
ðâíîñòi.

×åðåç Dq ïîçíà÷èìî ìíîæèíó ïîñëiäîâíîñòåé ψ(k) > 0, k ∈ N,
äëÿ ÿêèõ

lim
k→∞

ψ(k + 1)
ψ(k)

= q, q ∈ [0, 1). (3)
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ßêùî ïîñëiäîâíîñòi ψ(k), ùî âèçíà÷àþòü êëàñè Cψ
β̄

N, çàäîâîëüíÿ-
þòü óìîâó (3) (ψ ∈ Dq) ïðè äåÿêîìó q ∈ (0, 1), òî, ÿê äîáðå âiäîìî
(äèâ., íàïðèêëàä, [2, ñ. 139 � 145]), ìíîæèíè Cψ

β̄
N ñêëàäàþòüñÿ ç 2π-

ïåðiîäè÷íèõ ôóíêöié f(·), ÿêi äîïóñêàþòü ðåãóëÿðíå ïðîäîâæåííÿ ó
ñìóãó |Imz| 6 ln 1/q êîìïëåêñíî¨ ïëîùèíè. Ó âèïàäêó, êîëè ψ ∈ D0,

êëàñè Cψ
β̄

N ñêëàäàþòüñÿ ç ôóíêöié, ðåãóëÿðíèõ â óñié êîìïëåêñíié
ïëîùèíi, òîáòî ç öiëèõ ôóíêöié. Ïðèêëàäîì êëàñiâ Cψ

β̄
N (Lψ

β̄
N), äëÿ

ÿêèõ ψ ∈ D0, ¹, çîêðåìà, êëàñè Cα,rβ̄
N (Lα,r

β̄
N) ïðè äîâiëüíèõ α > 0 i

r > 1.
Â äàíié ðîáîòi íà êëàñàõ Cψ

β̄
N i Lψ

β̄
N âèâ÷àþòüñÿ àïðîêñèìàòèâíi

âëàñòèâîñòi ñóì Âàëëå Ïóññåíà [3], òîáòî ïîëiíîìiâ âèãëÿäó

Vn,p(f) = Vn,p(f ;x) =
1
p

n−1∑

k=n−p
Sk(f ;x), (4)

äå Sk(f ;x) � ÷àñòèííi ñóìè Ôóð'¹ ïîðÿäêó k, à p = p(n) � ïåâíèé
íàòóðàëüíèé ïàðàìåòð, p 6 n. Äëÿ ñóì Vn,p(f ;x) ìà¹ ìiñöå ïðåäñòàâ-
ëåííÿ (äèâ., íàïðèêëàä, [4, ñ. 1100])

Vn,p(f ;x) =
a0

2
+
n−1∑

k=1

λn,p(k/n)(ak cos kx+ bk sin kx), (5)

äå

λn,p(k/n) =

{
1, 0 6 k 6 n− p,

1− k−n+p
p , n− p+ 1 6 k 6 n.

Ïðè p = 1 ñóìè Âàëëå Ïóññåíà Vn,1(f ;x) ñïiâïàäàþòü ç ÷àñòèííèìè
ñóìàìè Ôóð'¹ Sn−1(f ;x), à ïðè p = n � ç âiäîìèìè ñóìàìè Ôåé¹ðà
σn−1(f ;x) [5].

Ìåòîþ äàíî¨ ðîáîòè ¹ çíàõîäæåííÿ ïðè n−p→∞ àñèìïòîòè÷íèõ
ðiâíîñòåé äëÿ âåëè÷èíè

E
(
N;Vn,p

)
X

= sup
f∈N

∥∥f(·)− Vn,p(f ; ·)
∥∥
X
, (6)

ó âèïàäêàõ:
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a) N = Cψ
β̄,s
, 1 6 s 6 ∞, X = C;

b) N = Cψ
β̄
Hω, X = C;

c) N = Lψ
β̄,1
, X = Ls, 1 6 s 6 ∞;

d) N = Lψ
β̄
Hω1 , X = L1

ïðè äîâiëüíèõ ψ ∈ D0 i β̄ = βk ∈ R.
Àñèìïòîòè÷íi ðiâíîñòi äëÿ âåëè÷èí âèãëÿäó (6) çà óìîâè, ùî

p = 1, òîáòî êîëè Vn,p(f ;x) = Sn−1(f ;x), ó ðÿäi âàæëèâèõ âèïàä-
êiâ áóëî îäåðæàíî â ðîáîòàõ [1, 2, 6 � 14]. Çîêðåìà, ó ðîáîòàõ [9] i
[10] çíàéäåíî àñèìïòîòè÷íi ðiâíîñòi äëÿ âåëè÷èí E(

Cψ
β̄,∞;Sn−1

)
C

òà
E(
Lψ
β̄,1

;Sn−1

)
Ls
, 1 6 s 6 ∞, êîëè ψ ∈ Dq, q ∈ [0, 1).

Äàíà ðîáîòà òiñíî ïîâ'ÿçàíà ç ðîáîòàìè [15 � 18], äå äëÿ
ïåâíèõ âàæëèâèõ âèïàäêiâ áóëî âñòàíîâëåíî àñèìïòîòè÷íi ðiâíî-
ñòi äëÿ âåëè÷èí E(

Cψβ,∞;Vn,p
)
C
, E(

CψβHω;Vn,p
)
C
, E(

Lψβ,∞;Vn,p
)
C

i
E(
Lψβ,1;Vn,p

)
L1

ïðè ψ ∈ Dq, q ∈ (0, 1), β ∈ R. Ùî ñòîñó¹òüñÿ âè-
ïàäêó ψ ∈ Dq, q = 0, òî âií ç òèõ ÷è iíøèõ ïðè÷èí äî öüîãî ÷àñó
çàëèøàâñÿ íåäîñëiäæåíèì.

Ìàþòü ìiñöå òàêi òâåðäæåííÿ.
Òåîðåìà 1. Íåõàé ψ ∈ D0, βk ∈ R, k, p, n ∈ N, p 6 n. Òîäi ïðè

n→∞
E
(
Cψ
β̄,∞;Vn,p

)
C

=
1
p

(
4
π
ψ(n− p+ 1)+

+O(1)
(
ψ2(n− p+ 2)
ψ(n− p+ 1)

+ γ3(ψ;n; p)
))

, (7)

äå γ3(ψ;n; p) îçíà÷à¹òüñÿ çà äîïîìîãîþ ôîðìóëè

γm(ψ;n; p) df= min{p
∞∑

k=m

ψ(n−p+k),
∞∑

k=m

kψ(n−p+k)}, m ∈ N, (8)

à O(1) � âåëè÷èíà, ðiâíîìiðíî îáìåæåíà ïî n, p, ψ(k) i βk.
Äîâåäåííÿ. Íåõàé f ∈ Cψ

β̄,∞, äå ψ ∈ D0. Çãiäíî ç ïóíêòîì 3.1
ðîáîòè [1, ñ. 51] äëÿ äîâiëüíî¨ ôóíêöi¨ f ∈ Cψ

β̄
N, äå N ⊂ L1 i ψ ∈ D0,
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â êîæíié òî÷öi x ∈ R ìà¹ ìiñöå ðiâíiñòü

f(x)− Vn,p(f ;x) =
1
π

π∫

−π
ϕ(x− t)Ψ1,n,p(t) dt, ϕ ∈ N ⊂ L0

1, (9)

â ÿêié

Ψj,n,p(t) = Ψj,n,p(ψ; β̄; t) df=
∞∑

k=n−p+j
τn,p(k) cos

(
kt− βkπ

2

)
, j ∈ N,

(10)
à

τn,p(k) = τn,p(ψ; k) df=

{
k−n+p

p ψ(k), n− p+ 1 6 k 6 n,

ψ(k), k > n.
(11)

Òîäi
f(x)− Vn,p(f ;x) =

=
ψ(n− p+ 1)

πp

π∫

−π
ϕ(x− t)

[
cos

(
(n− p+ 1)t− βn−p+1π

2

)
+

+2
ψ(n− p+ 2)
ψ(n− p+ 1)

cos
(

(n− p+ 2)t− βn−p+2π

2

)]
dt+R3,n,p(f ;x),

(12)
äå

Rj,n,p(f ;x) df=
1
π

π∫

−π
ϕ(x− t)Ψj,n,p(t) dt, j ∈ N. (13)

Îñêiëüêè

k − n+ p < p ïðè k = n− p+ j, ..., n− 1, p > j, j ∈ N

i
k − n+ p > p ïðè k > n,
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òî çãiäíî ç (11), ïðè p > j îòðèìó¹ìî íåðiâíîñòi
∞∑

k=n−p+j
τn,p(k) =

n−1∑

k=n−p+j

k − n+ p

p
ψ(k) +

∞∑

k=n

ψ(k) <
∞∑

k=n−p+j
ψ(k)

(14)
òà ∞∑

k=n−p+j
τn,p(k) <

1
p

∞∑

k=n−p+j
(k − n+ p)ψ(k). (15)

ßêùî æ p 6 j, òî çãiäíî ç (11)
∞∑

k=n−p+j
τn,p(k) =

∞∑

k=n−p+j
ψ(k). (16)

Íåâàæêî ïåðåêîíàòèñÿ, ùî ïðè p 6 j

∞∑

k=n−p+j
ψ(k) <

1
p

∞∑

k=n−p+j
(k − n+ p)ψ(k), (17)

òîìó ç óðàõóâàííÿì ôîðìóë (14) � (16) i (8), îäåðæó¹ìî
∞∑

k=n−p+j
τn,p(k) 6 min

{ ∞∑

k=n−p+j
ψ(k),

1
p

∞∑

k=n−p+j
(k − n+ p)ψ(k)

}
=

=
γj(ψ;n; p)

p
, j ∈ N. (18)

Çàñòîñîâóþ÷è íåðiâíiñòü (18) ïðè j = 3, îäåðæó¹ìî ðiâíîìiðíó
ïî âñiõ x ∈ R îöiíêó

R3,n,p(f ;x) = O(1)
∞∑

k=n−p+3

τn,p(k) = O(1)
γ3(ψ;n; p)

p
. (19)

Âðàõîâóþ÷è iíâàðiàíòíiñòü êëàñiâ Cψ
β̄,∞ âiäíîñíî çñóâó àðãóìåíòà,

âèêîíóþ÷è çàìiíó çìiííèõ â ïåðøîìó iíòåãðàëi ïðàâî¨ ÷àñòèíè ðiâ-
íîñòi (12) i áåðó÷è äî óâàãè (19), îòðèìó¹ìî

E(
Cψ
β̄,∞;Vn,p

)
C

=
ψ(n− p+ 1)

πp
Jβ̄,n,p(ψ) +O(1)

γ3(ψ;n; p)
p

, (20)
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äå

Jβ̄,n,p(ψ) df= sup
ϕ∈U0∞

∣∣∣∣∣

π∫

−π
ϕ(t)

(
cos(n− p+ 1)t+

+2
ψ(n− p+ 2)
ψ(n− p+ 1)

cos
(
(n− p+ 2)t+ αβ̄,n,p

))
dt

∣∣∣∣∣,

αβ̄,n,p =
βn−p+2π

2
− n− p+ 2
n− p+ 1

βn−p+1π

2
.

Çãiäíî ç ëåìîþ 1 ðîáîòè Ñ.Î. Òåëÿêîâñüêîãî [11, ñ. 512], ïðè a → 0
âèêîíó¹òüñÿ àñèìïòîòè÷íà ðiâíiñòü

sup
ϕ∈U0∞

∣∣∣∣∣

π∫

−π
ϕ(t)(cosmt+ a cos((m+ 1)t+ α)) dt

∣∣∣∣∣ = 4 +O(1)a2, (21)

äå a, α ∈ R, m ∈ N, à O(1) � âåëè÷èíà, ðiâíîìiðíî îáìåæåíà âiäíîñíî
âñiõ ðîçãëÿäóâàíèõ ïàðàìåòðiâ.

Ïðè m = n− p+ 1, α = αβ̄,n,p i a = 2ψ(n−p+2)
ψ(n−p+1) , iç (21) âèïëèâà¹

Jβ̄,n,p(ψ) = 4 +O(1)
(
ψ(n− p+ 2)
ψ(n− p+ 1)

)2

. (22)

Îá'¹äíóþ÷è ôîðìóëè (20) i (22), îäåðæó¹ìî (7). Òåîðåìó 1 äîâåäåíî.
Çîêðåìà, ÿêùî n → ∞ i p îáìåæåíå, òî ôîðìóëà (7) ¹ àñèìïòî-

òè÷íîþ ðiâíiñòþ, îñêiëüêè, ÿê ïîêàçàíî â [2, ñ. 300, 301],

lim
m→∞

(ψ(m))−1
∞∑

k=m+1

ψ(k) = 0, m ∈ N, ψ ∈ D0.

Ïîêëàâøè â ðiâíîñòi (7) p = 1 i âðàõîâóþ÷è (17), ïðè n → ∞
îäåðæó¹ìî àñèìïòîòè÷íó ðiâíiñòü

E
(
Cψ
β̄,∞;Sn−1

)
C

=
4
π
ψ(n) +O(1)

(
ψ2(n+ 1)
ψ(n)

+
∞∑

k=n+2

ψ(k)
)
, (23)
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â ÿêié O(1) ðiâíîìiðíî îáìåæåíà âiäíîñíî n, βk i ψ(k). Ðiâíiñòü (23)
äîâåäåíî Ñ.Î. Òåëÿêîâñüêèì â [11, ñ. 512] (äèâ. òàêîæ [2, ñ. 314]).

Ïðè p = n ç (7) âèïëèâà¹ ëèøå ïîðÿäêîâà îöiíêà

E
(
Cψ
β̄,∞;σn−1

)
C
³ 1
n
,

äå �³� � ñèìâîë �ñëàáêî¨� àñèìïòîòèêè.
Òåîðåìà 2. Íåõàé ψ ∈ D0, βk ∈ R, k, p, n ∈ N, p 6 n i 1 6 s 6 ∞.

Òîäi ïðè n→∞ âèêîíó¹òüñÿ ðiâíiñòü

E
(
Cψ
β̄,s

;Vn,p
)
C

=
1
p

(‖ cos t‖s′
π

ψ(n− p+ 1) +O(1)γ2(ψ;n; p)
)
, (24)

â ÿêié âåëè÷èíà γ2(ψ;n; p) îçíà÷à¹òüñÿ ôîðìóëîþ (8), s′ = s/(s− 1),
à O(1) � âåëè÷èíà, ðiâíîìiðíî îáìåæåíà âiäíîñíî âñiõ ðîçãëÿäóâà-
íèõ ïàðàìåòðiâ.

Äîâåäåííÿ. Íåõàé f ∈ Cψ
β̄,s
, 1 6 s 6 ∞, ψ ∈ D0. Çàïèøåìî

ðiâíiñòü (9) ó âèãëÿäi

f(x)− Vn,p(f ;x) =

=
ψ(n− p+ 1)

πp

π∫

−π
ϕ(x− t) cos

(
(n− p+ 1)t− βn−p+1π

2

)
dt+

+R2,n,p(f ;x), (25)
äå âåëè÷èíà R2,n,p(f ;x) îçíà÷åíà ôîðìóëîþ (13). Â ñèëó íåðiâíîñòi
Ãåëüäåðà, î÷åâèäíèõ íåðiâíîñòåé

∥∥∥∥∥

π∫

−π
ϕ(x− t)K(t) dt

∥∥∥∥∥
C

6
{
‖ϕ‖M ‖K‖1, ϕ ∈M, K ∈ L1,

‖ϕ‖1‖K‖M , ϕ ∈ L1, K ∈M,

(äèâ., íàïðèêëàä, [2, ñ. 138]) òà îöiíêè (18), çàñòîñîâàíî¨ ïðè j = 2,
ìà¹ìî

‖R2,n,p(f ; ·)‖C 6 1
π
‖ϕ‖s

∥∥Ψ2,n,p

∥∥
s′ 6 21/s′

π1/s

∞∑

k=n−p+2

τn,p(k) 6
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6 21/s′

π1/s

γ2(ψ;n; p)
p

. (26)

Ïîêëàäåìî

Am(N) df= sup
ϕ∈N

∣∣∣∣
π∫

−π
ϕ(t) cosmtdt

∣∣∣∣, m ∈ N, N ⊂ L1. (27)

Âðàõîâóþ÷è iíâàðiàíòíiñòü êëàñiâ Cψ
β̄,s
, 1 6 s 6 ∞, âiäíîñíî çñóâó

àðãóìåíòà, íà îñíîâi ñïiââiäíîøåíü (25) i (26), îòðèìó¹ìî

E
(
Cψ
β̄,s

;Vn,p
)
C

=
ψ(n− p+ 1)

πp
An−p+1(U0

s ) +O(1)
γ2(ψ;n; p)

p
. (28)

Çãiäíî ç íåðiâíiñòþ (äèâ. [19, ñ. 391])

π∫

−π
ϕ(t)K(t) dt 6 ‖ϕ‖s‖K‖s′ , ϕ ∈ Ls, K ∈ Ls′ , 1

s
+

1
s′

= 1,

äå 1 6 s 6 ∞, ìà¹ìî
∣∣∣∣∣

π∫

−π
ϕ(t) cos(n− p+ 1)t dt

∣∣∣∣∣ 6 ‖ϕ‖s‖ cos t‖s′ 6 ‖ cos t‖s′ .

Îñêiëüêè, ÿê íåâàæêî ïåðåêîíàòèñÿ, îñòàíí¹ ñïiââiäíîøåííÿ ¹ òî÷-
íîþ ðiâíiñòþ äëÿ ôóíêöi¨

ϕ0(t) = ‖ cos t‖1−s′s′ | cos(n− p+ 1)t|s′−1sign cos(n− p+ 1)t

ç ìíîæèíè U0
s , 1 6 s 6 ∞, òî

An−p+1(U0
s ) = ‖ cos t‖s′ . (29)

Îá'¹äíóþ÷è ðiâíîñòi (28), (29) i âðàõîâóþ÷è (18), îòðèìó¹ìî (24).
Òåîðåìó 2 äîâåäåíî.
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Ïðè p = 1 iç òåîðåìè 2 i íåðiâíîñòi (17) îäåðæó¹ìî àñèìïòîòè÷íó
ïðè n→∞ ðiâíiñòü

E
(
Cψ
β̄,s

;Sn−1

)
C

=
‖ cos t‖s′

π
ψ(n)+O(1)

∞∑

k=n+1

ψ(k),
1
s

+
1
s′

= 1, (30)

äå 1 6 s 6 ∞. Ðiâíiñòü (30) âñòàíîâëåíî â ðîáîòi [9, ñ. 1094].
Òåîðåìà 3. Íåõàé ψ ∈ D0, βk ∈ R , k, p, n ∈ N, p 6 n. Òîäi ïðè

n→∞
E
(
Cψ
β̄
Hω;Vn,p

)
C

=

=
1
p

(
2θω
π
ψ(n− p+ 1)

π/2∫

0

ω

(
2t

n− p+ 1

)
sin t dt+

+O(1)ω
(

1
n− p+ 1

)
γ2(ψ;n; p)

)
, (31)

äå âåëè÷èíà γ2(ψ;n; p) îçíà÷à¹òüñÿ ôîðìóëîþ (8), θω ∈ [2/3, 1], ïðè-
÷îìó θω = 1, ÿêùî ω(t) � îïóêëèé ìîäóëü íåïåðåðâíîñòi, à O(1) �
âåëè÷èíà, ðiâíîìiðíî îáìåæåíà âiäíîñíî âñiõ ðîçãëÿäóâàíèõ ïàðà-
ìåòðiâ.

Äîâåäåííÿ. Íåõàé f ∈ Cψ
β̄
Hω, ψ ∈ D0. Òîäi â êîæíié òî÷öi x ∈ R

âèêîíó¹òüñÿ ðiâíiñòü (25). Ç óðàõóâàííÿì îðòîãîíàëüíîñòi ôóíêöi¨
Ψj,n,p(·) âèãëÿäó (10) äëÿ áóäü-ÿêîãî òðèãîíîìåòðè÷íîãî ïîëiíîìà
tn−p+j−1(·) ïîðÿäêó, ÿêèé íå ïåðåâèùó¹ n − p + j − 1, ïðè j = 2
ìîæåìî çàïèñàòè

R2,n,p(f ;x) =
1
π

π∫

−π

(
ϕ(x− t)− tn−p+1(x− t)

)
Ψ2,n,p(t) dt. (32)

Iç (32), âèïëèâà¹

|R2,n,p(f ;x)| 6 1
π

π∫

−π

∣∣ϕ(x− t)− tn−p+1(x− t)
∣∣|Ψ2,n,p(t)| dt 6
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6 2
∥∥ϕ(·)− tn−p+1(·)

∥∥
C

∞∑

k=n−p+2

τn,p(k).

Âèáèðàþ÷è â ÿêîñòi tn−p+1(·) ïîëiíîì t∗n−p+1(·) � íàéêðàùîãî íàá-
ëèæåííÿ â ïðîñòîði C ôóíêöi¨ ϕ(·), òîáòî òàêèé, ùî
∥∥ϕ(·)−t∗n−p+1(·)

∥∥
C

= inf
tn−p+1∈Tn−p+1

∥∥ϕ(·)− tn−p+1(·)
∥∥
C

df= En−p+2(ϕ)C ,

äå Tm, m ∈ N, � ìíîæèíà òðèãîíîìåòðè÷íèõ ïîëiíîìiâ ïîðÿäêó íå
áiëüøîãî íiæ m, êîðèñòóþ÷èñü íåðiâíiñòþ Äæåêñîíà (äèâ., íàïðè-
êëàä, [1, ñ. 227], [19, ñ. 257]) òà ôîðìóëîþ (18) ïðè j = 2, îòðèìó¹ìî
ðiâíîìiðíó ïî âñiõ x ∈ R îöiíêó

R2,n,p(f ;x) = O(1)ω
(

1
n− p+ 1

) ∞∑

k=n−p+2

τn,p(k) =

= O(1)ω
(

1
n− p+ 1

)
γ2(ψ;n; p)

p
. (33)

Íà ïiäñòàâi ôîðìóë (25) i (33) òà iç âðàõóâàííÿì iíâàðiàíòíîñòi
êëàñiâ Cψ

β̄
Hω âiäíîñíî çñóâó àðãóìåíòà îäåðæó¹ìî

E
(
Cψ
β̄
Hω;Vn,p

)
C

=

=
ψ(n− p+ 1)

πp
An−p+1(H0

ω) +O(1)ω
(

1
n− p+ 1

)
γ2(ψ;n; p)

p
, (34)

äå âåëè÷èíà An−p+1(H0
ω) îçíà÷åíà ôîðìóëîþ (27) ïðè m = n− p+ 1

i N = H0
ω = {ϕ : ϕ ∈ Hω, ϕ ⊥ 1}.

Çãiäíî ç [20, ñ. 247] (äèâ., òàêîæ, [7, ñ. 789])

An−p+1(H0
ω) = 2θω

π/2∫

0

ω

(
2t

n− p+ 1

)
sin t dt, (35)

äå θω ∈ [2/3, 1], ïðè÷îìó θω = 1, ÿêùî ω(t) � îïóêëèé ìîäóëü íåïå-
ðåðâíîñòi. Òîìó çà äîïîìîãîþ ôîðìóë (34), (35) i (18) îòðèìó¹ìî
ðiâíiñòü (31). Òåîðåìó 3 äîâåäåíî.
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Ïðè p = 1 iç òåîðåìè 3 i íåðiâíîñòi (17) ïðè n → ∞ îäåðæó¹ìî
àñèìïòîòè÷íó ðiâíiñòü

E
(
Cψ
β̄
Hω;Sn−1

)
C

=
2θω
π
ψ(n)

π/2∫

0

ω
(2t
n

)
sin t dt+O(1)ω

( 1
n

) ∞∑

k=n+1

ψ(k),

(36)
äå âåëè÷èíè θω i O(1) ìàþòü òîé æå ñåíñ, ùî i â òåîðåìi 3.
Ôîðìóëó (36) îäåðæàâ Î.I. Ñòåïàíåöü â ðîáîòi [8, ñ. 1104]
(äèâ. òàêîæ [2, ñ. 295]).

Òåîðåìà 4. Íåõàé ψ ∈ D0, βk ∈ R, k, p, n ∈ N, p 6 n i 1 6 s 6 ∞.
Òîäi ïðè n→∞

E
(
Lψ
β̄,1

;Vn,p
)
Ls

=
1
p

(‖ cos t‖s
π

ψ(n− p+ 1) +O(1)γ2(ψ;n; p)
)
, (37)

äå âåëè÷èíà γ2(ψ;n; p) îçíà÷à¹òüñÿ ôîðìóëîþ (8), à O(1) � âåëè÷è-
íà, ðiâíîìiðíî îáìåæåíà âiäíîñíî âñiõ ðîçãëÿäóâàíèõ ïàðàìåòðiâ.

Äîâåäåííÿ. Íåõàé f ∈ Lψ
β̄,1
, äå ψ ∈ D0. Òîäi, âðàõîâóþ÷è ï. 3.1

[1, ñ. 51], ìàéæå äëÿ âñiõ x ∈ R ìà¹ ìiñöå ðiâíiñòü (25). Êîðèñòóþ÷èñü
íåðiâíiñòþ (äèâ. [19, ñ. 43])
∥∥∥∥∥

2π∫

0

ϕ(x− t)K(t) dt

∥∥∥∥∥
s

6 ‖ϕ‖1‖K‖s, 1 6 s 6 ∞, ϕ ∈ L1, K ∈ Ls,

(38)
i îöiíêîþ (18) ïðè j = 2, äëÿ âåëè÷èíè R2,n,p(f ; ·), ùî âèçíà÷à¹òüñÿ
ôîðìóëîþ (13), îòðèìó¹ìî

‖R2,n,p(f ; ·)‖s 6 1
π
‖ϕ‖1‖Ψ2,n,p‖s 6 21/s

π1−1/s

∞∑

k=n−p+2

τn,p(k) 6

6 21/s

π1−1/s

γ2(ψ;n; p)
p

. (39)

Çà ëåìîþ 1 ðîáîòè [10] ìà¹ ìiñöå ñïiââiäíîøåííÿ
1
2π

sup
h∈R

‖K(·)−K(·+ h)‖s 6 ε(K)s 6 1
π
‖K‖s, 1 6 s 6 ∞, (40)
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äå

ε(K)s
df= sup
ϕ∈U0

1

∥∥∥∥∥
1
π

π∫

−π
ϕ(x− t)K(t) dt

∥∥∥∥∥
s

, K ∈ Ls.

Òîäi, ïîêëàäàþ÷è K(t) = cos((n− p+1)t−βn−p+1π/2) i âðàõîâóþ÷è,
ùî â äàíîìó âèïàäêó òî÷íà âåðõíÿ ìåæà â ëiâié ÷àñòèíi ôîðìóëè
(40) äîñÿãà¹òüñÿ ïðè h = π, îòðèìó¹ìî

sup
ϕ∈U0

1

∥∥∥∥∥

π∫

−π
ϕ(x− t) cos

(
(n− p+ 1)t− βn−p+1π

2

)
dt

∥∥∥∥∥
s

= ‖ cos t‖s. (41)

Çà äîïîìîãîþ ôîðìóë (25), (39), (41) i (18), îäåðæó¹ìî ðiâíiñòü (37).
Òåîðåìó 4 äîâåäåíî.

Ïðè p = 1, òîáòî êîëè Vn,p(f ; ·) = Sn−1(f ; ·), òåîðåìó 4 äîâåäåíî
â ðîáîòi [10, ñ. 1406].

Òåîðåìà 5. Íåõàé ψ ∈ D0, βk ∈ R, k, p, n ∈ N, p 6 n. Òîäi
ïðè n→∞

E
(
Lψ
β̄
Hω1 ;Vn,p

)
L1

=

=
1
p

(
2θω1

π
ψ(n− p+ 1)

π/2∫

0

ω

(
2t

n− p+ 1

)
sin t dt+

+O(1)ω
(

1
n− p+ 1

)
γ2(ψ;n; p)

)
, (42)

äå âåëè÷èíà γ2(ψ;n; p) îçíà÷à¹òüñÿ ôîðìóëîþ (8), θω1 ∈ [1/2, 1], ïðè-
÷îìó θω1 = 1, ÿêùî ω(t) � îïóêëèé ìîäóëü íåïåðåðâíîñòi, à O(1)
� âåëè÷èíà, ðiâíîìiðíî îáìåæåíà âiäíîñíî âñiõ ðîçãëÿäóâàíèõ ïà-
ðàìåòðiâ.

Äîâåäåííÿ. Íåõàé f ∈ Lψ
β̄
Hω1 , ψ ∈ D0. Çãiäíî ç ïóíêòîì 3.1

ðîáîòè [1, ñ. 51] ìàéæå äëÿ âñiõ x ∈ R âèêîíó¹òüñÿ ðiâíiñòü (25).
Êîðèñòóþ÷èñü íåðiâíiñòþ (38) ïðè s = 1 i ôîðìóëîþ (32), ìà¹ìî

‖R2,n,p(f ; ·)‖1 6 2‖ϕ(·)− tn−p+1(·)‖1
∞∑

k=n−p+2

τn,p(k).
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Âèáèðàþ÷è â ÿêîñòi tn−p+1(·) ïîëiíîì t∗n−p+1(·) � íàéêðàùîãî íàá-
ëèæåííÿ â ïðîñòîði L1 ôóíêöi¨ ϕ(·):

∥∥ϕ(·)− t∗n−p+1(·)
∥∥

1
= inf
tn−p+1∈Tn−p+1

∥∥ϕ(·)− tn−p+1(·)
∥∥

1

df=

df= En−p+2(ϕ)1,

à òàêîæ êîðèñòóþ÷èñü íåðiâíiñòþ Äæåêñîíà â ïðîñòîði L1 (äèâ.,
[1, ñ. 227]) òà ôîðìóëîþ (18) ïðè j = 2, îòðèìó¹ìî

‖R2,n,p(f ; ·)‖1 6 2En−p+2(ϕ)1
∞∑

k=n−p+2

τn,p(k) 6

6 C0ω

(
1

n− p+ 1

)
γ2(ψ;n; p)

p
, (43)

äå C0 � äåÿêà àáñîëþòíà ñòàëà.
Çà äîïîìîãîþ ñïiââiäíîøåíü (25) i (43) îòðèìó¹ìî

E
(
Lψ
β̄
Hω1 ;Vn,p

)
L1

=

=
ψ(n− p+ 1)

πp
sup

ϕ∈H0
ω1

∥∥∥∥∥

π∫

−π
ϕ(x− t) cos(n− p+ 1)t dt

∥∥∥∥∥
1

+

+O(1)ω
(

1
n− p+ 1

)
γ2(ψ;n; p)

p
, (44)

äå H0
ω1

= {ϕ : ϕ ∈ Hω1 , ϕ ⊥ 1}. ßê âèïëèâà¹ ç ðîáîòè [21, ñ. 510]
(äèâ. òàêîæ [2, ñ. 296])

sup
ϕ∈H0

ω1

∥∥∥∥∥

π∫

−π
ϕ(x− t) cos(n− p+ 1)t dt

∥∥∥∥∥
1

=

= 2θω1

π/2∫

0

ω

(
2t

n− p+ 1

)
sin t dt, (45)
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äå θω1 ∈ [1/2, 1], ïðè÷îìó θω1 = 1, ÿêùî ω(t) � îïóêëèé ìîäóëü
íåïåðåðâíîñòi. Âðàõîâóþ÷è ôîðìóëè (44) i (45), îòðèìó¹ìî ðiâíiñòü
(42). Òåîðåìó 5 äîâåäåíî.

Çàçíà÷èìî, ùî äëÿ âåëè÷èí γm(ψ;n; p), ÿêi îçíà÷àþòüñÿ ôîðìó-
ëîþ (8), ïðè m > m0

df= min{k ∈ N : εk < 1}, εk df= sup
j>k

ψ(k+1)
ψ(k)

ñïðàâåäëèâà îöiíêà

γm(ψ;n; p) 6 ψ(n− p+m)
1− εn−p+m

min{p,m(1− εn−p+m)−1}, (46)

ÿêà ¹ íàñëiäêîì òàêèõ íåðiâíîñòåé:
∞∑

k=m

ψ(n− p+ k) <
ψ(n− p+m)
1− εn−p+m

, m > m0,

∞∑

k=m

kψ(n− p+ k) < m
ψ(n− p+m)
(1− εn−p+m)2

, m > m0.

Iç (46) âèïëèâà¹, ùî ïðè n−p→∞ ñïðàâåäëèâà ðiâíîìiðíà âiäíîñíî
âñiõ ïàðàìåòðiâ îöiíêà

γm(ψ;n; p) = O(1)
ψ(n− p+m)

(1− εn−p+m)σ(p)
mσ(p)−1, (47)

äå

σ(p) df=

{
1, ÿêùî, p 6 m,

2, ÿêùî, p > m, m ∈ N. (48)

Ðîçãëÿíåìî ïîñëiäîâíiñòü ψ(k) = e−αk
r

, α > 0, r > 1. ßê íåâàæêî
ïåðåêîíàòèñÿ, äëÿ íå¨ εk = sup

j>k
ψ(k+1)
ψ(k) = ψ(k+1)

ψ(k) i m0 = 1, òîìó ç

óðàõóâàííÿì îöiíêè (47), ïðè n− p→∞ ìà¹ìî

γm(e−αk
r

;n; p) =

= O(1)mσ(p)−1

(
1 +

1
αr(n− p+m)r−1

)σ(p)

e−α(n−p+m)r

, m ∈ N.
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Íàâåäåìî íàñëiäêè ç òåîðåì 1 � 5 äëÿ âèïàäêó, êîëè
ψ(k) = e−αk

r

, α > 0, r > 1. ßê çàçíà÷åíî âèùå, â öüîìó âèïàäêó
êëàñè Cψ

β̄,s
, Cψ

β̄
Hω, L

ψ

β̄,s
i Lψ

β̄
Hω1 ïîçíà÷àþòüñÿ ÷åðåç Cα,r

β̄,s
, Cα,r

β̄
Hω,

Lα,r
β̄,s

i Lα,r
β̄
Hω1 âiäïîâiäíî.

Íàñëiäîê 1. Íåõàé α > 0, r > 1, βk ∈ R, k, p, n ∈ N, p 6 n. Òîäi
ïðè n− p→∞

E
(
Cα,r
β̄,∞;Vn,p

)
C

=
e−α(n−p+1)r

p

(
4
π

+O(1)
(
e2α(n−p+1)r

e2α(n−p+2)r +

+
(
1 +

1
αr(n− p+ 3)r−1

)σ(p) eα(n−p+1)r

eα(n−p+3)r

))
, (49)

äå σ(p) îçíà÷à¹òüñÿ ôîðìóëîþ (48), à O(1) � âåëè÷èíà, ðiâíîìiðíî
îáìåæåíà âiäíîñíî âñiõ ðîçãëÿäóâàíèõ ïàðàìåòðiâ.

Ïîêëàäàþ÷è â (49) p = 1, îäåðæó¹ìî

E
(
Cα,r
β̄,∞;Sn−1

)
C

= e−αn
r

(
4
π

+O(1)
(

e2αn
r

e2α(n+1)r +

+
(
1 +

1
αr(n+ 2)r−1

) eαn
r

eα(n+2)r

))
. (50)

Ðiâíiñòü (50) âiäòâîðþ¹ ðåçóëüòàò Ñ.Î. Òåëÿêîâñüêîãî [11, ñ. 515],
ÿêèé ïîñèëèâ ðåçóëüòàò Î.I. Ñòåïàíöÿ [1, ñ. 131] çà ðàõóíîê êðàùî¨
îöiíêè çàëèøêîâîãî ÷ëåíà.

Íàñëiäîê 2. Íåõàé α > 0, r > 1, βk ∈ R, k, p, n ∈ N, p 6 n i
1 6 s 6 ∞. Òîäi ïðè n− p→∞

E
(
Cα,r
β̄,s

;Vn,p
)
C

=
e−α(n−p+1)r

p

(‖ cos t‖s′
π

+

+O(1)
(
1 +

1
αr(n− p+ 2)r−1

)σ(p) eα(n−p+1)r

eα(n−p+2)r

)
, (51)

E
(
Lα,r
β̄,1

;Vn,p
)
Ls

=
e−α(n−p+1)r

p

(‖ cos t‖s
π

+

+O(1)
(
1 +

1
αr(n− p+ 2)r−1

)σ(p) eα(n−p+1)r

eα(n−p+2)r

)
, (52)
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äå σ(p) îçíà÷à¹òüñÿ ôîðìóëîþ (48), s′ = s/(s− 1), à O(1) � âåëè÷è-
íà, ðiâíîìiðíî îáìåæåíà âiäíîñíî âñiõ ðîçãëÿäóâàíèõ ïàðàìåòðiâ.

Ïðè p = 1 ðiâíîñòi (49) i (51) áóëè âñòàíîâëåíi â ðîáîòàõ
[9, ñ. 1095] i [10, ñ. 1408] âiäïîâiäíî.

Íàñëiäîê 3. Íåõàé α > 0, r > 1, βk ∈ R, k, p, n ∈ N, p 6 n. Òîäi
ïðè n− p→∞

E
(
Cα,r
β̄
Hω;Vn,p

)
C

=
e−α(n−p+1)r

p

(
2θω
π

π/2∫

0

ω

(
2t

n− p+ 1

)
sin t dt+

+O(1)ω
(

1
n− p+ 1

)(
1 +

1
αr(n− p+ 2)r−1

)σ(p) eα(n−p+1)r

eα(n−p+2)r

)
, (53)

E
(
Lα,r
β̄
Hω1 ;Vn,p

)
L1

=
e−α(n−p+1)r

p

(
2θω1

π

π/2∫

0

ω

(
2t

n−p+1

)
sin t dt+

+O(1)ω
(

1
n− p+ 1

)(
1 +

1
αr(n− p+ 2)r−1

)σ(p) eα(n−p+1)r

eα(n−p+2)r

)
, (54)

äå σ(p) îçíà÷à¹òüñÿ ôîðìóëîþ (48), âåëè÷èíè θω, θω1 ìàþòü òîé
æå ñåíñ, ùî i â òåîðåìàõ 3 i 5 âiäïîâiäíî, à O(1) � âåëè÷èíà, ðiâ-
íîìiðíî îáìåæåíà âiäíîñíî âñiõ ðîçãëÿäóâàíèõ ïàðàìåòðiâ.

Ðiâíîñòi (53) i (54) äëÿ ñóì Ôóð'¹ âñòàíîâëåíî Î.I. Ñòåïàíöåì â
ðîáîòi [1, ñ. 131, 155].
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