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Abstract

We consider Vlasov-type scaling for the Glauber dynamics in con-
tinuum with a positive integrable potential, and construct rescaled and
limiting evolutions of correlation functions. Convergence to the limit-
ing evolution for the positive density system in infinite volume is shown.
Chaos preservation property of this evolution gives a possibility to derive
a non-linear Vlasov-type equation for the particle density of the limiting
system.

1 Introduction

Kinetic equations are a useful approximation for the description of dynamical
processes in multi-body systems, see, e.g., the reviews by H.Spohn [32], [33].
Among them, the Vlasov equation has important role in physics (in particular,
physics of plasma). It describes the Hamiltonian motion of an infinite particle
system in the mean field scaling limit when the influence of weak long-range
forces is taken into account. The convergence of the Vlasov scaling limit was
shown rigorously by W.Braun and K.Hepp [1] (for the Hamiltonian dynamics)
and by R.L.Dobrushin [3] (for more general deterministic dynamical systems).
However, the resulting Vlasov-type equations for particle densities are consid-
ered in classes of integrable functions (or, in the weak form, of finite measures).
This, in fact, restricts us to the case of finite volume systems or systems with
zero mean density in an infinite volume. Detailed analysis of Vlasov-type equa-
tions for integrable functions is presented in the recent paper by V.V.Kozlov
[25].

In [9], we proposed a general approach to study the Vlasov-type scaling for
some classes of stochastic evolutions in the continuum, in particular, for spatial
birth-and-death Markov processes. The approaches mentioned above are not
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applicable to these dynamics (even in a finite volume) due to essential reasons
(see [9] for details). Omne of them is a possible variation of the particle number
during the evolution. More essentially is that for these processes the possi-
bility of their descriptions in terms of proper stochastic evolutional equations
for particle motion is, generally speaking, absent. There are only few works
concerning general spatial birth-and-death evolutions, see [30], [16], [13], [14],
[29], [31]. However, the conditions for the existence (in different senses) of the
evolutions considered therein are quite far from the general form.

Therefore, we looked for an alternative approach to the derivation of kinetic
Vlasov-type equations from stochastic dynamics. The correct Vlasov limit can
be easily guessed from the BBGKY hierarchy for the Hamiltonian system, see,
e.g., [32]. Such a heuristic derivation does not assume the integrability condition
for the density, but until now, it could not be made rigorously due to the lack of
detailed information about the properties of solutions to the BBGKY hierarchy.
Our approach is based on this observation applied in a new dynamical frame-
work. Note that we already know that many stochastic evolutions in continuum
admit effective descriptions in terms of hierarchical equations for correlation
functions which generalize the BBGKY hierarchy from Hamiltonian to Markov
setting, see, e.g., [12] and the references therein. Even more, these hierarchi-
cal equations are often the only available technical tools for a construction of
considered dynamics [20], [21], [8].

Developing this point of view, our scheme for the Vlasov scaling of stochastic
dynamics is based on the proper scaling of the hierarchical equations. This
scheme has also a clear interpretation in the terms of scaled Markov generators.
An application of the considered scaling leads to the limiting hierarchy which
posses a chaos preservation property. Namely, if we start from a Poissonian
(non-homogeneous) initial state of the system, then during the time evolution
this property will be preserved. Moreover, a special structure of the interaction
in the resulting virtual Vlasov system gives a non-linear evolutional equation
for the density of the evolving Poisson state.

The control of the convergence of Vlasov scalings for the considered hier-
archies is a quite difficult technical problem which should be analyzed for any
particular model separately. In the present paper, we solve this problem for
the Glauber dynamics in continuum. These dynamics have given reversible
states which are grand canonical Gibbs measures. The corresponding equilib-
rium dynamics which preserve the initial Gibbs state in the time evolution were
considered in, e.g., [22], [23], [24], [11]. Note that, in applications, the time
evolution of initial state is the subject of the primary interest. Therefore, we
understand the considered stochastic (non-equilibrium) dynamics as the evolu-
tion of initial distributions for the system. Actually, the corresponding Markov
process (provided it exists) itself gives a general technical equipment to study
this problem. Moreover, using the techniques developed in [13], it is possible to
construct this Markov process as a solution of a stochastic differential equation.
Unfortunately, this approach does not give any information about the proper-
ties of the corresponding correlation functions which we need for the study of
Vlasov scaling as was mentioned above.



However, we note that the transition from the micro-state evolution corre-
sponding to the given initial configuration to the macro-state dynamics is the
well developed concept in the theory of infinite particle systems. This point
of view appeared initially in the framework of the Hamiltonian dynamics of
classical gases, see, e.g., [4]. Again, the lack of the general Markov processes
techniques for the considered systems makes it necessary to develop alternative
approaches to study the state evolutions in the Glauber dynamics. Such ap-
proaches we realized in [20], [21], [10], [7]. The description of the time evolutions
for measures on configuration spaces in terms of an infinite system of evolutional
equations for the corresponding correlation functions was used there. The latter
system is a Glauber evolution’s analog of the famous BBGKY-hierarchy for the
Hamiltonian dynamics.

Here we extend the approximation approach proposed in [10], [7] to the
Vlasov scaling for the Glauber dynamics in continuum. We construct and study
semigroups corresponding to properly rescaled Markov generator of the Glauber
dynamics (Propositions 3.8 and 3.11). We prove for the integrable and bounded
potential the convergence of these semigroups to the limiting semigroup which
describe Vlasov evolution (Theorem 3.12). We derive the corresponding Vlasov-
type equation from this evolution (Theorem 3.14). Note that the stationary so-
lution of this equation will satisfied the well-known Kirkwood—Monroe equation
in the freezing theory (Remark 3.15).

2 Glauber dynamics in continuum

2.1 Basic facts and notation

Let B(R?) be the family of all Borel sets in R%, d > 1; B,(R?) denotes the
system of all bounded sets in B(R?).

The configuration space over space R? consists of all locally finite subsets
(configurations) of R%, namely,

I'=Tga:= {7 c R? ‘ [val < oo, for all A € Bb(Rd)}. (2.1)

Here v := v N A, and | - | means the cardinality of a finite set. The space '
is equipped with the vague topology, i.e., the minimal topology for which all
mappings I' 2 v — Zzeﬁ/ f(z) € R are continuous for any continuous function
f on R with compact support; note that the summation in )" e/ (z) is taken
over finitely many points of v which belong to the support of f. In [19], it was
shown that I with the vague topology may be metrizable and it becomes a Polish
space (i.e., complete separable metric space). Corresponding to this topology,
the Borel o-algebra B(T") is the smallest o-algebra for which all mappings I' 3
v+ |ya] € Ng := NU {0} are measurable for any A € By, (R?).

The space of n-point configurations in an arbitrary Y € B(R?) is defined by

Fgf) :={77CY‘\77|:71}, n € N.



We set also Fg)) :={0}. Asaset, I‘gf) may be identified with the symmetrization
of
Y» = {(Il,...,l’n) S yn

1%¢mﬁk¢@.
Hence one can introduce the corresponding Borel o-algebra, which we denote
by B(Fgﬁl)). The space of finite configurations in an arbitrary Y € B(R?) is

defined by
Fo)y = |_| Fg:L)
neNy
This space is equipped with the topology of disjoint unions. Therefore, one can
introduce the corresponding Borel o-algebra B(I y ). In the case of Y = R? we
will omit the index Y in the notation, namely, I'g := I'g ga, rm .= Fﬁ{fi).
The restriction of the Lebesgue product measure (dz)" to (I'™, B(I'™)) we

denote by m(™. We set m(® := dgpy- The Lebesgue—Poisson measure A on I'g
is defined by

= Z lm("). (2.2)

For any A € By(R?) the restriction of A to 'y := ['g.a will be also denoted
by A. The space (F,B(F)) is the projective limit of the family of spaces
{(FA,B(FA))}AeBb(Rd). The Poisson measure m on (I',B(T')) is given as the
projective limit of the family of measures {ﬂ'A}AeBb(Rd), where 78 1= e~ (M) )
is the probability measure on (T's, B(T's)). Here m(A) is the Lebesgue measure
of A € By (Rd).
For any measurable function f : R — R we define a Lebesque—Poisson
exponent
€>\(f777) = Hf(x)a UEFO; e)\(fv(b) =1 (23)
xeEN

Then, by (2.2), for f € L'(R?, dz) we obtain ey(f) € L'(T'o,d)\) and

/ ex(fym)dA(m) = exp{ f(x)d:v}- (2.4)
To R4

A set M € B(Ty) is called bounded if there exists A € B,(R?) and N € N
such that M C |_|71:[:0 Fg\"). The set of bounded measurable functions with
bounded support we denote by Bys(I'g), i.e., G € Byps(I'g) if G [pj\p= 0 for
some bounded M € B(T'y). Any B(I'p)-measurable function G on Iy, in fact, is a
sequence of functions {G(")}n cn, Where G™ is a B(I'™)-measurable function
on T(™. We consider also the set Foy (") of cylinder functions on T'. Each
F € Fu(T) is characterized by the following relation: F(y) = F [p, (ya) for
some A € By, (R9).

There is the following mapping from Bys(I'g) into Feyi(I'), which plays the
key role in our further considerations:

KG(y):=)Y _ G(n), 7eT, (2.5)

ney



where G € Bys(T), see, e.g., [18, 26, 27]. The summation in (2.5) is taken
over all finite subconfigurations n € Ty of the (infinite) configuration vy € T}
we denote this by the symbol, n € . The mapping K is linear, positivity
preserving, and invertible, with

K-'F(n) =Y (-1)"F(e), neTo. (2.6)
§Cn

We denote the restriction of K onto functions on I'g by Kj.

A measure g € M} (T) is called locally absolutely continuous with respect
to (w.r.t. for short) the Poisson measure 7 if for any A € By,(R?) the projection
of p onto I'y is absolutely continuous w.r.t. the projection of m onto I'y. By
[18], in this case, there exists a correlation functional k, : T'o — R4 such that
for any G € Bys(I'g) the following equality holds

/F (KG)(du(v) = | Gn)ky (mdA(n). (2.7)

o
The restrictions kLn) of this functional on Fén), n € Ny are called correlation

functions of the measure pu. Note that kaO) =1.
We recall now without a proof the partial case of the well-known technical
lemma (cf., [24]) which plays very important role in our calculations.

Lemma 2.1. For any measurable function H : Ty x I'g x I'g — R
[ Erenenam=[ [ Henvgn©am @)
0 £C77 0 0

if only both sides of the equality make sense.

2.2 Non-equilibrium Glauber dynamics in continuum

Let ¢ : R? — R, := [0;+00) be an even non-negative function which satisfies
the following integrability condition

Cy = / (1—e?®)da < +oo. (2.9)
Rd
For any v € T, z € R?\ 7 we set
E?(2,7) =Y _ ¢z —y) € [0;00]. (2.10)
yey

Let us define the (pre-)generator of the Glauber dynamics: for any F' €
Feyi(T') we set

(LE)(y) =) _[F(v\x) = F(7)] (2.11)

xreEY

+ Z/ [F('y Uz) — F(’y)] exp{—Ed’(aﬁ,v)}dm, v eT.
Rd



Here z > 0 is the activity parameter. Note that for any F' € Fc,1(I") there exists
a A € By(R?) such that F(y\ z) = F(v) for all * € yoc and F(yUz) = F(v)
for all x € A¢; note also that exp{—E¢(x, 7)} < 1, therefore, sum and integral
n (2.11) are finite.

For any fixed C > 1 we consider the following Banach space of B(Tg)-
measurable functions

to={aimy — R ] Il [ ietmican) < ).

In [10, Proposition 3.1], it was shown that the mapping L:=K LK given
on Bps(To) by

(LG)(n) = — In|G(n) (2.12)
+ZZ/ —E*(@.8) G(EUx)ey(e —9(z—) —1,n\ &dz
§Cn

is a linear operator on Lo with the dense domain Lo C L. If additionally,
z < min{C’e*CCG’; ZCe*ZC%}, (2.13)

then (I:, [,20) is closable linear operator in L& and its closure (ﬂ D(I:)) gen-
erates a strongly continuous contraction semigroup T(t) on L¢ (see [10, Theo-
rem 3.8] for details).

Let us set d\c := Cl'ld\; then the dual space (L¢o) = (Ll(Fo,d)\c))/ =
L>(Tg,d\¢). The space (L¢)' is isometrically isomorphic to the Banach space

Ko = {k; Ty — R ‘ k-cMe LOO(FO,A)}

with the norm ||kxc. == [|C~Ik(-)|| g (ry,») Where the isomorphism is provided
by the isometry R¢

(L) 3 k— Rek =k -Cl' e Ke. (2.14)

In fact, one may consider the duality between the Banach spaces Lo and
K¢ given by the following expression

(G, k)= G-kd\, GeLc, keKc (2.15)
T'o
with [(G,k)| < ||Gllc - |kllke- It is clear that k € K¢ implies |k(n)| <
15| ko C'ﬁ” for \-a.a. n € I'o.
Let (L’ D(L')) be an operator in (L£¢)" which is dual to the closed operator
(L D( )) We consider also its image on o under the isometry Rc, namely,
let L* = RcL/Re— with the domain D(L*) = RgD(L'). Tt was noted in [7]



that IA/*A is the dual operator to L w.r.t. the duality (2.15) and that for any
ke D(L¥)

(L*k)(n) = — [nlk(n) (2.16)
+—z§je*E¢“““${ﬁ:exwf¢@*”—-Lf)k«n\a»LJ£>dA@»

Under condition (2.13), we consider the adjoint semigroup T'(t) in (Lc)
and its image 7™(t) in Kc. By the general results from [28, Sections 1.2, 1.3],
the restriction T (¢) of the semigroup T*(¢) onto its invariant Banach subspace

D(L*) is a contraction strongly continuous semigroup. By [7, Proposition 3.1],
for any « € (0;1) we have Ky C D(L*) and, moreover, by [7, Proposition 3.3],
there exists ag = ap(z, ¢, C) € (0;1) such that for any o € (ap; 1) the set Kuc

will be also a 7*(t)-invariant linear subspace. As a result, for any D(L*) the
Cauchy problem in K¢

gkt == f/*kt
ot (2.17)
kt‘t:O = ko

is well-defined and solvable: k, = T*(t)ko = T®(t)ko € D(L*); moreover,
ko € Koo implies k; € Koo

3 Vlasov-type scaling

3.1 Description of scaling

We start from the explanation of the idea of the Vlasov-type scaling. We want
to construct some scaling of the generator L, say, L., € > 0, such that the fol-
lowing scheme holds. Suppose that we have a semigroup Tg(t) with generator L.
in some L¢.. Consider the dual semigroup T (¢). Let us choose an initial func-
tion of the corresponding Cauchy problem with a big singularity by e, namely,
k((f)(n) ~ e=Ilrg(n), e — 0, n € Ty with some function 7y, independent of .
Our first demand to the scaling L — L. is that the semigroup T7*(t) preserves
the order of the singularity:

(T (0)kE ) () ~ e Ilry(n), e—0, neT. (3.1)

And the second one is that the dynamics ry — 7 should preserve Lebesgue—
Poisson exponents, namely, if r9(n) = ex(po,n) then r:(n) = ex(pt,n) and there
exists explicit (nonlinear, in general) differential equation for p;:

& @) = vlp) (@) (32

which we will call the Vlasov-type equation.



Now let us explain an informal way for the realization of this scheme. Let
us consider for any € > 0 the following mapping (cf. (2.14)) on functions on I’y

(Rer)(n) := "l (n). (3-3)

This mapping is “self-dual” w.r.t. the duality (2.15), moreover, R-1 = R.-1.
Then we have k((f) ~ R.-1r9, and we need ry ~ RsT:(t)ké‘E) ~ R.T*(t)Re-1ro.
Therefore, we have to show that for any ¢ > 0 the operator family R.7*(t)R.-1,
€ > 0 has limiting (in a proper sense) operator U(t) and

U(t)ex(po) = ex(pt)- (3.4)

But, informally, T (t) = exp {tL*} and R.T*(t)R.-x = exp {tR.L*R.-1}. Let
us consider the “renormalized” operator

LY e = R-LiR.-1. (3.5)
In fact, we need that there exists an operator ﬁ*v such that exp {tRsE:Rsfl} —

exp {tLi} =: U(t) for which (3.4) holds. Therefore, a heuristic way to produce
such a scaling L — L. is to demand that

. 0 54
lim (eA(pt,n) - L ren@(ﬂt»ﬂ)) =0, nely
e—0 \ Ot

*

e, ren will be natural candi-

if only p; is satisfied (3.2). The point-wise limit of L
date for [A&‘,

Note that (3.5) implies [A/& ren = Rsfli/ERE. Hence, we will use the following
scheme to give rigorous meaning to all considerations above. We consider, for

a proper scaling L., the “renormalized” operator IA/E,ren and prove that it is a
generator of a strongly continuous contraction semigroup T, & ren(t) In Lo Next,
we show that the formal limit ﬁv of ﬁg’ren is also a generator of a strongly
continuous contraction semigroup Ty (t) in L¢ also. Then, we consider the dual
semigroups T ., (t) and Ty;(t) in the proper Banach subspace of the space K¢

Finally, we prove that 77 .. (t) — T (t) strongly on this subspace and explain

g, ren
in which sense T7;(¢) satisfies the properties above. Below we try to realize this
scheme.

3.2 Construction and convergence of the evolutions in L

Let us consider for any F' € Fci(T), € > 0

(LF)(7) =Y _[F(v\ z) — F(y)] (3.6)

ey

+ 6712/]1@ [F(yUz) — F(v)] exp{—eE?(z,7)}dz, ~v€T.



We define also for any G € Bps(Tg), € >0
L.G:= K 'L.KG; Le enG = R.1L.R.G.

Let ¢ be integrable function on the whole R?, namely,

g = /]R é(x)de < +oo. (3.7)

We fix this notation for our considerations below.
Then, by the elementary inequality

l—et<t, t>0 (3.8)
(which we will use often), ¢ will satisfy (2.9) and Cy < §3.

Proposition 3.1. For any G € Bys (T'g)

(f/e,renG) () = (L1G) (n) + (L2.G) (n), (3.9)
where

(L1G) (n) = —InlG (n),

(L2.6) 1) =23 [ (eeee)

—ep(z—-) _
X ex (egl,n\f) G (§Uw)dr

Moreover, the expression (3.9) defines a linear operator in Lo with dense do-
main Loc.

Proof. By (2.12), for any G € Byps(T'g) we have

(LeG)(n) = = n|G(n) (3.10)
+e72 Y [ FEIG(EUaer( ) <1\ s
§Cn
Then

(LE, renG) () = (R ieRsG) ()

= —e Ml Gy)
+ et Z/ —e B @O Qe U n)er (e ) — 1.\ £)da
ecn 'R

= (InG) (n) + (L2,.G) () -



Next, for any G € Loc we obtain

11,6 = / 19l |G ()] €Ml ()

< [ 2716 ()| A () = [Glac. (3.11)
To
From (3.8) and the estimate e=® < 1 we get
||L2 EGHC
1 — e—c¢(z—) il
<z |G€Ul‘) ex | —————n\ &) dzC"dA ()
To ECn c
< [ 3 [ 16Euaen o=\ dCar ),
Iy EC

then, by Lemma 2.1, one may continue,

SZ/FU /1“0 o |G (§Ux)lex(d(z—-),n) dzC'" d\ (n)C‘g‘d)\(g)

and (2.4) yields

—sexp {0} [ [ 16U daClar(e).

then, using Lemma 2.1 again,

—zexp{CB} € [ 1G(©)]-1€1CKIan(©
0
<2 exp{C} OV |Gz (3.12)
The estimates (3.11) and (3.12) provide the statement. O
Proposition 3.2. Let for any G € Bps(Ty)

(IAJVG) ( ) = hm( e renG) (77) = (LlG) (77) + (L;/G) (77) ;. nely, (3'13)

where
(LY @) (n _ZZ Gfo ex(=¢(x—-),n\&dx
£Cn

Then, the expression (3.13) defines a linear operator in Lo with dense domain
;CZC.

Proof. Since, by the definition,

|¢LVG||C<z/ Z/ G (€U ex (6 (x — )0\ €) dzCldA (n)

Toecy

the statement follows from (3.11) and (3.12). O

10



Let us set (cf. [10, (3.12)]) for any 6 € (0;1), e > 0, G € Bys (I'y), n € Ty

(B-G) () =" (1 - 9)¢ / (20) G (€ Uw) (3.14)

£Cn To

—eBE?(-w) _ 1
or (26 ) <e,n \ E) A @).

3

and

(@:6) )= (-9 [ (0" G(euw) (3.15)

£Cn To

X ex (—E¢ (hw),m\ f) d\ (w) .

Proposition 3.3. Let
2ePC < C. (3.16)

Then Ps. and Qs given by (3.14) and (3.15) are well defined linear contractions
on Lo.

Proof. By (3.8), Lemma 2.1, and (2.4), we get for any G € Lo

max{ C}

S/F Z(lffs)lfl/F (26)“11G (€ Uw)| e (E? (-,w), 0\ €) d (w) C1"dX ()

0 ¢Cn

= [ [ =08 [ oM e €uwen (B () n) d (@) CPaA () i )

s, GHc;

/F /F 5)1E1 (26)“11G (£ U w)| exp {CB|w[} d (w) CEldA (¢)
/r / 5)€11G (¢ Uw)| (s exp{CBY ) CHICEIdA (¢) dA (w)

= [ 1G©)(1-5+2exp{CBrC ) Cllan(g) < |G,
Fo

that proves the contraction property; then, in particular,
(]557€G) (n) < +o0, (QgG) (n) < +o0
for M-a.a. n €T. O
Now let us construct the approximations for the operators Ly and I:aren.

Proposition 3.4. Let for § € (0;1)



Let (3.16) holds, then
H(ia,v - ﬁv)GHC < 30||Gllye
and for any € >0
|(Lse = Lewen) G|, < 351Gl
Proof. Let us denote
(QVG) () =>" (181G =1 -0)"G ),

£Cn
(Q576) =263 (1=0) | Geumen(=6(w=)n\€)dr,
§Cn

and A(>2 A A0 A(1
Q5" = Qs = (@ + Q3

Clearly, we have

[y - 6], <[ 3@ - v6 - e

C

14 14
- ‘ “o\a-rLya|| + HQ§>2>G
5 o |9

c
It follows from the simple inequality
1—(1-90)"

<
0<n 5

<6-2", neN, 6§ >0, (3.17)

H(Qf;’) ~1)G - LG

- H<15 ((1 . 1) G+|G

< 8[Glye

C C

and

14
- 1ve

SZ/
o

SZ/F/F {1,(175)\5\] /Rd|G(§Ux)|e>\(¢(gg7.),n)dxc\n\clﬁld)\(n)d)\(g)

C

S -9 1] [ Geunyes o — ).\ &) de|CMdr()

d
£Cn R

:zexp{Cﬂ}/F [1—(1—5)‘5‘} /Rd|G(§Ux)|dxC’|§|d)\(§)
<5z exp{CB) /F € /R G (EU)]daCldA(€)

=dzexp{Cp}C! /F € (€] = 1) |G (©) C¥laA (€) < 6 (|G lye

12



since, n (n — 1) < 2™, n € N. And, if we denote

=Ty

n>2
we obtain
H Q(>2)G
5[ 00 [ otliaeuw
FO&C T

x ex (E? (-,w) ,n\ €) dX (w) CMldx (n)

9 /Fo /1‘0 |£| /é>2> (26)|w| G (EUw)

x ex (E? (-,w),n) d\ (w) C!"ldX () C1¥lax (€)

<5 [ a-oe / (zexp (N |G (€ Uw)| dA (w) C1¥ldA (€)
=0 (C = 8C + zexp {CBY G (6)]dA (€)

<6 [ (2C 801G (€)1 dA (€) < 8| Gllye -

To

The same considerations may be done for ]55_,8. Namely, let

(B2c) () =31 -8 G @10 = 15" G ),

£Cn
(PYG) () =26 (1 - ‘f‘/ G(¢Ux)
§Cn
—eplz—) _q
xex (e70,€) ey (eg,n\g) da
and
BE = By - (P + PLY).
Then
1. 1 .
H(Pé? ~1)G-LG| = H( V' =1)G = LG| <3Gl
o c 0 c
next, by (3.8), (3.16) and Lemma 2.1,
1~
Hépgfgc; — LG
< [ [ [i-0-99] [ 1Gunle @) dCICKIdA ) an(e)
T JTo Rd
<||Gllyc - 0ePCT2 <6 Gllye (3.18)

13



and, finally,

1. 1
§hE6| < (1- '5'/ (26)1G (€ Uw)|
1) € 1) To
§C77
x Jex (B2 (nw) 0\ §)[ dA (w) CdA (n) < 8[|Glyc -
Combining all these inequalities we obtain the assertion. O

We will need the following results in the sequel.

Lemma 3.5 ([6, Corollary 3.8]). Let A be a linear operator on a Banach space
L with D (A) dense in L, and let || - || be a norm on D (A) with respect to which
D (A) is a Banach space. For n € N let T,, be a linear ||-||-contraction on L
such that T,, : D (A) — D (A), and define A,, = n(T,, —1). Suppose there exist
w >0 and a sequence {e,} C (0;+00) tending to zero such that for n € N

1(An = A) fIl < el 7, F e D(A) (3.19)

and "
1T Toeay < 14— (3.20)

Then A is closable and the closure of A generates a strongly continuous con-
traction semigroup on L.

Lemma 3.6 (cf. [6, Theorem 6.5]). Let L,L,, n € N be Banach spaces, and
Pn L — L, be bounded linear transformation, such that sup, ||pn| < oo.
For any n € N, let T,, be a linear contraction on L,, let €, > 0 be such that
lim, .o &, = 0, and put A, = E;1<Tn —1). Let T} be a strongly continuous
contraction semigroup on L with generator A and let D be a core for A. Then
the following are equivalent:

1. For each f € L, T,Et/e”'}pnf — pudyf in L, for all t > 0 uniformly on
bounded intervals. Here and below [- | mean the entire part of a real num-
ber.

2. For each f € D, there exists f, € Ly, for each n € N such that f, — pnf
and Ayp frn — pnAf in L,.

Lemma 3.7. Let X be a Banach space with a norm || - ||x; A and B be linear
contraction mappings on X. Let Y with a norm || - ||y be a Banach subspace of
X such that Y is invariant w.r.t. B. Suppose that the restriction of B on Y is
also a contraction w.r.t. ||-|y. Suppose also that there exists ¢ > 0 such that
forany f €Y

IAf = Bfllx < ellflly- (3.21)

Then for any m € N and for any f €Y

[A™f = B" fllx < em|flly- (3.22)
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Proof. For any f € Y, m > 2 we have
|A™f = B™ flx
<A™ f — AB™ fllx + [|[AB™ T f — B™ fl|x
<[[A] - AT = B fllx + I(A = B)B™ T fllx

(where ||A|| means the norm of the operator A on X); since ||A|| < 1 and
B™~1f €Y, condition (3.21) yields

<A™ =B fllx + e[ BT |y
but, B is a contraction on Y, therefore, one get

<A™ = B™ T fllx + el flly
that gives (3.22) by induction principle. O
And now one can construct the corresponding semigroups rigorously.
Proposition 3.8. Let
z < min {C’efc'g, 206720[3} . (3.23)

Then, (ﬁv, Egc) and (i/s,ren, /ch) are closable linear operators in Lo and their
closures (ﬁv, D(f/v)) and (ﬁwen, D(ﬁs’ren)) generate strongly continuous con-

traction semigroups TV (t) and Ta,ren (t) on L, respectively. Moreover, for any
GeLleg,e>0

MG - Tv)G, PG - Tl )G, n— 00 (3.24)

for any t > 0 uniformly on bounded intervals.

Proof. Note that (3.23) provides that Qs and PA’&E are also contractions on Loc.
Then the first part of the statement follows from Lemma 3.5. Therefore, Lo
will be a core for the generators and, by Lemma 3.6, we obtain the conver-
gence (3.24). O

The definition (3.13) of Ly together with Proposition 3.8 allow us to expect
that the semigroup T€7ren(t) converges to Tv(t) in a proper sense. The next
theorem improve this statement. However, this result is not crucial in the
context of the our paper. Moreover, its proof is quite technical and, on the
other hand, is very similar to the proof of the main Theorem 3.12 concerning
the dual semigroups. Hence, we give the sketch of the proof only.

Theorem 3.9. Let (3.23) holds and suppose that ¢ := supga ¢ () < +00. Then
for any G € Lo

Ts,ren(t)G - TV(t)GHC S thg (1 + ﬁ) HG”ZC

for anyt >0, & > 0. In particular, it means that Ts7ren(t)G — Tv(t)G in Lo
as € — 0 for any t > 0 uniformly on bounded intervals.

15



Proof. By the triangle inequality,

T ren(t)G — Tv(t)GHC < ’

T ren(t)G — P[l"t}GH (3.25)

n

+ HP[””G Q" GH

oG — Tyt GH

By (3.24), the first and third norms in the r.h.s. of (3.25) are tend to 0 as
n — oco. Next, in a similar way as for the proof of (3.45) one can show that for
any G € Loc

A A 1 -
[Py G- @u6| <2200+ Gl (3.26)

By Proposition 3.3 and condition (3.23), the subspace La¢ is Q;—invariant,
hence, by Lemma 3.7, we obtain

~Ln n ¢ ( )
|Phie-atie], < m == e 16l
- 1
<649 (14 1) 216l
that fulfilled the first assertion. And, clearly, Lo is a dense subspace of L. O

3.3 Convergence of the evolutions in Ko

Let ¢ > 0 be given. Let (L’E ren,D(L’E ren)) and (ﬁ{/,D(i@)) be dual opera-
tors to the closed operators (L& rens D(ﬁs’ ren)) and (ﬁv, D(ﬁv)) in the Banach
space (L¢). Let the operators (I:;ren,D(L;‘ ren)) and (IA/%D(I:*V)) be their
images in the space K¢ under the isometry (2.14). Our aim is to transfer the
previous results onto *-objects. However, similarly to the case of the operator
L* (see Subsection 2.2), the space K¢ is too big. The reason is that the dual
semigroup in a non-reflexive case (namely, L' case) will not be a strongly con-
tinuous semigroup on the whole dual space. Hence, we consider some Banach
subspace of ¢ which will be useful for the strong continuity property.

Proposition 3.10. For any o € (0;1), € > 0, and k € Koc we have that
{L: enk, Lk} C Ke. (3.27)
Moreover, for any k € Koo
(L2 renk) () = = 0| k (n (3.28)

Sy P

xen
e—sP(z—) _ 1
X ex (é‘) k(€Un\ z)dA(E)

g
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and
(Lik) () = — Il &k (n) (3.29)
+zz/ ex (=6 (z =), E) k(EUn\ 2) dA().

Proof. By Lemma 2.1, for any G € Bys(Ig) we have

/F /Rd ex (e=#=) 5) e (e—saﬁ(z;) — 1777\5)

x G ( §Ux) dxk(n)d\(n)

e—s¢(z—) _ 1
/ / / e (17)75) € <an)
Ty /Ty JRE €

x G §Uw) dzk(n U &)dA(E)dA(n)

—ep(z—) _ 1
/ / 6¢(I7)7§\m) Y (6777)
To /I'o 1SS €

X G (&) dek(n U\ x)dA(§)dA(n),

that implies (3.28). The equality (3.29) may be obtained in the same way or
just as a point-wise limit of (3.28) as ¢ — 0.
The inclusion (3.27) follows from the estimate (k € Kyc)

UEC

—ep(a—) _
ﬁZ/ eA(”“’“”'W\f)eA(e - 1'75>|k(€un\$)|d/\(€)
Ik
<=y / ).€) (aC)lomelax(g)
RASH]
_ e ~exp{acﬁ}|n|am < IFlk.c -exp{aCs}  —1
aC - alC elnao’

1
where we used that za” < — I for any o € (0;1) and « > 0; and the similar
elna

estimates for

Il k)] CWZ/ ex(@(@—1).6) [k (EUn\a)[dr(©).  (3.30)

Clnl = ¥

Let now (3.23) holds. By Proposition 3.8, there exist strongly continuous
contraction semigroups 7; yen(t) and Ty (t) on L. Then the corresponding dual
semigroups TE' ren(t) and T}, (t) act in the space (L¢)'. Let us denote by 77 ren(t)

and T3 (t) their corresponding images in K¢ under the isometry (2.14).
Proposition 3.10 yields that for any « € (0;1) the following inclusion holds

Kec © (N Dz o) ) N D(ES) (3:31)

e>0
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(all closures are in K¢; in particular, K,¢ is a Banach space with norm || - ||¢).
Moreover, by, e.g., [28, Sections 1.2, 1.3] or [5, Subsection I1.2.5], for any & >

0 the restrictions 72, (t) and T (t) of Tg‘ ron(t) and T3 (¢) onto D(L* ) and

g, ren g, ren
D(IA,*V)7 correspondingly, are btrongly continuous semigroups; their generators

L9 and L® are the parts of L*

& ren and L*V, correspondingly. Namely,

g, ren

k€ D(L: o)}

g, ren

D(L?,.,) ={k e D(L

g I'eH

£, ren) g, ren

D(LY) = {k e D(L}) | Lk € D(L;)},
and

k=L

8 ren g, ren

Lk = Lk, k€ D(LY).

k, ke D(L?...),

g, ren

Proposition 3.11. Assume that, as before,
z < min {C’efcﬁ, 2Cef2cﬁ} . (3.32)

If CB = In2 we suppose additionally that z < % Then, there exists a; =

aq(z, ﬁ, C) € (0;1) such that for any o € (aq;1) the space Koo will be T‘g(t)-
and T’

© en (t)-invariant, € > 0.

Proof. The proof is fully analogous to that of [7, Proposition 3.3]. For readers
convince we explain it in details.

By (3.32), 28 < min{CBe~? 2CBe~2¢P}. Note that the function f(x) =
re~®, x > 0 is increasing on (0;1) from 0 to e~! and it is asymptotically
decreasing on (1; +00) from e~! to 0. Therefore, if CBe=C8 £ 2CBe=2¢P then
(3.32) with necessity implies z8 < e~!. Otherwise, if C3 = In2 then the
condition 2z < C implies z8 < % = OBe 9P = 2037297, and, again,
28 < e”l. As a result, the equation f(z) = 23 has exactly two roots, say,
0 <z <1<xy < 400. Therefore, 1 < CB < 2CF < xs.

If CB > 1 then we set ay := max{2, A C} < 1. This yields 2aC3 > Cg

and aCB > 1 > z;. If z; < CB < 1 then we set oy := maX{Q; Cﬁ; C} <1
that gives 2aC3 > Cf and aC3 > 1. As a result,
1 <aCpB < CB <2aCpB <208 < x9 (3.33)

and 1 < aC < C < 2aC < 2C. The last inequality shows that Lo C Loge C
Lo C Lac.

By (3.33), 28 < min{ f(aCpB), f(2aCB3)}, hence, z < min{aCe~*“? 2aCe2CF},
Then, analogously to Proposition 3.8, we obtain that the operators (ﬁw Egac)

and (I:mem Egac) are closable in L,c and their closures are generators of con-
traction semigroups, say, Ta,v(t) and Ta e.ren(t) 00 Loc, correspondingly.

It is easy to see, that Ty v (t)G = TV( )G and T, ., rCn( )G = T 1en(t)G for
any G € L. Indeed, since the contraction mappings Q5 and P(;E, 6,6 > 0do
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not depend on a, we obtain, by Proposition 3.8, that for any G € L& C Lac
we have that Ty (¢t)G € Lo C Laoc and T, v (8)G € Loc and

1Ty (£)G = Tov (1)Gllac
+|
aC

<rvme -alle| +||fvme-alle

SHTV(t)G ~olfla oy ()G - Ol

aC

— 0,
aC
as d — 0. Therefore, Ty ()G = Ty (£)G in Loc (recall that G € L) that yields
Ty ()G (1) = Tav (t)G(n) for M-a.a. n € Ty and, therefore, Ty (t)G = Ty v (1)G
in ,Cc.

Note that for any G € Lo C Ly and for any k € Koo C Ko we have

Ty (t)G € Loc and
(v k) = (6 Toy k),

where, by construction, T(’;V(t)k € Kac. But G € L¢, k € K¢ implies

(Fur 06, = (T (06,8 = (.7 k).

Hence, T (t)k = T;V(t)k € Kqc that is what we need.
Since T3 (t) and T2, (t) are restrictions of T3 (t) and T2 .. (t) onto D(L%,)

,ren ,ren
and D(ﬁ; ren)s correspondingly, one has, by (3.31), that the corresponding semi-
groups coincide on Kac. Therefore, Koc is T3 (t)- and TS, (t)-invariant,

,ren
e > 0; and the result follows from the continuity of operators which formed
semigroups. U

Let now T9%(t) and Tgﬁan (t) be restrictions of the strongly continuous semi-

groups T (t) and T2, (t) (which acting on the Banach spaces D(L%) and

£, ren

D(L? ,...), correspondingly) onto the closed linear subspace Koo of all these

€, ren
Banach spaces which are invariant w.r.t. all these ®-semigroups. By the gen-

eral result (see, e.g., [5, Subsection 11.2.3]), T9*(t) and TO%, (t) are strongly

,ren

continuous semigroups on K,c with generators LY* and L%, which are re-

strictions of the corresponding operators IA/‘(? and ﬁ? ren- Namely,
D(LY™) = {k € Kac | Lyyk € Kac'}, (3.34)
D(LE%,) = {k € Kac | LE sk € Kac'}, €>0, (3.35)
and
L%k = Lk, ke D(LY™), (3.36)
L%k = L2 wenk, k€ D(LE%,). (3.37)
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By Proposition 3.8, Tv(t) and Tg,ren(t) are contraction semigroups on L¢,
then, T}, (t) and T/ _ren(t) are also contraction semigroups on (Lc¢)’; but iso-
morphism (2.14) is isometrical, therefore, T%(t) and T ren(t) are contraction

semigroups on K¢. As a result, their restrictions 73 (t) and TQ?en

(t) are con-
traction semigroups on Kac.

To summarize, we have the Banach space @ and the family of the strongly
continuous contraction semigroups T3 (t) and 7, 6®f‘en( ), € > 0 on this space.

The generators of these semigroups are satisfied (3 34)—(3.37). Moreover, by
construction, 7% (t)k = Tt (t)k and T®§en( Ve =T* .. (t)k for any k € Koc.

g, ren

Theorem 3.12. Let C, z, 3,1 be as in Proposition 3.11. Suppose additionally
that ¢ := supga ¢ () < +00. Then, for any a € (a1;1) and for any k € Koo

HT@O(

ron (O = TP ()|, < etAllKllcoc, € >0, (3.38)

where A is depend on o, C, ¢ only.

Proof. Let Q;, }53‘)5, 0 € (0;1), € > 0 be the images of the dual operators Qg, }55’75
under the isometrical isomorphism (2.14). Since the norms of dual operators
are equal we have that Q§ and Pg . are linear contractions on ¢. Moreover,
for any k € K,c we have

| @eymire)
/Z (1-0 '5'/ (26)“! G (¢ Uw)

0¢&Cn

xex (B (,w),n\ €) dX (w) k () dA (n)

/ro/ro/po 5 (26) G (€ Uw)

X ex (—E“’(- w),n) dX (w) k (nUE) dA (i) dA (€)

/FO/F 5 (26) G (e)

OwCE
xex (—E? (w),n) k(nUg\w)dX(n)dA(€)

and, therefore,

(@Q3K) () =D (1= 0" (z6)!

wCn

></ ex (—E? (w),€) k (EUn\w) dA(€). (3.39)
o
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Then, by (3.32),
oG]

< ”kHIC 3 (aC) —Inl Z \W\W\ (zé)lw‘

wCn

<[ en(B? (). €) @@ ax(g)
To

||
_ _ syl [ 20 o
=&l Z(l J) (aC) exp {aC y (z,w) dx}

wCn
|w]
e 0= (Z5) e faciols)

wCn

<kl S (=) gl = k||,

wCn

Therefore, K,c is QV -invariant, hence, K¢ is also QV -invariant due to con-
tinuity of QV; moreover, QV is a contraction in L,c. Absolutely in the same
way we may obtain that for any k € K¢

(Piek) (m) =2 (1= 0)" (26)] e (72270 1\ w)

wCn

e B (W) _
X /Fo ex <€175> k(EUn\w)dA () (3.40)

and that the set K¢, and, therefore, the set Knc are Py _-invariant; moreover,
Pg . is a contraction in L£,c. We preserve the same notations for the restrictions
of this contractions onto Kc.

Now, for any fixed £ > 0 we consider a set D, := {k € K¢ ’ LE renk €
ac} By (3.35), D, is a core for the operator LE on- Next, let us show that
for any k € D,
1 -
. = *« O« _
;%H 5(P5,6 )k Le renk ‘ Ko 0. (341)
Indeed, let

(B L78) (n) =(1 = )" k(n);
(P;’E(l)k) (n) = Z (1— 5)|77|—1 25e (e—sE(b(',z)’n \ x)

xen
e*EEqs("x) _
X /FOSA <817£> E(un\z)d\(§);
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and P (>2) P* —P§ ’6(0) —P(;’g(l). One may improve inequality (3.17), namely,
foranyneNU{O} §e(0:1)

1—(1=4)" <6n(n—1).

0<n—
=" 5 = 2

Then, for any k € Koo, n # 0

c—nl

S = Wk(a) + k(o) (342)
1—(1—=20)
)

and the function o”z(x — 1) is bounded for z > 1, a € (0;1). Next, for any
ke ICaC7 n 7é 0

0
<lEllcac ol [In] - | < Sklle.ca ol - 1)

\n\
= 5

—zZ/ ,77\33) (3.43)

xren

e—sdla—) _
X ex <€7f> k(ﬁUn\x)dA(§)|
|n|z 5 1)en (e—sE‘b('»fE)’n\x)

xren

o—eE(2) _
x/roe,\ (aC . 175> dA (&)

7I|Z’ W 1 1‘exp {OéCﬁ}

TeEn
z
Sfcaln|5|77|(|77| — Dexp{aCp}

that is smaller then § uniformly in |n|. And, finally,

1 w w e w
sonr O (1= 0o e (70 )
MR

e—sB?(w) _ 1
% / Y L §
Ty €

<13 - g (g

wCn
|w|>2

x / ex (B (w), €) (aC) ! (aC)"=1 4 (¢)
|w]
:a\ﬁ% Z (1— 5)|77\WI (ag exp{aC,@})

wCn
lw|=2

§) [R(EUn\w)|dA(€)
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but recall that @ > ay, therefore, z exp{aCB} < aC, and one may continue

In]
§a‘"‘1 Z (1- 5)|n\w| slol — sal! Z n|! 5)\n\—k §h-2
Y wCn k' | ‘_
lw[>2
In|—2 ! k2
:6 ‘77‘ 3 1—6 n|l—k— (sk
“ ;(km)!qm_k_g)!( )
[n]—2
—2)! o
=5 7] -1 (|77‘ 1-46 [n|—2 k(;lc
= 3 gz (9
Inl = (Inl —2)! Inl—2—k
<salm _ synl—2—k ok
<dal" (= 1) 32 g f gy (-0

=sa!" | (In| — 1)

Combining these inequalities, we obtain (3.41). R
Analogously, one may obtain that for any k € Dy := {k € Kac ’ Lk €

m} (that is core for ﬁ‘@a)

1 . .
. - * _ Oa
}%st(% Dk = Ly“k

=0. (3.44)

Kc
By Lemma 3.6, we obtain that for any k € K¢
Bk~ ton,on @Bk — 2ok
(convergence in K,¢, recall that norm in this space is || - ||k )-
Therefore, to use the same arguments as in the proof of Theorem 3.9 and to

apply Lemma 3.7, we need only to show that for any k € Ko

175

< e0A ke (3.45)

We have the following elementary inequalities. For any {ax},_, C [0;1],

neN
n n
1—Hak§2(1—ak), (346)
k=1 k=1
which can be easily checked by the induction principle. Next, since
x—i—e_”“'—leQ, x>0,

we obtain
1— 6—5E¢(w7w)

E? (z,0) <1 - <€E¢(W)> <e (B (z,w))’. (3.47)
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i Z (1— 5)|7I\w| (25)|w|
—eE?(-w) _ 1

X /F (6_5E¢("“),n\w) ex <e€7§> —ex (—E(b (w) 75)’

X k(EUn\w)dA ()
< “kHlCac Z (1- 5)|?7\¢U| (z(;)\u’l

- Chnl
_ B (w)
—eBY(w) loe™™ ™% ) _
(6 ,W\w)@( B () &) -1

wCn

XAOeA(E¢(-,w),§)

% (ac)lfSUn\w\ X (§)

and, by (3.46), one may continue

<alm HkH;cac Z (1- 5)In\w\ (Zé)lwl/ ex (E¢ (,w) ,f)

wCn To

2 Z (1 o 6—5E¢(z,w)) (OzC)lE\wl dX (€)

zeEN\w

+al b, 30 1= "™ @) [ e (B2 (w).¢)

wCn To
L <) €\l
1 -
8 IZ& ( cE% (z,w) ) (G dALS)

and, by (3.47),

5 |w]
<al 1Kl Z (1—g)m! (ag exp {aCB}) Z eE? (z,w)

wCn zeN\w

|w]
ol [ 20
+ ol ”k”ICac Z (1— 5)\77\ \ <a(]>

wCn

X / / e (E? (x, w))2 ex (B? (-,w),€) (aC)IgI aCdxd (€)
ro JRd
again, zexp{aCp} < aC and we continue

<edal |kl S (10" s\ w] - |wl

wCn

+ eaC gal [kl S (1= 8)M gkl jwf? = .
wCn
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To complete the proof we need to use the following simple estimates: for any
|€] =n > 2 one has

> lwl 1€\ w] (1 — 6)!! gl (3.48)

wC¢

-y k'(n”'_k),k (n— k) (1— 6)" " o+
k=1

n—1

n! n—
:Z(kfl)!(nfkfl)! (1—9tat

k=1

k(= (k1) - 1)!

Tl—2 n—2—k ck
=5(1—¥8)n(n—2) Zkln*% (1—10) B
=5(1-0)n(n—2)(1—6406)"><s.2" =42/

(and this estimate is trivial for || < 1); and, for any n = |£| > 1

S-Sl gty (3.49)
wC¢
B n n' ) nek ok
=2 it AT
n!
(n=1)—(k—1) ck—1
1 —
52 n717(k71))lk( %) o

n!

=0 " (o5 Dk sk
];)k!(n—l—k:)! ( )

<bn(n—1)(1—-6+0)"""<s-2"

(and, again, it is trivial for £ = ().
Then, by (3.48), (3.49), we obtain for any |n| > 2

J <epal Kl dlnl(lnl — 1) +caC ¢l [kl . dlnl(n] — 1) < ebA,

where A is independent on 7. O

Corollary 3.13. Let the conditions of Theorem 3.12 hold. Then for any
{k©) kY C Koo, >0

75K = T30k ||, < (B = K, +tAllkllcoe.  (3:50)

ren

Proof. The proof follows directly from the triangle inequality and the contractive
property of the semigroup Tgeren O
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And now we will show that our Vlasov limiting dynamics has the properties
described in the Subsection 3.1.

Theorem 3.14. Let C, z, 3, a1 be as in Proposition 3.11, and ap := max{al, %} €
(0;1). Let po be a measurable function on R? such that there exists o € (aig; 1)
such that 0 < po(x) < aC for a.a. x € R?. Then the Cauchy problem

0 T %
ikt = Lvke (3.51)
ko = ex(po)

is well-defined on Koo and has a solution ki = ex(p:) € Koo, where p; is a
solution of the Cauchy problem

%Pt(l') = —p(z) + zexp{— /Rd pe(y)p(x — y)dy}v

pt],—o(®) = po(x),

(3.52)

for a.a. x € R* such that 0 < pt(x) < aC for a.a. x € R4.

Proof. First of all, we note that (3.32) implies z < C, therefore, the condition

Z < 1 holds. Next, if (3.52) has a solution p;(2) > 0 then 2 p;(2) < —ps(2) + 2

and, therefore, p:(x) < ri(x) where r¢(z) is a solution of the Cauchy problem
0

art(x) = —r(x) + 2,

Ml (®) = po(),

for a.a. x € R?, hence,
re(r) = e po(x) + 2(1— e ") =z + e "(po(z) — 2) < max{z, po(z)} < aC,

that yields 0 < pi(z) < aC.

To prove the existence of the solution of (3.52) let us fix some T > 0 and
define the Banach space X7 = C([0; T, L*°(R%)) of all continuous functions on
[0; T] with values in L°°(R%); the norm on X7 is given by ||u||7 := trel%gu%] |t || oo (R
We denote by X; the cone of the all nonnegative functions from Xrp.

Let ® be a mapping which assign to any v € Xp the solution u; of the linear

Cauchy problem
(3.53)

for a.a. = € R?, where we use the usual notation for convolution on R%:
(f *9)(x) := [qa f(y)g(z — y)dy. Therefore,

(®v)(x) = e “polx) + Z/o e =%) exp{—(v; % ¢)(z)}ds > 0. (3.54)
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Similarly as before we obtain that v € X} implies the estimate |(®v);(z)| <
max{z, po(z)}; in particular, ®v € XJ. Next, using elementary inequality
le=® — e~ <|a —b| for any a,b > 0, we obtain that for any v, w € X

’((I)v)t(m) - ((I)w)t(.%‘){ < z/o e~ (t=s)

exp{—(v¢ * ¢)(x) — exp{—(w; * ¢)(2)}|ds
z tef(tfs) v *x @)(x) — (wy x @) () |ds
<x [ eI d)w) - (w + G)(@)la

t
< —(t—s) _ d
_z/o e (Jve — we| * &) (x)ds
< zBllv —w|r(1 —e™"),

where we used the inequality |(f * g)(®)| < ||f||Lera)llgll L1 (re) and condition
(3.7). Therefore, ||®v — ®wl||r < zB8|v — w||7. Since (3.32) implies 28 < e~ !
(see the proof of Proposition 3.11), hence, ® is a contraction mapping on the
cone X;. Taking, as usual, v = &) n > 1 for v(® ¢ X}' we obtain
that {v(”)} - X;I is a fundamental sequence in Xp which has, therefore, a
unique limit point v € Xp. Since X}' is a closed cone we have that v €
X;f. Then, identically to the classical Banach fixed point theorem, v will be
a fixed point of ® on X1 and a unique fixed point on Xjf. Then, this v is
the nonnegative solution of (3.52) on the interval [0;7]. By the note above,
vi(z) < aC. Changing initial value in (3.52) onto pt|t:T(£E) = vp(x) we may
extend all our considerations on the time-interval [T'; 2T'] with the same estimate
ve(x) < aC; and so on. As a a result, (3.52) has a global bounded solution p;(x)
on Ry.

Clearly, ko = ex(po) € Kac C Kac. Then k; = Tf})a(t)k‘o will be a strongly
differentiable function (in the sense of norm || ||, in Kac); moreover, kt € Ky
Next, if we substitute k; = ex(p;) into (3.51), then, by (3.28), we obtain

> %pt(m‘)ex(pu n\x)

xen
=—[nlex(pe,n)

123 ex(onn\ o) /F ex (= (& — ), ) ex(prr E)AN(E)

xeEn

- Zpt(I)BA(Pta n\z)

xeEN

te Y e\ oen{ - [ o= i),

xeEN

that holds since p; is satisfied (3.52). O

Remark 3.15. Note that the stationary equation for (3.52) has the following
form

p(x) = zexp{— /Rd p(y)o(z — y)dy} (3.55)
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and coincides with the famous Kirkwood—Monroe equation ([17], see also, e.g.,
[15] and references therein, and the recent work [2]).

3.4 Further considerations

We have realized the scheme proposed at the end of Subsection 3.1. But let us
explain also the rigorous meaning of the equivalence (3.1) which was background
to all our consideration.

Let C, z, 8, as be as in Theorem 3.14. Then, for any fixed € > 0 we have
1 — exp{—¢e¢} € L'(R?) and, by [10, Proposition 3.2, L., given by (3.10), i
a linear operator in L£.-1o with dense domain Lo.-15. Consider the image
(I::, D(ﬁ:)) in K.-1c = R.-1K¢ under the isometrical isomorphism R.-1~ of
the dual operator (ﬁ;,D(ﬁ;)) in (L.-10).

We are not able to show that L. is a generator of a strongly continuous
semigroup in £.-1¢ since a condition like (2.13) (with e ~*C instead of C') cannot
be fulfilled uniformly in € > 0. But one can do in the following manner.

. — K
Let o € (a3 1) and let us consider the space K& = K. 1,0 © . Note that
for any r(®) € K& there exist {r(s)} C K.-14c such that

0= ”1220 HTSLE - © ”’Ce—lc = nll}néo ||RET7(LE) - Rg’l”(g)H/Cc

and the inclusion Rgrq(f) € Koo, n € N yields R.r®) € Kuc. Vise versa, for
any k(&) € K, we see that R.—1k(®) € K. As a result, R, provides an iso-
metrical isomorphism between the Banach spaces K and KCoc. Then, US(1) :=
R _1T€®O‘ (t) R will be a strongly continuous contraction semigroup on K& with

the generator A® = R.- 1LE @ .R. and the domain D(A%) = Rsle(Lg‘i‘en)

Moreover, since Kqoc N D(L@a ) is a core for L% | the set K.—1,c N D(A%)

g, ren g,ren?

is a core for AZ and on this core the operator A2 coincides with L:. Note that,
the semigroup UZ(t) is the rigorous analog of T in (3.1).
Let now {ko, /{366)|8 > 0} C K,¢. Then, by (3.50),

U2 (@O Re-a by = R TP (1o, (3.56)
=[|Re (U () Rk = R TP (ko) |,
=[| 700, (O — T3 ko], < Actllkollx,e + 165 = kollice
On the other hand,
U2 () Rk = Rea TR (Oko (3.57)

= esssup { (e7te)~In |R.- T‘C/D“(t)ko(n) |
n€lo

UL ()R ke () 1|}
Re 27 (1) ko (1)

UL (O)R kg™ () 1‘} .
RE*I T\C})a (t)ko (77)

nelo

= ess sup {C’ Inl ’TQa )]fo(n)’
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In particular, if
lim [k = Kollco =0 (3.58)

then (3.56), (3.57) imply

U2 (t) R kS (n)
=0 R, T2 ()ko ()

=1 for A\—a.a. neTy. (3.59)

The equality (3.59) is a rigorous realization of the equivalence (3.1) (with
changes k‘((f) onto Rsflk‘(()e)).

Moreover, let T > 0 and suppose that there exists a function ¢ : I'g —
(0; +00) such that

q(a,T) := sup esssup A% < 400. (3.60)

te[0;T] melo T‘(}DO‘ (t)ko(n)

Then, using the equality

UL()R.-1 kS ()

e(n)C~ 17! _
() RT3 (O)k(n)
_ Il F0a UL (R kS () c(n)
C ’TV (t)ko(n)’ Re—lfga(t)ko(n) A\C/Da(t)ko(n)"

we obtain that for such ko and for any ¢ € [0; T

U (t) R 1 kS (n)

= < q(a,T)Act||k + 1) — & 7 3.61
R T3 (0)ko(n) (e D) Aetlkollicoo + ko™ = Kollce, (3.6

C,c

where

|k (n)|
kllc.c = esssup —————.
I&llc, nel‘op Chle=1(n)

This gives that the equivalence (3.1) may be shown in a proper Banach space
which is independent on €.

Remark 3.16. The condition (3.60) on ko is reasonable: for example, for ko =
ex(po), since, by the Theorem 3.14, we have T3 (t)ko(n) = ex(ps, 1), where p;
satisfies (3.52); therefore, (3.60) holds for any |po(x)| < aC such that

sup inf |Pt (J?)| > Pmin > 0
tefo;T] TER?

if we set ¢(n) = ex(pPmin,N) = plziln. Moreover, we obtain that |p:(z)| < aC.

The following example shows which function k((f) one can choose in this case.
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Ezample 3.17. Let ko(n) = ,0‘077‘7 po € (0;aC). Let us consider the scaled
Lebesgue-Poisson exponent k( )( ) = ex(po(14eu(:)),n), where sup, cga [u(z)| =
i < 00, € > 0. Then for any & < 2 SooEe we have |k(()6)(77)\ < (aC)l. Moreover,

Ok ko] = () et +<utn) 1

%e,\ (1 + su(),n)’

[
€ sup

n]
< %)ne sup
S ula)en (1 + su(-). 0\ x)
s€(05¢)

(&) e
(
(&

c)
. p—cﬂ))lnlgzue* 1+eu,n\ =)
)"

e
-1
( aC — po )77
Poll

-1
aC elna’

=< L2l < e 22

As a result, ||k((f) —kollke — 0ase— 0.
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