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Â.Â. Ñàâ÷óê (Ií�ò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, Êè¨â)
ÍÀÁËÈÆÅÍÍß 2π�ÏÅÐIÎÄÈ×ÍÈÕ I ÃÎËÎÌÎÐÔÍÈÕ
ÔÓÍÊÖIÉ ÄÅßÊÈÌÈ ËIÍIÉÍÈÌÈ ÌÅÒÎÄÀÌÈ
Äëÿ êëàñiâ äiñíîçíà÷íèõ 2π � ïåðiîäè÷íèõ ôóíêöié Lψβ,∞ i äëÿ êëàñiâ ãîëî-
ìîðôíèõ â îäèíè÷íîìó êðóçi ôóíêöié Hψ

p ó âèïàäêó, êîëè ïîñëiäîâíiñòü
ψ = {ψk}∞k=1, ÿêà ¨õ ïîðîäæó¹, ¹ ìîìåíòíîþ, ïîáóäîâàíî ëiíiéíèé ìåòîä
íàáëèæåííÿ âèãëÿäó

U%,Λ(f)(x) =
a0

2
+

∞X

k=1

λk(%)(ak cos kx+ bk sin kx),

äå {λk(·)}∞k=1 � ïîñëiäîâíiñòü íåïåðåðâíèõ íà [0, 1] ôóíêöié, ùî âèçíà-
÷àþòüñÿ ïîñëiäîâíiñòþ {ψk}∞k=1. Çíàéäåíî ôîðìóëè äëÿ òî÷íèõ âåðõíiõ
ìåæ âiäõèëåííÿ ñåðåäíiõ U%,Λ âiä ôóíêöié ç êëàñiâ Lψβ,∞ i Hψ

p . ßê ÷à-
ñòèííèé âèïàäîê îòðèìàíèõ ðåçóëüòàòiâ íàâåäåíî ðiâíîñòi äëÿ âåðõ-
íiõ ìåæ âiäõèëåíü óçàãàëüíåíèõ ñåðåäíiõ Àáåëÿ�Ïóàññîíà òà ñåðåäíiõ
Òåéëîðà�Àáåëÿ�Ïóàññîíà âiä ôóíêöié ç êëàñiâ W r,W

r i Hr
p âiäïîâiäíî.

1. Íåõàé äiéñíîçíà÷íà 2π�ïåðiîäè÷íà ôóíêöiÿ f ∈ L = L(−π, π) i

S[f ](x) =
a0

2
+

∞∑

k=1

(ak cos kx+ bk sin kx)

� ¨¨ ðÿä Ôóð'¹. Íåõàé äàëi Λ = {λk(·)}∞k=1 � ïîñëiäîâíiñòü ôóíêöié,
íåïåðåðâíèõ íà âiäðiçêó [0, 1]. Ïðèïóñòèìî, ùî äëÿ äàíî¨ ôóíêöi¨
f ∈ L i âñiõ % ∈ [0, 1] òðèãîíîìåòðè÷íèé ðÿä

a0

2
+

∞∑

k=1

λk(%)(ak cos kx+ bk sin kx)

¹ ðÿäîì Ôóð'¹ ñóìîâíî¨ ôóíêöi¨, ÿêó ïîçíà÷èìî ÷åðåç U%,Λ(f). Íåõàé
A � äåÿêèé êëàñ ôóíêöi¨ ç L i LA � ìíîæèíà óñiõ ôóíêöiîíàëüíèõ
ïîñëiäîâíîñòåé Λ, ÿêi ñòîñîâíî ôóíêöié êëàñó A çàäîâîëüíÿþòü ïðè-
ïóùåííÿ, çðîáëåíi âèùå.
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Â äàíié ðîáîòi áóäåìî äîñëiäæóâàòè âåëè÷èíó

E (A,Λ, %)
C

:= sup
f∈A

‖f − U%,Λ(f)‖
C
, % ∈ [0, 1),

äå LA 3 Λ � ôiêñîâàíà ôóíêöiîíàëüíà ïîñëiäîâíiñòü, C = C[−π, π]
� ïðîñòið íåïåðåðâíèõ íà äiéñíi îñi 2π� ïåðiîäè÷íèõ ôóíêöié f ç
íîðìîþ ‖f‖

C
= maxx∈[−π,π], à ó ðîëi A âèáèðà¹òüñÿ êëàñ Î.I. Ñòå-

ïàíöÿ Lψβ,∞ [1]. Íàãàäà¹ìî éîãî îçíà÷åííÿ. Íåõàé ψ = {ψk}∞k=1 � ïî-
ñëiäîâíiñòü äiéñíèõ ÷èñåë, âiäìiííèõ âiä íóëÿ i β � ôiêñîâàíå äiéñíå
÷èñëî. ßêùî äëÿ äàíî¨ ôóíêöi¨ f ∈ L òðèãîíîìåòðè÷íèé ðÿä

∞∑

k=1

1
ψk

(
ak cos

(
kx+

βπ

2

)
+ bk sin

(
kx+

βπ

2

))

¹ ðÿäîì Ôóð'¹ äåÿêî¨ ñóìîâíî¨ ôóíêöi¨, òî öþ ôóíêöiþ íàçèâàþòü
(ψ, β)�ïîõiäíîþ ôóíêöi¨ f i ïîçíà÷àþòü fψβ . Òîäi

Lψβ,∞ :=

{
f ∈ L : ess sup

x∈[−π,π]

|fψβ (x)| ≤ 1

}
.

Îñíîâíèé ðåçóëüòàò ðîáîòè ìiñòèòüñÿ â íàñòóïíîìó òâåðäæåííi.
Òåîðåìà 1. Íåõàé β ∈ Z, ψ = {ψk}∞k=1 � ïîñëiäîâíiñòü äîäàò-

íèõ ÷èñåë, ÿêi çàäîâîëüíÿþòü óìîâè

lim
k→∞

ψk = 0 (1)

i
ψk =

∫ 1

0

tk−1dλ(t), k = 1, 2, . . . , (2)

äå λ(·) � ôóíêöiÿ îáìåæåíî¨ âàðiàöi¨ íà [0, 1], λ(0) := λ(+ 0) = 0, à
Λ = {λk(·)}∞k=1 � ïîñëiäîâíiñòü ôóíêöié âèãëÿäó

λk(%) =
1
ψk

∫ %

0

tk−1dλ(t), k = 1, 2, . . . , % ∈ [0, 1].

Òîäi:
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1) ÿêùî β � ïàðíå ÷èñëî, òî

E (Lψβ,∞,Λ, %)C =
4
π

∫ 1

%

arctg t
t

dλ(t) ∀ % ∈ [0, 1); (3)

2) ÿêùî β � íåïàðíå ÷èñëî i λ çàäîâîëüíÿ¹ óìîâó
∫ 1

0

1
t

ln
1 + t

1− t
dλ(t) <∞, (4)

òî
E (Lψβ,∞,Λ, %)C =

2
π

∫ 1

%

1
t

ln
1 + t

1− t
dλ(t) ∀ % ∈ [0, 1). (5)

Äîâåäåííÿ. Â [2] ïîêàçàíî, ùî çà óìîâ (1) i (2) äëÿ âñiõ x ∈ R
ìîæëèâî çà âèêëþ÷åííÿì òî÷îê x = 2πm, m ∈ Z, ñïðàâäæó¹òüñÿ
ðiâíiñòü

∞∑

k=1

ψk cos
(
kx− βπ

2

)
=

=
∫ 1

0

(cosx− t) cos(βπ/2) + sinx sin(βπ/2)
1− 2t cosx+ t2

dλ(t). (6)

Îá ðóíòó¹ìî ñóìîâíiñòü ôóíêöi¨ Dψ,β . Ïðèïóñòèìî, ùî λ � íåñïàäíà
ôóíêöiÿ. Òîäi ïîñëiäîâíiñòü ψ ¹ àáñîëþòíî ìîíîòîííîþ i ñïàäíîþ
äî íóëÿ. Îòæå, ïðè ïàðíèõ β ñóìîâíiñòü ôóíêöi¨ Dψ,β âèïëèâà¹ ç
òåîðåìè 1.5 â ìîíîãðàôi¨ [3, ãë. V], à ïðè íåïàðíèõ β � ç òåîðåìè 1.14
â öié êíèçi, íà ïiäñòàâi òîãî, ùî çáiæíiñòü ðÿäó

∑
ψk/k âèïëèâà¹ ç

óìîâè (4). Âèïàäîê äîâiëüíî¨ ôóíêöi¨ λ çâîäèòüñÿ äî ðîçãçëÿíóòîãî
çà äîïîìîãîþ òåîðåìè Æîðäàíà ïðî çîáðàæåííÿ ôóíêöi¨ îáìåæåíî¨
âàðiàöi¨ ó âèãëÿäi ðiçíèöi äâîõ íåñïàäíèõ ôóíêöié.

Öi ôàêòè äîçâîëÿþòü ñêîðèñòàòèñÿ òâåðäæåííÿì 7.2 ç [1, ñ. 136],
çãiäíî ç ÿêèì äëÿ áóäü-ÿêî¨ ôóíêöi¨ f ∈ Lψβ,∞ ñïðàâäæó¹òüñÿ ðiâíiñòü

f(x) = f̂0 +
1
π

∫ π

−π
fψβ (x− y)Dψ,β(y)dy ∀ x ∈ [−π, π]. (7)

Çâiäñè, çîêðåìà, âèïëèâà¹, ùî f ∈ C.
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Ïîçíà÷èìî

P (y, t) :=
1− t2

1− 2t cos y + t2
, P̃ (y, t) :=

2t sin y
1− 2t cos y + t2

i
P (g)(x, t) :=

1
2π

∫ π

−π
g(x− y)P (y, t)dy,

P̃ (g)(x, t) :=
1
2π

∫ π

−π
g(x− y)P̃ (y, t)dy,

äå g ∈ L1(T).
Âiçüìåìî äîâiëüíå ε, 0 < ε < π i ïîêëàäåìî e := e(ε) := [−ε, ε],

E := E(ε) := [−π, π] \ e. Òîäi, âèêîðèñòîâóþ÷è ôîðìóëó (6) òà òåîðå-
ìó Ôóáiíi, îäåðæèìî íèçêó ðiâíîñòåé

1
π

∫

E

fψβ (x− y)Dψ,β(y)dy =

=
1
2π

∫

E

fψβ (x−y)
∫ 1

0

(
(P (y, t)−1) cos

βπ

2
+P̃ (y, t) sin

βπ

2

)
dλ(t)
t

dy=

=
∫ 1

0

1
2π

∫

E

fψβ (x−y)
(

(P (y, t)− 1) cos
βπ

2
+ P̃ (y, t) sin

βπ

2

)
dy

dλ(t)
t

.

Ðîçãëÿíåìî ôóíêöiþ

Fε(x) :=




fψβ , x ∈ e(ε),

0, x ∈ E(ε).

Ç îñòàííüî¨ ðiâíîñòi ç óðàõóâàííÿì òîãî, ùî (̂fψβ )
0

= 0 îòðèìó¹ìî
òàêi ñïiââiäíîøåííÿ:

1
π

∫

E(ε)

fψβ (x− y)Dψ,β(y)dy =

=cos
βπ

2

(∫ 1

0

P (fψβ )(x, t)
dλ(t)
t

−
∫ 1

0

(P (Fε)(x, t)−P (Fε)(x, 0))
dλ(t)
t

)
,

(8)
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ÿêùî β � ïàðíå i
1
π

∫

E(ε)

fψβ (x− y)Dψ,β(y)dy =

=sin
βπ

2

(∫ 1

0

P̃ (fψβ )(x, t)
dλ(t)
t

−
∫ 1

0

(
P̃ (Fε)(x, t)−P̃ (Fε)(x, 0)

)dλ(t)
t

)
,

(9)
ÿêùî β � íåïàðíå.

Çà ëåìîþ Øâàðöà (ïðî îöiíêè îáìåæåíèõ ãàðìîíi÷íèõ ôóíêöié)
[4] äëÿ íîðì ïiäiíòåãðàëüíèõ ôóíêöié â ïðàâèõ ÷àñòèíàõ (8) i (9)
ìà¹ìî îöiíêè

∥∥∥P (fψβ )(·, t)
∥∥∥
L∞

,

‖P (Fε)(·, t)− P (Fε)(·, 0)‖
L∞




≤ 4
π

arctg t ∀ t ∈ [0, 1), (10)

∥∥∥P̃ (fψβ )(·, t)
∥∥∥
L∞

,
∥∥∥P̃ (Fε)(·, t)− P̃ (Fε)(·, 0)

∥∥∥
L∞




≤ 2
π

ln
1 + t

1− t
∀ t ∈ [0, 1). (11)

Âiçüìåìî äîâiëüíèé x ∈ [−π, π] i ðîçãëÿíåìî äâi ñiì'¨ ôóíêöié
{gε,x}0<ε<1, i {hε,x}0<ε<1, äå

gε,x(t) = (P (Fε)(x, t)− P (Fε)(x, 0))/t

i
hε(t) = (P̃ (Fε)(x, t)− P̃ (Fε)(x, 0))/t.

Äðóãi ñïiââiäíîøåííÿ â (10) i (11) òà óìîâà (4) âêàçóþòü íà òå, ùî
ôóíêöi¨ gε,x i hε,x çàäîâîëüíÿþòü óìîâè òåîðåìè Ëåáåãà ïðî îáìåæå-
íó çáiæíiñòü, âíàñëiäîê ÿêî¨

lim
ε→0

∫ 1

0

gε,x(t)dλ(t) =
∫ 1

0

lim
ε→0

gε,x(t)dλ(t) (12)

i
lim
ε→0

∫ 1

0

hε,x(t)dλ(t)
∫ 1

0

lim
ε→0

hε,x(t)dλ(t). (13)
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Îñêiëüêè limε→0 gε,x(t) = limε→,0 hε,x(t) = 0 äëÿ áóäü-ÿêîãî t ∈ [0, 1),
òî, îá'¹äíàâøè (7)�(9), (12) i (13), îòðèìà¹ìî òàêó ôîðìóëó

f(x) = f̂0 + lim
ε→0

1
π

∫

E(ε)

fψβ (x− y)Dψ,β(y)dy =

= f̂0 +





cos
βπ

2

∫ 1

0

P (fψβ )(x, t)
dλ(t)
t

, β − ïàðíå,

sin
βπ

2

∫ 1

0

P̃ (fψβ )(x, t)
dλ(t)
t

, β − íåïàðíå.

Íåâàæêî ïîêàçàòè, ùî äëÿ áóäü-ÿêîãî % ∈ [0, 1)

Uλ,%(f)(x) =

= f̂0 +





cos
βπ

2

∫ %

0

P (fψβ )(x, t)
dλ(t)
t

, β − ïàðíå,

sin
βπ

2

∫ %

0

P̃ (fψβ )(x, t)
dλ(t)
t

, β − íåïàðíå.

Îòæå,
f(x)− Uλ,%(f)(x) =

=





cos
βπ

2

∫ 1

%

P (fψβ )(x, t)
dλ(t)
t

, β − ïàðíå,

sin
βπ

2

∫ 1

%

P̃ (fψβ )(x, t)
dλ(t)
t

, β − íåïàðíå.

(14)

Òåïåð, ñêîðèñòàâøèñü ïåðøèìè ñïiââiäíîøåííÿìè â (10) i (11), äëÿ
áóäü-ÿêîãî % ∈ [0, 1) îòðèìà¹ìî îöiíêè

E (Lψβ,∞,Λ, %)C ≤





4
π

∫ 1

%

arctg t
t

dλ(t), β − ïàðíå,

2
π

∫ 1

%

1
t

ln
1 + t

1− t
dλ(t), β − íåïàðíå.

(15)
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Ðîçãëÿíåìî ôóíêöi¨ g(x) := sign cosx i h(x) := sign sinx. �õ ðîçâè-
íåííÿ â ðÿäè Ôóð'¹ ìàþòü âèãëÿä

S[g](x) =
4
π

∞∑

k=0

(−1)k

2k + 1
cos((2k + 1)x)

i

S[h](x) =
4
π

∞∑

k=0

1
2k + 1

sin((2k + 1)x).

Îòæå, äëÿ áóäü-ÿêèõ t ∈ [0, 1), x ∈ [−π, π]

P (g)(x, t) =
4
π

∞∑

k=0

(−1)k

2k + 1
t2k+1 cos((2k + 1)x)

i

P̃ (h)(x, t) =
4
π

∞∑

k=0

1
2k + 1

t2k+1 cos((2k + 1)x).

Çîêðåìà

P (g)(0, t) =
4
π

∞∑

k=0

(−1)k

2k + 1
t2k+1 =

4
π

arctg t ∀ t ∈ [0, 1) (16)

i

P̃ (h)(0, t) =
4
π

∞∑

k=0

1
2k + 1

t2k+1 =
2
π

ln
1 + t

1− t
∀ t ∈ [0, 1). (17)

Âiçüìåìî òåïåð ôóíêöiþ f∗, äëÿ ÿêî¨

f∗ψβ (x) :=





cos
βπ

2
g(x), β − ïàðíå,

sin
βπ

2
h(x), β − íåïàðíå.
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Òîäi çãiäíî ç (14),(16) i (17) äëÿ ôóíêöi¨ f∗ ìàþòü ìiñöå ðiâíîñòi

f∗(0)− Uλ,%(f∗)(0) =





∫ 1

%

P (g)(0, t)
dλ(t)
t

, β − ïàðíå,

∫ 1

%

P̃ (h)(0, t)
dλ(t)
t

, β − íåïàðíå,

=

=





4
π

∫ 1

%

arctg t
t

dλ(t), β − ïàðíå,

2
π

∫ 1

%

1
t

ln
1 + t

1− t
dλ(t), β − íåïàðíå,

∀ % ∈ [0, 1).

Îòæå,
E (Lψβ,∞,Λ, %)C ≥ f∗(0)− Uλ,%(f∗)(0) =

=





4
π

∫ 1

%

arctg t
t

dλ(t), β − ïàðíå,

2
π

∫ 1

%

1
t

ln
1 + t

1− t
dλ(t), β − íåïàðíå,

∀ % ∈ [0, 1),

ùî â ïî¹äíàííi ç (15) i äîâîäèòü ðiâíîñòi (3) i (5).

2. Ðîçãëÿíåìî òåïåð àíàëîãi÷íi ïèòàííÿ äëÿ êëàñiâ ôóíêöié, ãî-
ëîìîðôíèõ â îäèíè÷íîìó êðóçi êîìïëåêñíî¨ ïëîùèíè.

Íåõàé D := {z ∈ C : |z| < 1}, T := {z ∈ C : |z| = 1} i Hol(D) �
ìíîæèíà óñiõ ôóíêöié ãîëîìîðôíèõ â êðóçi D.

Ïðîñòið Ãàðäi Hp, p ≥ 1, � öå ìíîæèíà óñiõ ôóíêöié f ∈ Hol(D),
äëÿ ÿêèõ

‖f‖
Hp

:= sup
0<%<1

Mp(f)(%) <∞,

äå

Mp(f)(%) :=





(∫

T
|f(%w)|pdσ(w)

)1/p

, 1 ≤ p <∞,

max
|z|=%

|f(z)|, p = ∞,
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i σ � íîðìîâàíà ìiðà Ëåáåãà íà êîëi T.
Íåõàé f̂k := f (k)(0)/k!, k = 0, 1, . . . . Òîäi ðÿä Òåéëîðà ôóíêöi¨

f ∈ Hol(D) ìîæíà çàïèñàòè ó âèãëÿäi

f(z) =
∞∑

k=0

f̂kz
k, z ∈ D.

Ïîçíà÷èìî

U%,Λ(f)(z) =
∞∑

k=0

λk(%)f̂kzk, % ∈ [0, 1], z ∈ D,

ïðèïóñòèâøè ïðè öüîìó, ùî ôóíêöi¨ λk(·) ¹ òàêèìè, ùî ðÿä â ïðàâié
÷àñòèíi ìà¹ ðàäióñ çáiæíîñòi íå ìåíøå îäèíèöi.

Íåõàé m ∈ N i ψ = {ψk}∞k=0 � ïîñëiäîâíiñòü êîìïëåêñíèõ ÷èñåë
âiäìiííèõ âiä íóëÿ. ßêùî äëÿ äàíî¨ ôóíêöi¨ f ∈ Hol(D) ñòåïåíåâèé
ðÿä

∞∑

k=0

f̂k+m
ψk

zk

çáiãà¹òüñÿ â êðóçi D, òî éîãî ñóìó íàçâåìî ψ�ïîõiäíîþ ïîðÿäêó m
ôóíêöi¨ f i ïîçíà÷èìî fψ,m. Çàóâàæèìî, ùî äàíå ïîíÿòòÿ ψ�ïîõiäíî¨
ïîðÿäêó m ìîæíà òëóìà÷èòè i ÿê ïîõiäíó Ãåëüôîíäà �Ëåîíòü¹âà [5,
ñ. 60] i ÿê ïîõiäíó â ðîçóìiííi Ñòåïàíöÿ.

Äëÿ ôóíêöiîíàëüíîãî êëàñó

Hψ,m
p :=

{
f ∈ Hol(D) : ‖fψ,m‖

Hp
≤ 1

}

çíàéäåìî òî÷íi çíà÷åííÿ âåëè÷èíè

E (Hψ,m
p ,Λ, %)

Hp
= sup
f∈Hψ,mp

‖f − U%,Λ(f)‖
Hp
, % ∈ [0, 1),

â ÿêié Λ = {λk(·)} � ïîñëiäîâíiñòü ôóíêöié âèãëÿäó

λk(%) =





1, k = 0, 1, . . . ,m− 1,

1
ψk−m

∫ %

0

tk−mdλ(t), k = m,m+ 1, . . . ,
% ∈ [0, 1].

(18)
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Òåîðåìà 2. Íåõàé 1 ≤ p ≤ ∞, m ∈ N,

ψk =
∫ 1

0

tkdλ(t), k = 0, 1, . . . , (19)

äå λ � ôóíêöiÿ òàêà, ÿê â òåîðåìi 1 i Λ = {λk(·)}∞k=1 � ïîñëiäîâ-
íiñòü ôóíêöié âèãëÿäó (18). Òîäi

E (Hψ,m
p ,Λ, %)

Hp
=

∫ 1

%

dλ(t) = (1− λm(%))ψ0 ∀ % ∈ [0, 1). (20)

Äîâåäåííÿ. Íåõàé f � áóäü-ÿêà ôóíêöiÿ ç Hψ,m
p . Òîäi ç óðàõó-

âàííÿì (19) íà îñíîâi ðîçâèíåííÿ â ðÿä Òåéëîðà, ñïðàâäæó¹òüñÿ ðiâ-
íiñòü

f(z) =
m−1∑

k=0

f̂kz
k + zm

∫ 1

0

fψ,m(zt)dλ(t) ∀ z ∈ D,

i

UΛ,%(f)(z) =
m−1∑

k=0

f̂kz
k + zm

∫ %

0

fψ,m(zt)dλ(t) ∀ z ∈ D.

Ç öèõ ðiâíîñòåé âèïëèâà¹, ùî

f(z)− UΛ∗,%(f)(z) = zm
∫ 1

%

fψ,m(zt)dλ(t) ∀ % ∈ [0, 1].

Çâiäñè çà iíòåãðàëüíîþ íåðiâíiñòþ Ìiíêîâñüêîãî îäåðæèìî
ñïiââiäíîøåííÿ

Mp (f − UΛ,%(f)) (R) ≤ Rm
∫ 1

%

Mp

(
fψ,m

)
(Rt)dλ(t) (21)

≤ Rm
∫ 1

%

dλ(t), R = |z|.

Îòæå,

sup
f∈Hψ,mp

Mp (f − UΛ∗,%(f)) (R) ≤ Rm
∫ 1

%

dλ(t). (22)
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Ëåãêî áà÷èòè, ùî äëÿ áóäü-ÿêî¨ ôóíêöi¨ âèãëÿäó

f∗(z) = ψ0e
iαzm +

m−1∑

k=0

akz
k,

äå α ∈ R i ak � äîâiëüíi êîìïëåêñíi ÷èñëà, ñïðàâäæó¹òüñÿ ðiâíiñòü

Mp (f∗ − UΛ,%(f∗)) (R) = Rm
∫ 1

%

dλ(t).

Òîìó ñïiââiäíîøåííÿ (22), íàñïðàâäi, ¹ ðiâíiñòþ. Òåïåð, ñïðÿìóâàâ-
øè R äî 1, îäåðæèìî (20).

3. Íàâåäåìî äåÿêi ïðèêëàäè, ÿêèìè ÷àñòêîâî ïðîiëþñòðó¹ìî
iñòîðiþ çàäà÷, ðîçãëÿíóòèõ ó öié ðîáîòi.

Íåõàé r ∈ N,W r � êëàñ 2π�ïåðiîäè÷íèõ ôóíêöié, ó ÿêèõ iñíóþòü
r ïîõiäíèõ, ñåðåä ÿêèõ ïîõiäíi äî r − 1�ãî ïîðÿäêó âêëþ÷íî ¹ àáñî-
ëþòíî íåïåðåðâíèìè, à ess sup

x∈[−π,π]

|f (r)(x)| ≤ 1 i W r � êëàñ ôóíêöié,

ñïðÿæåíèõ äî ôóíêöié êëàñó W r.
Âèáåðåìî ôóíêöiþ λ òàê, ùîá

dλ(t) =
1

(r − 1)!

(
ln

1
t

)r−1

dt.

Òîäi â òåîðåìi 1

ψk =
1

(r − 1)!

∫ 1

0

tk−1

(
ln

1
t

)r−1

dt =
1
kr
, k = 1, 2, . . . ,

i
λk(%) =

kr

(r − 1)!

∫ %

0

tk−1

(
ln

1
t

)r−1

dt =

= %k
r−1∑

j=0

1
j!

(
k ln

1
%

)j
, k = 1, 2, . . . . (23)

Ïðè öüîìó Lψr,∞ = W r, Lψr−1,∞ = W
r. Îòæå, ç òåîðåìè 1 âèïëèâà¹

òàêèé
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Íàñëiäîê 1. Íåõàé r ∈ N i Λ = {λk(·)}∞k=1 � ïîñëiäîâíiñòü ôóíê-
öié âèãëÿäó (23). Òîäi äëÿ áóäü-ÿêîãî % ∈ [0, 1)

E (W r,Λ, %)
C

= (24)

=
1

(r − 1)!





4
π

∫ 1

%

arctg t
t

(
ln

1
t

)r−1

dt, r − ïàðíå,

2
π

∫ 1

%

1
t

ln
1 + t

1− t

(
ln

1
t

)r−1

dt, r − íåïàðíå,

i
E (W

r
,Λ, %)

C
=

=
1

(r − 1)!





2
π

∫ 1

%

1
t

ln
1 + t

1− t

(
ln

1
t

)r−1

dt, r − ïàðíå,

4
π

∫ 1

%

arctg t
t

(
ln

1
t

)r−1

dt, r − íåïàðíå,

(25)

Çîêðåìà, ïðè %→ 1− ñïðàâäæóþòüñÿ àñèìïòîòè÷íi ðiâíîñòi

E (W r,Λ, %)
C

=

=
1
r!





(1− %)r +O(1)(1− %)r+1, r − ïàðíå,

2
π

(1− %)r ln
1

1− %
+O(1)(1− %)r, r − íåïàðíå,

(26)

i
E (W

r
,Λ, %)

C
=

=
1
r!





2
π

(1− %)r ln
1

1− %
+O(1)(1− %)r, r − ïàðíå,

(1− %)r +O(1)(1− %)r+1, r − íåïàðíå.
(27)

Öi ôàêòè âèïëèâàþòü ç ðiâíîñòåé
∫ 1

%

arctg t
t

(
ln

1
t

)r−1

dt =
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=
1
r

arctg %
(

ln
1
%

)r
+

1
r

∫ 1

%

1
1 + t2

(
ln

1
t

)r
dt

i ∫ 1

%

1
t

ln
1 + t

1− t

(
ln

1
t

)r−1

dt =

=
∫ 1−%

0

1
1− t

ln
2− t

t

(
ln

1
1− t

)r−1

dt =

= −
∫ 1−%

0

tr−1

(
ln t+

1
r

)
dt+

+
∫ 1−%

0

(
1

1− t
ln

2− t

t

((
ln

1
1− t

)r−1

− tr−1

)
+

+
(

1
1− t

ln
2− t

tt
+

1
r

)
tr−1

)
dt.

Â çàãàëüíîìó âèïàäêó, äëÿ äîâiëüíîãî íàòóðàëüíîãî r, íèçêó
àïðîêñèìàòèâíèõ âëàñòèâîñòåé ìåòîäó íàáëèæåííÿ, ïîðîäæåíîãî
ïîñëiäîâíiñòþ ôóíêöié âèãëÿäó (23) âñòàíîâëåíî â [6, ñ. 286�295].
Òàì öåé ìåòîä íàçâàíî óçàãàëüíåíèìè ñåðåäíiìè Àáåëÿ�Ïóàññîíà.
Ñïiââiäíîøåííÿ (24)�(27) äëÿ äîâiëüíîãî íàòóðàëüíîãî r òóò âèïè-
ñàíi, ìàáóòü, âïåðøå. ßêùî æ ó íàñëiäêó 1 r = 1, òî λk(%) = %k, k =
1, 2, . . ., à ôóíêöi¨

U%,Λ(f)(x) =
a0

2
+

∞∑

k=1

%k(ak cos kx+ bk sin kx)

� öå ñåðåäíi Àáåëÿ�Ïóàññîíà ôóíêöi¨ f . Ó òàêîìó âèïàäêó àñèìòî-
òè÷íà ðiâíiñòü (26) âïåðøå îòðèìàíà â [7], ôîðìóëà (24) â [8], à (25)
i (27) â [9].

Çàôiêñó¹ìî r ∈ N i âèáåðåìî ôóíêöiþ λ òàê, ùîá

dλ(t) =
1

(r − 1)!
(1− t)r−1dt.

Òîäi, ïîêëàâøè â òåîðåìi 2 m = r, îòðèìà¹ìî

ψk =
1

(r − 1)!

∫ 1

0

tk(1− t)r−1dt =
k!

(k + r)!
, k = 0, 1, 2, . . . ,
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i

λk(%) =





1, k = 0, 1, . . . , r − 1,

k!
(r − 1)!(k − r)!

∫ %

0

tk−r(1− t)r−1dt, k = r, r + 1, . . . ,
=

=





1, k = 0, 1, . . . , r − 1,

r−1∑

j=0

(
k
j

)
(1− %)j%k−j , k = r, r + 1, . . . ,

% ∈ [0, 1]. (28)

Ïðè öüîìó

Hψ
p = Hr

p :=
{
f ∈ Hol(D) : ‖f (r)‖

Hp
≤ 1

}
.

Îòæå, ç òåîðåìè 2 âèïëèâà¹ òàêèé
Íàñëiäîê 2. Íåõàé 1 ≤ p ≤ ∞, r ∈ N i Λ = {λk(·)}∞k=1 � ïîñëi-

äîâíiñòü ôóíêöié âèãëÿäó (28). Òîäi

E (Hr
p ,Λ, %)Hp =

1
r!

(1− %)r ∀ % ∈ [0, 1). (29)

Ìåòîä íàáëèæåííÿ, ùî ïîðîäæó¹òüñÿ ïîñëiäîâíiñòü ôóíêöié
âèãëÿäó (28) äëÿ äîâiëüíîãî íàòóðàëüíîãî r âïåðøå ðîçãëÿäàâñÿ â
[10], äå âií íàçâàíèé ñåðåäíiìè Òåéëîðà�Àáåëÿ�Ïóàññîíà. Òàì ñà-
ìî é îòðèìàíî ðiâíiñòü (29). Àïðîêñèìàòèâíi âëàñòèâîñòi ñåðåäíiõ
Òåéëîðà�Àáåëÿ�Ïóàññîíà äëÿ ôóíêöié áàãàòüîõ çìiííèõ äîñëiäæó-
âàëèñÿ â [11]. Ó âèïàäêó, êîëè r = 1 ìà¹ìî λk(%) = %k i

U%,Λ(f)(z) =
∞∑

k=0

%kf̂kz
k,

òîáòî U%,Λ(f) � öå ñóìà Àáåëÿ�Ïóàññîíà ãîëîìîðôíî¨ ôóíêöi¨ f . Ó
òàêîìó âèïàäêó ðiâíiñòü (29) ìîæíà çíàéòè â [12].

Àâòîð âèñëîâëþ¹ ïîäÿêó ðåöåíçåíòîâi çà êîðèñíi çàóâàæåííÿ i çà
çàïðîïîíîâàíèé ñïîñiá îá ðóíòóâàííÿ ñóìîâíîñòi ôóíêöi¨ Dψ,β .
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