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ÊÎÍÒÐÏÐÈÊËÀÄ Â ÊÎÌÎÍÎÒÎÍÍÎÌÓ
ÍÀÁËÈÆÅÍÍI ÏÅÐIÎÄÈ×ÍÈÕ ÔÓÍÊÖIÉ

Ïîáóäîâàíî íåïåðåðâíó ïåðiîäè÷íó êóñêîâî-ìîíîòîííó ôóíêöiþ, äëÿ ÿêî¨

ïðè íàáëèæåííi ¨¨ êóñêîâî-ìîíîòîííèìè ïîëiíîìàìè íå ñïðàâäæó¹òüñÿ

îöiíêà òèïó Äæåêñîíà ç ìîäóëåì ãëàäêîñòi ïîðÿäêó ≥ 3.

1. Âñòóï. Íåõàé C − ïðîñòið íåïåðåðâíèõ 2π-ïåðiîäè÷íèõ ôóíêöié
f : R → R, ‖f‖ := ‖f‖R := max

x∈R
|f(x)| , i Tn, n ∈ N, − ïðîñòið òðèãî-

íîìåòðè÷íèõ ïîëiíîìiâ ïîðÿäêó ≤ n. Ïîçíà÷èìî

En(f) := inf
tn∈Tn

‖f − tn‖ .

Äîáðå âiäîìî [1], ùî ïðè êîæíîìó k ∈ N äëÿ áóäü-ÿêî¨ f ∈ C ñïðàâ-
äæó¹òüñÿ íåðiâíiñòü

En(f) ≤ c(k)ωk (f, 1/n) , n ∈ N, (1)

äå c(k)− ñòàëà, ÿêà çàëåæèòü ëèøå âiä k, i ωk (f, ·)− ìîäóëü ãëàäêî-
ñòi ïîðÿäêó k ôóíêöi¨ f.

Çàôiêñó¹ìî íàáið Y := {yi}i∈Z òî÷îê yi òàêèõ, ùî

−π ≤ y2s < y2s−1 < · · · < y1 < π, s ∈ N,

i äëÿ ðåøòè i ∈ Z òî÷êè yi âèçíà÷àþòüñÿ ðiâíiñòþ yi = yi+2s + 2π
(y0 = y2s+2π, ..., y2s+1 = y1−2π, ...). Âèäiëèìî â C ìíîæèíó ∆(1)(Y )
âñiõ ôóíêöié, ùî íå ñïàäàþòü íà [y1, y0], íå çðîñòàþòü íà [y2, y1], íå
ñïàäàþòü íà [y3, y2] i ò.ä. Ïîçíà÷èìî

E(1)
n (f) := E(1)

n (f, Y ) := inf
tn∈Tn∩∆(1)(Y )

‖f − tn‖ .

Ç [2] i [3] âiäîìî, ùî ÿêùî f ∈ ∆(1)(Y ), òî

E(1)
n (f) ≤ c(s)ω1 (f, 1/n) , n ∈ N, (2)

i
E(1)
n (f) ≤ c(s)ω2 (f, 1/n) , n ≥ N(Y ), (3)
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E(1)
n (f) ≤ C(Y )ω2 (f, 1/n) , n ∈ N, (4)

âiäïîâiäíî, äå c(s)− ñòàëà, ÿêà çàëåæèòü ëèøå âiä s, à N(Y ) i
C(Y )− ñòàëi, ÿêi çàëåæàòü òiëüêè âiä Y, òîáòî âiä min

i=1,...,2s
{yi−yi+1}.

Â [4, ñ. 64-83], ïðè êîæíîìó n ∈ N ïîáóäîâàíî ôóíêöiþ gn(x) =
gn(x, s, Y, k) ∈ ∆(1)(Y ) òàêó, ùî

E(1)
n (gn) ≥ C(Y, k)n

k
2−1ωk (gn, 1/n) , (5)

äå C(Y, k)− ñòàëà, ÿêà çàëåæèòü ëèøå âiä Y i k. Iíøèìè ñëîâàìè,
ïðè êîæíîìó n ∈ N ìîæíî ïiäiáðàòè ôóíêöiþ ç ∆(1)(Y ) äëÿ ÿêî¨
(2)�(4) ç ωk, k ≥ 3, õèáíi.

Â öüîìó ïîâiäîìëåíi ìè áóäó¹ìî îäíó òàêó ôóíêöiþ (äëÿ âñiõ
n ∈ N), à ñàìå: äîâîäèìî, ùî ìà¹ ìiñöå òàêà òåîðåìà.

Òåîðåìà 1. Äëÿ êîæíîãî íàòóðàëüíîãî k ≥ 3 â ìíîæèíi

∆(1)(Y ) iñíó¹ ôóíêöiÿ g(x) := g(x, s, Y, k) òàêà, ùî

lim
n→∞

E
(1)
n (g)

ωk (g, 1/n)
=∞. (6)

Äîâåäåííÿ. 1◦. Â ïóíêòi 1◦ ìè, â çðó÷íîìó äëÿ íàñ âèãëÿäi,
íàâåäåìî äåÿêi ôàêòè ç [4, ñ. 64-83]. Çâàæàþ÷è íà ïåðiîäè÷íiñòü, áåç
âòðàòè çàãàëüíîñòi áóäåìî ââàæàòè, ùî òî÷êà 0 íàëåæèòü íàáîðó
Y = {yi}i∈Z, òîáòî yi∗ = 0 ïðè äåÿêîìó i∗ ∈ Z. Ïîçíà÷èìî

Π(x) :=
2s∏
i=1

sin
x− yi

2
,
(
Π(x) > 0, x ∈ (y1, y0)

)
,

Π∗(x) :=
2s∏

i=1,i6=i∗

sin
x− yi

2
.

(Âiäìiòèìî, ùî ÿêùî ïåðiîäè÷íà f äèôåðåíöiéîâíà, òî f ∈
∆(1)(Y ) ⇐⇒ f ′(x)Π(x) ≥ 0, x ∈ R.) Íåõàé äëÿ âèçíà÷åíîñòi
i∗− íåïàðíå ÷èñëî (òîäi Π∗(0) > 0). Ïîçíà÷èìî 2d := min{|yi∗ −
yi∗−1|, |yi∗ − yi∗+1|}, âiäìiòèìî d ≤ π/2 i Π∗(x) > 0, x ∈ (−2d, 2d).
Ïîêëàäåìî

M := max
x∈R
|Π∗(x)|, m := min

x∈[−d,d]
Π∗(x), M1 := max

x∈R
|Π′∗(x)|.
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Îáåðåìî (â çàëåæíîñòi âiä Y ) íàòóðàëüíå ÷èñëî N − íàéìåíøå ç ÷è-
ñåë, ùî çàäîâîëüíÿþòü íåðiâíiñòü

m sin
d

8
≥ 5
N

(M +M1). (7)

Â öüîìó âèïàäêó ùîíàéìåíüøå d > 60/N. Äëÿ ïîáóäîâè g áóäå âè-
êîðèñòàíî ÿäðî Äæåêñîíà

JN (t) =
3

2N(2N2 + 1)

(
sin Nt

2

sin t
2

)4

.

Íàãàäà¹ìî (äèâ., íàïðèêëàä, [5, ñ. 127]) äåÿêi éîãî âëàñòèâîñòi: à)
JN (t) ¹ ïàðíèì íåâiä'¹ìíèì ïîëiíîìîì ç T2N−2;
á)

1
π

π∫
−π

JN (t)dt = 1; (8)

â) äëÿ áóäü-ÿêî¨ íåïåðåðâíî äèôåðåíöiéîâíî¨ ïåðiîäè÷íî¨ f â êîæíié
òî÷öi x ìà¹ ìiñöå íåðiâíiñòü

1
π

∣∣∣ π∫
−π

(f(t)− f(x))JN (t− x)dt
∣∣∣ ≤ 5

N
‖f ′‖. (9)

Îáåðåìî íàòóðàëüíå ÷èñëî ν ç óìîâè

1
2
d < d∗ :=

π

N
+ ν

2π
N
≤ d < π

N
+ (ν + 1)

2π
N
.

Ïîçíà÷èìî

M̃ :=
1
π
‖JN‖,

m̃:=
1
π

min
t∈[− π

2N ,
π

2N ]
JN (t−d∗) =

1
π

min
t∈[− π

2N ,
π

2N ]
JN (t+d∗),

i âiäìiòèìî, ùî m̃ > 0. Ïîêëàäåìî

M := 4 + 2π2MM̃

mm̃
.
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Ñêðiçü íàäàëi ïðèïóñêà¹ìî, ùî ÷èñëî b çàäîâîëüíÿ¹ íåðiâíiñòü

0 < b <
π

4NM

(ùîá äëÿ çðó÷íîñòi JN (x) > 0, x ∈ [−2Mb, 2Mb]). Äëÿ êîæíîãî (òà-
êîãî) b ïîçíà÷èìî

Qr(x, b) := Qr(x) :=
1
π

x∫
−b

sin
t− b

2
Π∗(t)Jn(t− d∗)dt,

Ql(x, b) := Ql(x) :=
1
π

x∫
−b

sin
t− b

2
Π∗(t)Jn(t+ d∗)dt,

i âiäìiòèìî, ùî

Qr(2π − b) =
1
π

2π−b∫
−b

sin
d∗ − b

2
Π∗(d∗)Jn(t− d∗)dt+

+
1
π

2π−b∫
−b

(
sin

t− b
2

Π∗(t)− sin
d∗ − b

2
Π∗(d∗)

)
Jn(t− d∗)dt.

Êðiì òîãî, d/8 < (d∗ − b)/2, îñêiëüêè 30/N < d/2 < d∗. Òîìó â ñèëó
(8), (9) i (7)

Qr(2π − b) ≥ sin
d∗ − b

2
Π∗(d∗)−

5
N

∥∥∥( sin
· − b

2
Π∗(·)

)′∥∥∥ ≥
≥ m sin

d

8
− 5
N

(M +M1) ≥ 0.

Àíàëîãi÷íî, Ql(2π − b) ≤ 0. Òîìó ìîæíî âèçíà÷èòè ÷èñëî αb ∈ [0, 1]
ç óìîâè

αbQr(2π − b) + (1− αb)Ql(2π − b) = 0. (10)

Ïîêëàäåìî

Q(x, b) := Q(x) := αbQr(x) + (1− αb)Ql(x).
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Ðiâíiñòü (10) ñâiä÷èòü ïðî òå, ùî Q ∈ T2N+s−2.
Çàóâàæèìî, ùî äëÿ áóäü-ÿêîãî b iñíó¹ ÷èñëî b0 òàêå, ùî

b < b0 < Mb (11)

i
Q(b0) = 0. (12)

Äiéñíî, ç îäíîãî áîêó, Q(b) < 0 i ñïðàâäæó¹òüñÿ íåðiâíiñòü

|Q(b)| ≤MM̃

∣∣∣∣∣
b∫
−b

sin
t− b

2
dt

∣∣∣∣∣ = 4MM̃ sin2 b

2
≤MM̃b2,

à ç iíøîãî áîêó, ïðè Mb < π
2N ,

Q(Mb)−Q(b)=
1
π

Mb∫
b

sin
t−b
2

Π∗(t)
(
αbJN (t−d∗)+(1−αb)JN (t+d∗)

)
dt ≥

≥ mm̃
Mb∫
b

sin
t− b

2
dt = 4mm̃ sin2 (M − 1)b

4
≥ mm̃

π2
(M − 1)2b2,

i òîìó

Q(Mb) = Q(Mb)−Q(b) +Q(b) ≥ mm̃

π2
(M − 1)2b2 −MM̃b2 > 0.

2◦. Îñêiëüêè ωk(f, t) ≤ 2ωk−1(f, t), k ∈ N, òî (6) äîñòàòíüî äîâåñòè
ëèøå äëÿ k = 3.

Ïðè êîæíîìó b ÷åðåçKr,b(x) iKl,b(x) ïîçíà÷èìî äâi 2π-ïåðiîäè÷íi
ôóíêöi¨ òàêi, ùî

Kr,b, Kl,b ∈ C(2); 0 ≤ Kr,b(x) ≤ 1, 0 ≤ Kl,b(x) ≤ 1, x ∈ R;

Kr,b(x) :=

 0, x ∈
[
−Mb

2
, b0

]
,

1, x ∈ [−π,−Mb] ∪ [b0 + b, π];
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Kl,b(x) :=

 0, x ∈
[
−b, b0 +

Mb

2

]
,

1, x ∈ [−π,−2b] ∪ [b0 +Mb, π];

i äîâåäåìî íåðiâíiñòü

I1 :=

π∫
−π

Kr,b(t) sin
t− b

2
Π∗(t)×

×
(
αbJN (t− d∗) + (1− αb)JN (t+ d∗)

)
dt > 0.

Äëÿ öüîãî, âíàñëiäîê (10)�(12), äîñòàòíüî äîâåñòè, ùî∣∣∣∣∣
−b∫

−Mb2

sin
t− b

2
Π∗(t)

(
αbJN (t− d∗) + (1− αb)JN (t+ d∗)

)
dt

∣∣∣∣∣ >

>

b0+b∫
b0

sin
t− b

2
Π∗(t)

(
αbJN (t− d∗) + (1− αb)JN (t+ d∗)

)
dt.

ßêùî −Mb
2 ≤ t ≤ −b, òî

|Π∗(t)| ≥ m,
1
π
JN (t− d∗) ≥ m̃, 1

π
JN (t+ d∗) ≥ m̃,

òîáòî∣∣∣∣∣
−b∫

−Mb2

sin
t− b

2
Π∗(t)

(
αbJN (t− d∗) + (1− αb)JN (t+ d∗)

)
dt

∣∣∣∣∣ >

> πmm̃

∣∣∣∣∣
−b∫

−Mb2

sin
t− b

2
dt

∣∣∣∣∣ =

= 4πmm̃ sin
(M − 2)b

8
sin

(M + 6)b
8

>
mm̃(M − 2)2b2

4π
.
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Ç iíøîãî áîêó,

b0+b∫
b0

sin
t− b

2
Π∗(t)

(
αbJN (t− d∗) + (1− αb)JN (t+ d∗)

)
dt <

< bMπM̃ sin
b0
2
< πMM̃

M

2
b2.

Ç âèáîðó M âèïëèâà¹, ùî mm̃(M − 2)2b2/(4π) > πMM̃Mb2/2. Àíà-
ëîãi÷íî,

I2 :=

π∫
−π

Kl,b(t) sin
t− b

2
Π∗(t)

(
αbJN (t−d∗)+(1−αb)JN (t+d∗)

)
dt < 0.

Òîìó âèáåðåìî βb ∈ (0, 1) iç óìîâè βbI1 + (1− βb)I2 = 0 i ïîêëàäåìî

Kb(x) := βbKr,b(x) + (1− βb)Kl,b(x).

Îòæå, ïðè êîæíîìó b Kb(x) ¹ 2π-ïåðiîäè÷íà 2 ðàçè íåïåðåðâíî äè-
ôåðåíöiéîâíà ôóíêöiÿ òàêà, ùî

Kb(x) :=

{
0, x ∈ [−b, b0] ,

1, x ∈ [−π,−Mb] ∪ [b0 +Mb, π];

0 ≤ Kb(x) ≤ 1, x ∈ R;
2π−b∫
−b

Kb(t) sin
t− b

2
Π∗(t)

(
αbJN (t−d∗)+(1−αb)JN (t+d∗)

)
dt = 0. (13)

3◦. Çãiäíî ç (10)�(13) ôóíêöi¨

qb :=
1
π

x∫
−b

Kb(t) sin
t− b

2
Π∗(t)
M

(
αbJN (t− d∗) + (1− αb)JN (t+ d∗)

)
dt,

Qb :=
1
π

x∫
−b

sin
t− b

2
Π∗(t)
M

(
αbJN (t− d∗) + (1− αb)JN (t+ d∗)

)
dt,
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¹ 2π-ïåðiîäè÷íi i òàêi, ùî

qb(x) = 0, x ∈ [−b, b0], (14)

qb ∈ C(3) ∩∆(1)(Y ), (15)

‖qb‖ ≤ 1, (16)

‖qb −Qb‖ = ‖qb −Qb‖[−Mb,b0+Mb] ≤MM̃(b0 + 2Mb)×

× sin
b0 +Mb− b

2
< (3MM̃M

2
+ 1)b2 =: c1b2, (17)

ω3(qb, t) ≤ ω3(qb −Qb, t) + ω3(Qb, t) ≤

≤ 8‖qb −Qb‖+ t3
∥∥∥Q(3)

b

∥∥∥ ≤ 8c1b2 + t3L, (18)

äå L =const íå çàëåæèòü âiä b.
Íàâåäåìî íàñëiäîê ç òåîðåìè I.I.Ïðèâàëîâà (äèâ. [6, ñ. 96-98]): äëÿ

äîâiëüíîãî ïîëiíîìà Rn ∈ Tn i áóäü-ÿêîãî äîäàòíîãî h ≤ π ñïðàâä-
æó¹òüñÿ íåðiâíiñòü

h|R′n(0)| ≤ An‖Rn‖[−h,h],

äå A = const > 1 (A ≈ 2π). Âiçüìåìî äîâiëüíèé ïîëiíîì τn ∈ ∆(1)(Y )
ïîðÿäêó n > 2N+s−2, ïîêëàäåìî Rn(x) := τn(x)−Qb(x) i ïîìiòèìî,
ùî

R′n(0) = τ ′n(0)−Q′b(0) = −Q′b(0) ≥ bmm̃

πM
=: c2b.

Òîìó

hc2b ≤ hR′n(0) ≤ An‖Rn‖[−h,h] ≤ An
(
‖τn − qb‖[−h,h]+

+‖qb −Qb‖
)
≤ An‖τn − qb‖[−h,h] +Anc1b

2,

çâiäêè

‖τn − qb‖[−h,h] ≥
c2 h

An
b− c1b2. (19)

4◦. Ïîçíà÷èìî

bn :=
(

1
n

) 3
2

,
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i âèáåðåìî N0 òàêèì, ùîá N0 > 2N + s − 2 i bN0 <
π

4NM
. Äëÿ âñiõ

n > N0 ïîêëàäåìî
gn(x) := qbn(x),

i ç (18) ïîìiòèìî, ùî

ω3(gn, t) ≤ (8c1 + L)t3 =: c3t3, t ≥ 1
n
. (20)

Äëÿ äàíîãî Y îçíà÷èìî g(x, s, Y, 3) =: g(x). Ñïî÷àòêó âiçüìåìî ε =
1
10 i îáåðåìî n0 ≥ N0 íàñòiëüêè âåëèêèì, ùîá

2c3 < nε0, (21)

i
c2
A
bn0 < 1. (22)

Ïîêëàäåìî γ0 := 1 i

γj :=
c2bnj−1bnj
A4nj

γj−1 =
bn0

bnj

j∏
ν=1

c2b
2
nν

A4nν
, j ≥ 0, (23)

äå çðîñòàþ÷à ïîñëiäîâíiñòü {nν} âèçíà÷à¹òüñÿ çà iíäóêöi¹þ íàñòóï-
íèì ÷èíîì. Ïðèïóñòèìî, ùî ÷èñëà {n0, ..., nσ−1} âæå âèçíà÷åíi, òîäi
ïîêëàäåìî

Gσ−1(x) :=
σ−1∑
j=1

γj−1gnj (x), (G0(x) := 0),

i âèáåðåìî nσ > nσ−1 íàñòiëüêè âåëèêèì, ùîá∥∥∥G(3)
σ−1

∥∥∥ ≤ γσ−1n
ε
σ (24)

i
c2
A
bnσ−1 ≥ 2c1

1
nεσ
. (25)

Ïîçíà÷èìî

Gσ(x) :=
∞∑
j=σ

γj−1gnj (x),
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i çàóâàæèìî, ùî ðiâíîìiðíà çáiæíiñòü öüîãî ðÿäó çàáåçïå÷ó¹òüñÿ
ñïiââiäíîøåííÿìè (16) i íåðiâíiñòþ

∞∑
j=σ

γj−1 ≤ γσ−1

(
1 +

1
22

+
1
24

+ ...

)
< 2γσ−1, (26)

ÿêà âèïëèâà¹ ç (22) i (23).
Ïîêëàäåìî

g(x) :=
∞∑
j=1

γj−1gnj (x)
(

= Gσ−1(x) +Gσ(x)
)
,

i ç (15) ïîìiòèìî, ùî g ∈ ∆(1)(Y ). Çàëèøèëîñü ïåðåâiðèòè (6). Îöiíêà

ω3

(
Gσ, 1/nσ

)
≤ c3
n3
σ

∞∑
j=σ

γj−1 <
2c3
n3
σ

γσ−1 <
γσ−1

n3−ε
σ

âèïëèâà¹ ç (20), (26) i (21), à îöiíêà

ω3 (Gσ−1, 1/nσ) ≤ 1
n3
σ

∥∥∥G(3)
σ−1

∥∥∥ ≤ γσ−1

n3−ε
σ

− ç (24). Òîìó äëÿ âñiõ σ

ω3 (g, 1/nσ) ≤ 2γσ−1

n3−ε
σ

. (27)

Òåïåð îöiíèìî E
(1)
nσ (g) çíèçó. Îñêiëüêè âíàñëiäîê (14) Gσ−1(x) = 0

íà [
−bnσ−1 , bnσ−1

]
:= Iσ−1,

òî

g(x) = γσ−1gnσ (x) +Gσ+1(x), x ∈ Iσ−1.

Íåõàé

τnσ :=
1

γσ−1
Γnσ ,
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äå Γnσ − äîâiëüíèé ïîëiíîì ç ∆(1)(Y ) ïîðÿäêó nσ, òîäi çà (19)

‖τnσ − gnσ‖Iσ−1
≥
c2bnσ−1

Anσ
bnσ − c1b2nσ .

Ñïiââiäíîøåííÿ (16), íåðiâíiñòü (26) i îçíà÷åííÿ (23) òÿãíóòü îöiíêó∥∥Gσ+1

∥∥ ≤ ∞∑
j=σ+1

γj−1 < 2γσ =
c2bnσ−1

A4nσ
bnσγσ−1.

Òîìó ç óðàõóâàííÿì (25) çàïèøåìî

E(1)
nσ (g) = ‖g − Γnσ‖ ≥ ‖Γnσ − g‖Iσ−1 ≥ ‖Γnσ − γσ−1gnσ‖Iσ−1−

−
∥∥Gσ+1

∥∥ = γσ−1‖τnσ − gnσ‖Iσ−1 −
∥∥Gσ+1

∥∥ ≥
≥ γσ−1

(
c2bnσ−1

Anσ
bnσ − c1b2nσ −

c2bnσ−1

A4nσ
bnσ

)
≥

≥ γσ−1

(
c1

n1+ε
σ

bnσ − c1b2nσ

)
.

Ðàçîì ç (27), (25) i (22) öå òÿãíå íåðiâíiñòü

E
(1)
nσ (g)

ωk (g, 1/nσ)
≥ c1

2

(
n−1−ε
σ n−3/2

σ n3−ε
σ − n−3

σ n3−ε
σ

)
=

=
c1
2

(
1− 1

n
1
2−ε
σ

)
n

1
2−2ε
σ ≥ c1

4
n

1
2−2ε
σ

äëÿ âñiõ σ, òîáòî (6) âiðíî, îñêiëüêè ε = 1
10 . Òåîðåìó 1 äîâåäåíî.
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