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ïîñâÿùàåòñÿ

Èçó÷àþòñÿ íåêîòîðûå äîñòàòî÷íûå óñëîâèÿ íà òàêóþ ôóíêöèþ ψ, ÷òî
ïðèíàäëåæíîñòü ôóíêöèè f êëàññó Ìàêåíõàóïòà âëå÷åò ïðèíàäëåæ-
íîñòü ïðîèçâåäåíèÿ ψf òîìó æå êëàññó Ìàêåíõàóïòà.

Äëÿ íåîòðèöàòåëüíîé íà èíòåðâàëå J ⊂ R ôóíêöèè f è ÷èñëà
α 6= 0 áóäåì îáîçíà÷àòü

fJ,α =
(

1
|J |

∫

J

fα(x) dx

)1/α

,

ãäå | · | � ìåðà Ëåáåãà. Åñëè α < β, αβ 6= 0, òî, â ñèëó íåðàâåíñòâà
Ãåëüäåðà,

fJ,α ≤ fJ,β .

Ïóñòü çàäàíû èíòåðâàë J0 ⊂ R è ÷èñëî 1 < p < ∞. Äëÿ
0 < δ ≤ |J0| ïîëîæèì

[f ]p,δ = sup
|J|≤δ

fJ,1

fJ,−1/(p−1)
,

ãäå âåðõíÿÿ ãðàíü áåðåòñÿ ïî âñåì èíòåðâàëàì J ⊂ J0, äëèíà êîòîðûõ
íå ïðåâîñõîäèò δ. Ãîâîðÿò, ÷òî ôóíêöèÿ f óäîâëåòâîðÿåò óñëîâèþ
Ìàêåíõàóïòà Ap íà èíòåðâàëå J0 (f ∈ Ap), åñëè

[f ]p ≡ sup
0<δ<|J0|

[f ]p,δ ≡

≡ sup
J⊂J0

1
|J |

∫

J

f(x) dx

(
1
|J |

∫

J

f−1/(p−1)(x) dx

)p−1

< ∞, (Ap)
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ãäå âåðõíÿÿ ãðàíü áåðåòñÿ ïî âñåì èíòåðâàëàì J ⊂ J0. Èç íåðàâåí-
ñòâà Ãåëüäåðà ìãíîâåííî âûòåêàåò, ÷òî

1 ≤ [f ]p ≤ [f ]q, 1 < p < q < ∞.

Ôóíäàìåíòàëüíîå ñâîéñòâî êëàññà Ìàêåíõàóïòà çàêëþ÷àåòñÿ â ñëå-
äóþùåì âëîæåíèè

Ap ⊂ Ap−ε, (1)

ñïðàâåäëèâîì ïðè íåêîòîðîì ε > 0. Ýòî ñâîéñòâî, óñòàíîâëåííîå â
ðàáîòå Ìàêåíõàóïòà [1], èñïîëüçîâàëîñü äëÿ äîêàçàòåëüñòâà îãðàíè-
÷åííîñòè ìàêñèìàëüíîãî îïåðàòîðà Õàðäè�Ëèòòëâóäà â âåñîâîì ïðî-
ñòðàíñòâå Lp. Âïîñëåäñòâèè â ðÿäå ðàáîò ðàçëè÷íûõ àâòîðîâ áûëî
ïîêàçàíî, ÷òî ïðèíàäëåæíîñòü âåñîâîé ôóíêöèè f êëàññó Ap íåîá-
õîäèìî è äîñòàòî÷íî äëÿ îãðàíè÷åííîñòè â âåñîâîì ïðîñòðàíñòâå Lp

ìíîãèõ äðóãèõ îïåðàòîðîâ, à ôóíêöèè f , óäîâëåòâîðÿþùèå óñëîâèþ
Ìàêåíõàóïòà Ap, ÷àñòî íàçûâàþò âåñîâûìè ôóíêöèÿìè Ìàêåíõàóï-
òà.

Ïóñòü 1 < p < ∞. Äëÿ B > 1 ÷åðåç Ap(B) áóäåì îáîçíà÷àòü
ñîâîêóïíîñòü âñåõ òàêèõ ôóíêöèé f , äëÿ êîòîðûõ [f ]p ≤ B. Â ðàáîòå
[2] áûëî íàéäåíî ïðåäåëüíîå çíà÷åíèå 0 < ε0 ≡ ε0(p, B) < p − 1,
òàêîå, ÷òî âëîæåíèå (1) ñïðàâåäëèâî ïðè âñåõ 0 < ε < ε0. Èìåííî,
÷èñëî ε0 îïðåäåëÿåòñÿ êàê êîðåíü óðàâíåíèÿ

ε1−p
0

p− ε0
=

B

(p− 1)p−1
. (2)

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ ñëåäóþùèé âîïðîñ, òåñíî ñâÿçàí-
íûé ñ âëîæåíèåì (1). Äëÿ êàêèõ íåîòðèöàòåëüíûõ ôóíêöèé ψ èç
óñëîâèÿ f ∈ Ap(B) ñëåäóåò, ÷òî ψf ∈ Ap? Òðèâèàëüíûì äîñòà-
òî÷íûì óñëîâèåì, î÷åâèäíî, ÿâëÿåòñÿ ñóùåñòâåííàÿ îãðàíè÷åííîñòü
ôóíêöèè ψ + ψ−1, èáî â ýòîì ñëó÷àå

[ψf ]p ≤ M

m
[f ]p,

ãäå M = ess sup ψ, m = ess inf ψ. Ïîýòîìó â äàëüíåéøåì ðàññìàò-
ðèâàþòñÿ ôóíêöèè ψ, äëÿ êîòîðûõ ess sup

(
ψ + ψ−1

)
= ∞. Ñëåäóþ-

ùàÿ òåîðåìà äàåò îòâåò íà ïîñòàâëåííûé âîïðîñ â ñëó÷àå ñòåïåííîé
ôóíêöèè ψ.
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Òåîðåìà 1. Ïóñòü 1 < p, B < ∞, ÷èñëî ε0 îïðåäåëåíî ðàâåí-
ñòâîì (2). Ïóñòü, äàëåå, 0 < b0 ≤ +∞ è ôóíêöèÿ f ∈ Ap(B)
íà èíòåðâàëå J0 ≡ (0, b0). Òîãäà äëÿ ëþáîãî ε ∈ (ε0 − p, ε0) íàé-
äåòñÿ òàêàÿ ïîñòîÿííàÿ B′ ≡ B′(p, B, ε), ÷òî xεf(x) ∈ Ap (B′).
Ñ äðóãîé ñòîðîíû, íàéäóòñÿ òàêèå ôóíêöèè f0, f1 ∈ Ap(B), ÷òî
xε0f0(x) /∈ Ap è xε0−pf1(x) /∈ Ap.

Äîêàçàòåëüñòâî. Ïóñòü èíòåðâàë J ≡ (a, b) ⊂ J0. Åñëè a ≥ b
2 ,

òî, ó÷èòûâàÿ, ÷òî îïðåäåëåííîå ðàâåíñòâîì (2) ÷èñëî ε0 íå ïðåâîñ-
õîäèò p, äëÿ ε ∈ (ε0 − p, ε0) áóäåì èìåòü

1
|J |

∫

J

xεf(x) dx

(
1
|J |

∫

J

(xεf(x))−1/(p−1)
dx

)p−1

≤

≤
(

b

a

)|ε| 1
|J |

∫

J

f(x) dx

(
1
|J |

∫

J

f−1/(p−1)(x) dx

)p−1

≤ 2pB.

Åñëè æå a < b
2 , òî

1
b− a

∫ b

a

xεf(x) dx

(
1

b− a

∫ b

a

(xεf(x))−1/(p−1)
dx

)p−1

≤

≤ 2p 1
b

∫ b

0

xεf(x) dx

(
1
b

∫ b

0

(xεf(x))−1/(p−1)
dx

)p−1

.

Òàêèì îáðàçîì, äëÿ äîêàçàòåëüñòâà òåîðåìû îñòàåòñÿ ïîêàçàòü, ÷òî

sup
0<b<b0

1
b

∫ b

0

xεf(x) dx

(
1
b

∫ b

0

(xεf(x))−1/(p−1)
dx

)p−1

≤ c, (3)

ãäå c ≡ c(p,B, ε).
Ïóñòü ñíà÷àëà ε > 0. Â èçâåñòíîì íåðàâåíñòâå Õàðäè [3, ñ. 291]

∫ b

0

xq′/p′−1

(
1
x

∫ x

0

f(y) dy

)−q′

dx ≤

≤
(

p′ + 1
p′

)q′ ∫ b

0

xq′/p′−1f−q′(x) dx, p′ ≥ q′ > 0 (4)
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ïîëîæèì q′ = 1
p−1 , p′ = 1

p−1−ε , ãäå 0 < ε < p − 1 (çàìåòèì, ÷òî
îïðåäåëåííîå ðàâåíñòâîì (2) ÷èñëî ε0 < p−1, òàê ÷òî è 0 < ε < ε0 <
p− 1). Òîãäà ïîëó÷èì

∫ b

0

x−ε/(p−1)

(
1
x

∫ x

0

f(y) dy

)−1/(p−1)

dx ≤

≤ (p− ε)1/(p−1)

∫ b

0

x−ε/(p−1)f−1/(p−1)(x) dx.

Îòñþäà è èç óñëîâèÿ f ∈ Ap(B) áóäåì èìåòü

(p− ε)1/(p−1)

∫ b

0

(xεf(x))−1/(p−1)
dx ≥

≥
∫ b

0

x−ε/(p−1)

(
1
x

∫ x

0

f(y) dy

)−1/(p−1)

dx ≥

≥ B−1/(p−1)

∫ b

0

x−ε/(p−1)−1

∫ x

0

f−1/(p−1)(y) dy dx =

= B−1/(p−1)

∫ b

0

f−1/(p−1)(x)
∫ b

x

y−ε/(p−1)−1 dy dx =

=
p− 1

ε
B−1/(p−1)

∫ b

0

f−1/(p−1)(x)
[
x−ε/(p−1) − b−ε/(p−1)

]
dx =

=
p− 1

ε
B−1/(p−1)

∫ b

0

x−ε/(p−1)f−1/(p−1)(x) dx−

−p− 1
ε

B−ε/(p−1)b−ε/(p−1)

∫ b

0

f−1/(p−1)(x) dx.

Ïîñêîëüêó 0 < ε < ε0, òî p−1
ε B−1/(p−1) > (p − ε)1/(p−1) è ïîýòîìó,

ñíîâà èñïîëüçóÿ óñëîâèå f ∈ Ap(B), íàõîäèì
[
p− 1

ε
B−1/(p−1) − (p− ε)1/(p−1)

]
1
b

∫ b

0

x−ε/(p−1)f−1/(p−1)(x) dx ≤



184 À.À. Êîðåíîâñêèé

≤ p− 1
ε

B−1/(p−1)b−ε/(p−1) 1
b

∫ b

0

f−1/(p−1)(x) dx ≤

≤ p− 1
ε

B−1/(p−1)b−ε/(p−1)B1/(p−1)

(
1
b

∫ b

0

f(x) dx

)−1/(p−1)

≤

≤ p− 1
ε

(
1
b

∫ b

0

xεf(x) dx

)−1/(p−1)

è òåì ñàìûì çàâåðøàåòñÿ äîêàçàòåëüñòâî (3) äëÿ 0 < ε < ε0.
Äëÿ äîêàçàòåëüñòâà (3) ïðè ε0 − p < ε < 0 âîñïîëüçóåìñÿ òåì,

÷òî óñëîâèå f ∈ Ap(B) ðàâíîñèëüíî òîìó, ÷òî g ≡ f−1/(p−1) ∈
Ap/(p−1)

(
B1/(p−1)

)
. Ïîëîæèì q = p

p−1 , C = B1/(p−1). Ïðèìåíÿÿ
óæå äîêàçàííîå íåðàâåíñòâî (3) ê ôóíêöèè g, ïîëó÷èì, ÷òî ïðè
xδg(x) ∈ Aq âñåõ 0 < δ < δ0, òàêèõ, ÷òî

δ1−q
0

q − δ0
=

C

(q − 1)q−1
.

Íî xδg(x) = xδf−1/(p−1)(x) =
(
x−δ(p−1)f(x)

)−1/(p−1) è ïðè ýòîì
óñëîâèå

(
x−δ(p−1)f(x)

)−1/(p−1) ∈ Ap/(p−1) ðàâíîñèëüíî òîìó, ÷òî
x−δ(p−1)f(x) ∈ Ap. Ïîëîæèì ε = −δ(p− 1). Òîãäà óñëîâèå 0 < δ < δ0

ïðèíèìàåò òàêîé âèä ε0 − p < ε < 0 è, òàêèì îáðàçîì, (3) äîêàçàíî
äëÿ ε0 − p < ε < 0.

Îñòàåòñÿ ïîêàçàòü, ÷òî ïàðàìåòðû èçìåíåíèÿ äëÿ ε íåëüçÿ ðàñ-
øèðèòü. Ýòî ëåãêî ïðîâåðÿåòñÿ íà ïðèìåðå ôóíêöèè f0(x) = xγ , êî-
òîðàÿ, êàê èçâåñòíî, ïðèíàäëåæèò êëàññó Ìàêåíõàóïòà Ap (Bγ) ïðè
−1 < γ < p− 1, ãäå

Bγ =
1
b

∫ b

0

xγ dx

(
1
b

∫ b

0

x−γ/(p−1) dx

)p−1

=
(p− 1)p−1

(γ + 1)(p− 1− γ)p−1
.

Òîãäà ε0 ≡ p−1−γ óäîâëåòâîðÿåò ðàâåíñòâó (2) è ïðè ýòîì ÿñíî, ÷òî
xε0f0(x) = xγ+ε0 = xp−1 íå ïðèíàäëåæèò êëàññó Ap. Äàëåå, ôóíêöèÿ
xε0−pf0(x) = xγ+ε0−p = x−1 òàêæå íå ïðèíàäëåæèò êëàññó Ap è òåì
ñàìûì çàâåðøàåòñÿ äîêàçàòåëüñòâî òåîðåìû.
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Äëÿ èçó÷åíèÿ îòëè÷íûõ îò ñòåïåííûõ ìíîæèòåëåé ψ óñòàíîâèì
ñíà÷àëà ñîîòâåòñòâóþùóþ ìîäèôèêàöèþ íåðàâåíñòâà Õàðäè (4).

Ëåììà 1. Ïóñòü p > 1, íåîòðèöàòåëüíàÿ ôóíêöèÿ ϕ íå âîçðàñ-
òàåò íà (0, b). Îáîçíà÷èì Φ(x) = 1

x

∫ x

0
ϕ(y) dy (0 < x < b). Òîãäà

äëÿ ëþáîé íåîòðèöàòåëüíîé ôóíêöèè f ñïðàâåäëèâî íåðàâåíñòâî
∫ b

0

Φ(x)
(

1
x

∫ x

0

f(y) dy

)−1/(p−1)

dx ≤

≤ p1/(p−1)

∫ b

0

Φ(x)f−1/(p−1)(x) dx. (5)

Äîêàçàòåëüñòâî. Èíòåãðèðóåì ïî ÷àñòÿì
∫ b

0

ϕ(x)
(

1
x

∫ x

0

f(y) dy

)−1/(p−1)

dx =

=

(∫ b

0

ϕ(y) dy

)(
1
b

∫ b

0

f(y) dy

)−1/(p−1)

+

+
1

p− 1

∫ b

0

∫ x

0

ϕ(y) dy

(
1
x

∫ x

0

f(y) dy

)−1/(p−1)−1

×

×
(
− 1

x2

∫ x

0

f(y) dy +
1
x

f(x)
)

dx ≥

≥ 1
p− 1

∫ b

0

Φ(x)
(

1
x

∫ x

0

f(y) dy

)−1/(p−1)−1

f(x) dx−

− 1
p− 1

∫ b

0

Φ(x)
(

1
x

∫ x

0

f(y) dy

)−1/(p−1)

dx.

Òàê êàê Φ(x) ≥ ϕ(x), òî ïîëó÷àåì
(

1 +
1

p− 1

) ∫ b

0

Φ(x)
(

1
x

∫ x

0

f(y) dy

)−1/(p−1)

dx ≥
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≥ 1
p− 1

∫ b

0

Φ(x)
(

1
x

∫ x

0

f(y) dy

)−1/(p−1)−1

f(x) dx.

Ïðèìåíÿÿ íåðàâåíñòâî Ãåëüäåðà, èìååì

p

∫ b

0

Φ(x)
(

1
x

∫ x

0

f(y) dy

)−1/(p−1)

dx ≥

≥
(∫ b

0

Φ(x)f−1/(p−1)(x)dx

)1−p(∫ b

0

Φ(x)
(

1
x

∫ x

0

f(y)dy

)−1/(p−1)

dx

)p

,

îòêóäà âûòåêàåò (5). Ëåììà äîêàçàíà.
Çàìå÷àíèå 1. Ìíîæèòåëü p1/(p−1) ïåðåä èíòåãðàëîì â ïðàâîé

÷àñòè (5), âîîáùå ãîâîðÿ, íåëüçÿ óìåíüøèòü. Äåéñòâèòåëüíî, åñëè
ϕ ≡ Φ ≡ 1, òî (5) îáðàùàåòñÿ â îáû÷íîå íåðàâåíñòâî Õàðäè (4), â
êîòîðîì p′ = q′ = 1

p−1 è ïîñòîÿííàÿ ïåðåä èíòåãðàëîì òî÷íàÿ. Ñ
äðóãîé ñòîðîíû, åñëè Φ(x) = x−γ , ãäå 0 < γ < 1, òî ïîñòîÿííàÿ ñïðà-
âà â (5) îêàçûâàåòñÿ çàâûøåííîé, â ÷åì ëåãêî óáåäèòüñÿ, ñðàâíèâàÿ
(5) ñ (4).

Òåîðåìà 2. Ïóñòü 1 < p, B < ∞, íåîòðèöàòåëüíàÿ ôóíê-
öèÿ ϕ íå âîçðàñòàåò íà J0 ≡ (0, b0), ãäå 0 < b0 ≤ +∞, Φ(x) =
= 1

x

∫ x

0
ϕ(y) dy (0 < x < b0). Ïðåäïîëîæèì, ÷òî íàéäåòñÿ òàêîå

σ ≡ σ(p,B) > 1, ÷òî äëÿ ëþáîãî b ∈ (0, b0) ñïðàâåäëèâî íåðàâåíñòâî

sup
0<x≤ b

σ

1
Φ(x)

∫ b

x

Φ(y)
dy

y
> (pB)1/(p−1). (6)

Òîãäà äëÿ ëþáîé ôóíêöèè f ∈ Ap(B) íà J0 ôóíêöèÿ Φ1−pf ïðèíàä-
ëåæèò êëàññó Ap.

Äîêàçàòåëüñòâî. Îáîçíà÷èì ψ = Φ1−p. Ïóñòü èíòåðâàë
J ≡ (a, b) ⊂ J0. Åñëè a ≥ b

2 , òî
ψ(b)
ψ(a) ≤ 2p−1 è ïîýòîìó

1
|J |

∫

J

ψ(x)f(x) dx

(
1
|J |

∫

J

(ψ(x)f(x))−1/(p−1) dx

)p−1

≤

≤ ψ(b)
ψ(a)

1
|J |

∫

J

f(x) dx

(
1
|J |

∫

J

f−1/(p−1)(x) dx

)p−1

≤ 2p−1B.
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Åñëè æå a < b
2 , òî

1
b− a

∫ b

a

ψ(x)f(x) dx

(
1

b− a

∫ b

a

(ψ(x)f(x))−1/(p−1) dx

)p−1

≤

≤ 2p 1
b

∫ b

0

ψ(x)f(x) dx

(
1
b

∫ b

0

(ψ(x)f(x))−1/(p−1) dx

)p−1

è, òàêèì îáðàçîì, äîñòàòî÷íî ïîêàçàòü, ÷òî

sup
0<b<b0

1
b

∫ b

0

ψ(x)f(x) dx

(
1
b

∫ b

0

(ψ(x)f(x))−1/(p−1) dx

)p−1

≤ c, (7)

ãäå c ≡ c(p,B, ψ).
Ïîëüçóÿñü íåðàâåíñòâîì (5) è óñëîâèåì f ∈ Ap(B), ìåíÿÿ ïîðÿ-

äîê èíòåãðèðîâàíèÿ, áóäåì èìåòü

p1/(p−1)

∫ b

0

Φ(x)f−1/(p−1)(x)dx≥
∫ b

0

Φ(x)
(

1
x

∫ x

0

f(y)dy

)−1/(p−1)

dx≥

≥ B−1/(p−1)

∫ b

0

Φ(x)
1
x

∫ x

0

f−1/(p−1)(y) dy dx =

= B−1/(p−1)

∫ b

0

f−1/(p−1)(x)
∫ b

x

Φ(y)
dy

y
dx,

ò. å.
∫ b

0

∫ b

x

Φ(y)
dy

y
f−1/(p−1)(x) dx ≤ (pB)1/(p−1)

∫ b

0

Φ(x)f−1/(p−1)(x) dx.

(8)
Ïîëüçóÿñü óñëîâèåì (6), íàéäåì òàêîå δ > 0, ÷òî

∫ b

x

Φ(y)
dy

y
≥

(
(pB)1/(p−1) + δ

)
Φ(x), 0 < x ≤ b

σ
,

ïðè÷åì ìîæåì ñ÷èòàòü, ÷òî δ ≤ (pB)1/(p−1). Åñëè b
σ ≤ x ≤ b, òî

Φ(x) ≤ Φ
(

b

σ

)
≤ σΦ(b),
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è ïîýòîìó íåðàâåíñòâî

2σ(pB)1/(p−1)Φ(b) +
∫ b

x

Φ(y)
dy

y
≥

(
(pB)1/(p−1) + δ

)
Φ(x)

ñïðàâåäëèâî äëÿ âñåõ x ∈ (0, b). Ïîäñòàâëÿÿ åãî â (8), ïîëó÷èì

δ

∫ b

0

Φ(x)f−1/(p−1)(x) dx ≤ 2σ(pB)1/(p−1)Φ(b)
∫ b

0

f−1/(p−1)(x) dx.

Ñíîâà âîñïîëüçîâàâøèñü óñëîâèåì f ∈ Ap(B), íàõîäèì

1
b

∫ b

0

(ψ(x)f(x))−1/(p−1) dx ≤

≤ 2
σ

δ
(pB)1/(p−1)Φ(b)B1/(p−1)

(
1
b

∫ b

0

f(x) dx

)−1/(p−1)

=

= 2
σ

δ

(
pB2

)1/(p−1)

(
Φ1−p(b)

1
b

∫ b

0

f(x) dx

)−1/(p−1)

≤

≤B1

(
1
b

∫ b

0

Φ1−p(x)f(x)dx

)−1/(p−1)

=B1

(
1
b

∫ b

0

ψ(x)f(x)dx

)−1/(p−1)

,

ãäå B1 = 2σ
δ

(
pB2

)1/(p−1). Âîçâåäåì ýòî íåðàâåíñòâî â ñòåïåíü p − 1
è ïîëó÷èì (7) ñ ïîñòîÿííîé c = Bp−1

1 . Òåîðåìà äîêàçàíà.
Ñëåäñòâèå 1. Åñëè â òåîðåìå 2 óñëîâèå (6) çàìåíèòü ñëåäóþ-

ùèì óñëîâèåì

sup
0<x≤ b

σ

1
Φ(x)

∫ b

x

Φ(y)
dy

y
> B

(
p

p− 1

)p−1

, (9)

òî äëÿ ëþáîé f ∈ Ap(B) ôóíêöèÿ Φf ïðèíàäëåæèò Ap.
Äîêàçàòåëüñòâî. Êàê è ïðè äîêàçàòåëüñòâå òåîðåìû 1,

âîñïîëüçóåìñÿ òåì, ÷òî óñëîâèå f ∈ Ap(B) ðàâíîñèëüíî òî-
ìó, ÷òî g ≡ f−1/(p−1) ∈ Ap/(p−1)

(
B1/(p−1)

)
. Îáîçíà÷èì q = p

p−1 ,
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B1 = B1/(p−1). Òîãäà óñëîâèå (9) ïðèíèìàåò òàêîé âèä

sup
0<v≤ b

σ

1
Φ(x)

∫ b

x

Φ(y)
dy

y
> (qB1)

1/(q−1)
.

Ïîýòîìó, â ñèëó òåîðåìû 2, åñëè g ∈ Aq (B1), òî Φ1−qg ∈ Aq. Íî
óñëîâèå Ap/(p−1) = Aq 3 Φ1−qg = (Φf)−1/(p−1) âëå÷åò Φf ∈ Ap.
Ñëåäñòâèå äîêàçàíî.

Ñëåäñòâèå 2. Ïóñòü f ∈ Ap(B) íà J0 ≡ (0, b0), ãäå 0 < b0 ≤ +∞.
Òîãäà ôóíêöèÿ xε1f(x) ïðèíàäëåæèò êëàññó Ap ïðè ëþáîì ε1 > 0,
óäîâëåòâîðÿþùåì óñëîâèþ

0 < ε1 < (pB)−1/(p−1)(p− 1), (10)

à ôóíêöèÿ x−ε2f(x) ïðèíàäëåæèò êëàññó Ap ïðè ëþáîì ε2 > 0,
óäîâëåòâîðÿþùåì óñëîâèþ

0 < ε2 <
1
B

(
p

p− 1

)1−p

. (11)

Äîêàçàòåëüñòâî. Äëÿ 0 < ε < 1 ïîëîæèì Φ(x) = x−ε. Òîãäà
1

Φ(x)

∫ b

x
Φ(y)dy

y = 1
ε

(
1− (

x
b

)ε). Åñëè ÷èñëî ε1 ≡ ε(p−1) óäîâëåòâîðÿåò
óñëîâèþ (10), òî íåïîñðåäñòâåííûì âû÷èñëåíèåì ëåãêî óáåæäàåìñÿ
â ñïðàâåäëèâîñòè óñëîâèÿ (6) ïðè σ =

(
1− ε(pB)1/(p−1)

)−1/ε
+ 1. Â

ñèëó òåîðåìû 2, óñëîâèå f ∈ Ap(B) âëå÷åò ïðèíàäëåæíîñòü ôóíêöèè
xε1f(x) êëàññó Ap.

Àíàëîãè÷íî, åñëè ÷èñëî ε2 ≡ ε óäîâëåòâîðÿåò óñëîâèþ (11), òî

óñëîâèå (9) âûïîëíåíî ïðè σ =
(

1− εB
(

p
p−1

)p−1
)−1/ε

+ 1. Â ñèëó
ñëåäñòâèÿ 1, èç óñëîâèÿ f ∈ Ap(B) ñëåäóåò, ÷òî ôóíêöèÿ xε2f(x)
ïðèíàäëåæèò êëàññó Ap. Ñëåäñòâèå äîêàçàíî.

Çàìå÷àíèå 2. Èç òåîðåìû 1 ñëåäóåò, ÷òî ìíîæèòåëåì ψ äëÿ
ôóíêöèè f ∈ Ap(B) ìîæåò áûòü ôóíêöèÿ ψ(x) = xε1 , ãäå ε1 > 0
óäîâëåòâîðÿåò óñëîâèþ

ε1 < ((p− ε1)B)−1/(p−1) (p− 1),
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áîëåå ñëàáîìó, ÷åì (10). Ýòî îáúÿñíÿåòñÿ òåì, ÷òî ïðè äîêàçàòåëü-
ñòâå òåîðåìû 2 èñïîëüçîâàëîñü íåðàâåíñòâî (5), êîòîðîå â ñëó÷àå
ñòåïåííîé ôóíêöèè ψ ÿâëÿåòñÿ áîëåå ãðóáûì, íåæåëè íåðàâåíñòâî
Õàðäè (4) (ñì. çàìå÷àíèå 1). Òî æå ñàìîå ìîæíî ñêàçàòü è îá óñëî-
âèè (11). Â ýòîì ñìûñëå òåîðåìà 1 áîëåå òî÷íàÿ ïî ñðàâíåíèþ ñî
ñëåäñòâèåì 2.

Ñëåäñòâèå 3. Ïóñòü f ∈ Ap(B) íà J0 ≡
(
0, 1

e

)
. Òîãäà ïðè ëþáîì

ε ôóíêöèÿ lnε 1
x · f(x) ïðèíàäëåæèò êëàññó Ap.

Äîêàçàòåëüñòâî. Ïóñòü f ∈ Ap(B) ïðè íåêîòîðîì B > 1, à
÷èñëî ε > 0. Äëÿ òîãî, ÷òîáû ïðèìåíèòü òåîðåìó 2 ê ôóíêöèè Φ(x) =
lnε 1

x , äîñòàòî÷íî ïðîâåðèòü ñïðàâåäëèâîñòü óñëîâèÿ (6). Îáîçíà÷èì
σ = exp

(
2(1 + ε)(pB)1/(p−1)

)
. Ïóñòü 0 < b < 1

e . Åñëè 0 < x < b
σ , òî

ln
1
x
− ln

1
b

> 2(1 + ε)(pB)1/(p−1).

Îòñþäà ñëåäóåò, ÷òî

ln1+ε 1
x
− ln1+ε 1

b
> 2(1 + ε)(pB)1/(p−1) · lnε 1

x
,

èëè, ÷òî òî æå ñàìîå,
1

Φ(x)

∫ b

x

Φ(y)
dy

y
> 2(pB)1/(p−1)

(
0 < x <

b

σ

)
,

ò. å. óñëîâèå (6) âûïîëíåíî. Ïîýòîìó, â ñèëó òåîðåìû 2, ôóíê-
öèÿ Φ1−p(x)f(x) ≡ lnε(1−p) 1

x · f(x) ïðèíàäëåæèò êëàññó Ap. Â ñèëó
ïðîèçâîëüíîñòè ε > 0, ïîëó÷àåì, ÷òî ln−ε 1

x · f(x) ïðèíàäëåæèò Ap

ïðè ëþáîì ε > 0.
Àíàëîãè÷íî, èñïîëüçóÿ ñëåäñòâèå 1, óáåæäàåìñÿ â òîì, ÷òî lnε 1

x ·
f(x) ïðèíàäëåæèò Ap ïðè ëþáîì ε > 0. Ñëåäñòâèå äîêàçàíî.
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