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Abstract

Properties of a contact process in continuum for a system of two type
particles one type of which is independent are considered. We study dy-
namics of the first and second order correlation functions, their asymp-
totics and dependence on parameters of the system.



1 Preliminaries

The configuration space I' :== I'ga over R?, d € N, is defined as the set of all
locally finite subsets of R,

I':={y CR?: |y5| < oo for every compact A C R?}, (1.1)

where || denotes the cardinality of a set and 5 := v N A. As usual we identify
each v € I' with the non-negative Radon measure . 0, € M(R?), where 6,
is the Dirac measure with unit mass at z, ) . d, is, by definition, the zero
measure, and M (R?) denotes the space of all non-negative Radon measures
on the Borel o-algebra B(R?). This identification allows to endow I' with the
topology induced by the vague topology on M(R?), i.e., the weakest topology
on I' with respect to which all mappings

U3y (f) = [ )i = X f@), £ e Col®?),

xrey

are continuous. Here Cy(R?) denotes the set of all continuous functions on R¢
with compact support. We denote by B(I") the corresponding Borel o-algebra
on I

Let us now consider the space of finite configurations

0= D F(n)7
n=0

where T(") := I‘]gs) ={y€T:|]y| =n} forn e Nand I'? := {&}. For n € N,
there is a natural leeCthIl between the space I'™ and the symmetrization
(Rd)"/S of the set (]Rd)” = {(z1, .y zn) € RHY" : 24 7& xj if i # j} under
the permutation group S, over {1,...,n} acting on (Rd)" by permuting the
coordinate indexes. This bijection induces a metrizable topology on I'™ | and
we endow I'g with the topology of disjoint union of topological spaces. By
B(T(™) and B(T'y) we denote the corresponding Borel o-algebras on I'™ and
[y, respectively.
Given a constant z > 0, let A, be the Lebesgue-Poisson measure

S L

where each m(™, n € N, is the image measure on I'™ of the product measure

—_—~—

3‘“

dxy...dz, under the mapping (R4)" > (x1,...,2,) + {z1,...,7,} € T, For
n =0 we set m9({2}) = 1.

We proceed to consider the K-transform [8], [9], [10], [4], that is, a mapping
which maps functions defined on I'g into functions defined on the space I'. Let
B.(R%) denote the set of all bounded Borel sets in R%, and for any A € B.(R%)



let Ty := {n € [':p C A}. Evidently T'y = | 2, T", where I'{") := 'y n (™
for each n € Ny, leading to a situation similar to the one for I'y, described above.
We endow I'y with the topology of the disjoint union of topological spaces and
with the corresponding Borel o-algebra B(I'y).

Given a B(I'g)-measurable function G with local support, that is, Glp\r,= 0
for some A € B.(R?), the K-transform of G is a mapping KG : I' — R defined
at each v € T by

(KG)(7) == G(n), (1.2)

ney

where 1 € v means that n C v and || < co. Note that for every such function G
the sum in (1.2) has only a finite number of summands different from zero, and
thus KG is a well-defined function on I'. Moreover, if G has support described
as before, then the restriction (KG) v, is a B(I's)-measurable function and
(KG)(y) = (KG)|r,(ya) for all v € T, i.e., KG is a cylinder function.

Let now G be a bounded B(T'p)-measurable function with bounded support,
that is, GFFO\ F[ﬂ\, R = 0 for some N € Ng, A € B.(R?). In this situation,

for each C > |G| one finds [(KG)(y)| < C(1 + |ya|)Y for all y € . As a
result, besides the cylindricity property, KG is also polynomially bounded. In
the sequel we denote the space of all bounded B(Ty)-measurable functions with
bounded support by Bps(Tg). It has been shown in [4] that the K-transform is
a linear isomorphism which inverse mapping is defined on cylinder functions by

(K7'F) () := Y (1", nelo. (1.3)

£Cn

2 The description of problem and main results

2.1 Basic facts and notations

Two-component contact process in R? describes a birth-and-death stochastic
dynamics of a infinite system of two type particles. Such system may be inter-
preted as pair of configurations in R? as well as one configuration of marked
particles that means that each particle has mark (spin) +1 or —1. The first
interpretation sometimes is more useful but we should additionally assume that
these two configurations don’t interact.
Let us give the rigorous definitions. Consider two copies of the space I': I't
and I'". Let
r? .= {(’er,’y*)GF*XF*:'erﬂ'y*:@}. (2.1)

Any configuration v := (y+,77) € ' may be identified with marked configu-
ration

v = {(Z‘,O’I) HEAS 7+ Uy 0, = ]196€7+ - nme'y*} € f‘,

since y© LU~y~ € I'. Here I is the space of all marked configurations in R? with
marks equal to +1. One can induce topology on I'? from the weakest topology



on I' such that all functions

[o4— > flz,0.)eR

(z,0.)€9

are continuous for all f € Co(R? x {—1;1}). Clearly, in this induced topology
on I'? all functions

Msy=0n"y)— Y fl@)+ > gy eRr

zeyt yeEY~

will be continuous for any f, g € Co(R?).
On the other hand this topology may be induced from the topology on
product Tt x T'~. Let B(I'?) := B(I'") x B(I'") be the corresponding o-algebra.
Let us now cons1der the space of finite configurations. Consider two copies
of the space T'g: FS‘ and I'y. Let

I3 .= {(nﬂnf)efa' x Ty :7]+ﬂn7:®}. (2.2)

Again one can consider the topology on I'3 induced by the product-topology.
By B(T'%) := B(I'{) x B(I'y) we denote the correspondmg o-algebra.

We will say that a functlon G : T2 — R is a bounded function with bounded
support if for any (n*,n7) € T'3

G('ﬂ?f) € Bbs(F(J)r)7 G(77+» ) € Bbs(l—‘a)

Class of all such functions we denote by Bys(T3).
For any G € Bys(I'2) one can define the K-transform of G as mapping
KG :T? — R defined at each v = (yT,v7) € I'? by

> Gt (2.3)

nteyt
no ey

On the other hand if 1% are unit operators on functions on I's and K+ :=
Kl ,K :=1%"® K then
K=KtK =K K".

Hence, KG < 0o and KG is cylinder function on both variables.
Moreover, KG is polynomially bounded: for the proper C > 0, A € B.(R%),
N eN

(KGN < O+ DY+ DY

The inverse mapping is defined on cylinder (on both variables) functions by

(KT F) ) o= Y (~)IT\THTNT I pet e7) = (gt 7)) e T2, (2.4)
etent
£ Cn-



Let p be a probability measure on (F2, B(F2)) (we denote class of the all

such measures by M*(I'?)). The function k, : T} — R is called a correlation
function of the measure p if for any G € Bys(I'2)

t/(KG / GOt V(o ) () (25)
T2

2.2 Description of model

Let us consider the generator L of two-component contact process with one
independent component. This generator is well-defined at least on cylindric
functions on I'? and has the following form:

L=L§ + Ly + L, (2.6)

Here L, is the generator of the one—component contact model of (+)-system, Lgy
is the analogous generator of (—)-system, L}, is interaction term that describes
birth of (4)-particles under influence of (—)-particles. Namely,

(L&F) vy ) = > [F(yP\a,y™) = F(yhy7)]

zeyt
+A+/ (z —a') (vfuz,yT) - F(y,y7)] de,
REA 4 reyt
(LauF) (75 = > [F(vF.v7 \y) - F(v+,
YyeEY™
+/\/ a (y—y) | [F(v" v uy) —F(" v dy,
y' ey~

(L F) (vH77) :A/Rd Y a@—y) | [F(vTUzy") - F(yt.y7)] da.

Constants AT, A7, X are positive, functions a™,a™,a are non-negative, even,
integrable and normalised:

Here and in the sequel we use the following notation
(f):= [ fl@)dz, fe LR
R
We also denote the Fourier transform of such f as f:

fo) = [ 0 oo



where (-,-) is a scalar product in R9.
Next theorem is the partial case of the results obtained in [2].

Theorem 2.1. Let d > 2 and there exists constants A > 0,6 > 2d such that
A

at(z) +a (2) +a(z) < AT (2.7)
Then there exists a Markov process X, on I'? with generator L.
We will always suppose also that
a,at,a” € LY(RY). (2.8)

Hence, one has stochastic dynamics of configurations that implies dynamics
of measures, namely Ml(FQ) D po — e € Ml(FQ) such that for any measur-
able bounded F : T? — R

/F2 F(y)dp(v) :==E

/ F(X?)duo(v)] 7
1"2

where process X; starts from v € I'? (more precisely, v belongs to proper support
set, see [2]).

This dynamics of measures implies dynamics of corresponding correlation
functions (if they exist). For obtain explicit differential equations for this dy-
namics we should calculate so-called descent operator L which defined on func-
tions G € Bys(I'2) by

(LG)(n) = (K~'LK)G)(n), n e TL. (2.9)

Next we should obtain the adjoint operator L* (with respect to measure d\1d\1):
[ EGO kG )i )dar)
0

=/, Gt )L k(™ 7 )dM(H)da (7). (2.10)

Then equations for time evolution of correlation function will be following:

%—;’n_): (ﬁ*kt)(n+7n_). (2.11)

In the present article we concentrate our attention on the correlation func-
tions of the first and second orders:

kz+( )= k({z},2), r € RY
ke (y) = ke(@, {y}), y € RY

kit (2, 22) i= k({z1, 22}, ), z1, 2 € RY (2.12)
ki (x,y) o= k({a}, {y}), z,y € RY
ki~ () = k(@ {y1,02}),  y1,92 €RE

The main subject for our studying will be explicit expression for correlation
functions of the first and second orders and their asymptotic at t — oo.



2.3 Problems and results

In this subsection we state main problems and formulate results. All proofs are

presented in the next section.
First two results give explicit forms of the equation (2.11) for the first and
second order correlation functions (2.12).

Proposition 2.1. For any z,y € R?

akgt(y) = —k, (y) + A~ /Rd a”(y—y )k (y)dy',

ok ()
ot

=—kf(z) + 2T / at(z — 2k (2')dz' + X alx —y)k; (y)dy
Rd Rd

Proposition 2.2. For any x,y, 1,2, y1, Y2 € R?

ok, (y1, _ _ __ _ _ __
% = /Rd a (y2 — Yk~ (y1, 9 )dy' + A /Rd a” (y1 — Yk~ (y2,9 )dy’
—2k; " (y1,y2) F A a” (y1 — y2) [k (y1) + Fy (y2)],

= [t =@+ X [ 0= )i

Rd

Ok, (x,y)
ot

=2 () + dale =y )4 A [ ale— K )y
R

++
Ok; " (z1,32) _ /\+/ at (g — 2k} (29, 2")da + )\+/ at(zg — 2 )k} (21, 2")da’
ot R Rd
= 2k (w1, 2) + AT a" (21 — w2) [k (1) + Ky (2)]

- /\/d a(zy — y)ki (22, y)dy + A/d a(zy — y)ki (21, y)dy.
R R

Obviously, equations for (—)-system are independent. Recall that such equa-
tions were studied in [5].
Let us formulate the main problem for the first order correlation functions.

Problem 1. We should to study the asymptotic properties of the solutions of
equations from Proposition 2.1 under following initial conditions:

ki (z)=c"+9% (@) >0,  ky(y)=c +¢ (y) >a” >0, (2.13)

where constants ¢*,c¢™ are positive, functions ¢+, 1~ and their Fourier trans-
forms )T, 1)~ are integrable on R%.

Explicit expressions for solutions are in the next section. The answer of the
Problem 1 may be found in the next theorem.

Theorem 2.2. Let d >3 and (2.7), (2.8) hold. The first correlation functions
have the following asymptotic at t — oo:



1) for anyy € R?

_ 0, if ‘<1
kt(y)ﬂ{oo, if AT >1"

and in the case A\~ =1
ky (y) — ¢
2)  for any v € R?

0, 4 max{At, A"} <1
+ ; ’
ki (2) = {oo7 if min{AT, A7} >1"

next, in the case 1 = AT >\~

e~

(@) = et 2

and in the case \T <A\~ =1

pYem

Let us discuss this result. Of course, first part about the independent (—)-
system is the same as in [5, 7]. It state that A~ = 1 is critical value; below of
this value (—)-system will degenerate at infinity, above of this value (—)-system
will grow (exponentially, see next section for details). At this critical value
(—)-system continues to be stable.

(4)-system consists of two parts: independent contact and influence from the
side of (—)-system. If max{\™, A~} < 1 it means that independent part of (+)-
system is sub-critical (and should disappear at infinity) and additionally it has
influence of disappearing (—)-system; naturally, such (4)-system will disappear.
If min{A\*, A7} > 1 it means that growing or stable independent part of (+)-
system has influence by stable or growing (—)-system, hence, (+)-system will
grow.

Let us concentrate our attention on two other cases. If AT = 1,A\~ < 1t
means that independent part of (+)-system is stable and has influence by degen-
erating (—)-system. As a result, (4)-system will keep stability property but the
limiting value will have the initial value of (—)-system which will disappearing
at infinity. Hence, (+)-system will have memory about vanished (—)-system.

If AT < 1,A™ = 1 it means that degenerating independent part of (4)-system
has influence by stable (—)-system. In result, (+)-system will stop disappearing
and become stable. But “fare” for this will be absence of the initial value of
(4)-system in limit. Therefore, (4)-system “will lost memory” about its origin
and “remember” only about origin of “donor”.

In studying asymptotic of the second correlation functions we concentrate
our attention only on this two cases when (4)-system will be stable. For sim-
plicity of computations we consider translation invariant case only:

Yt = =0. (2.14)



Problem 2. We should to study the asymptotic properties of the solutions of
equations from Proposition 2.2 under following initial conditions:

kgt (21, 22) = ™ + 0T (w1 —22) > 0,

kg~ (y)=c"" + et (2 —y) 20, (2.15)
ko~ (y2) =~ +¢ (11 —y2) 20,
where ¢™ 7, ¢t ¢t are positive constants and and functions o=, pt, ptT

are even functions which are integrable on R? together with their Fourier trans-
forms ==, o7, o,

Explicit expressions for solutions are also in the next section. The answer of
the Problem 2 may be found in the next theorem.

Theorem 2.3. Let d > 3 and (2.7), (2.8), (2.14) hold. The second correlation
functions have the following asymptotic at t — oo:
1) let A\t =1, 0< A~ <1, then for any z,y, x1, T2, Y1, Y2 € R?

k;i(ylayZ) - 07
k:__(xay) — 0,
2Xc¢t— A
++ ++
k; ($1,$2)—>(C —)\7714-()\771)2

> + QT (21 — 22) < 00;

2) et \™ =1, 0 < A\t <1, then for any x,y, 1,22, y1,y2 € RY

ki (y1,y2) = ¢~ + 27 (y1 — y2) < 00,

. AT
kt+ (may)H17A++:‘+ (l'_y)<OO,
Y
kit (x x)ﬂ)\ci+:++(x — Tg) < 00;
| 1, T2 TS 1— T2 ;

here functions 2~ , 2T, 2T depend on initial value ¢~ only and function QT
depends on initial value ¢t only (of course, they also depend on A\, \*,a,a®).

The explicit expressions for limits will be presented in the next section.

As we see, the situation with “memory” which we had for the first correlation
functions is the same for the second one: in the first case (4)-system will obtain
additional memory about vanished (—)-system; in the second case (+)-system
will have memory about (—)-system only.

Remark 2.1. Note that if ¢ = (¢7)2, ¢~ = ¢T¢™, ¢~ = (¢7)? then the
previous theorems show, in fact, that there exist finite limits of so-called second
order Ursell functions k7" — (k;7)2, ki~ — kT k7, k;— — (k)2

3 Proofs

In this section we present proofs of all our results.



3.1 Equations for time evolution of the correlation func-
tions

First of all we show how to obtain the equations from the Propositions 2.1 and
2.2. We start from the explicit form of the descent operator L.

Proposition 3.1. Let G € Bys(T'3). Then for anyn = (n*,n~) € T3
(LG) o) = = (In*] + o~ ) Gor*om)
+)\+/ G(ntuz,n) Z at (x—2') | dx
R? z’ent
+)\+/ Z Gnt\2'Ua,n)a" (z—2')da
R z’'ent
+A’/ Gt uy) | D a (w—y)|dy
R Sen
3 [ 3 Gt \ Uy -y dy
RY o
+)\/ G(ntuz,n) Z a(z—1y) | dx
Rd
y'en”

+)\/Rd Z Gntuz,n \y)a(x—y)ds

y'en~

Proof. Let us denote death and birth parts of the operator Ld, by

(LiF) (vt a7) = > [F(v"\zv) = F(v"v7)],

reyt

(Ly F)(v*,77) = A*/ Y at(@-2)| [F(ytuz,y) = F(y",y7)] de.

d
RE\ it

In the same way we denote death and birth parts of the operator Lgy: Lgy =
L, + L, . As a result,
L=L}+Lf+L;+L; + L,

int-

Now we calculate image under K-transform of all this operators. One has

10



for any n = (n*,n~) €3
(L5G) ) = (KT'LTK*G) ()

= 3 (T S (e |A+/ S at@ -7

Erant £~ Cn~ x'egt

x( oY actaon- Y Y G(C+,C‘)> dx
¢tcetuz¢—ce- ¢tcet¢—cem
_)\+/ Z (ntuz,n)at (z—2a')de

z’'ent
+)\+/ Z (n*\2'Uz,n7)a" (z —2')daz,
z'ent
analogously, we have that

(L5 G) () =2~ /Rdz ("0~ Uy)a™ (y—y)dy

y'en

+A/ Y Gt \y'Uy)a (y—y)dy.

y'en-
Next,

LH.G) () = (K'LE,.KTG) (n)
(L&) o) = ( )

int int

_ \*\&*\ |\£| _
= 3 TS = [ S ate )

Ercnt §-Cn~ yeE™

x( YooY eeta)- >, > G(<+,<)) dx
¢tCetuz ¢~ Cé~ CTCer ¢—cem
—)\/Rdz (nfUz,n )a(x—y)ds

y'en

—|—)\/Rd Z (ntuz,n \y)a(x—y)dx.

y'en—

Finally,
(L2G) () = (K" L7KG) (n)

- Z |77+\§+\ Z BN

Ercnt £~ Cn—
x Y (Z YOGt o) - > D> Gt
yee— \C+cet (—ce\y (toet (e

11



— || Gt i),
and, analogously,
(i$G> (n7) ==t | Gont,n7).
The statement is proved.

Now we should calculate the adjoint operator L.

Proposition 3.2. The adjoint operator L* has the following form:
(Lk) m*n) == (o[ +n7]) k(n*nf)

—|—)\+Z Z (77 \xn)

zent z'ent\z

+)\+Z/ (z— 2"k (nT\zua',n7)da

zent

FATY D a ) (™0™ \ )

yen~ y'en~\y

+ AT Z/ o \yuy)dy

S/

A D a k(™ \z,n)
zent yen~

+AZ/ (" \z,n~ Uy)dy
1€n+

Proof. We may use the following corollaries of the classical Mecke formula (see,
e.g., [1):

/Fzzh+$77,77 )dXi(nF)dAi(n™)

0 zent
— / /d hy(z,n™ Uz,n7)dzd\ (nT)d i (n7),
rz Jr

/F2Zh vt n ) dh(nT)d\ ()

0 yen—

= [ LGt vndian )

[, 3 bt )anr)an o)

0 zent yen
= / / / h(z,nt Ux,n~ Uy)dedyd (nT)d i (n7).
rz Jrd Jra

12



Then one can obtain the explicit formula for the operator L* directly from
definition (2.10). O

As a result, the statements of the Propositions 2.1 and 2.2 are directly follow
from the Proposition 3.2 and (2.11)—(2.12).

3.2 Solution of the equations for time evolution of the
correlation functions

To solve the equations from the Propositions 2.1 and 2.2 using classical pertur-
bation method we rewrite these equations in the following forms:

akgfy) =T =Dk (y) + A7 (L7E)(Y), (3.1)
8’“;( 28 AF =Dk (@) + AT (LT (@) + A | a(z —y)k (y)dy,  (3.2)
Rd

where Markov-type generators L™ are defined on functions on R? by
TN = [ @ =) - Fwldy
L ha) = [ a*la=a)re) - Fo)ds's

and for the second order correlation functions:

ok, (1, L _ I
Ohe W02) o= (g, ) = 1) + A (L k) )
(L k) () + A0 (o — ) [k () + K (9,
(3.3)
+7
OB (x4 — )kt ) + AT LR (0) + ALK (@)
+Xa(z —y)ky (y) + A » a(r —y )k~ (y,9)dy’, (3.4)

3k?’+(x1,w2)

8t = 2k++($1,$2)()\+ — 1) -+ )\+L++k++($171’2) + )\+L;'+kt++(x1,x2)

+ Mt (@1 — @) [k (1) + ki (22)]

+ )\/ a(xy — y)k:t’L (z2,y)dy + )\/ a(xy — t “(z1,y)dy},
R4 R4
(3.5)

13



where Markov-type generators Lfi, i = 1,2 are defined on functions on R? x R?
by

(Lfff)(yl,yz)=/ a (g1 —y)f (2, ') — fy2, 11)ldy',

(Ly ~ fyye) = | a (y2 =) [f(y1,9) — fyr, 92)ldy’,

(Lfif)(xv y) = a+(x - l‘/)[f(l'I,y) - f(.%‘,y)]d;[:/,

L3 Ny = a (y—y)f(xy)— flz,y)ldy,

(LY ) (@1, 20) = | at (1 —a")[fxa,2") — flaz,21)]da’,

(L5 f)(r,m2) = / a* (22 — )[f (21, 2') — Flar, w2))de’.
Rd

Next propositions are direct corollaries of the perturbation method (note
also that any Markov semigroup preserves constants).

Proposition 3.3. The solutions of (3.1)-(3.2) with initial values (2.13) have
the following forms:

ki (y) = ¢ el 7D g otAT DAL )y (36)
t
ki (2) = ctetOT =1 gD LE )\C_et(,\Jr_l)/ O A g
0
(3.7)
t
AN [T AN (o (N )
0

Proposition 3.4. Let (2.14) holds. Then the solutions of (3.3)—(3.5) with
initial values (2.15) have the following forms:

ktii(yl»y2) _ etQ()\*fl)et)\le__et)fL;_ (Cii + cpff(y1 _ y2))

t
+/ =2 = (DA I (DA L AT (g1 — o) [k (1) + K (y2)]dr,
0

(3.8)
k;'_(:c,y) _ et(A++)\‘72)6t,\+L?’_et)\_L;'_(CJrf + cp*f(:n —y))
t
+/ e(t—r)(xux—z)e(t—T)va* e(t—T)A*L;*
0
< (ala = )b )+ A [ ala =)k ')y Y, (3.9)
]Rd

+_ R S G s
k:""(xl,@) _ 6152()\ 1)615/\ LY et)\ L; (C++ +(P++(-T1 7‘%2))

14



t
+/ 6(t77)2(/\+71)6(1577'))\*'Li*'*'e(tfr))\‘*'LéH'{)\+a+ (21 — xg)[kj(:zzl) + ki(xg)}
0

+A /Rd a(ay — Yk~ (x2,y)dy + A/R a(zy — y)ki~ (z1,y)dy}tdr  (3.10)

d

3.3 Technical lemmas

In this subsection we present several useful notations and notes and prove tech-
nical lemmas needed in the sequel. Let us define

pt =t -1, poo=AT -1, (3.11)
ffp):=x*ta*t(p) -1, f(p):=r"a (p)—1 (3.1

Note that conditions 0 < A* < 1 equivalent to —1 < p* < 0 and p* =0
only if A* = 1. Recall that a® are positive, even and normalized. Then

o= (p) = / cos(p, 2)at ()dz,  |at(p)] <1, (3.13)
R

and a*(p) =1 only at p = 0. Hence, the conditions 0 < A* < 1 imply
—AF 1< fH(p) < p* <0, (3.14)

and f*(p) = pu* only at point p = 0.

Let C~(R%) be a set of non-positive continuous functions on R? which equal
to 0 only on countable sets. Since Fourier image of integrable function is con-
tinuous one has f* € C~(R%). For any f € C~(R?) define two closed sets

D = {z e R: f(2) = f*(2)}. (3.15)
Note that that set R?\ Z)}r, = R4\ ’Z)J:Jr has zero Lebesgue measure only if
ATat = A~a and, hence, AT = \~.
Lemma 3.1. Let d > 3 and b € L*(R%) N L>°(R?). Then
b
0= 72—
are integrable functions on RY.

Proof. By (3.13), a*(0) = 1. Due to (2.7), a® has at least first and second finite
moments. Then using (3.13) one has in some neighbourhood of the origin

i) =1 = [ feos(pa) = et (@)de ~ = [ (p.oa (@)de ~ — 5l

and outside of this neighbourhood |a*(p) — 1| are bounded from below.

1
+ are integrable in this neighbourhood since b is bounded and —= €

p|?
L'(RY) for d > 3; and c¢* are integrable outside of this neighbourhood since b

is integrable. O

Hence, ¢
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Lemma 3.2. Letd > 3,0 < A\t < 1, and b € LY(R%) N L>(R?). Then for any
feC (RY

tf(p) _ tfE(p)
+ B ) e e
4 p) = blp)Sup e )

are integrable functions on R? \@;

Proof. Let p € R%\ ’D; for example. Without loss of generality assume that

p#0and f(p) #0. Set a = f(p),b= fT(p). Thena < 0,b <0, a#b. Let us

define

ta b

ete — et
a—>b "’

Clearly, h(t) > 0 and h(t) = 0 only at ¢t = 0. One has

peta (% _ et(b—a))

h(t) := t>0.

B (t) =

(t) >
1

Set tg = 5 ln%. If 0 > a > b then tg > 0 and for 0 < t < tg we have
—a

etb=a) > %7 hence, h/(t) > 0; for t > to one has h'(t) < 0. If 0 > b > a then

to > 0 also and for 0 < t < to we obtain (0= < %, therefore, h'(t) > 0; for
t > tp again h'(t) < 0. As a result,
a
etoa(l _ eto(b—a)) etoa (1 — 5) 1 1

= = = —_ toa —
max h(t) = hto) a—b @b ¢ STy

since —b > 0, a < 0.
Hence, for any p € R?\ @}, t>0

etf () _ otf ¥ (o) 1
<

STo e S o)

b
Then using (3.14), (3.11) for AT < 1 one has ™ < 0 and d*(p) < (7]'2
—p

that imply the statement of this Lemma. For AT = 1 the result is followed from
Lemma 3.1. O

3.4 Asymptotic behaviour of the first order correlation
functions

In this subsection we prove the Theorem 2.2.
1)  We should use (3.6). Note that ¢y~ € L'(R%) and Markov semigroup
maps L'(R?) into L'(R%). Then using inverse Fourier transform one has

(20 ) () = e / PN @D (ydp, (3.16)
Rd
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where ¢4 1= - Using (3.13), the expression in the integral in (3.16) goes

1
(27n)
to 0 for any y and a.a. p. Since )~ € L' (R%) and |e!®@¥) e (07 (@)=1| < 1 one

has that the integral also goes to 0 for any y. Then the statement is directly
followed from (3.6).

2)  We will use (3.7). Note that similarly to the first step e!* L7 g+ — 0
point-wisely.
2.1) If A" > 1 then for any A= >0

ki (x) — oo,

since )~ > a~ — ¢~ > —c, hence, the last term in (3.7) is bigger than
t
—)\c_et()‘+_1)/ eT(’\f_)‘Jr)dT
0
and, therefore,

kf(x) > ctelM =1 4 et(A+71)et>‘+L+1/J+(x) — 00

2.2) Let now AT < 1. Divide proof on several sub-steps.
2.2.1) Suppose AT = A\~ = v then using (3.7) one has

kf (z) = et Vet 4 (=D et LTyt () + X! Vet 4 uy(z) (3.17)

where

¢
ug(x) = )\et(”*l)/ elt=mwLY (a * (eT”L_z/F)) (z) dr.

0

Let us find tlim uy(z), for v < 1. Note that u; € L'(R?) since semigroup
— 00

and convolution preserve integrability. Hence, we may compute the Fourier
transform of wu;:

Na(p)d~ (et Pt, PED,
i (p) = a(o)d otf () _ ot (p) Ri\ p* (3.18)
a(p)y (P)W7 pE \ f=

Since ¢/~ is bounded and @ is bounded and integrable due to (2.7) one can
apply Lemma 3.2, hence, ;(p) has integrable majorant on R? \ ’D;,.
-1

etat < — S for any ¢ > 0, a < 0 one has for any p € CD;, \ {0}
a

Since

wu(p)| <

fHo)|

a(p) ‘

17



Again if v < 1 then denominator is separated from zero, otherwise one can
apply Lemma 3.1. As a result, 7;(p) has integrable majorant on whole R¢ and
pointwisely goes to 0 as t — oo (except case v = 1, p = 0). Therefore, using
majorized convergence theorem the inverse Fourier transform of 4 (p) converges
to zero, i.e. pointwisely u:(z) — 0 as t — co.
Thus, using (3.17) one has that k" — oo if v =1 and &k — 0if v < 1.
2.2.2) Let now AT # A~. Using (3.7) obtain

ki (x) = ctet(AT-1) +€t(A+_1)et>\+L+w+ ()

+ Ac‘ﬁ <et(”*1) - et(”*l)) (3.19)
A t(At-1) ! (AT J=DATLT (o TATLT dr.
+ Xe /Oe e (a e P )(m) T

2.2.2.1) Suppose that A~ > 1. Then since AT < land ¥y~ > o~ —c~ >
0 we obtain that
ki (x) — 00, t— o0

2.2.2.2) Next, let A~ < 1, AT < 1. Since 1/3_ is bounded one has for
M = supga [tp~| that the last term in (3.19) is not bigger (by absolute value)
than M
(=1 t(AT-1)
P (e e ) — 0.
Then due to (3.19) k;" (x) — 0.
2.2.2.3) Finally, let A= <1, AT =1or A~ =1, AT < 1. The last term
in (3.19) is integrable function since semigroup and convolution preserve inte-
grability. By direct computation its Fourier transform has form (3.18). Hence,

this last term pointwisely goes to O.
As a result, by (3.19) we obtain that if AT =1, A7 < 1

e~
11—

ki () — ¢t + t — o0;

and if A\t <1, A~ =1

e~

T 1T

ki (z) —
Theorem 2.2 is proved.

3.5 Asymptotic behaviour of the second order correlation
functions

In this subsection we prove the Theorem 2.3.
First of all we present explicit expressions for QT+, ===, 2=, Z+* and
after that we prove the Theorem. These functions are inverse Fourier transforms

18



of the following

A"+ A—=1 ctat
" (p) = v

“ 1 1-at(p) (3.20)
& (p)= f:a&__(g ik (3.21)
R po+2 ¢ Xa(p)
= e ) 1ma () (322
B A Atema™(p) Ac™ a%(p)

0 = ey (Tox T = Tt

(3.23)
correspondingly.

Let us introduce the following denotations for the Markov semigroups

) ) )

ot TR T
f1'1tll — et)\ LY Tt12 — et)\ L3 Tt13 — et)\ L7

T21 _ ATLYT 22 _ ALy 23 _ AT LT
t ’ t ’ t .
We start with trivial remark that for any even functions ¢, g € L'(R%)

(L19) (w1 — 22) = (La2g) (z1 — 22),

where

(Lof) (@1 2) = / (a1 — ) f (w0, ) — (w2, 22))de,

R4

(Laf) (@1, 2) = / (s — ) f (wr, ) — f(r, 22))da’.

R4

After transformations, substitutions and simplifying we obtain for (3.8)—
(3.10) the following representations:

ki (yr,ye) = ¢ e T+ e TR0 (i —y2) + U (1 — v2),
e - e~ -
k+_(g;‘7y) = (C+_ — ) e(l‘ +u)t + 62# t
! po —pt p —pt
+ WO T (1 — ) + U (2 — ),
2Xct— A n
k++(a:1,x2) — (C++ _ 4 ) e2nt
! pm—pt (= pt)?
+— 2 ——
+ ( 2)\6 o 2)\ C )6(#++#)t
p—pt o (pm —pt)?
AN -
not
M TRESTaEs
+
4 62# tTtlth12SD++(l,1 _ 1'2) + Ut++(=rl _ Iz).
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Here
t —_ -
U (y1—y2) =2\ ¢ / et Tt (tiT)TE—ertz—iaf (Y1 — y2)dr,
0

Ut+_(x - )
t
=\~ / e T TS T2 (0 — y)dr
0
t
- /\/0 ATl IS T, /Rd a(z —y \THT? o™ (y — o )dy'dr
t
_ _ + - —r
+2¢7 AN /O e Fu)E=r)pls 23
< [ ale—y) [ e 12 0y -y sy ar,
R 0
U (w1 — 2)
t
= 2)\+c+/ et T DT T2 0 (g — wy)dr
0
t T
+2)\)\+07/ teﬁ(t*T)Ttl_lTTtl_QTaJr(xl —xg)/ et et (79 ddr
0 0
t
+ 2>\/O s T Ul VA Vi /Rd a(er —y) TP TE e ™ (22 — y)dydr
t
+2>\267/ eQﬁ(t*T)Ttl_lTTtl_QT/ a(xy —y)
0 R
></ e‘fSe(“ﬂ"f)(T_S)TTliSTfisa(xg — y)dydsdr
0
t T
+2>\2/ 62“+(t77)Tt1_17Tt1_27/ a(xy fy)/ 62"_Se(”++“_)(Tfs)TTlisTfis
0 R 0
x / a(zy —y )T T2~ (y — ') dy dsdydr
Rd
t
+4)\_c_)\2/ 62“+(t_T)Tt1_1TTt1_QT/ a(xy —y)
0 R
x/ e(u++;f)(r—s)T71§5TT2§S/ a(zs —y)
0 R
></ et Ve (s=O)21 722 (= (y — o/ \dAdy dsdydr.
0

Since semigroups and convolutions preserve integrability we have that T2 T?2p~—,
THRTEe, THT 2t as well as U; ~, U;”~ and U;"" are integrable on R?
functions. So, to find their limits as t — co we may use the Fourier transforms.
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Namely,

TtngEQSO__(yl — y2) =cq / eip(yl_y2)62(f7(P)_Hi)t(ﬁ__(p)dp,
R4
TRTEp T (x —y) = cq / e (@) (I (P) =1 )t (F™ () =1 7)t 5= () dp,
Rd
TtHTtuSO++($1 —T2) =cq / eip(wl7w2)62(f+(p)7#+)t¢++(p)dp~
R4
Since ¢~ 7, T, ¢Tt are integrable we have using (3.14) and dominated con-

vergence theorem that these three terms go to 0.
Let us introduce for further simplicity of notations the following functions

hi(p) :== p" = 2f"(p) >0,

ho(p) = p~ —2f"(p) =0,

ha(p) = f*(p) + f~(p) <O,
ha(p) :==p~ = f(p) = f~(p) >0

These inequalities are followed from (3.11), (3.12) and (3.14) as well as the fact
that equalities are possible only at p = 0.
Consider also the following two functions g; and go

g1(p) = f~(p) = [ (p),
92(p) = = = 2f"(p).
They can be equal zero on a set of non-zero measure.

We have in the new notations:

t

U, (p) = 2 A~ (p)e2d @ / )7 gy,

0

t
/U\t+_(p) = c‘)\&(p)ehs(P)t/eM(P)TdT

0

t
Al (e [ enorar
0

t
+ 267 Ma(p)A"a" (p)ehs Pt / e ®7 / 2 ®)s dsdr,
0 0
t
/U\t++(p) = QC+)\+&+(p)62f+(p)t/ehl(P)‘rdT
0
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_ A t t
I 2)\c )\+a+(p) 62f+(p)t </ eg2(p)‘rd7_ 7\/ 6h1(p)‘rd7_>
po —pt 0 0
t
—Q—Q)\&(p)@ij(p)ezf*—(p)t/egl(p)TdT

0
r

t
+20_)\2d2(p)62f+(p)t/ egl(p)f/eh4(p)sdsd7-
0

¢
+2A2d2(p)¢+_(p)62f+(p)t/egl(P)T/ e91(P)s Jgdr
0
0

S

t
+40—)\—&—(p))\2&2(p)e2f+(p)t/egl(p)f/ egl(p)S/ehz(p)GdgdeT.
0
0

Let us consider the following closed set ® = ©; UD,, where ©; := {p :
g1(p) =0} = @;,, Dy ={p: g2(p) = 0}. It’s easy to see that D; N D, = &.
Indeed, by (3.14) for any p € D, N D,

p”=2f"(p) =2f"(p) <2u~.

But p~ < 0, hence, it should be equality that implies f~(p) = p~, and with
necessity p = 0. But if 0 € ®; N D,, then fT(0) = f(0), i.e., u™ = p~, that
contradicts to the condition of the theorem. oy

Next we note that the functions Uy (p) and U;  (p) have different explicit
expressions for p € ® and for p € D¢ := R%\ D. Note also that these functions
are continuous functions of p as compositions of the integrals of the continuous
functions of ¢t with continuous dependence on a parameter p. Hence, for calculate
these expressions for p € ® we may calculate their for p € D¢ and take limits
as dist(p,®) — 0.

By direct calculations for any p € ©¢\ {0} we obtain

~ Tt o2f ()
Ut"(p):%’f&’(p)—eu_t ezi pt,
n=2f(p)
- Tt _ T+ (R
T (0) = Ae—alp) . —H +2 e t—e
A e e RN R R E )
Al N A 20_)\)\_&(17)&_(1))) (1) 2f~ (p)t
A - G b
+ (Pt - 22D G e o,
. 2Xe~ Atat(p) 2c~\2a2(p) po+2 ) @),y 2 (o)t
Utt(p) = . G )
¢ () ( O =) =) wm—=2f~()) (ple
p —pt N en't — 2T
pm -t ot —2f*(p)

+ (g ) - 2 IREN (6 ) e o

+2c¢tAtat(p) -
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R 2c~\%a2(p) o p 2 )
- (2/\a(p)¢ ®) po = frt)—f~p) n —2f(p)
x GV (p)elf " @)+~

where we denote objects which are not defined for p € ® by

-~ @t _ 1
V) =© : peD =R\ D,
e R () Vo1
W™ —2f ()t _q
G(z)p:—e , peDS =R\ D,.
t ( ) u — 2f+(p) 2 \ 2

Obviously dist(p, ®,) — 0 implies g1 (p) — 0 and, hence, Ggl)(p) — t. In the
same manner dist(p, ®5) — 0 provides GEQ)(p) — t. Therefore, for obtain the
explicit expressions for f];+7(p) and /U\t++(p) on ® \ {0} it’s enough to define

G =t peDi:  GP@) =t peD,
Then we have for any b € L*(R%) N L>=(R?)
| ef Tt _ of (o)t
Pl N 7=~
1 - + — f-
bR)IGE (e P < &) =)
lb(p)]

p € 97\ {0},

—2f=(p)’

And by result and proof of Lemma 3.2 this function has initegrable majorante
(which doesn’t depend on t) on whole R?. Note also that e~ (?)* < 1, hence, all

terms with Ggl) have this property.

peED;.

Next,
B e ms\ (o)
Pl———7 > pe 5 0 )
+ —oft
b(p)|G ()3 P < o Aw)

b — pED,.

—2f*(p)
If u~ < 0 then may apply the previous considerations (u= € C~). Otherwise,

_ eat

we may use that a function u(t) =

(a < 0) is increasing and, hence,

1
bounded by u(4o00) = -

Note also that other numerators depended on ¢ in the expressions for (7[_,

ﬁj -, (7;"" may be estimated by 2 (recall that corresponding denominators are
not equal to 0 if p # 0).

Therefore, for prove that functions ﬁt__, ﬁt -, ﬁﬁ' * have integrable majo-
rants it’s enough to show that all terms which independent on ¢ are integrable.
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Recall that ¢~—, ¢7~ and ¢TF are bounded, G, a* and 4~ are bounded and
integrable. Thus, we should prove integrability of two terms:

b(p) d b(p) 1 (3.24)

=2 o) M =) =) w —2f ()

where b € L'(RY) N L>°(RY).
If 4 = 0 then we have

b(p) _ 1 b
pE —2f%(p) 2a%(p) — 1

and due to Lemma 3.1 these functions are integrable. If u* < 0 then using
(3.14) we obtain

0 < —p* < p™ —2f%(p),

that implies
b)) _ o)
pE —2f%(p) = —p*
which are also integrable functions.
Next, if u= = 0 then p+ < 0 and using (3.14)

(W™= f ()= f )™ —2f(p) > —2pu (1 —a" (p)),

and we again may use Lemma 3.1. Finally, if u~ < 0 then ™ =0 and

(™ =)+ (=) (u= =2 (p) = —p (1 —a*(p)),

and we also may use Lemma 3.1. R

As aresult, the functions U;”~, U;"~, U;'™ have integrable majorants and by
dominated convergence theorem for obtain limits of U, ~, U;”, U;' " as t — oo
we may calculate limits of the Fourier transforms and after apply the inverse
Fourier transforms. Hence, taking ¢ — oo in the expressions for U, —, U, ",
ﬁfr * we immediately obtain the statement of the Theorem 2.3 with functions
Qtt, 27—, EF~, =1 which are inverse Fourier transforms of (3.20)—(3.23).
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