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APPROXIMATION BY ZYGMUND
SUMS IN THE CLASSES CY¥

In this working we consider the approximation of functions from
the classes of v-integrals by the Zygmund sums. In particularly, we
obtain asymptotic formulas for the value &,(C%,Z5)c = sup || f(z)—

fecy
—Z5(f;x)||lc, under various conditions on functions ¥1(-) and ¥a(-).

1. Introduction. Let L denote the space of integrable 2x-
periodic functions, and let

o . o .
2+; ay cos kx + by sinkx) = ZAk(fw)

be the Fourier series of a function f € L, i.e., forany k =0,1,2,...
1] 1

ar = ap(f) = — / f(t)cosktdt, b ="0bi(f)=— / f(t) sin ktdt.
T T

The polynomials that have the form

—1
+ ))AR(f;2), s>0
k:l

3

ap

are called the Zygmund sums, and Fejér sums in case of s = 1. In

[1, Chpt.IV], C¥ is class of 27-periodic continuous functions which
represented in the form of convolution
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™

f@) =P+ 1 [ el - =3+ (T 0@,

—T
where U(z) is a certain function that has the Fourier series
o
Z(@bﬂk) cos kx + 2 (k) sin kz),
k=

1

1 = (1,%2) is a pair of arbitrary fixed systems of numbers P1(k)

and ¥2(k), k = 1,2,.... Here, the function ¢ is called ¢-derivative

of function f, and is denoted by f¥(:), esssup|f¥(t)| <1,
t

f Fe(t)dt = 0.

In [1], if Y1(v) = w(v)cos% and y(v) = w(v)sinﬂ?ﬂ,

then the classes Cgo coincide with the classes C’Z’f ~- Moreover, if

(v) =v~", then the classes C’OEO coincide with the well known the
classes Weil-Nagy ng.
The value

E(CL, Z5)c = sup ||f(x) — Z5(f:2)c (1)
fecy,

is the main subject of our studying aimed at obtained asymptotic
equalities under various conditions on functions ;(-) and ¥s(-),
where [[¢]lc = max [o(x)].

The value &,(M,Z3)c was investigated by many
mathematicians. Some of whom are A. Zygmund [2] that
investigated in case of Mt = W/, r > 0; B. Nagy, S.A. Teljakovskif
3, 4] that investigated in case of M = W;  under various
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conditions on f,s,r; A.I. Stepanets, D.N. Busev [1, 5] that
investigated in case of 91 = ng ~ under the condition on function

¥(+); A.S. Federenko [6, 7] that investigated in case of M = cy
under the various conditions on functions () and a(-).

The value of (1) is depend on the functions g;(v) = v¥;(v),
1 = 1,2, which are convex upwards or convex downwards. There
are five possible cases for functions g;(v), i = 1,2:

a
V—00

) gi(v) are convex downwards with lim g;(v) = oo,

) gi(v) are convex downwards with lim g;(v) = C > 0,
(

)

o

V—00
) gi(v) are convex downwards with lim g;(v) =0,
g

o

V—00 0
gi(v) are convex upwards with lim g¢;(v) = ¢ >0,
vV—00
) gi(v) are convex upwards with lim g;(v) = oo.
Vv—00

o,

)

It is noted that the case of (a) is possible only if s > 1.
A. S. Fedorenko, [7], investigated the cases of b)-d) for ¢y € M
(or —¢p1 € M ), and o € M (or —ho € M) and got the
exact asymptotic equalities in these cases for value (1). In this
study, we investigated the cases of d) and e) for ¥y € M
(or =y € M ), and ¢ € M (or —1hy € M) for value (1).
Here, [1, Chpt.IV], 9t denotes the set of continuous positive
functions () which are convex downwards for all v > 1 and with
UILHQO ¥(v) = 0 and 9 denotes the subset of functions #(-) from

M that satisfy in addition the following condition:

(o0, -
1/ dt < .

t
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2. Main Results.
Theorem. Let 11 € M, o € M and g;(v) = v¥;(v), s > 0,
i=1,2, be conver upwards on v > b > 1 with lim g;(v) = oo or
V—00

lim g¢;(v) =¢; > 0. Then as n — oo, we have
V—00
n

en(o?o,zg)(;:% / vs_lwg(v)dv—l—% / wi}(v)dv—kO(l)@/J(n), @)

1

where P(n) = (Y(n) +¢3(n))/? and O(1) is a quantity uniformly
bounded in n.

¥(t) :
Let v € 9 and a(t) = for t > 1. If there exist
W= o)
tlim a(t), then let us denote value of this limit by ay (1)) & tlim a(t).

Therefore we get the following corollaries:
Corollary 1. Let ¢y € M, 1po € M’ and g;(v) = v¥;(v), s > 0,
i =1,2, be conver upwards on v > b > 1 with lim g;(v) = oo. If
V—00
ap(he) = o0, then as n — oo, we have the following asymptotic
equality:

20 4+ 0(1)B(n).

v

200
&@gﬁm:/
v

where P(n) = (Y(n) +¥3(n))/? and O(1) is a quantity uniformly
bounded in n.

Remark 1. In [6], A.S. Fedorenko investigated the same
problem and also D.N. Busev, [5], investigated same problem in

case of ¥1(v) = ¥(v) cos%r and ¥9(v) = 9(v)sin %T, but they
didn’t find exact asymptotic equalities for value (1).

If we take functions ¢;(t) =In"“(t +e), a; > 1,7 = 1,2, then
this function satisfies the conditions of Corollary 1.
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Corollary 2. Let ¢y € M, 1po € M’ and g;(v) = v¥;(v), s > 0,
i=1,2, be conver upwards on v > b > 1 with lim g;(v) = oo or
V—00
lim ¢;(v) = ¢ > 0. If ag(yp2) = 1/s then as n — oo, we have the
V—00
following asymptotic equality:

E(CT 75) = 2 /USIwQ(v)dv +0(1)B(n),

™ns
1

where P(n) = (Y(n) +¢3(n))/? and O(1) is a quantity uniformly
bounded in n.

Remark 2. This result coincides with Theorem 1 in [7] in
case of that g;(v) = v®¢;(v), s > 0, i = 1,2, is convex upwards on
v >b>1 with Uli_)rgogi(v) =c; > 0.

ri

If we take functions v;(t) = ln(tts—i—e)
= .
i=1,2, and ¥;(t) = %, g >0,8>0,¢ >0,7i=1,2, then
these functions satisfy the conditions of Corollary 2.

Corollary 3. Let ¢y € M, 1pa € M’ and g;(v) = v¥;(v), s > 0,
1 =1,2, be convex upwards on v > b > 1 with vllrgogi(v) =oo. If

,o< 1 <s,0<r; <1,

ap(2) € (1/s,00), then as n — oo, we have

E(CL, Z5) o = O(1)d(n),

where P(n) = (Y(n) +¢3(n))/? and O(1) is a quantity uniformly
bounded in n. )

If we take functions v;(t) = et 0<eg <s<eg+1,i=1,2,
then this function satisfies the conditions of Corollary 3.

3. Some Auxiliary Results. In this section, we shall give
some auxiliary results which used for the proof of the Theorem.

Proposition 1. Let 11(-) € M and let g1(v) = v5YP1(v),
s > 0, be convexr upwards on v > b > 1 with vllngogl(v) = 00
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or lim g1(v) =¢; > 0. Then as n — oo, we have

/ ]i/n(v) cos vt duldt = O(1)pr (n), (3)
—0o0 0
where
vty (1) 0<v<1
nS
[ QA P (4)
Giv) vz

where O(1) is a quantity uniformly bounded in n.

Proposition 2. Let 1(-) € MM and let g2(v) = v¢Pa(v),
s > 0, be convex upwards on v > b > 1 with lim ga(v) = oo
V—00

or lim ¢g2(v) = ca > 0. Then as n — oo, we have
vV—00

/\/7’2(1}) sin vt dv|dt=—— /051w2(v)dv+/¢2(v)dv+
as mns u
—00 0 1 n

v
+O(1)ya(n), (5)
where
vrl) o<
T(v) = R0 l<wv<n (6)
w@) ,0>mn

and O(1) is a quantity uniformly bounded in n.

4. Proofs. First of all, we will began with proof of the
Proposition 1-2, after give proof of the Theorem and finally the
proofs of Corollaries.
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Proof of Proposition 1. By partial integration, we have

oo n o0

1 1
/7'1 (v) cos vtdv= — n /T{ (v) sinvtdv — n /T{(v) sin vtdv.
0

0 n

Hence

o0 n

1 Vi 1
— < — 4 1
/|7T/7'1(v)cosvt dv|dt < / |7Tt/7'1(v)smvtdv|dt+
0

—00 0

o0

1 o0
+ / |7Tt/1/zi(v) sinvtdv|dt := I, 1 + Ip 2. (7)

Now let us estimate that

Iy = OM)r(n). (8)
For any fixed n € N the function 7),(v) is a nonincreasing function
on [0,n], therefore for all t > 0

n
1

n /T{(U) sinvtdv > 0. 9)
0

Taking account to (9), we obtain

n o0

e} n
1 2 invt
Iy = Q/M/T{(v) sinvtdvdt:; ﬁ-{(v)/ SH;U dtdv =
0o 0 0 0

:/T{(v)dv =71(n) — 71(0) = Y1(n).
0
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Then we get (8). From proof of lemma 4.3.1 [1], we know that
Ing = O(1)1(n). (10)
Therefore according to (8) and (10), we have (3). The proof of

Proposition 1 is completed.

Proof of Proposition 2. The function m5(v) is a nonnegative
continuous function on interval [0,00) that is increasing on
intervals [0,n| and

lim 7(v) = lim 75(v) = 0.
V—00 vV—00

Hence, by applying two times partial integration, we have

oo

1 . 1 .
- /TQ(?)) sinvtdv = @[(Té(l —0) — 75(1 +0)) sint+
0

+(m5(n — 0) — 75(n + 0)) sin nt—
n o0
(/ 74 (v) sinvtdv + /Té/(v) sin vtdv)]. (11)
1 n
From (11), since g2(v) = v®2(v) is increasing, we get

o0

|71T/7'2(U) sinvtdv| < 7;2(231/}275”) + wi(sl)) <
0
(2s + l)lbg(n)‘

< (12)

mt?
Therefore, accordingly (12) we have

[e.e]

1 T T 1
/ |/Tg(v)sinvtdv|dt:2/|/Tg(v) sin vtdv|dt <
T T

t>x/2 0 a2 0
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2s + 1
< 22D () = 0. (13)
By partial integration, we have
1 oo o0 /
— [ 12(v) sin vtdvf— ) cosvtdv+ | m5(v) cosvtdv). (14)
T
0 0 n

To estimate the integral on right hand of (14), first of all we will
consider integrals on [0,n| and show that

w/2 n
/y/ 4(0) cosvideldi=— ! /vs_lwg(v)dv—i—O(wg(n)). (15)
T/2n 0 1

In this case, let represent the function under the integral sign in
left part of (15) in such form:

n w/2t n
1 1 1
t/Té(U) cosvtdv:E /Té(v) cosvtdv—i—; /Té(’l}) cosvtdy =
0 0 w/2t
df
= I (t) + [Q(t). (16)

In order to prove of (15) it will suffice to prove following equalities

/2

[ intlde= o [ @i+ O an)
7/2n 1
and
w/2
[ 0l < 0w (1)

w/2n
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Since the function 74(v) is nonnegative and nonincreasing on [0, n],
then I1(t) > 0, t € [7/2n,7/2], and Iz(t) < 0, t € [7/2n,7/2].
Therefore changing the order of integration, we obtain

/2 ©/2 w2
/ |1, (t)|dt = / % / 75 (v) cos vt dv dt =
™/2n m/on 0
1 /2 n m/2v
:/ / Coi”t dt dra(v) +/ / Coi”t dt dry(v) =
0 x/2n 1 /20
1 mv/2 n 2
:/ / Cozszdz dTQ(v)Jr/ / Cojz dz dro(v) =
0 mu/2n 1 7v/2n
/2 1 1 ( )
oS 2 T2 (v v s
= <7-2(v) / . dz) ) —/ 2@ (cos? — cos %) dv+
/20 0
/2 I
+<7'2(v) / COZSZ dz) ) + / qu(jv) cos% dv =

wv/2n 1

= s~ lahy (v) cos — dv + O(—) (19)
1
Now let’s show that
1 r 1 r
e /v51¢2(v) cos %dvzﬁ /v51¢2(v)dv+0(w2(n)). (20)

1 1
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For proof of (20) we will obtain necessary estimation of following

difference
n

1
— [ v (0)(1 — cos %) dv =
1
2 o1 sintv/4dn ™ . wU
-2 SR/ v <
ne ]’ Va(v)y mv/dn  4dn Syn 0=

1

n

2 T ™

< S in — < .

<5 a(n)n n /sm ™ dv < 21p3(n)
1

Hence by combining (19) and (20), we get (17). Now we will obtain
(18). Since I»(t) <0, t €| T E], then we have

2’ 2
/2 T2 n
/ o (8)|dt = — / % / () cos vt dv dt =
©/2n n)2n  w/2t
n /2 n /2
= —/Té(’l}) / coivt dt dv = —/Té(?)) / COzSZ dz dv <
1 /2 1 /2

n

< 20i(3) [ so)tv=26i( G watn-22) < O, (1)

1
Therefore take into account (17) and (21), we get (15).

Now we will estimate integral on interval [n,c0) on right hand
of (14). Taking into account that m»(v) is convex downwards with

/
lim 75(v) = 0 on interval [n, 00) and that 7711/)2(71)

V—00 ¢2 (’I’L)

< s, by partial
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integration, we get
o0

o0

1 1

E| /Té(v) cos vtdv|:@| (75 (v) sin vt|2°)— /Té’(v) sinvtdv| <
n

n

2 nh(n) 2s1)2(n)
< - .
= 7rnt2( w2(n) )¢2(n) < P (22)
According to (22), we obtain
71'/2 o0
L tdvldt < 2 —o(1 23
[ 15 [ it cosvtavlat < 25unn) = Ot (23)
w/2n n
Taking account to (15) and (22), we have
1 i : 2 [ s—1
/ |— /72(1)) smvtdvldt:s/v o (v)dv+O(1)ha(n). (24)
™ ™m
R <[tI<F 0 1

Now let’s investigate in neighborhood of origin: Since 75 (v) = 12 (v)
on [n,00), in [1, p. 204], there exist a > 0 for ¥ n > 1, such that
we have

/ \i/v'g(v)sinvtdet: i/@dv%—O(l)w(n). (25)
t<a/n n

After that we obtain that

/2N co T/2n

271T|//7'2(v)sinvtdv|dt§71r| /2122(71)

2
a/n n a/n

dt < O(1)a(n). (26)
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Finally we will estimate integral

w/2n n /2n n
1 1
/ |/7’2(U) sin vtdv|dt = 2 / |/7’2(U) sin vtdv|dt.
T ™
—7/2n 0 0 0

By considering that 72(v) is a continuous increasing function on
interval [0,n|, we have |2(v)| < 2(n). Hence, we obtain

w/2n n
/ % /TQ(U) sinvtdv|dt < 2ih9(n) = O(1)1)2(n). (27)
—7/2n 0

Therefore, by using (15) and (23)-(27), for n > 1, we get (5). The
proof of Proposition 2 is completed.
Proof of Theorem. For any f € cy,

f@) - Z3fi0) = [ - ombat (28)
equality is true, [1, Chp. IV], where
o il Ji A
T (t)=T14(t)+72—(t) =— /7'1 COS’UtClU—l—/TQ(U) sinvtdv. (29)
T T
0 0

7i(v) which is determined by (4) and (6), respectively for i = 1,2,
are functions continuous for all v > 0, and their transformations
71+ (t) and 7o_(t) are absolutely summable on the entire number
axis. .

According to the classes CY are invariant under the shift of an

argument, that is, if f € C?o, then the function fi(z) = f(x + h)
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also belongs to C?O for any fixed h € R, from (28) we have

o

E(CL Z5)c = sup | [ FP(—t)m(t)dt] < / (1) .

fec oo

105

(30)

On the other hand, since the inequality |p(t)] < 1 a.e. is true,
there exist a function f(z) = f(p;) for which fY(x) = o(z), in

classes C%. Hence, there exist a function f,(t) in C¥, such that it

has the form

sign(a(1)),  1t] <

R

Periodicly, |t| >

ol

(31)

on the set Iy U Iy, where Iy = {t : || < g}, Io=A{t:|t| > g}

Then, owing to (31), we have

£(0)~Z5(f.:0)= / o (8) / ()t / PP ta(t)dt >

[t1>% [t1=>5

>7%n(t)|dt—2 / 13, ().

tI>%
Taking into account (30) and (32), as n — oo, we obtain

o0

ECT 75)0 = / 2a(0)|dt +7(n), >0

—00

(32)

(33)
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where v(n) < 0 and

Iy (n)| = O / #a(t)dE) (34)

[t=5

By using (33) and Proposition 1-2, we will proof the Theorem.
Firstly, let us estimate (n):

()] < O(1) / A (0)]dE < O(1) / |71r/7'1(v)cosvtdv]dt—|—
0

t1>% tI>%
[e.e]
1
+0(1) |— /7’2(7}) sinvt dv|dt := y1 + 2.
s
tI>3 0

We obtain owing to the estimations of (3) and (13) that
71 = O(1)¢1(n) and 2 = O(1)1h2(n), respectively. Hence we have

lv(n)] < O(1)y(n). Finally, according to Proposition 1-2; we get
(2). Therefore, the proof of the Theorem is completed.

Proof of Corollary 1-3. By L’Hopital’s and Leibniz rules we
obtain the following correlations:

1 x xr
— vy (v)do s/ v Ly (v)do
lim 1 = — 14 lim 2 =
T—0oo /OO ¢2(U) dv T—00 $S¢2(JJ)
e U
s laho(z)
——1+lim = 14+lm ———, (35
T o e 1] R S A e R

stha ()
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and

lim V() — lim s — 2@ (36)
e )
€T
/°° ¢2(U)dv Vo() o)
1. T v _ 1 T _ 1 2
MR AR ) e @) O

Therefore, the proofs of the Corollary 1-3 are easily get by
correlations (2) and (35)—(37).
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