
Çáiðíèê ïðàöü Ií-òó ìàòåìàòèêè ÍÀÍ Óêðà¨íè 2008, Ò.5, �1, 227�239

ÓÄÊ 517.927
Â.À. Ìèõàéëåö, Í.Â. Ðåâà
(Èí-ò ìàòåìàòèêè ÍÀÍ Óêðàèíû, Êèåâ)

ÍÅÏÐÅÐÛÂÍÎÑÒÜ ÏÎ ÏÀÐÀÌÅÒÐÓ ÐÅØÅÍÈÉ
ÎÁÙÈÕ ÊÐÀÅÂÛÕ ÇÀÄÀ×
Â ðàáîòå èññëåäóåòñÿ íåïðåðûâíîñòü ïî ïàðàìåòðó ðåøåíèé îáùèõ êðà-
åâûõ çàäà÷ äëÿ ñèñòåì ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ïåðâîãî
ïîðÿäêà. Ïîëó÷åíî îáîáùåíèå òåîðåìû Êèãóðàäçå. Íàéäåíû äîcòàòî÷íûå
óñëîâèÿ ñõîäèìîñòè ìàòðèö Ãðèíà ê ìàòðèöå Ãðèíà ïðåäåëüíîé êðàåâîé
çàäà÷è ïî íîðìå ïðîñòðàíñòâà L∞.

1. Ââåäåíèå. Ðàññìîòðèì ïàðàìåòðèçèðîâàííîå ÷èñëîì ε ∈
[0, ε0] ñåìåéñòâî îáùèõ ëèíåéíûõ êðàåâûõ çàäà÷ äëÿ ñèñòåìû m ∈ N
äèôôåðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà

y′(t; ε) = A(t; ε)y(t; ε) + f(t; ε), t ∈ [a, b], (1ε)

Uεy(t; ε) = cε. (2ε)

Çäåñü êâàäðàòíûå ìàòðèöû - ôóíêöèè A(·; ε) ∈ L([a, b];Cm×m) =:
Lm×m, âåêòîð - ôóíêöèè f(·; ε) ∈ L([a, b];Cm) =: Lm, âåêòîðû
cε ∈ Cm, à ëèíåéíûå íåïðåðûâíûå îïåðàòîðû

Uε : C([a, b];Cm) → Cm.

Ïîä ðåøåíèåì ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé (1ε) ïî-
íèìàåòñÿ âåêòîð - ôóíêöèÿ y(t; ε) ∈ W 1

1 ([a, b];Cm) =: ACm, êîòîðàÿ
ïî÷òè âñþäó íà êîíå÷íîì îòðåçêå [a, b] èìååò ïðîèçâîäíóþ ïî t, äëÿ
êîòîðîé ðàâåíñòâî (1ε) âûïîëíÿåòñÿ íà ïîäìíîæåñòâå ïîëíîé ìåðû
Ëåáåãà, êîòîðîå çàâèñèò îò ðåøåíèÿ. Íåîäíîðîäíîå ½îáùåå� êðàåâîå
óñëîâèå âèäà (2ε) îõâàòûâàåò âñå êëàññè÷åñêèå âèäû êðàåâûõ óñëî-
âèé: çàäà÷è Êîøè, äâóõòî÷å÷íûå è ìíîãîòî÷å÷íûå, èíòåãðàëüíûå è
ñìåøàííûå êðàåâûå çàäà÷è (ñì. [1] è ïðèâåäåííûå òàì ññûëêè). Áó-
äåì ïðåäïîëàãàòü âñþäó äàëåå, ÷òî âûïîëíåíî

Ïðåäïîëîæåíèå E. Ïðåäåëüíàÿ îäíîðîäíàÿ êðàåâàÿ çàäà÷à
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y′(t; 0) = A(t; 0)y(t; 0), U0y(t; 0) = 0,

èìååò òîëüêî òðèâèàëüíîå ðåøåíèå.
Ýòî óñëîâèå ðàâíîñèëüíî òîìó, ÷òî íåîäíîðîäíàÿ êðàåâàÿ çà-

äà÷à (10), (20) èìååò ðåøåíèå ïðè ïðîèçâîëüíûõ âåêòîð - ôóíê-
öèè f(t; 0) ∈ Lm, âåêòîðå c0 ∈ Cm è îíî ÿâëÿåòñÿ åäèíñòâåí-
íûì â êëàññå ACm. Â ÷àñòíîñòè, îíî çàâåäîìî âûïîëíÿåòñÿ, åñëè
U0y := y(t0), t0 ∈ [a, b].

Â ðàáîòå [2] óñòàíîâëåíà ñëåäóþùàÿ
Òåîðåìà (È. Ò. Êèãóðàäçå). Ïóñòü äëÿ çàäà÷è (10), (20) âû-

ïîëíåíî ïðåäïîëîæåíèå E è ñëåäóþùèå óñëîâèÿ:
1) sup

ε
‖A(·; ε)‖1 < ∞;

2) sup
ε
‖f(·; ε)‖1 < ∞;

3) sup
ε
‖Uε‖ < ∞;

4) max
t∈[a,b]

|
t∫

a

A(s; ε)ds−
t∫

a

A(s; 0)ds| → 0, ε → +0;

5) max
t∈[a,b]

|
t∫

a

f(s; ε)ds−
t∫

a

f(s; 0)ds| → 0, ε → +0;

6) cε → c0, ε → +0
7) Uεy → U0y, ∀y ∈ ACm.

Òîãäà äëÿ äîñòàòî÷íî ìàëûõ ε > 0 çàäà÷à (1ε), (2ε) èìååò åäèí-
ñòâåííîå ðåøåíèå è

‖y(·; ε)− y(·; 0)‖C → 0, ε → +0.

Çäåñü è âñþäó äàëåå ‖ · ‖p � íîðìà â ïðîñòðàíñòâå Lp, 1 6 p 6 ∞,
à ‖ · ‖C � sup - íîðìà

Öåëü äàííîé ðàáîòû � ìàêñèìàëüíî îñëàáèòü óñëîâèÿ òåîðåìû
Êèãóðàäçå íà ðîñòîê îòîáðàæåíèÿ A(·; ε) â òî÷êå ε = 0 è íàéòè óñëî-
âèÿ, êîòîðûå êðîìå òîãî îáåñïå÷èâàþò ñõîäèìîñòü ìàòðèö Ãðèíà
ðàññìàòðèâàåìûõ çàäà÷ ê ìàòðèöå Ãðèíà ïðåäåëüíîé êðàåâîé çàäà÷è
ïî íîðìå ïðîñòðàíñòâà L∞ íà êâàäðàòå [a, b]× [a, b] .

2. Îñíîâíûå ðåçóëüòàòû. Îáîçíà÷èì ÷åðåç Mm[a, b] =: Mm,
m ∈ N êëàññ âñåõ êîìïëåêñíîçíà÷íûõ (m×m) � ìàòðèö - ôóíêöèé

R(t; ε) : [0, ε0] → Lm×m,
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äëÿ êîòîðûõ ìàòðè÷íîå ðåøåíèå Z(t; ε) çàäà÷è Êîøè

Z ′(t; ε) = R(t; ε)Z(t; ε), Z(a; ε) ≡ Im

óäîâëåòâîðÿåò ïðåäåëüíîìó ñîîòíîøåíèþ

lim
ε→+0

‖Z(t; ε)− Im‖C = 0,

ãäå Im � åäèíè÷íàÿ (m×m) - ìàòðèöà.
Â ðàáîòàõ [ 3, 4, 5, 6, 7 ] ïðè âûïîëíåíèè äîïîëíèòåëüíûõ àïðè-

îðíûõ ïðåäïîëîæåíèé íàéäåíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ
òîãî, ÷òî ìàòðè÷íàÿ ôóíêöèÿ R(t; ε) ∈ Mm. Ïðèìåðû ïîêàçûâàþò
[6], ÷òî ýòè êëàññû íå ÿâëÿþòñÿ àääèòèâíûìè. Âîçìîæíî, ÷òî îíè
íå ÿâëÿþòñÿ òàêæå è îäíîðîäíûìè.

Òåîðåìà 1. Â ôîðìóëèðîâêå òåîðåìû Êèãóðàäçå ìîæíî çàìå-
íèòü óñëîâèÿ 1), 4) îäíèì áîëåå îáùèì óñëîâèåì

R(t; ε) := A(t; ε)−A(t; 0) ∈Mm. (3)

Óñëîâèå (3) íà êîýôôèöèåíòû ñèñòåìû â òåîðåìå 1 óæå íåëüçÿ îñëà-
áèòü. Îíî ÿâëÿåòñÿ íåîáõîäèìûì, åñëè Uεy ≡ y(a).

Ïîëîæèì äëÿ ìàòðèöû - ôóíêöèè R(t) ∈ Lm×m è âåêòîð - ôóíê-
öèè f(t) ∈ Lm:

R∨(t) :=

t∫

a

R(s)ds, f∨(t) :=

t∫

a

f(s)ds.

Òîãäà óñëîâèÿ 4) è 5) ìîæíî ïåðåïèñàòü ñîîòâåòñòâåííî â âèäå:
4′) ‖R∨(·; ε)‖C → 0, ε → +0;
5′) ‖f∨(·; ε)− f∨(·; 0)‖C → 0, ε → +0.
Èç ðåçóëüòàòîâ ðàáîò [5, 6] ñëåäóåò, ÷òî åñëè ïðè ε → +0 âû-

ïîëíåíî ëþáîå èç ÷åòûðåõ óñëîâèé:
(α) ‖R(·; ε)‖1 ≤const,
(β) ‖R∨(·; ε)R(·; ε)‖C → 0,
(γ) ‖R(·; ε)R∨(·; ε)‖C → 0,
(∆) ‖R∨(·; ε)R(·; ε)−R(·; ε)R∨(·; ε)‖C → 0,

òî óñëîâèå (3) ðàâíîñèëüíî óñëîâèþ 4′). Â îáùåì ñëó÷àå óñëîâèå
4′) íå ÿâëÿåòñÿ íè íåîáõîäèìûì, íè äîñòàòî÷íûì äëÿ âûïîëíåíèÿ
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óñëîâèÿ (3). Íèæå áóäåò ïðèâåäåí ïðèìåð, â êîòîðîì âûïîëíåíî ñî-
îòíîøåíèå (3), îäíàêî íå âûïîëíÿåòñÿ íè îäíî èç óñëîâèé (α), (β),
(γ), (∆) è òåì áîëåå óñëîâèå 1) òåîðåìû Êèãóðàäçå.

Äîêàçàòåëüñòâî òåîðåìû 1 âûäåëåíî â ï. 3 äàííîé ðàáîòû.
Êàê èçâåñòíî (ñì. íàïðèìåð [2]) äëÿ îáùåé êðàåâîé çàäà÷è

y′(t) = A(t)y(t) + f(t), Uy(t) = 0

ñóùåñòâóåò ìàòðèöà Ãðèíà, ò. å. ìàòðè÷íàÿ ôóíêöèÿ G(t, s) ∈
L∞([a, b]× [a, b];Cm×m) ñ ïîìîùüþ êîòîðîé ðåøåíèå êðàåâîé çàäà÷è
ìîæåò áûòü ïðåäñòàâëåíî â âèäå:

y(t) =

b∫

a

G(t, s)f(s)ds, t ∈ [a, b], f(·) ∈ Lm.

Äëÿ ñåìåéñòâà êðàåâûõ çàäà÷ (1ε), (2ε) ýòà ìàòðèöà çàâèñèò îò ïàðà-
ìåòðà ε. Ïîýòîìó ïðåäñòàâëÿåò èíòåðåñ âîïðîñ î íåïðåðûâíîñòè ïî
ïàðàìåòðó ε ìàòðè÷íîé ôóíêöèè G(t, s; ε). Îòâåò íà íåãî äàåò

Òåîðåìà 2. Ïóñòü âûïîëíåíî ïðåäïîëîæåíèå E è óñëîâèÿ:
1) A(·; ε)−A(·; 0) ∈Mm;
2) îïåðàòîðû Uε ðàâíîìåðíî ñõîäÿòñÿ ê îïåðàòîðó U0, ò. å.

‖Uε − U0‖ → 0, ε → +0. (4)

Òîãäà äëÿ äîñòàòî÷íî ìàëûõ ε > 0 ñóùåñòâóþò ìàòðèöû Ãðèíà
çàäà÷ (1ε), (2ε) è

ess sup
a6t,s6b

|G(t, s; ε)−G(t, s; 0)| → 0, ε → +0.

Äîêàçàòåëüñòâî òåîðåìû 2 âûäåëåíî â ï. 4 äàííîé ðàáîòû. Òàì
æå ïðèâåäåí ïðèìåð, êîòîðûé ïîêàçûâàåò, ÷òî óñëîâèå 2) òåîðåìû 2
íåëüçÿ çàìåíèòü áîëåå ñëàáûì óñëîâèåì ñèëüíîé ñõîäèìîñòè Uε è
U0, êîòîðîå ðàâíîñèëüíî ïàðå óñëîâèé 3), 7) òåîðåìû Êèãóðàäçå.

3. Äîêàçàòåëüñòâî òåîðåìû 1. Ñôîðìóëèðóåì ñíà÷àëà óòâåð-
æäåíèå îáùåãî õàðàêòåðà, êîòîðîå áóäåò ìíîãîêðàòíî èñïîëüçîâàòü-
ñÿ ïðè äîêàçàòåëüñòâå òåîðåì 1 è 2.
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Ïóñòü B � áàíàõîâà àëãåáðà ñ åäèíèöåé, à Inv B � ìóëüòèïëèêà-
òèâíàÿ ãðóïïà îáðàòèìûõ ýëåìåíòîâ àëãåáðû B.

Ëåììà 1 ( ñì. íàïðèìåð [9]).
(1) Îòîáðàæåíèå X 7→ X−1 ÿâëÿåòñÿ íåïðåðûâíûì ïî íîðìå B íà
ìíîæåñòâå Inv B;
(2) Îòîáðàæåíèå (X,Y ) 7→ X · Y ÿâëÿåòñÿ íåïðåðûâíûì íà B × B.

Â ÷àñòíîñòè, ìîæíî ïîëîæèòü â ëåììå 1 B = C([a, b];Cm×m) =:
(C)m×m. Ýòî (íåêîììóòàòèâíàÿ ïðè m ≥ 2) áàíàõîâà àëãåáðà ñ åäè-
íèöåé Im è íîðìîé

‖X‖C := max
a6t6b

|X(t)|, |X| :=
∑

i,j

|xi,j |

Ìîæíî òàêæå ïîëîæèòü B = L∞([a, b];Cm×m) =: Lm×m
∞ . Ýòî áî-

ëåå øèðîêàÿ ÷åì (C)m×m (íåêîììóòàòèâíàÿ ïðè m ≥ 2) áàíàõîâà
àëãåáðà ñ íîðìîé

‖X‖∞ := ess sup
a6t6b

|X(t)|.

Ïóñòü Y (t; ε) � åäèíñòâåííîå ðåøåíèå ìàòðè÷íîé êðàåâîé çàäà÷è

Y ′(t; ε) = A(t; ε)Y (t; ε), Y (a; ε) = Im.

Îòïðàâíûì ìîìåíòîì â íàøåì äîêàçàòåëüñòâå òåîðåìû 1 ÿâëÿ-
åòñÿ ïðèíöèï ðåäóêöèè À. Þ. Ëåâèíà [5, 6], êîòîðûé â íàøèõ îïðå-
äåëåíèÿõ èìååò ñëåäóþùèé âèä:

Ëåììà 2. Ïðåäåëüíîå ñîîòíîøåíèå

‖Y (·; ε)− Y (·; 0)‖C → 0, ε → +0

âûïîëíÿåòñÿ â òîì è òîëüêî â òîì ñëó÷àå, åñëè

A(·; ε)−A(·; 0) =: R(·; ε) ∈Mm.

Ðàññìîòðèì íàðÿäó ñ èñõîäíîé íåîäíîðîäíîé êðàåâîé çàäà÷åé
(1ε), (2ε) îòíîñèòåëüíî âåêòîð- ôóíêèè y(t; ε) åùå òðè âåêòîðíûå êðà-
âûå çàäà÷è:

z′(t; ε) = A(t; ε)z(t; ε), Uεz(t; ε) = cε, (4ε)
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x′(t; ε) = A(t; ε)x(t; ε) + f(t; ε), x(a; ε) ≡ 0, (5ε)

w′(t; ε) = A(t; ε)w(t; ε) + f(t; ε), Uεw(t; ε) ≡ 0. (6ε)

Êàê èçâåñòíî, êðàåâàÿ çàäà÷à (5ε) (çàäà÷à Êîøè) âñåãäà èìååò ðå-
øåíèå è îíî åäèíñòâåííî.

Ëåììà 3. Åñëè âûïîëíåíî ïðåäïîëîæåíèå E , òî êàæäàÿ èç
çàäà÷: (1ε) − (2ε), (4ε) è (6ε) ïðè äîñòàòî÷íî ìàëûõ çíà÷åíèÿõ ïà-
ðàìåòðà ε > 0 èìååò ðîâíî îäíî ðåøåíèå â êëàññå ACm.

Äîêàçàòåëüñòâî ñîñòîèò â ïðîâåðêå åäèíñòâåííîñòè ðåøåíèé
ñîîòâåòñòâóþùèõ çàäà÷. Äëÿ ýòîãî äîñòàòî÷íî ïîêàçàòü, ÷òî ïðè ìà-
ëûõ ε îäíîðîäíàÿ êðàåâàÿ çàäà÷à

y′(t; ε) = A(t; ε)y(t; ε), Uεy(t; ε) = 0

èìååò òîëüêî òðèâèàëüíîå ðåøåíèå. Êàæäîå èç ðåøåíèé îäíîðîäíîãî
äèôôåðåíöèàëüíîãî óðàâíåíèÿ èìååò âèä:

y(t; ε) = Y (t; ε)c̃ε, c̃ε ∈ Cm,

ãäå Y (t; ε) � ìàòðèöàíò ýòîãî óðàâíåíèÿ. Îòêóäà â ñèëó êðàåâîãî
óñëîâèÿ èìååì:

[UεY (t; ε)]c̃ε ≡ 0,

ãäå i -òûé ñòîëáåö (m×m) � ìàòðèöû [UεY (t; ε)] ñîâïàäàåò ñ äåéñòâè-
åì ëèíåéíîãî îïåðòîðà Uε íà i -òûé ñòîëáåö ìàòðèöû Y (t; ε).

Êâàäðàòíàÿ ìàòðèöà [UεY (t; ε)] íåïðåðûâíî çàâèñèò îò ε â ñèëó
ëåììû 2 è ñèëüíîé íåïðåðûâíîñòè ïðè ε = 0 îïåðàòîðíîé ôóíêöèè
Uε. Êðîìå òîãî, â ñèëó ïðåäïîëîæåíèÿ E

det[U0Y (t; 0)] 6= 0.

Ïîýòîìó â íåêîòîðîé îêðåñòíîñòè òî÷êè ε = 0 äîïðåäåëüíàÿ ôóíê-
öèÿ

det[UεY (t; ε)] 6= 0.

Îòêóäà ñëåäóåò, ÷òî â ýòîé îêðåñòíîñòè âåêòîð c̃ε ≡ 0 è ëåììà äîêà-
çàíà.

Èç ëåììû 3 ñëåäóåò,÷òî ïðè ìàëûõ ε > 0

y(t; ε) = z(t; ε) + w(t; ε).
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Ïîýòîìó äëÿ äîêàçàòåëüñòâà òåîðåìû 1 äîñòàòî÷íî ïîêàçàòü,÷òî ïðè
åå óñëîâèÿõ

‖z(t; ε)− z(t; 0)‖C → 0, ε → +0, (7)

‖w(t; ε)− w(t; 0)‖C → 0, ε → +0. (8)

Ëåììà 4. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 1. Òîãäà ñïðàâåä-
ëèâî ïðåäåëüíîå ñîîòíîøåíèå (7).

Äîêàçàòåëüñòâî. Ïåðâîå èç ðàâåíñòâ (4ε) äàåò íàì, ÷òî

z(t; ε) = Y (t; ε)c̃ε.

Îòêóäà â ñèëó âòîðîãî èç ðàâåíñòâ (4ε) ïîëó÷àåì, ÷òî

[UεY (t; ε)]c̃ε = cε.

Ïîýòîìó, ïî óæå äîêàçàííîìó, ïðè äîñòàòî÷íî ìàëûõ ε > 0

c̃ε = [UεY (t; ε)]−1cε.

Â ñèëó ëåìì 1, 2

|[UεY (t; ε)]−1 − [U0Y (t; 0)]−1| → 0, ε → +0.

Êðîìå òîãî, ïî óñëîâèþ cε → c0. Ïîýòîìó ïðè ε → +0 c̃ε → c̃0.
Îòêóäà ñëåäóåò íóæíîå íàì ñîîòíîøåíèå (7).

Ëåììà 5. Ïóñòü âûïîëíåíû óñëîâèÿ:
1) A(·; ε)−A(·; 0) =: R(·; ε) ∈Mm;
2) sup

ε
‖f(·; ε)‖1 = c < ∞;

3) ‖f∨(·; ε)− f∨(·; 0)‖C → 0, ε → +0.
Òîãäà

‖x(t; ε)− x(t; 0)‖C → 0, ε → +0. (9)

Äîêàçàòåëüñòâî. Èç óñëîâèÿ 1) â ñèëó ïðèíöèïà ðåäóêöèè âû-
òåêàåò, ÷òî

‖Y (t; ε)− Y (t; 0)‖C → 0, ε → +0.

Îòêóäà â ñèëó ëåììû 1 ñëåäóåò, ÷òî

‖Y −1(t; ε)− Y −1(t; 0)‖C → 0, ε → +0.
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Êàê èçâåñòíî, ðåøåíèå x(t; ε) çàäà÷è (5ε) ìîæåò áûòü ïðåäñòàâ-
ëåíî â âèäå

x(t; ε) = Y (t; ε)

t∫

a

Y −1(s; ε)f(s; ε)ds.

Ïîýòîìó ââèäó ëåììû 1 äîñòàòî÷íî äîêàçàòü, ÷òî
t∫

a

Y −1(s; ε)f(s; ε)ds
C−→

t∫

a

Y −1(s; 0)f(s; 0)ds.

Èç îöåíêè

‖
t∫

a

[Y −1(s; ε)− Y −1(s; 0)]f(s; ε)ds‖C ≤

6
t∫

a

|Y −1(s; ε)− Y −1(s; 0)| · |f(s; ε)|ds 6

6 ‖Y −1(s; ε)− Y −1(s; 0)‖C · sup
ε
‖f(s; ε)‖1 ≤

6 c ‖Y −1(s; ε)− Y −1(s; 0)‖C → 0

âûòåêàåò, ÷òî äîñòàòî÷íî äîêàçàòü, ÷òî

‖
t∫

a

Y −1(s; 0)[f(s; ε)− f(s; 0)]ds‖C → 0.

Èíòåãðèðóÿ èíòåãðàë ïî ÷àñòÿì èìååì:

‖
t∫

a

Y −1(s; 0)[f(s; ε)− f(s; 0)]ds‖C 6

6 ‖
t∫

a

(Y −1)′(s; 0)[f∨(s; ε)− f∨(s; 0)]ds‖C+



Íåïðåðûâíîñòü ïî ïàðàìåòðó ðåøåíèé . . . 235

+2‖Y −1(s; 0)‖C · ‖f∨(s; ε)− f∨(s; 0)‖C 6
6 ‖f∨(·; ε)−f∨(·; 0)‖C ·(2‖Y −1(s; 0)‖C+‖Y −1(s; 0)‖2C ·‖Y ′(s; 0)‖1) → 0,

ε → +0,

ò. ê.
(Y −1)′(s; ε) = −Y −1(s; ε)Y ′(s; ε)Y −1(s; ε).

Ëåììà äîêàçàíà.
Ëåììà 6. Ïðè óñëîâèÿõ òåîðåìû 1 ñïðàâåäëèâî ïðåäåëüíîå

ñîîòíîøåíèå (8).
Äîêàçàòåëüñòâî. Ïîëîæèì

v(t; ε) = x(t; ε)− w(t; ε).

Òîãäà âåêòîð - ôóíêöèÿ v(t; ε) ÿâëÿåòñÿ ðåøåíèåì êðàåâîé çàäà÷è

v′(t; ε) = A(t; ε)v(t; ε), Uεv(t; ε) = Uεx(t; ε) =: c̃ε.

Íî

‖Uεx(t; ε)−U0x(t; 0)‖C6‖Uε‖‖x(t; ε)−x(t; 0)‖C+‖(Uε−U0)x(t; 0)‖C→0,

ò. å. c̃ε → c̃0 ïðè ε → +0. Ïîýòîìó

v(t; ε) = Y (t; ε)cε, cε ∈ Cm,

ãäå [UεY (t; ε)]cε = c̃ε è ïðè äîñòàòî÷íî ìàëûõ ε > 0

cε = [UεY (t; ε)]−1c̃ε → [U0Y (t; 0)]−1c̃0 = c0.

Îòêóäà ñëåäóåò, ÷òî

‖v(t; ε)− v(t; 0)‖C → 0, ε → +0. (10)

Èç ðàâåíñòâà w(t; ε) = x(t; ε)−v(t; ε) è óæå äîêàçàííûõ ñîîòíîøåíèé
(9)è (10) ñëåäóåò àñèìïòîòè÷åñêîå ñîîòíîøåíèå (8).

Ëåììà 6, à âìåñòå ñ íåé è òåîðåìà 1 äîêàçàíû.
Ïðèâåäåì ïðèìåð, â êîòîðîì âûïîëíåíî ñîîòíîøåíèå (3), îäíàêî

íå âûïîëíÿåòñÿ íè îäíî èç óñëîâèé (α), (β), (γ), (∆). Îí, â ÷àñòíîñòè,
ïîêàçûâàåò, ÷òî òåîðåìà 1 ñèëüíåå òåîðåìû Êèãóðàäçå.



236 Â.À. Ìèõàéëåö, Í.Â. Ðåâà

Ïðèìåð 1. Ïóñòü m = 2, [a, b] = [0, 1], A(t; ε) = A(t)+R(t; ε),
ãäå

R(t; ε) =

(
0 1√

ε
cos t

ε
1√
ε
sin 2t

ε 0

)
.

Íåòðóäíî ïðîâåðèòü, ÷òî ‖R∨(t; ε)‖C → 0 è

R(t; ε)R∨(t; ε) = diag {1
2

sin
2t

ε
· sin t

ε
, sin

2t

ε
· sin t

ε
},

R∨(t; ε)R(t; ε) = diag {sin t

ε
· sin 2t

ε
,

1
2

sin
t

ε
· sin 2t

ε
},

R∨(t; ε)R(t; ε)−R(t; ε)R∨(t; ε)=diag {−1
2

sin
2t

ε
·sin t

ε
,

1
2

sin
t

ε
·sin 2t

ε
}.

Îäíàêî:

‖R(t; ε)‖1 ≥ 1√
ε

1∫

0

| cos
t

ε
|dt =

√
ε

1
ε∫

0

| cos t|dt =
1√
ε
M{| cos t|} → +∞,

1∫

0

| sin t

ε
· sin 2t

ε
|dt = ε

1
ε∫

0

| sin t| · | sin 2t|dt → M{| sin t · sin 2t|} > 0,

[10, ñ. 384]. Ïîýòîìó íè îäíî èç ÷åòûðåõ ïðèâåäåííûõ âûøå óñëîâèé
çäåñü íå âûïîëíåíî. Îäíàêî, ïîëüçóÿñü òåîðåìîé 6 ðàáîòû [7] ïðè
i = 1, íåòðóäíî óáåäèòüñÿ, ÷òî R(t; ε) ∈M2.

4. Äîêàçàòåëüñòâî òåîðåìû 2. Ðàññìîòðèì ïîëóîäíîðîäíóþ
âåêòîðíóþ êðàåâóþ çàäà÷ó

y′(t) = A(t)y(t) + f(t), Uy(t) = 0, (11)

ãäå A(·) ∈ Lm×m, f(·) ∈ Lm, U ∈ L((C)m;Cm). Òîãäà èç òåîðåìû
Ô. Ðèññà î ëèíåéíûõ ôóíêöèîíàëàõ íà ïðîñòðàíñòâå C ñëåäóåò, ÷òî
ñïðàâåäëèâî îäíîçíà÷íîå ïðåäñòàâëåíèå

Uy(t) =

b∫

a

[dH(t)]y(t), y(·) ∈ (C)m,
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ãäå H(·) ∈ V̇ ([a, b];Cm×m) =: V̇ m×m � áàíàõîâî ïðîñòðàíñòâî êîì-
ïëåêñíîçíà÷íûõ (m×m) � ìàòðèö - ôóíêöèé ñ îãðàíè÷åííûì èçìå-
íåíèåì íà îòðåçêå [a, b], êîòîðûå ðàâíû 0 â òî÷êå a è íåïðåðûâíû
ñïðàâà íà ïîëóèíòåðâàëå [a, b). Ïîýòîìó äëÿ ìàòðèöàíòà Y (t) ñèñòå-
ìû (11) íà îòðåçêå [a, b] îïðåäåëåíà çàäàííàÿ èíòåãðàëîì Ñòèëüòüåñà
ìàòðèöà - ôóíêöèÿ:

HY (t) =

t∫

a

[dH(s)]Y (s). (12)

Ïðè ýòîì, åñëè îäíîðîäíàÿ êðàåâàÿ çàäà÷à (11) èìååò òîëüêî òðèâè-
àëüíîå ðåøåíèå, òî

det HY (b) 6= 0 (13)

è ñóùåñòâóåò ìàòðèöà H−1
Y (b).

Ëåììà 7. ([8]) Åñëè âûïîëíåíî íåðàâåíñòâî (13), òî ìàòðèöà
Ãðèíà çàäà÷è (11) ñóùåñòâóåò è ïðåäñòàâèìà â âèäå:

G(t, s) =
{

Y (t)Y −1(s)− Y (t)H−1
Y (b)HY (s)Y −1(s), a 6 s 6 t 6 b;

−Y (t)H−1
Y (b)HY (s)Y −1(s), a 6 t < s 6 b.

Ïîýòîìó äëÿ äîêàçàòåëüñòâà òåîðåìû 2 â ñèëó ëåììû 1 äîñòàòî÷-
íî ïîêàçàòü, ÷òî ïðè âûïîëíåíèè åå óñëîâèé äëÿ äîñòàòî÷íî ìàëûõ
ε > 0 det HY (b; ε) 6= 0 è

‖Y (·; ε)− Y (·; 0)‖∞ → 0, ε → +0,

‖HY (·; ε)−HY (·; 0)‖∞ → 0, ε → +0.

Ïåðâîå èç ïðåäåëüíûõ ñîîòíîøåíèé óæå óñòàíîâëåíî íàìè, ò. ê.

‖Y (·; ε)− Y (·; 0)‖∞ = ‖Y (·; ε)− Y (·; 0)‖C .

Êðîìå òîãî, èìååì:

‖HY (t; ε)−HY (t; 0)‖∞ = ‖
b∫

a

[dH(s; ε)]Y (s; ε)−
b∫

a

[dH(s; 0)]Y (s; 0)‖∞ 6
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6‖
b∫

a

[d(H(s; ε)−H(s; 0))]Y (s; ε)‖∞+‖
b∫

a

[dH(s; 0)]·[Y (s; ε)−Y (s; 0)]‖∞6

6 V b
a [H(s; ε)−H(s; 0)]·‖Y (s; ε)‖C+V b

a [H(s; 0)]·‖Y (s; ε)−Y (s; 0)‖C → 0,

ò.ê. â ñèëó óñëîâèÿ ‖Uε − U0‖ → 0 âàðèàöèÿ ìàòðèöû - ôóíêöèè

V b
a [H(s; ε)−H(s; 0)] → 0.

Òåîðåìà äîêàçàíà.
Ïðèâåäåì îáåùàííûé âûøå
Ïðèìåð 2. Ïóñòü m = 1, [a, b] = [0, 1], A(t, ε) = A(t, 0) = 0,

à ëèíåéíûå íåïðåðûâíûå îïåðàòîðû Uε : C([0, 1];C) → C çàäàíû
ðàâåíñòâîì

Uεy(t) := y(ε), ε ∈ [0, 1].

Îïðåäåëåííûå òàêèì îáðàçîì îïåðàòîðû Uε ñèëüíî ñõîäÿòñÿ ê îïå-
ðàòîðó U0 íà ïðîñòðàíñòâå (C)m:

Uεy(t) = y(ε) → y(0), ε → 0, ∀y(·) ∈ C([0, 1];C).

Îäíàêî ðàâíîìåðíîé ñõîäèìîñòè îïåðàòîðîâ Uε ê U0 íåò, ò. ê.

‖Uε − U0‖ = 2, ε 6= 0.

Â äàííîì ñëó÷àå ôóíêöèÿ Ãðèíà çàäà÷è

y′(t; 0) = f(t), y(t; 0)|t=0 = 0

èìååò âèä:
G(t, s; 0) =

{
1, 0 6 s < t 6 1;
0, 0 6 t 6 s 6 1;

à äëÿ çàäà÷è
y′(t; ε) = f(t), y(t; ε)|t=ε = 0

ñîîòâåòñòâåííî áóäåò

G(t, s; ε) =





1, 0 6 s < t 6 1;
0, 0 6 s 6 ε, ε 6 t 6 1;
−1, 0 6 t < s 6 1;
0, 0 6 t 6 s, ε 6 s < 1.
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Îòêóäà ñëåäóåò, ÷òî

ess sup
a6t,s6b

|G(t, s; ε)−G(t, s; 0)| = 1, ε 6= 0.

Èññëåäîâàíèå Â. À. Ìèõàéëåöà ïîääåðæàíî Ãîñóäàðñòâåí-
íûì ôîíäîì ôóíäàìåíòàëüíûõ èññëåäîâàíèé Óêðàèíû, ãðàíò
01.07/00252.
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An(t)X.// Äîêë. ÀÍ ÑÑÑÐ. � 1967. � 176, � 4. � Ñ. 774 - 777.

6. Ëåâèí À. Þ. Âîïðîñû òåîðèè îáûêíîâåííîãî ëèíåéíîãî äèôôåðåíöèàëü-
íîãî óðàâíåíèÿ. I. // Âåñòíèê ßðîñëàâñêîãî óíèâåðñèòåòà. � 1973. � Âûï.
5. � Ñ. 105 - 132.

7. Íãóåí Òõå Õîàí. Î çàâèñèìîñòè îò ïàðàìåòðà ðåøåíèé ëèíåéíîé ñèñòåìû
äèôôåðåíöèàëüíûõ óðàâíåíèé // Äèôô. óðàâíåíèÿ. � 1993. � 29, �6. �
Ñ. 970 - 975.

8. Êèãóðàäçå È. Ò. Íåêîòîðûå ñèíãóëÿðíûå êðàåâûå çàäà÷è äëÿ îáûêíîâåí-
íûõ äèôôåðåíöèàëüíûõ óðàâíåíèé. � Òáèëèñè: Èç- âî Òáèëèññêîãî óí-
òà. � 1975. � 352 ñ.

9. Ãåëüôàíä È. Ì., Ðàéêîâ Ä. À., Øèëîâ Ã. Å. Êîììóòàòèâíûå íîðìèðîâàí-
íûå êîëüöà. � Ìîñêâà: Ãîñ. èç- âî ôèç.- ìàò. ëèòåðàòóðû. � 1960. � 316 ñ.

10. Äåìèäîâè÷ Á. Ï. Ëåêöèè ïî ìàòåìàòè÷åñêîé òåîðèè óñòîé÷èâîñòè. �
Ìîñêâà: Íàóêà, 1967. � 472 ñ.


