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ÊÎËÌÎÃÎÐÎÂÑÜÊI ÏÎÏÅÐÅ×ÍÈÊÈ ÊËÀÑIÂ BΩ

1,θ

ÏÅÐIÎÄÈ×ÍÈÕ ÔÓÍÊÖIÉ ÁÀÃÀÒÜÎÕ ÇÌIÍÍÈÕ
Â ÏÐÎÑÒÎÐI L∞

Îäåðæàíî ïîðÿäêîâi îöiíêè êîëìîãîðîâñüêèõ ïîïåðå÷íèêiâ êëàñiâ BΩ
1,θ ïå-

ðiîäè÷íèõ ôóíêöié áàãàòüîõ çìiííèõ ó ïðîñòîði iñòîòíî îáìåæåíèõ íà
êóái ôóíêöié.

Â äàíié ðîáîòi âèâ÷àþòüñÿ êîëìîãîðîâñüêi ïîïåðå÷íèêè êëàñiâ
BΩ

1,θ ïåðiîäè÷íèõ ôóíêöié áàãàòüîõ çìiííèõ ó ïðîñòîði L∞. Îäåð-
æàíi ðåçóëüòàòè äîïîâíþþòü òi, ÿêi áóëè îòðèìàíi â ðîáîòàõ [1�3].
Íàâåäåìî íåîáõiäíi äëÿ âèêëàäó ïîçíà÷åííÿ òà îçíà÷åííÿ.

Íåõàé Lp(πd) � ïðîñòið 2π-ïåðiîäè÷íèõ ïî êîæíié çìiííié i ñó-
ìîâíèõ ó ñòåïåíi p, 1 ≤ p < ∞, i âiäïîâiäíî iñòîòíî îáìåæåíèõ ïðè
p = ∞ íà êóái πd =

d∏
j=1

[−π; π] ôóíêöié f(x) = f(x1, ..., xd) çi ñêií÷åí-
íèìè íîðìàìè

||f ||p =
(

(2π)−d
∫

πd

|f(x)|pdx
) 1

p

, 1 ≤ p < ∞,

||f ||∞ = ess sup
x∈πd

|f(x)|.

Äàëi áóäåìî ââàæàòè, ùî äëÿ ôóíêöié f ∈ Lp(πd) âèêîíó¹òüñÿ
äîäàòêîâà óìîâà

π∫

−π

f(x)dxj = 0 , j = 1, d.

Íàâåäåìî îçíà÷åííÿ êëàñó BΩ
p,θ, ðîçãëÿíóòîãî â ðîáîòi [1].

Äëÿ f ∈ Lp(πd) ïîçíà÷èìî ÷åðåç Ωl(f, t)p ìiøàíèé ìîäóëü íåïå-
ðåðâíîñòi ïîðÿäêó l

Ωl(f, t)p = sup
|hj |≤tj

j=1,d

||∆l
hf(x)||p,
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äå ∆l
hf(x) = ∆l

hd
. . . ∆l

h1
f(x) = ∆l

hd
(. . . (∆l

h1
f(x))) � ìiøàíà l-òà

ðiçíèöÿ ç êðîêîì hj çà çìiííîþ xj i

∆l
hj

f(x) =
l∑

n=0

(−1)l−nCn
l f(x1, . . . , xj−1, xj + nhj , xj+1, . . . , xd).

Íåõàé Ω(t) = Ω(t1, . . . , td) � çàäàíà ôóíêöiÿ òèïó ìiøàíîãî ìî-
äóëÿ íåïåðåðâíîñòi ïîðÿäêó l, ÿêà çàäîâîëüíÿ¹ òàêi óìîâè:

1) Ω(t) > 0, tj > 0, j = 1, d; Ω(t) = 0,
d∏

j=1

tj = 0;

2) Ω(t) çðîñòà¹ ïî êîæíié çìiííié;

3) Ω(m1t1, . . . , mdtd) ≤
( d∏

j=1

mj

)l

Ω(t), mj ∈ N, j = 1, d;

4) Ω(t) íåïåðåðâíà ïðè tj ≥ 0, j = 1, d .
Êðiì òîãî, áóäåìî ââàæàòè, ùî Ω(t) çàäîâîëüíÿ¹ óìîâè (S) òà

(Sl), ÿêi íàçèâàþòü óìîâàìè Áàði�Ñò¹÷êiíà [4]. Öå îçíà÷à¹ íàñòóïíå.
Ôóíêöiÿ îäíi¹¨ çìiííî¨ ϕ(τ) ≥ 0 çàäîâîëüíÿ¹ óìîâó (S), ÿêùî

ϕ(τ)/τα ìàéæå çðîñòà¹ ïðè äåÿêîìó α > 0, òîáòî iñíó¹ òàêà íåçà-
ëåæíà âiä τ1 i τ2 ñòàëà C1 > 0, ùî

ϕ(τ1)
τα
1

≤ C1
ϕ(τ2)
τα
2

, 0 < τ1 ≤ τ2 ≤ 1.

Ôóíêöiÿ ϕ(τ) ≥ 0 çàäîâîëüíÿ¹ óìîâó (Sl), ÿêùî ϕ(τ)/τγ ìàéæå
ñïàäà¹ ïðè äåÿêîìó 0 < γ < l, òîáòî iñíó¹ òàêà íåçàëåæíà âiä τ1 i
τ2 ñòàëà C2 > 0, ùî

ϕ(τ1)
τγ
1

≥ C2
ϕ(τ2)
τγ
2

, 0 < τ1 ≤ τ2 ≤ 1.

Áóäåìî ãîâîðèòè, ùî Ω(t) = Ω(t1, ..., td) çàäîâîëüíÿ¹ óìîâè (S)
i (Sl), ÿêùî Ω(t) çàäîâîëüíÿ¹ öi óìîâè ïî êîæíié çìiííié tj ïðè
ôiêñîâàíèõ ti, i 6= j .

Çàçíà÷èìî, ùî ôóíêöi¨, ÿêi çàäîâîëüíÿþòü ñôîðìóëüîâàíi âèùå
óìîâè 1) � 4), (S) òà (Sl), ìîæóòü ìàòè âèãëÿä

Ω(t) = tr1
1 · ... · trd

d ·
(

log
1
t1

)m1 · ... ·
(

log
1
td

)md

,
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äå 0 < rj < l, j = 1, d, a mj , j = 1, d, � ôiêñîâàíi äiéñíi ÷èñëà.
ßêùî A � ñêií÷åííà ìíîæèíà, òî ÷åðåç |A| áóäåìî ïîçíà÷àòè

êiëüêiñòü ¨¨ åëåìåíòiâ.
Êîæíîìó âåêòîðó s = (s1, ..., sd), sj ∈ N, j = 1, d, ïîñòàâèìî ó

âiäïîâiäíiñòü ìíîæèíó

ρ(s)=
{
k = (k1, . . . , kd) : 2sj−1 ≤ |kj | < 2sj , kj ∈ Z \ {0}, j = 1, d

}

i äëÿ f ∈ Lp(πd) ïîçíà÷èìî δs(f, x) =
∑

k∈ρ(s)

f̂(k)ei(k,x),

äå f̂(k) = (2π)−d
∫
πd

f(t)e−i(k,t)dt � êîåôiöi¹íòè Ôóð'¹ ôóíêöi¨ f ,

(k, x) = k1x1 + . . . + kdxd.
Îòæå, íåõàé 1 < p < ∞, 1 ≤ θ ≤ ∞, à Ω(t) = Ω(t1, . . . , td) � çà-

äàíà ôóíêöiÿ òèïó ìiøàíîãî ìîäóëÿ íåïåðåðâíîñòi ïîðÿäêó l, ÿêà
çàäîâîëüíÿ¹ óìîâè 1) � 4), (S) i (Sl). Òîäi, çãiäíî ç îçíà÷åííÿì [1]

BΩ
p,θ :=

{
f ∈ Lp(πd) : ||f ||BΩ

p,θ
≤ 1

}
,

äå
||f ||BΩ

p,θ
:=

{ ∑
s

Ω−θ(2−s)||δs(f, x)||θp
} 1

θ , 1 ≤ θ < ∞ , (1)

||f ||BΩ
p,∞ := sup

s

||δs(f, x)||p
Ω(2−s)

, (2)

à Ω(2−s) := Ω(2−s1 , ..., 2−sd), sj ∈ N, j = 1, d.
Çàçíà÷èìî, ùî ïðè θ = ∞ êëàñè BΩ

p,θ ñïiâïàäàþòü ç êëàñàìè

HΩ
p , ðîçãëÿíóòèìè â ðîáîòi [5], à ÿêùî Ω(t) =

d∏
j=1

t
rj

j , rj > 0, �

ç êëàñàìè Á¹ñîâà Br
p,θ (äèâ., íàïðèêëàä, [6]). Ç ìåòîþ çáåðåæåííÿ

òàêîãî çâ'ÿçêó i äëÿ âèïàäêiâ p = 1 i p = ∞, îçíà÷åííÿ êëàñiâ BΩ
p,θ

ìîæíà ïîøèðèòè i íà öi âèïàäêè, äåùî çìiíèâøè â (1) i (2) âèãëÿä
"áëîêiâ" δs(f, x).

Íåõàé Vn(t) � ÿäðî Âàëëå Ïóññåíà ïîðÿäêó 2n− 1, òîáòî

Vn(t) = 1 + 2
n∑

k=1

cos kt + 2
2n−1∑

k=n+1

(
1− k − n

n

)
cos kt
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i As(x) =
d∏

j=1

(
V2sj (xj)− V2sj−1(xj)

)
, s = (s1, . . . , sd), sj ∈ N, j = 1, d.

Äëÿ f ∈ Lp(πd), 1 ≤ p ≤ ∞, ÷åðåç As(f, x) ïîçíà÷èìî çãîðòêó

As(f, x) = f(x) ∗As(x).

Òîäi ïiä êëàñàìè BΩ
p,θ ïðè p = 1 i p = ∞ ðîçóìiþòü îäèíè÷íi êóëi

â ïiäïðîñòîðàõ ôóíêöié f ∈ Lp(πd), íîðìîâàíèõ íàñòóïíèì ÷èíîì
(äèâ., âiäïîâiäíî, [7] i [5])

||f ||BΩ
p,θ

:=
( ∑

s

Ω−θ(2−s) ‖As(f, x)‖θ
p

) 1
θ

< ∞, 1 ≤ θ < ∞, (3)

||f ||BΩ
p,∞ := sup

s

‖As(f, x)‖p

Ω(2−s)
< ∞. (4)

Çàçíà÷èìî, ùî ïðè 1 < p < ∞ òàê âèçíà÷åíi íîðìè åêâiâàëåíòíi
äî îçíà÷åíèõ ðiâíîñòÿìè (1) i (2).

Äàëi â ðîáîòi ðîçãëÿäà¹ìî êëàñè BΩ
p,θ, ÿêi âèçíà÷àþòüñÿ ôóíêöi¹þ

Ω(t) âèãëÿäó

Ω(t) = ω
( d∏

j=1

tj
)
, (5)

äå ω(τ) � çàäàíà ôóíêöiÿ (îäíi¹¨ çìiííî¨) òèïó ìîäóëÿ íåïåðåðâíîñ-
òi ïîðÿäêó l, ÿêà çàäîâîëüíÿ¹ óìîâè (S) i (Sl). Î÷åâèäíî, ùî äëÿ
Ω(t), t = (t1, ..., td), ÿê äëÿ ôóíêöi¨ d çìiííèõ, âèêîíóþòüñÿ óìîâè
1) � 4), (S) i (Sl).

Íàâåäåìî îçíà÷åííÿ âåëè÷èíè, ùî íàìè äîñëiäæó¹òüñÿ.
Íåõàé Φ � öåíòðàëüíî-ñèìåòðè÷íà ìíîæèíà áàíàõîâîãî ïðîñòî-

ðó X. Âåëè÷èíà

dM (Φ, X) := inf
LM

sup
f∈Φ

inf
u∈LM

‖f − u‖X , (6)

äå LM � äîâiëüíèé ïiäïðîñòið ðîçìiðíîñòi M ïðîñòîðó X, íàçèâà¹òü-
ñÿ M -âèìiðíèì êîëìîãîðîâñüêèì ïîïåðå÷íèêîì ìíîæèíè Φ â ïðîñ-
òîði X.
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Âåëè÷èíà (6) ââåäåíà À.Ì. Êîëìîãîðîâèì â [8], i çãîäîì iíòåí-
ñèâíî äîñëiäæóâàëàñÿ ó âåëèêié êiëüêîñòi ðîáiò äëÿ ðiçíèõ ôóíêöiî-
íàëüíèõ êëàñiâ, â òîìó ÷èñëi áëèçüêèõ çà âëàñòèâîñòÿìè äî BΩ

p,θ.
Â ðîáîòi âñòàíîâëåíî òàêèé ðåçóëüòàò.
Òåîðåìà. Íåõàé 1 ≤ θ ≤ ∞ i Ω(t) = ω(t1 ·...·td), äå ω(τ) çàäîâîëü-

íÿ¹ óìîâè (S) ç äåÿêèì α > 1 i (Sl) ïðè l ≥ 2. Òîäi äëÿ áóäü-ÿêèõ
M,n ∈ N òàêèõ, ùî M ³ 2nnd−1, ìà¹ ìiñöå îöiíêà

ω(2−n)2
n
2 n(d−1)( 1

2− 1
θ )+ ¿ dM (BΩ

1,θ, L∞) ¿

¿ ω(2−n)2
n
2 n(d−1)( 1

2− 1
θ )+n

1
2 . (7)

Çàóâàæåííÿ 1. Òóò äëÿ äîäàòíèõ ôóíêöié µ1(N) òà µ2(N)
çàïèñ µ1 ¿ µ2 îçíà÷à¹, ùî iñíó¹ ñòàëà C > 0 òàêà, ùî
µ1(N) ≤ Cµ2(N). Ñïiââiäíîøåííÿ µ1 ³ µ2 ðiâíîñèëüíå òîìó, ùî
âèêîíóþòüñÿ ïîðÿäêîâi íåðiâíîñòi µ1 ¿ µ2 òà µ1 À µ2. Çàóâàæèìî
òàêîæ, ùî âñi ñòàëi Ci, i = 1, 2, . . . , ÿêi áóäóòü çóñòði÷àòèñÿ â ðîáîòi
äàëi, ìîæóòü çàëåæàòè òiëüêè âiä ïàðàìåòðiâ, ùî âõîäÿòü â îçíà-
÷åííÿ êëàñó, ìåòðèêè, â ÿêié âèìiðþ¹òüñÿ ïîõèáêà íàáëèæåííÿ, òà
ðîçìiðíîñòi d ïðîñòîðó Rd.

Äîâåäåííÿ òåîðåìè. Äëÿ âñòàíîâëåííÿ îöiíêè çâåðõó â
(7) äîñòàòíüî ïîêàçàòè, ùî BΩ

1,θ ⊂ BΩ1
2,θ, Ω1(t) = ω1(

d∏
j=1

tj),

ω1(τ) = ω(τ)τ−
1
2 , îñêiëüêè òîäi çãiäíî ç åëåìåíòàðíèìè âëàñòèâîñòÿ-

ìè êîëìîãîðîâñüêîãî ïîïåðå÷íèêà

dM (BΩ
1,θ, L∞) ¿ dM (BΩ1

2,θ, L∞)

i, ÿê äîâåäåíî â [3]

dM (BΩ
2,θ, L∞) ¿ ω(2−n)n(d−1)( 1

2− 1
θ )+n

1
2 , 1 ≤ θ ≤ ∞, α >

1
2
. (8)

Âêëàäåííÿ BΩ
1,θ ⊂ BΩ1

2,θ ðiâíîñèëüíå íåðiâíîñòi

‖f‖
B

Ω1
2,θ

≤ 1, äëÿ f ∈ BΩ
1,θ. (9)

Äëÿ äîâåäåííÿ (9), ñêîðèñòà¹ìîñü òàêèì âiäîìèì ðåçóëüòàòîì.
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Òåîðåìà À [9]. Íåõàé Tn(x) � òðèãîíîìåòðè÷íèé ïîëiíîì ïî-
ðÿäêó n = (n1, ..., nd)

Tn(x) =
∑

|k1|≤n1

...
∑

|kd|≤nd

ck1,...,kd
ei(k,x),

äå nj , j = 1, d, � íàòóðàëüíi ÷èñëà, ck1,...,kd
� äîâiëüíi êîåôiöi¹íòè.

Òîäi ïðè 1 ≤ q < p ≤ ∞ ìà¹ ìiñöå ñïiââiäíîøåííÿ

‖Tn(x)‖p ≤ 2d
( d∏

j=1

nj

) 1
q− 1

p ‖Tn(x)‖q. (10)

Íåðiâíiñòü (10) áóëà âñòàíîâëåíà Ñ.Ì. Íiêîëüñüêèì i îòðèìàëà
íàçâó "íåðiâíîñòi ðiçíèõ ìåòðèê". Ó âèïàäêó d = 1 i p = ∞ âiäïîâiä-
íó íåðiâíiñòü äîâiâ Äæåêñîí [10].

Îòæå, íåõàé f ∈ BΩ
1,θ. Òîäi, çàñòîñóâàâøè äî As(f, x), ÿê äî ïîëi-

íîìà ñòåïåíÿ 2sj+1 ïî çìiííié xj , òåîðåìó À, áóäåìî ìàòè

1 ≥ ‖f‖BΩ
1,θ

=
( ∑

s

ω−θ(2−‖s‖1)‖As(f, x)‖θ
1

) 1
θ À

À
( ∑

s

ω−θ(2−‖s‖1)2−
‖s‖1

2 θ‖As(f, x)‖θ
2

) 1
θ

=

=
(∑

s

ω−θ
1 (2−‖s‖1)‖As(f, x)‖θ

2

) 1
θ

= ‖f‖
B

Ω1
2,θ

, (11)

òóò ‖s‖1 := s1 + ... + sd.
Îöiíêà çâåðõó â òåîðåìi äîâåäåíà.
Âñòàíîâèìî òåïåð âiäïîâiäíó îöiíêó çíèçó. Íåõàé ñïî÷àòêó

2 ≤ θ ≤ ∞. Â öüîìó âèïàäêó áóäåìî êîðèñòóâàòèñÿ âiäîìèì òâåð-
äæåííÿì, äëÿ ôîðìóëþâàííÿ ÿêîãî ââåäåìî âiäïîâiäíi ïîçíà÷åííÿ.

Íåõàé Lq(π2d), q = (q1, q2), ïîçíà÷à¹ ìíîæèíó âèìiðíèõ íà π2d

ôóíêöié f(x, y), x = (x1, ..., xd), y = (y1, ..., yd), çi ñêií÷åííîþ íîðìîþ

‖f(x, y)‖q1,q2 :=
∥∥ ‖f(·, y)‖q1

∥∥
q2

:=
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:=
(

(2π)−2d

∫

πd

∣∣∣∣∣
∫

πd

∣∣f(x, y)
∣∣q1

dx

∣∣∣∣∣

q2
q1

dy

) 1
q2

.

Äëÿ f ∈ Lq(π2d) âåëè÷èíà

τM (f)q1,q2 := inf
ui(x),vi(y)

∥∥f(x, y)−
M∑

i=1

ui(x)vi(y)
∥∥

q1,q2
,

äå ui ∈ Lq1(πd), vi ∈ Lq2(πd), íàçèâà¹òüñÿ íàéêðàùèì áiëiíiéíèì
íàáëèæåííÿì ôóíêöi¨ f (äèâ., íàïðèêëàä, [11, c. 85]).

Íåõàé F � äåÿêèé êëàñ ôóíêöié iç L1(πd) i g � ôiêñîâàíèé åëå-
ìåíò ç F . Ïîçíà÷èìî ÷åðåç Fg ìíîæèíó, ùî ñêëàäà¹òüñÿ ç ôóíêöié
âèãëÿäó g(x − y), ÿêi îäåðæó¹ìî iç g(x) øëÿõîì çñóâó àðãóìåíòó
x ∈ πd íà äîâiëüíèé âåêòîð y ∈ πd. Òîäi ìà¹ ìiñöå ðiâíiñòü [11, ñ. 85]

τM (g(x− y))q1,∞ = dM (Fg, Lq1). (12)

Âiäïîâiäíî, ÿêùî ôóíêöiîíàëüíèé êëàñ F iíâàðiàíòíèé âiäíîñíî
çñóâó àðãóìåíòà ôóíêöi¨ g ∈ F , òî çãiäíî ç (12) îöiíêàìè çíèçó äëÿ
ïîïåðå÷íèêiâ dM (F,Lq1) ìîæóòü ñëóãóâàòè âiäïîâiäíi îöiíêè çíèçó
âåëè÷èí τM (g(x− y))q1,∞. Ñàìå öå i âèêîðèñòà¹ìî â ïîäàëüøèõ ìið-
êóâàííÿõ.

Çà çàäàíèì M ïiäáåðåìî n ∈ N òàêèì, ùîá äëÿ êiëüêîñòi
åëåìåíòiâ ìíîæèíè Qn =

⋃
‖s‖1=n

ρ(s) âèêîíóâàëîñü ñïiââiäíîøåííÿ

|Qn| > 2M (âiäîìî, ùî |Qn| ³ 2nnd−1).
Ðîçãëÿíåìî ôóíêöi¨

g1(x) = C3n
− d−1

θ

∑

n≤‖s‖1≤n+d

ω(2−‖s‖1)
∑

k∈ρ+(s)

ei(k,x), C3 > 0,

òà
g2(x) = C4

∑

n≤‖s‖1≤n+d

ω(2−‖s‖1)
∑

k∈ρ+(s)

ei(k,x), C4 > 0,

äå ρ+(s) =
{
k : k = (k1, . . . , kd), 2sj−1 ≤ kj < 2sj , j = 1, d

}
i ïîêàæå-

ìî, ùî ïðè ïåâíèõ çíà÷åííÿõ ñòàëèõ C3 òà C4: g1 ∈ BΩ
1,θ, 1 ≤ θ < ∞,

òà g2 ∈ BΩ
1,∞.
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Äiéñíî,

‖g1‖BΩ
1,θ

=
( ∑

n≤‖s‖1≤n+d

ω−θ(2−‖s‖1)‖As(g1, x)‖θ
1

) 1
θ ¿

¿ n−
d−1

θ

( ∑

n≤‖s‖1≤n+d

ω−θ(2−‖s‖1)ωθ(2−‖s‖1)
) 1

θ ³ n−
d−1

θ n
d−1

θ = 1,

‖g2‖BΩ
1,∞

= sup
n≤‖s‖1≤n+d

‖As(g2, x)‖1
ω(2−‖s‖1)

¿ sup
n≤‖s‖1≤n+d

ω(2−‖s‖1)
ω(2−‖s‖1)

= 1.

Òåïåð íàì ïîòðiáåí âiäîìèé ðåçóëüòàò Øìiäòà [12], ÿêèé ñôîð-
ìóëþ¹ìî â òîìó âèãëÿäi, â ÿêîìó âií ïîäà¹òüñÿ â [11, ñ. 10].

Òåîðåìà Á. Íåõàé ‖K(x, y)‖2,2 < ∞, K− iíòåãðàëüíèé îïåðàòîð
ç ÿäðîì K(x, y), K∗ � îïåðàòîð, ñïðÿæåíèé äî îïåðàòîðà K, i λj �
íåçðîñòàþ÷à ïîñëiäîâíiñòü âëàñíèõ ÷èñåë îïåðàòîðà K∗K. Òîäi

inf
ui(x),vi(y)

∥∥∥∥K(x, y)−
M∑

i=1

ui(x)vi(y)
∥∥∥∥

2,2

=
( ∞∑

j=M+1

λj

) 1
2
.

Îòæå, ðîçãëÿíåìî iíòåãðàëüíèé îïåðàòîð G: L2(πd)→L2(πd) ç ÿä-
ðîì g1:

(Gf)(x) = (2π)−d

∫

πd

g1(x− y)f(y) dy.

Íåõàé G∗ � îïåðàòîð, ñïðÿæåíèé äî G, i λj � âëàñíi ÷èñëà îïåðàòî-
ðà G∗G, ÿêi ðîçìiùåíi â íåçðîñòàþ÷îìó ïîðÿäêó. Â öüîìó âèïàäêó
çðîçóìiëî, ùî λj = bn−

2(d−1)
θ ω2(2−‖s‖1) =: bn−

2(d−1)
θ λ̃j , b > 0 (âiäïî-

âiäíî, λj = bλ̃j ïðè θ = ∞), òîìó, ñêîðèñòàâøèñü òåîðåìîþ Á, áóäåìî
ìàòè

inf
ui(x),vi(y)

∥∥∥∥g1(x− y)−
M∑

i=1

ui(x)vi(y)
∥∥∥∥

2,2

³

³
( ∞∑

j=M+1

λ̃j

) 1
2
n−

d−1
θ À n−

d−1
θ

( ∑

‖s‖1=n+d

ω2(2−‖s‖1)2‖s‖1
) 1

2 ³



Êîëìîãîðîâñüêi ïîïåðå÷íèêè êëàñiâ BΩ
1,θ . . . 175

³ ω(2−n)2
n
2 n(d−1)( 1

2− 1
θ ). (13)

Àíàëîãi÷íî, ó âèïàäêó θ = ∞

inf
ui(x),vi(y)

∥∥∥∥g2(x− y)−
M∑

i=1

ui(x)vi(y)
∥∥∥∥

2,2

À ω(2−n)2
n
2 n

d−1
2 . (14)

Òàêèì ÷èíîì, iç âðàõóâàííÿì (12) � (14), áóäåìî ìàòè

dM (BΩ
1,θ, L∞) À ω(2−n)2

n
2 n(d−1)( 1

2− 1
θ ).

Ïåðåéäåìî òåïåð äî ðîçãëÿäó âèïàäêó 1 ≤ θ < 2. Íåõàé, ÿê i ðàíi-
øå, ÷èñëà n òà M ïîâ'ÿçàíi ñïiââiäíîøåííÿì |Qn| > 2M . Ïîçíà÷èìî

Tn =
{

f : f(x) =
∑

‖s‖1≤n

δs(f, x)
}

.

Òîäi, ç îäíîãî áîêó, iç îçíà÷åííÿ êîëìîãîðîâñüêîãî ïîïåðå÷íèêà
âèïëèâà¹, ùî dM (BΩ

1,θ, L2) ≥ dM (BΩ
1,θ ∩ Tn, L2).

À ç iíøîãî, ÿêùî Pn � îïåðàòîð îðòîãîíàëüíîãî ïðîåêòóâàííÿ
íà Tn, òî äëÿ f ∈ L2 i t ∈ Tn

‖t− f‖2 ≥ ‖Pn(t− f)‖2 = ‖t− Pnf‖2

i, îòæå,
dM (BΩ

1,θ, L2) ≥ dM (BΩ
1,θ ∩ Tn, L2 ∩ Tn). (15)

Îöiíèìî ïðàâó ÷àñòèíó íåðiâíîñòi (15).
Íåõàé K = |Qn| i α1, ..., αK � äåÿêà îðòîíîðìîâàíà ñèñòåìà ôóíê-

öié ç Tn. Òîäi

ek(x) = ei(k,x) =
K∑

j=1

aj
kαj(x), k ∈ Qn,

i
αj(x) =

∑

k∈Qn

aj
kek(x), j = 1,K,
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äå aj
k = (ek(x), αj(x)) = (2π)−d

∫
πd

ek(x)αj(x) dx, j = 1,K,

� êîåôiöi¹íòè Ôóð'¹ ôóíêöi¨ ek(x) çà ñèñòåìîþ {αj(x)}K
j=1, à

aj
k = (αj(x), ek(x)), k ∈ Qn.
Âíàñëiäîê îðòîíîðìîâàíîñòi ñèñòåì ôóíêöié {ek(x)}k∈Qn òà

{αj(x)}K
j=1

K∑

j=1

|aj
k|2 =

∑

k∈Qn

|aj
k|2 = 1. (16)

Ðîçãëÿíåìî íàáëèæåííÿ ôóíêöi¨ ek(x) ¨¨ M -îþ ñóìîþ Ôóð'¹ çà
ñèñòåìîþ {αj(x)}K

j=1 (M = [K
2 ]). Îäåðæèìî

R2
k =

∥∥∥ek(x)−
M∑

j=1

aj
kαj(x)

∥∥∥
2

2
=

∥∥∥
K∑

j=1

aj
kαj(x)−

M∑

j=1

aj
kαj(x)

∥∥∥
2

2
=

=
∥∥∥

K∑

j=M+1

aj
kαj(x)

∥∥∥
2

2
=

K∑

j=M+1

|aj
k|2.

Äàëi, ñêîðèñòàâøèñü (16), ìîæåìî çàïèñàòè

∑

k∈Qn

R2
k =

∑

k∈Qn

K∑

j=M+1

|aj
k|2 =

∑

k∈Qn

( K∑

j=1

|aj
k|2 −

M∑

j=1

|aj
k|2

)
=

=
K∑

j=1

∑

k∈Qn

|aj
k|2 −

M∑

j=1

∑

k∈Qn

|aj
k|2 = K −M ≥ K

2
. (17)

Ðîçãëÿäàþ÷è (17) ïðèõîäèìî äî âèñíîâêó, ùî iñíó¹ âåêòîð
s∗ = (s∗1, ..., s

∗
d), ‖s∗‖1 = n, òàêèé, ùî

∑

k∈ρ(s∗)

R2
k ≥

1
2
|ρ(s∗)|,

äå |ρ(s∗)| � êiëüêiñòü åëåìåíòiâ ìíîæèíè ρ(s∗).
Ðîçãëÿäà¹ìî òåïåð ôóíêöiþ

g3(x) = ω(2−‖s
∗‖1)

∑

k∈ρ(s∗)

ei(k,x)
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i ïîêàæåìî, ùî C5g3 ∈ BΩ
1,θ ïðè äåÿêîìó C5 > 0. Ìà¹ìî

‖g3‖BΩ
1,θ
≤ C6

( ∑
s

ω−θ(2−‖s‖1)‖As(g3, x)‖θ
1

) 1
θ

=

= C6ω
−1(2−‖s

∗‖1)‖As∗(g3, x)‖1 ≤ C7ω
−1(2−‖s

∗‖1)ω(2−‖s
∗‖1) = C7,

i îòæå, C5g3 ∈ BΩ
1,θ ïðè C5 = C−1

7 .
Äàëi, çàïèøåìî âiäõèëåííÿ âiä ôóíêöi¨ g3(x + y), x, y ∈ πd, ¨¨

M -î¨ ñóìè Ôóð'¹ SM (g3(x + y), α) çà ñèñòåìîþ ôóíêöié {αj(x)}K
j=1.

Ìàòèìåìî

RM (x, y) = g3(x + y)− SM (g3(x + y), α) =

= ω(2−‖s
∗‖1)

∑

k∈ρ(s∗)

ei(k,y)
K∑

j=M+1

aj
kαj(x)

i âiäïîâiäíî

‖RM (·, y)‖22 =
K∑

j=M+1

∣∣ω(2−‖s
∗‖1)

∑

k∈ρ(s∗)

aj
kei(k,y)

∣∣2. (18)

Òåïåð, âðàõîâóþ÷è ñïiââiäíîøåííÿ (16) � (18), áóäåìî ìàòè

(2π)−d

∫

πd

‖RM (·, y)‖22 dy = ω2(2−‖s
∗‖1)

K∑

j=M+1

∑

k∈ρ(s∗)

|aj
k|2 =

= ω2(2−‖s
∗‖1)

∑

k∈ρ(s∗)

K∑

j=M+1

|aj
k|2 = ω2(2−‖s

∗‖1)
∑

k∈ρ(s∗)

R2
k ≥

≥ 1
2
ω2(2−‖s

∗‖1)|ρ(s∗)|.
Çâiäñè âèïëèâà¹, ùî äëÿ äåÿêîãî y∗ ∈ πd ìàþòü ìiñöå ñïiââiäíî-

øåííÿ:

‖RM (·, y∗)‖22 À ω2(2−‖s
∗‖1)|ρ(s∗)| ³ ω2(2−‖s

∗‖1)2‖s
∗‖1
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àáî
‖RM (·, y∗)‖2 À ω(2−n)2

n
2 . (19)

Òàêèì ÷èíîì, iç (15) òà (19) îòðèìó¹ìî

dM (BΩ
1,θ, L2) À ω(2−n)2

n
2

i ÿê íàñëiäîê:

dM (BΩ
1,θ, L∞) ≥ dM (BΩ

1,θ, L2) À ω(2−n)2
n
2 .

Øóêàíà îöiíêà ïîïåðå÷íèêà dM (BΩ
1,θ, L∞) ó âèïàäêó 1 ≤ θ < 2

âñòàíîâëåíà. Òåîðåìó äîâåäåíî.
Çàóâàæåííÿ 2. Ïîêëàäàþ÷è â òåîðåìi θ = ∞, îòðèìó¹ìî òàêó

îöiíêó
ω(2−n)2

n
2 n

d−1
2 ¿ dM (HΩ

1 , L∞) ¿ ω(2−n)2
n
2 n

d
2 .

Çàóâàæåííÿ 3. Ïðè ω(τ) = τ r1 , r1 > 1, ç ðåçóëüòàòiâ òåîðåìè
âèïëèâàþòü âiäïîâiäíi ðåçóëüòàòè äëÿ êëàñiâ Br

1,θ, ÿêi âñòàíîâëåíî
â ðîáîòi [13].
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