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Abstract

In the second part of the paper we consider a convolution of probabil-
ity measures on spaces of locally finite configurations (subsets of a phase
space) as well as their connection with the convolution of the correspond-
ing correlation measures and functionals. In particular, the convolution
of Gibbs measures is studied. We describe also a connection between
invariant measures with respect to some operator and properties of the
corresponding image of this operator on correlation functions.
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1 Introduction

The present paper is the second part of the publication devoted to convolutions
on spaces of configuration in continuum. The first part [4] concerned convolu-
tions over spaces of finite configurations. More precisely, let X be a connected
oriented non-compact Riemannian C'*°-manifold, O(X) be the class of all open
subsets from X, B(X) be the corresponding Borel o-algebra. We denote the
classes of all open and Borel subsets from X which have compact supports by
O.(X) and B.(X), correspondingly. Let m be a non-atomic Radon measure on
X, ie, m(A) < oo, A € B.(X) and m({z}) = 0, z € X. Suppose also that
there exists a sequence {Ay}nen C Be(X) such that A, C Apy1, n € N and
Unhen An = X. The space of finite configurations over X is the set

To:= | | 7™, (1.1)
neNy

where T(") ~ ﬁ/Sn, Xn = {(xl,...,zn) e X" | Ty # wy, itk # l}, S, is a
group of permutations of the set {1,...,n}, and symbol “UJ” means a disjoint
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union. The more detailed description of these and sequel notations see in [4] as
well as a short review of investigations in configuration spaces theory. In par-
ticular, on the space I'y there are naturally defined topological and measurable
structures which are generated by the corresponding structures of the space X,
in particular, the Borel o-algebra B(I'y) might be considered. The basic measure
on (I‘ 0, B(FO)) is the so-called Lebesgue-Poison measure

Azzi

Here z > 0 and the measure m(™ on I'™ is generated by the measure m®" on
X™. The measure A, belongs to the space M;(I') of all locally finite measures
on Iy, that means that A\, (B) < oo, for any measurable bounded domain B (in
symbol, B € By, (Ty)), i.e.,, B is such that there exist A € B.(X) and N € N
with B C |_|TZL0 Fg\n). Set A 1= A;.

For measurable functions G, Go on I'g (in symbol, Gy, Gs € L°(T'y)), prop-
erties of the two following convolutions were considered in [4]:

I

(™), (1.2)

3

(GrxGa)(n) = Y Gi(&)Ga(&) (1.3)
§1U&2=n

(G1xGa)(n) = Y Gi(&)Ga(b). (1.4)
§1U&2=n

There was considered also a convolution of measures on (1"07 B(Fo)). Namely, let
p1, p2 be measures on (I‘O, lfo'(l"o))7 then the measure p := py * py on (I‘o, B(I‘O))
is said to be the convolution of p; and ps if, for any measurable G : 'y — R,

G(n)dp(n) = / G(m Unz) dp1(m) dpa(n2), (1.5)
Ty Lo JTo

if only the right hand side is finite. There was shown in [4] also that the existence

dp:

of the Radon—Nikodym derivatives k; = %, i = 1,2 implies the existence of
d

the such derivative k for p = p; * po and, moreover, k = ﬁ = kq * ko in the

sense of (1.3). It should be fixed also the following important property: for any
H,G1,G5 € L°(Ty) one has

H(n)(Ga  Ga) (m)dA(n) = / [ H UGG 9N, (19

To

if only at least one of integrals is well-defined (see. e.g. [13]).

The space I of locally finite configurations and the corresponding main struc-
tures are considered in Section 2 of this paper. In Section 3, we consider elements
of the so-called harmonic analysis on configuration spaces which we will need
in the sequel. In particular, this analysis is connected with properties of the
convolution (1.4). In Section 4, we study spaces of locally finite configurations



with two different types of points. This allows us to consider in Section 5 con-
volutions of probability measures on spaces of locally finite configurations and
their relations to the convolutions on spaces of finite configurations mentioned
above. We discover also there the question about the convolution of Gibbs mea-
sures. In Section 6, we construct a number of examples of operators which are
connected with the notion of the derivation operator with respect to (w.r.t. in
the sequel) the convolution (1.3); the latter operators were considered in [4].
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2 Spaces of locally finite configurations

Definition 2.1. We consider the space of configurations I'" over X as the set of
all locally finite subsets from X, i.e.,

.= {'ycX| |y N Al < oo for allAeBc(X)}. (2.1)

Definition 2.1 implies that a locally finite subset is at most countable subset
of X without finite occupation points. It is clear that I'g is a subset of T,
however, the space I'g has a special meaning to the sequel and it is considered
independently. Let I'y be the set of all configurations v € I" which are subsets
of A € B.(X). By Definition 2.1, all the such configurations are finite. Hence,
as a set, I'y coincides with T 5 (see a definition in [4]).

Let Co(X) denote the class of all real-valued continuous functions on X
with compact supports. For any f € Cy(X), we define a linear function on I' by
(fs7) =2, f(z). It is worth noting that the sum is taken over finite set of
points from ~ only whose are inside in the bounded in X support of the function
f. The weakest topology such that all linear functions I' 3 v — (f,v) € R,
f € Cy(X) are continuous is said to be the vague topology O(T') on the space
I'. Note also that any configuration v € I' may be identified with the measure
~v(:) : B(X) — R4 on X which are a linear combination of Dirac measures,
namely, v < Zx@ €z. By Definition 2.1, the measure v is a Radon measure
on B(X), namely,

(A) = /A () =Y /A des(y) = YN Al <00,  AcBy(X).

xeEy

Therefore, the space of configurations I' might be isomorphically embedded into
the space M(X) of Radon measures on X. Then, the vague topology O(T")
might be induced by the vague topology on M(X), the latter is defined in
e.g. [9, Section 7.3].

Set yo := vy NA, for any A € B.(X), v € I'. The base of topology O(I)
is given by {7 € T' | [ya| = 1,792 = 0}, where A € B.(X), n € Ny, and OA
is the boundary to A, see e.g. [16]. This topology is separable and metrizable,
see e.g. [18], moreover, the corresponding metric space will be complete. Note




that the topology O(I's) induced by the topology O(I') does not coincide with
the topology O(T'g,a). However, the corresponding Borel o-algebras B(I's) and
B(T'o,s) are coincided (see [10] for more details).

The Borel o-algebra which corresponds to O(I') we denote by B(I'). For
any A € B.(X), we consider a mapping N : I' — Ny in the following way:
Na(y) = |yal]- Next, for any A € B.(X), we define a mapping pa : I' — T'y, given
by pa(y) := vyNA. Then, B(T) is the smallest o-algebra such that all mappings
Na, A € Bo(X) are measurable, see e.g. [1], i.e., B(I) = o(Na | A € Be(X)). We
consider also the family of o-algebras Ba(T") := o(Nas | A’ € B.(X), A" C A),
for A € B.(X). It is worth noting that the o-algebras Ba(I") and B(I'p) are o-
isomorphic, see e.g. [10], that means that there exists a bijection between them
which preserves set operations, including countable unions.

Let pu be a probability measure on (I', B(T')), M*(I') denote the class of all
such measures. Let A € B.(X). The projection of z* of the measure p onto the
measurable space (F A, B(T A)) is an image of the measure p under the mapping
pas ie., p*(A) = p(py'(A)), A € B(T'y). A probability measure p on (T', B(T'))
is said to have finite local moments of all order if [L|ya|™ du(y) < 400 for any
A € B.(X) and n € Ng. Let M} (T') denote the class of all such measures.

An example of a measure with local finite moments is the Poisson measure.
To define it let us fix z > 0 and, for any A € B.(X), we consider the Lebesgue—
Poisson measure A\, on I'y = Toa. By (1.2), A\.(Ts) = ™M), We define
a probability measure on (FA,B(FA)), given by 7l := e=*m@)\_. For any
Ala A2 € BC(X)v Al - A2> let PAs,Ay ¢ FA2 - FAl be defined by PAs,A (77) =TAys
n € Ag. It is easily seen that w22 (ple’Al(A)) = 7h1(A), A € B(I'y,), ie., the
family of measures {ﬂé\ | A e B.(X )} is consistent. Then, by the Kolmogorov
theorem version, see e.g. [21, Theorem V.3.2] or [14, Theorem 5.12], one get that
there exists a unique measure 7, on (T',B(I')) such that, for any A € Bo(X),
the measure ﬂé\ is the projection of m, on (FA, B(FA)). The measure 7, is said
to be the Poisson measure with intensity (or, parameter) z > 0 on the space of
configurations I'.

An important property of the Poisson measure is the so-called Mecke identity,
which was actually proved for the Poisson processes by N. Campbell, see [2,3].
This identity states that for any B(T") x B(X )-measurable function h : Tx X — R

/F Z h(vy,z)dm(z)dr,(v) =z /1‘ /X h(y Uz, x) dm(z)dr,(7), (2.2)

rey

if only at least one of integrals is well-defined. In [19], J. Mecke shown that the
identity (2.2) is a characterization to that w, is the Poisson emasure with the
intensity z > 0.

A measure p € M} () is said to be locally absolutely continuous w.r.t.
the Poisson measure 7., z > 0, if, for any A € B.(X), the projection p*
of the measure p on (I‘A,B(FA)) is absolutely continuous w.r.t. the measure
7h. Clearly, if u € M} _(T) is locally absolutely continuous w.r.t. the Poisson
measure 7, , for some zy > 0, then it is locally absolutely continuous w.r.t. the



Poisson measure 7, for any z > 0. Let M}mm(l") denote the class of all such
measures.

Measures which are locally absolutely continuous w.r.t. the Poisson measure
have properties which are similar to the properties of the Lebesgue—Poisson
measure, considered in [4]. Namely, let u € M}mm (T"), then for any A € B(X)
with m(A) = 0 the following equality holds true (see e.g. [13]):

p({yeT|ynA#0}) =o0.

As a corollary, for any v € T, x € X,

p{yeTl|zen})=p{yel [+ ny#0}) =0

Next, the set of pairs {(v,7') € T xT' | yN~v' # 0} is a zero set for the measure
1@ w, as well as the set of pairs {(’y,x) el'xX |z ¢ ’y} is a zero set for
the measure p ® m. Finally, it can be easily shown that that 'y € B(I') and
u(Lo) = 0.

Remark 2.2. By the definition of the Lebesgue-Poisson measure, one has that,
for z; # 22, the measures A,, and A, on (I‘O,B(Fo)) are equivalent (i.e., they
are mutually absolutely continuous). However, two measures on (T', B(T")) which
are locally absolutely continuous w.r.t. the same Poisson measure may not be
mutually absolutely continuous. Even two Poisson measures m,, and m,, (they
are mutually locally absolutely continuous), for z; # 2 are orthogonal on the
whole space I' (see [22] and generalization in [23]).

A function F': T' — R is said to be cylindric if there exists A € B.(X) such
that F is a B (T')-measurable function. This property may be characterized by
the equality F(y) = F [ 1, (ya). Let Feyi(T') denote the class of all cylindric
functions on I'.

3 Elements of harmonic analysis

Recall that (see e.g. [4] for more details) a function G € L°(Ty) has a local
support if there exists A € B.(X) such that G [p,\r, ,= 0. Let LY (Ty) denote
the class of all measurable functions on I'g with local supports. By analogy, a
G € L°(Ty) has a bounded support if there exists B € By,(I'g) with G [\ 5= 0.
Let Bps(T'g) denote the class of all bounded measurable functions on I'y with
bounded supports.

Let us consider the mapping K : LY (Tg) — Fey1(T') given by (see [10,16,17])

(KG)(y) =) G(n), ~el, (3.1)

ney

where G € L{.(I'g). Here and subsequently, for an infinite configuration v € T,
the notation n € v means that n C v and n € 'y, i.e., 1 is a finite subset of a set
~. It is worth noting that the summation in (3.1) is taken over finite collection
of all subsets from 5 where A is the local support of the function G € LY (T'p).



The mapping K : LY (Ty) — Fey(T) is linear, positive preserving and has
an inverse (see e.g. [10, Proposition 3.5])

(K'F)(n) =Y _(-1)MEIFE),  neTo (32)
£Cn

In the same reference it was shown that F € Fy(T) yields K~'F € L) (Tp).
It should be underline, that the right hand side of (3.2) gives a well-defined
measurable function on I'g for any measurable function F', if only the latter is
well defined on whole I, or even on some subspace from I', which contains I'y.

Proposition 3.1 ([10, Proposition 3.5]). Let G € Byps(I'9). Then KG €
Feyi(I'), moreover, there exist C > 0, A € B.(X), and N € Ny such that,
for F = KG,
N
[F()[<C(A+al)",  ~yel. (3.3)

Let Fpu(I') be the class of all cylindric functions F' : I' — R which satisfy
the inequality (3.3).

The latter functions is said to be (locally) polynomially bounded on I'. As
a result, Fou (') € LY(T, p), for any u € M} (T). This yields the correctness of
the following definition (see [10, Remark 4.7] for more details).

Definition 3.2. Let p € M} (T). A measure p, € My(I'g) given by

puld)i= [(K1)O) i), A BT (3.4

is said to be the correlation measure which corresponds to . Here 14 : I'y — R
is the indicator function of a set A € B(I'y). Note that p,({0}) = 1.

Proposition 3.3 ([10, Corollary 4.6]). Let p € M} (T). Then, for all G €
Buns(To), G € L' (T, p,) and, moreover,

G(n) dpy(n) = / (KG)(v) du(v). (3.5)

To

Remark 3.4. For any nonnegative B(T'g)-measurable function G : Ty — R, :=
[0; +00) the right hand side of (3.1) defines a B(T")-function KG : T' — [0; +00].
In this case the equality (3.5) holds true as well (see [10, Corollary 4.6]).

Remark 3.5. It was shown in [10, Theorem 4.11]) that, for u € M} (I') and
G € L'(Tg,p,), the right hand side of (3.1) is p-a.s. absolutely convergent
series, moreover, KG € L*(T, 1) and the equality (3.5) holds true.
Proposition 3.6 ([10, Proposition 4.14]). Let u € Mg, (T). Then the corre-
lation measure p,, is absolutely continuous w.r.t. the Lebesque—Poisson measure
A on (Fo,B(Fo))

Let u € M} (). Suppose that the correlation measure p, is absolutely
continuous w.r.t. the Lebesgue-Poisson measure A on (I'g, B(I'g)). Then the



:dﬁ(

corresponding Radon-Nikodym derivative k(1) : n), n € Tp is said to be

the correlation functional of the measure y. By Proposition 3.6, for any measure
IS ./\/l%m’ﬂ(F), the corresponding correlation functional always exists. Clearly,

k. (0) = 1. Functions kSY : Xm — R, given by

KO (a1, ) e ky({z1,...,2zn}), if (21, = ,Zp) € X7,
" 0, otherwise

are said to be the correlation functions of u. It is worth noting, that if k,, is the
correlation functional of a measure pp € M} _(T'), then one can rewrite (3.5) in
the following form

Gk (n) dA(n) = [ (KG)) dur), (36)

T'o r

Sometimes, the correlation functions are defined via equality (3.6). Namely,
a sequence of measurable symmetric nonnegative functions kftn) X" = Ry,
n eN, k;flo) := 1 is said to be a system of correlation functions corresponding

to € Mj (1) if, for any n € Ny and any measurable symmetric nonnegative
f . X" — R, the following equality holds

[ e m) )

r {z1,....zn }Cv

1

== F (2, ... ,xn)kl(t")(xl, oy dm(xy) ... dm(zy).
. X"L

In particular, for any u € M%mm(l"), there exists a system of correlation func-
tions.
Let C' > 0 and § > 0. We consider the following Banach space

Ke,s={k:To =R | |k(n)| < const - cl(n)? for M-a.a. n e Lo} (37)

. ‘k( )| ! /

. ] > >
with the norm ||kHc,5 = esssup,cr, CW(\ |!)5. Clearly, for C' C, o 0,
the inclusion IC(;,(; C ICC/’(;/ holds. For § = 0, we will omit the index, namely,

’CC = ICC,O-

Let, for arbitrary C > 0, § > 0, k € K¢, 5. Then Bys(To) C L' (To, k| dN).
If, additionally, § € [0;1), then ey(f) € L*(Tg,|k|d)), for any f € L*(X,dm).
The proofs of the both statement are straightforward consequences of definition
(3.7).

As a result, if p € Mj (T) and k,, is the correlation functional of p, such
that k, € K¢, 5, C >0, 6 € [0;1), then, for any f € L'(X,dm),

(Kex(f)(y) = H(l + f(z)) for pra.a. vy €T, (3.8)

TEY



In particular, the infinite product in the right hand side of (3.8) is absolutely
convergent, for p-a.a. v € I'. It should be pointed out, that, for f € Cy(X) C
LY(X,dm), the equality (3.8) holds true for all v € T.

The following statement describes relations between correlation functions of
a measure and their projections.

Proposition 3.7 ([10, Propositions 4.14, 4.16]). Let u € M}, (). Then, for
any A € B.(X), z >0,

d A
ku(n) = | ZE5umdrt() for daa me Dy, (3.9)
I'a 7Tz

If, additionally, fFA 211k, (n) dA(n) < oo, for all A € B.(X), then

dp

A
dm?

() :/F (—1)|”|k#(7Un) d\(n) for m2-a.a. v € Ta. (3.10)

One may formulate an inverse problem: about a possibility to recover a mea-
sure p € M} (I') by the given system of symmetric measurable functions k(™)
such that k(™ = k‘ftn). This problem may be solve by the following A.Lenard’s
results.

Definition 3.8. A function k : 'y — R is said to be positive definite in the sense
of Lenard if for any G € Bys(Tg) with (KG)(y) > 0, for all v € T, the following
holds [, G(n)k(n) d(n) > 0.

It is worth noting that if &, is the correlation functional of a measure u €
M () then (3.6) yields that k,, is positive definite in the sense of Lenard.

Proposition 3.9. Let k: Ty — R be measurable.

1. [17, Theorem 4.1] Suppose that k is positive definite in the sense of Lenard
and the normalized condition k(Q) = 1 holds true. Then, there exists at
least one measure p € M}, (T') such that k is the correlation functional of
the measure f.

2. [15, Theorem 2] For anyn € N, A € B.(X), set

1
sh = I M (21, ... 2n) dm(zy) ... dm(z,). (3.11)
. An

_1

If only >, cn (88, ) ™ =00, for allm € N, A € Bc(X), then there exists
at most one measure p € Mj, (T') such that k is the correlation functional
of the measure p.

It should be pointed out, that, that, in [15,17], the more wide space than T’
was considered (the so-called space of multiple configurations). An adaptation
of [17, Theorem 4.1] to the case of I" was realized in [13, Theorem 4.4.1]. The
statement [15, Theorem 2] is fulfilled for smaller space I" obviously.



Corollary 3.10. Let k : T'g — R be a positive definite function in the sense
of Lenard, and suppose that the normalized condition k(B) = 1 is holds true.
Suppose that there exists C > 0 such that k € Kc2. Then there exists a unique
measure p € M}, (T') such that k is the correlation functional of the measure p.

Proof. By (3.11), since k € K¢ 2 one has, for all n € N, s2 < const- (Cm(A))nn!.
Therefore, for all [ € N,

S (s) 2 comst- 3 (Cm(A))~H (4 0y)
neN neN
> const - (C’m(A))_(IH) Z(n!)—% = 00,
neN
which proves the assertion. O

The following statement shows that the K-transform is a combinatorial
Fourier transform w.r.t. the *-convolution.

Proposition 3.11 ([10, Proposition 3.11]). Let G1,G2 € L)(To). Then
(K(G1%Ga))(7) = (KG1)(7) - (KG2)(7),  v€eT. (3.12)

Remark 3.12. Let u € M} (') and k, be the correlation functional of the
measure p. It was shown in [10, Lemma 4.12], that the equality (3.12) holds

for p-a.a. v € I' if only at least one of the following assumptions is fulfilled:
1) Gl,GQ > 0; 2) |G1| * ‘G2| S Ll(Fo,k}# d)\)7 3) Gl, Gy € Ll(Fo, k# d)\)
The next corollary is a direct consequence of Proposition 3.11, [10, Propo-

sition 3.5], and the obvious observation that the class of functions Feyi(T') is
closed w.r.t. a product.

Corollary 3.13. Let Fy, F; € Foa(I'). Then
(K~Y(F - F))(n) = (KT'F) * (K7'F)) (1), n € Io. (3.13)

Remark 3.14. We stress that the equality (3.13) holds for any functions Fy, Fy
which are defined on some subset of the configuration space I' that contains the
set of finite configurations I'y.

Remark 3.15. Let G € Bys(I'g). By Proposition 3.11, K(Gx G) = |KG|?> > 0.
Therefore, if a function k is positive definite in the sense of Lenard, then it
is positive definite in the sense of the %-convolution (for definition see [4]). It
was shown in [10], that if k¥ € K¢ s, C > 0, § € [0;1), k(@) = 1, and &k
is positive definite in the sense of %-convolution, then there exists a unique
measure p € M} (T) such that k is its correlation functional.



4 Spaces of configurations of different types

This Section is devoted to spaces of configurations of two different types, which
we denote by “+”7 and “—”. We will need the following notations. Let us
consider two copies of I', 't := T and I'" := T, and we set ' := 't x I'".
Let O(I'?) be the product-topology on I'2. We denote the corresponding Borel
o-algebra by B(I'?). Let M!(I'?) denote the class of all probability measures

on (I‘z, B(F2)). Similarly, we consider, for Y € B(X), n € N,
Loy =T =T, Tiy =I5y =Tloy, TZy:=T¢y x5y,

and one can define the corresponding product-topology C’)(Fg’y) and Borel o-
algebra B(I’%’Y). As above, for Y = X, we will omit Y in subscript, and, for
Y € B.(X), we will omit 0 in subscript, namely, I'Z := F%,X’ 3 .= F%’A. It is
obvious that

B(I?) =o(B* x B~ | B* € B(I'Y));
B(Iiy)=0(B" x B” | BE € B(Igy)), Y €B(X).

We define also some notions similar to one-type configuration spaces. For
any A* € B.(X), we consider a mapping pa+ - : I = T'f, x T';_ given
by pa+a-(v",77) == (Vi 7h-), 75 € TE. The projection of p € M (T'?)
on (I'f, xI'y ,B(I'f, xT;_)) is the measure pATAT given by ph AT (A) =
,u(pxi A (A), AeB(I'f, xI'\_). A measure u € M!(I'?) is said to be locally
absolu:cely continuous w.r.t. the measure 7, @7, z > 0 if, for any A* € B.(X),
the projection uAJrvAf of p is absolutely continuous w.r.t. the measure wéﬁ mh”
on (I'f, x Ty ,B(I'f, x T )). In the case AT = A~ = A € Be(X), we will
use the notations pA,uA,F?\ instead of pA7A,uA’A,FX x I'y, correspondingly.
The following statements generalize the properties of measures from Mg, (T).
They were proved by the author in [5].

Proposition 4.1. Let € M (T'?) be locally absolutely continuous w.r.t. 7, @
Ty, 2> 0. Let also A € B(X), m(A) =0. Then

p({(yF A7) el [y Ny =0}) =1;
n({(yF ) eT? [y~ NnA#0}) =0;
(pem)({(vt,7,2) e x X [z eqt}) =0.

Let p € MY(I'?). The marginal distributions of the measure p are the
probability measures p* on (I'f, B(I'*)) given by

+ +y . + - + +
)= [ anetan) At eBr), (4.1)

Let A € B.(X) and p* be the projection of u € M*(T'?) on Fi. The marginal
distributions of 4" are the probability measures (u*)* on (I'y, B(I'T)) which

10



are defined analogously to (4.1). On the other hand, one can consider the
projections (u*)* of p* on (T I B(IE )) according to (4.1). In [5], the author
shown that, for any A € B.(X),

()™ = ()™, (4.2)

We proceed now to definitions of other objects which are analogous to con-
sidered before in the one-type case. A function G : I'3 — R has a local sup-
port if there exists A € B.(X) such that G Ir2\(rtxrp)= 0. Let LY(T2) de-
note the class of all measurable functions on I'z with local supports. A set
B € B(T3) is said to be bounded if there exist A € B.(X) and N € N, such
that B ¢ (LY, FX’(n)) x (LN OI‘A’(")). Let By(T3) denote the class of all
bounded sets in B(I'3). A function G : T'3 — R has a bounded support if there
exists B € By,(I'3) such that G lr2\ 5= 0. Let Bys(T3) denote the class of all
bounded functions with bounded supports. A measure p on (FO, B(F%)) is sid
to be locally finite if p(B) < oo, for all B € By,(I'3). Let Mj¢(TI'3) denote the
class of all such measures. A measure p € M*!(I'?) has finite local moments
of all orders if [ro [y ["[vx|" du(y™,77) < oo for all A € B.(X) and n € N.
Let M} (T'?) denote the class of all probability measures on I'* with finite local
moments of all orders. Let Fey1(I'?) denote the class of measurable functions
on I'? which are cylindric by both variables.

Definition 4.2. We consider the transformation K : LY (I'2) — Fey1(I'?) given
by
(KG)(v =Y GOtn), (T el (4.3)
nteyt
n €y

Let I* be unit operators (identical mappings) on functions on I'* (and,
hence, on Fg). We define the following operators on functions on I'3: Kt :=
K®I , K™ :=I"®K. Then one can rewrite (4.3):

K=K'K =K K. (4.4)

(4.4) yields that K : LY (T'3) — Fey1(I'?) is a linear mapping which preserves
positive functions and hab an inverse transform

(K F)(n*n7) = (KH) YK ) ™ = (K) " (K )™
= N (~pNEHERNT IRt 67, (9T, n7) e TR (4.5)

gtent
£ Cn~

Definition 4.3. Let p € M} _(I'?). The correlation measure, corresponding to
t, is the measure p, € Mys(T3) given by

pu(A) = /Fz KLA)(yT v )du(vt,77), A€ By(lp), (4.6)

where 14 : I'2 — R is the indicator-function of a set A € B(I'3). Clearly,

pu({0},{0}) = 1.

11



The following propositions can be proved by analogy with the corresponding
statements for the space I'.

Proposition 4.4. Let p € M} (T?). Then G € Buns(T'3) yields G € L' (T'%, p,.),
moreover,

GOyt ) dpy (™) = / K)oyt v ) du(rtoyT). (A7)
r2 2

Proposition 4.5. Let a measure p € M} _(T?) be locally absolutely continuous
w.r.t. the measure T, @ m,, z > 0. Let Mflmm(I’Q) denote the class of all such
measures. Then the correlation measure p,, is absolutely continuous w.r.t. the

measure A2 := A® X on (I3, B(I%)). The correlation functional of the measure
W is the corresponding Radon—Nikodym derivative

_ dp _ _
k(™) == S350t T), (' ) € T§.

Then k,(0,0) = 1 and, for any A € B.(X) and A\*-a.a. (n*,n~) € T'%,
- dp® e e + -
b ) = [ [ S ueta uEHENNE). @)
ryJry

Proposition 4.6. Let u € My, (T'?). Then the marginal measures (distribu-
tions) pu* belongs to M%mm(I‘), Moreover, if k,, kff are the correlation func-

tionals of the measures p, u*, correspondingly, the, for A-a.a. n* € T,
k™ 0) =ki(n"),  ku(@n7) =k, (7). (4.9)

Proof. Let a set A € B.(X) and a measurable function F' : T} — R, be
arbitrary. By (4.2), for all z > 0, one has

FOO) ) o) = |

+
I

Fyt) / ()

Ly

/F+ F(yH)d(ph)*(yh) = .
d A
g FW)/FA x0T et )

/FX F(fﬁ)(/r; erglé;g)(’ﬁ,’y)dﬂﬁ(v))dwé‘(y*).

Therefore, the measure ™ is locally absolutely continuous w.r.t. the Poisson
measure 7, z > 0 and, moreover, for 72-a.a. v € I'f,

A A A
dﬂ-z T ® T )

d(p)? dp® - -

R e A LA N (BT
Ty

The obvious fact that, for all A € B.(X), n € N,

/Nh* NA["dut(vT) = /th* NA" [y~ N A du(vT,77) < oo,

12



implies p ™ € M} (T).
Then, (3.9) yields that, for A,-a.a. n* € I'} and for any A € B.(X),

A
k) = [T o) (111)

Put, in (4.8), n~ = 0; then, by (4.10) and (4.11), one get

b, 0) = [

dMA + + = — +
+(/F Dz (T UET ET)dA (€ ))d,\z(g )

r
d(p™)*
:/F+ %(n+ U£+)d>\z(£+) — k:(n+). (4.12)
A z
The proof for k; is the same. O

Remark 4.7. Proposition 4.4 implies that if &k, is the correlation functional of
some measure 1 € M}_(I'?), then k, is positive definite in the sense of Lenard.

The recall about the following convolution between measurable functions G
and Go on I'Z (for details see [4]).

GC1®G)T )= Y G UG UE)Gale UL, & ugy).
€Uy ugg=n"
&1 UG Ugs =n"
(4.13)
By Proposition 3.11 and (4.4), (4.13), we obtain that, for any Gi,Gs €
L (T9),

(K(GL ® G2))(v",77) = (KG1)(vF,77) - (KG2)(vF, 7). (v y7) e 2
(4.14)
Remark 4.8. Similarly to Remark 3.15, one get the following. By (4.14), K(G®
G) = |[KGJ? > 0; then the positive definiteness in the sense of Lenard implies
the positive definiteness in the sense of the ®)-convolution (for the definition of
the latter see [4]).

5 Convolution of measures

5.1 Main properties

During this Section we will use the following notations. Let F' : I" — R be a
measurable function. Consider the measurable function F' : I — R given by
F(yT,7v7)=F(H{TuU~7), (v",77) € I Let u; € M} ('), i = 1,2. Consider
the measure 7 on (I'?, B(I'?)) given by di(y*,v™) = dui(y")dua(y~). On
other words, fi = 11 ® ps. Clearly, i € M} (T'?).
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Definition 5.1. Let p; € MYT), i = 1,2. A measure p € M!(T) is said to
be the convolution of the measures p; and po if, for any measurable function
F :T — R, such that F' € LY(I'?,dp), the following equality holds true

[ renaue) = [ Fotdnet )= [ Fretor ) dnG) d/g%).
We denote this by g = p1 * po. .

Proposition 5.2. Let u; € M} (T'), i = 1,2 and pu = pq * p2. Then p €
M, (D). If, additionally, p; € Mg, (D), i =1,2, then pe Mg, (T).

Proof. For any A € B.(X), n € N, one has

/ml"du / / (WA T+ A D) dua(vF) dpa (™)
- ; (3) [l amt) [ pal*duat) < o0

which proves the first statement. Next, for any B (T')-measurable function F,
one has

/FAF(V)duA() / / /7 (v Un=) dpa (v) das ()
/F+/ (VU et (v dpp (v7)
- [ oo Bten e aenma

— /FA F() (dé:l * ﬁf) (7) dA(Y),

where we used (1.6). This prove the second statement as well. O

The following proposition describes the connection between convolutions of
measures on the spaces I' and I'y.

Proposition 5.3. Let u; € M}mm(I‘) and p; be the corresponding correlation
measures, i = 1,2. Then p := p1 * pa is the correlation measure for p = pq * po.

Proof. Let G € Bps(I'y), then, obviously, G G e Bys(T3) c L (F%,dﬁ). Let
F = KG. Then, for any (v",77) € I'2 (i.e., v Ny~ = 0), we obtain

F(y",y7)=F(y"uy)= > G

neytUy~

YooY Gutun)= Y > Gnton) = (KG) (v,

nteytn-ev- nteytn-ey-
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We prove now that p = p; ® ps € My(['3) is the correlation measure for
=1 ® pa € M, (T?). To do this, let us check (4.6) with u = 1, p, = p.
Namely, for any A = A* x A~ € By,(I'3) with A* € By, (I'y), one has

/FQ(KHA)( ) dia(yt T /F2 SN walt ) du(vT) dpa(y7)

nteytn-ey-
/ S e () dp / S s (77 ) daa(r) = pu(A)pa(A7) = H(A).
ntevyt nTEy~

Therefore, by (4.6), the measure p coincides with the correlation measure for
fi, at least on all sets of the form A = AT x A~ € B, (I'2) with AT € By, (Tp).
Hence, these measures are coincided on the whole class of sets By, (I'3). Since
Wi € M%m’ﬂ(F), 1 = 1,2, the measure [ is locallz absolutelz continuous w.r.t.

7. ®m,, z > 0. Then, by Proposition 4.1, i(I'2) = 1. As a result,

G(n)dp /F+ F7G(77 o) dp(n ™~ /r+/— (KG)(v*,77) dity ™ 77)
//Kva)d/wv /Fvvdu( "7)

/H/f T)dpa(vF) dpa(y /F ) dp(y

which proves the statement. O

To

Theorem 5.4. Let functions k; : T'g — R, i = 1,2 be measurable. Then the
function k(n) = (k1 * k2)(n) is positive definite in the sense of Lenard on Ty if
only the function %(n‘ﬁn_) = k1(nT)ko(n™) is positive definite in the sense of
Lenard on T'3.

Proof. The equality (5.2) yields that, if G € Bpg(Ig) and KG > 0, then KG > 0.
By (1.6), one has

G(n) (k1 k2)(m)dA\(n) = [ Gty )k(nt,n™)dA (i )dA(n ).

To r2

Therefore, the positive definiteness of % in the sense of Lenard on I'Z implies the
positive definiteness of k in the sense of Lenard on T'y. O

5.2 Convolution of Gibbs measures

Let L (I' x X) denote the class of all measurable nonnegative functions f :
I'x X — Ry. Let a function r € L9 (I x X) be arbitrary and fixed. A measure
p € M} (T) is said to be the Gibbs measure corresponding to the relative
energy density (a.k.a. Papangelou intensity) r iff, for any h € LY (T’ x X), the
following Georgii-Nguyen—Zessin identity holds true (cf. [20]):

/Zh% Vp(y // hiy Uz, 2)r(y, ) dzdu(7). (5.3)
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Let M} (T';r) denote the class of all such measures. For properties of these
measures and references see e.g. [6]. It should be underline that with a necessity
(5.3) yields

riyVy,a)r(y,y) = riyVa,y)r(y, =), (5.4)

for u x dz x dy-a.a. (y,z,y) €T x X x X.

Proposition 5.5. Let {ri,rs,r} C L (I x X). Consider measures y; €
M (Tsry),i=1,2, pe M} (T,r). Let p= py*pz. Then, for uy X ps x dz-a.a.
(vT,v7,2) € T xI' x X, the following identity holds

r (’y+ U’}/_,J)> =r (’y+,a:) + 1 (7_,90) i (5.5)

Proof. By (5.1), for any h € LY (I" x X), one has

/th(%x)du(v)

rey

:/F+ /r— > h(yTuyTa)dps (YT) dpa (v)

rEYyTUy—

= /1"+ /rf /Xh(q/Jr Uz U~y ,z)r (v5z) dedpy (vF) dps (v7)
+/p+ /F— /Xh('yJr Un~ Ua,z)re (v, @) dedu (vF) dpa (v7)
- /F+ /r— /Xh(fr Uz Uy, x) (m (v 2) +r2 (v, 2)) dedpn (v5) dus (v7) -

On the other hand,

[ X neadne) = [ [ haUaar 6. dedn )

TEY
:/ / / h(yFUzUy™,2)r (v" U™, 2) dedp (V1) dps (v7)
r+Jr- Jx

where we used (5.1) again. Comparison of the getting expressions shows that
(5.5) holds true. O
Remark 5.6. Tt is easily seen from (5.5) that, if only u; are Gibbs measures con-

structed by potentials ®; : Ty = R, i = 1,2, i.e., ri(v,z) = exp{f Zn@y o, (nuU

a:)}, i=1,2,, then u = p1 * s cannot be defined in a such way.

Corollary 5.7. Let the condition 5.5 holds. Let yu = py * po. Then, for ui X
p2 X dz x dy-a.a. (yF, v, 2,y) €T xT'x X x X,

r () (V) [ (v e) e (v y) = (V) e (v )]
X [7"1 (’y+ U x,y) ro (’y_,y) — 1y (’y_ U x,y) o] ('y+,y)] =0. (5.6)
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Proof. By (5.4) (see also [6]), the expression
r(ytuyT Uy E)r (vt usTy) = (m (v e) +ra (v Uwse)) (m (V) + e (L)
=ri(vha)r (v y) (v ) re ()
+r2 (v Uy,a)r (v y) +r2 (VT Uy a) e (VL)
is a symmetric function of the variables x and y, for u; x pz-a.a. (y©,77)
and a.a. z,y. But the expression ro (v~ Uy,x)ra (77, y) is also symmetric,
therefore,
ri (v ) ra (v ) +r2 (v Uysa) e (v y)
=" (7+,y) T2 (’7_,55) + 72 (7_ U xvy) 1 (’7+71') ’

which yields

ri(vha)r2 (v, y) = (V) e (v )
=rys (v Uz, y)r (75 2) —ra (v Uyz) i (vhy) . (5.7)
On the other hand,
r(vYruyTUya)r (Y uyTy) = (m (YT Uya) +re (v, 2) (m (v w) + e (VL)
=r(vT Uy ) (VoY) +r (U E) e ()
+re (v 2) () e (v e) 2 (v, w)

Then, in the same way as above, one get

ro (v, x)r (v y) (v Uy ) e (v, )
=ro(vy)ri (v 2) + i (VT Uzy) e (v, 2)

Therefore,

r ()2 (v ) = () e (07 2)
=r(vtuy,a)ro (v ,y) —ri (T Uz y)r2 (v, 2) . (5.8)
Comparison of the right hand sides of (5.7) and (5.8) shows that

r(yr Uy, z)ra (v ,y) —ri (v Uz y) e (v, )
=1y (’y* U x,y) o] (’W,a:) — 1y (77 U y,x) 1 ('er,y) . (5.9)
Let us multiply now the both sides of the equality (5.9) onry (vT, ) r1 (W, 2) 2 (v 7, 2) r2 (v, ).
We obtain
ri(vhy)r (V) e (v a) e (v y) (YT Uy ) e (v y)
—ri(vhy)r (V) e (v ) e (v y) e (YT U y) e (v, )
=r (vHy)ri (v 2)re (v L) e (VL) re (v Uay) (v )
(VL) () e (v a) e (v ) e (v V) i (7 y) -
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Therefore,

r (v uzy)m (V) (v e (V) [ (VT 2) e (v ) — i (v y) e (07 2)]
=1z (7" Uwy)rz(v ) (v, y) (7 @) [r2 (V) (0 a) =2 (v 2) (0 w)]

which yields (5.6). O

The equality (5.6) gives a ‘hint’ about a proper class of relative energy den-
sities r;(7,z) which satisfy (5.5). One may, for example, consider densities
such that r;(v,z) = r;(vy), for p; x dz-a.a. (y,2) € I' x X. Then the expres-
sion in the first brackets in (5.6) will be equal to 0. Another useful variant is
ri(yUy,z) = ri(y,x), for g; x de x dy-a.a. (y,z,y) € ' x X x X. Then the
expression in the second brackets in (5.6) will be equal to 0.

Ezample 5.8. The so-called mixed Poisson measure corresponds to the both
cases above. Namely, let p : (0;4+00) — (0;+00) with fo 2)dz = 1 and p
be continuous on (0; +0c). Consider the measure v € MY (T ) glven by v(4) =
IS 7= (A)p(2)dz, A € B(T'). This is a mixture of Poisson measures with different
intensities. By (2.2), one has

/Zh% )dv(y //Zh% Ydm.(7)p(z)dz

TEY TEY

_ / . / /X h(y Uz, 2)dm(x)dr. (7)p(=)d=
_ /F /X h(y Uz, 2)q(y, 2)dm(z)dv (7).

Here, for a.a. z € (0;4+00), we consider ¢(v,z) = z, for m,-a.a. v € " and for
all x € X. More precisely, as it was noted before in Remark 2.2, m,, 17, for
21 # 2. On the other hand, by e.g. [§],

i A
AtX m(A)

=z form,aa. y€T, z>0. (5.10)

Therefore, if A, is the set of configurations which satisfy (5.10), then 7., (A4, 2) =
0z, 2, (the Kronecker symbol). As a result, v(A) = 1, where A = |
Hence,

z>0

for v-a.a. v € I' and for all z € X. (5.11)

Stress that ¢ does not depend on p, i.e., the function ¢ does not define uniquely
the measure v. Clearly, ¢(v,x) = q(yUn, ), for all n € Ty, yNn = . Similarly,
q(v1 Uya,x) = q(y1,7) + q(y2, ), if only 71 Nyo = 0. Therefore, if u, u,
peo are mixed Poisson measures given by functions p,pi,p2, correspondingly,
then the equality (5.5) will holds true since r1 = r = r = ¢. To prove that
a convolution of mixed Poisson measures is also a mixed Poisson measure we
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recall that (see e.g. [1]) any Poisson measure is uniquely defined by its values
on sets C(A,n) = {'y el ’ [yNA| = n}, A € B.(X), n € Ny and, moreover,

7. (C(A,n)) = Mgzm(/&).

n!

Then, by the definition of the convolution of measures, for u = p1 * po, one has

/F]IC(A,n)( ) dp (v //]IC(An (v1 U2) dpa (1) dpz (72)

//H\WMAIHWzﬂAl—ndﬂl (71) dpz (v2) = //Zﬂhm/\l kLA | =n—kdpr (Y1) dpo (72)
k=0
n

= /F]lme:kdm (’71)/F]1|’yzﬁA|:n7kdl/'2 (72)
0

n

z_:;( 1 . /0°° (zm (A)F e M p, (2) dz /OOO (zm (A)" % e My (2) dz

k=0

_(m Z T / / ket mN L (1) dzypy (25) dz

m n _—(z1+z2)m
— (T/ / (Zl -+ ZQ) e (z1+22) (A)pl (Zl)pQ (22) ledZQ
: 0

o zm(A))™ [
_ / e—zm(A)( ( )) / P (21)]?2 (z—zl)dzldz.
0 0

n!

Hence, u is the Poisson measure given by the function p(z fo p1(21)p2 (2 — 21) dz1,
i.e., p = p1 * p2 in the sense of the usual convolution on the real line.

To summarize, a convolution of two mixed Poisson measures is a mixed
Poisson measure, these measure are Gibssian in the sense of (5.3), and their
their relative energies densities are defined by (5.11).

6 Invariant measures and examples of derivative
operators w.r.t. the x-convolutions of func-
tions on [

Recall that a measure pp € M} _(T) is said to be invariant for an operator L
which is defined on a class of functions on I' if for any such a F' the following
equality holds true

/F (LF)()du(~) = 0. (6.1)

Suppose that, for any F' € Fc1(I), |[LF(n)| < oo, at least for all € I'g. Then,
for any G € Bps(Ty), we get I = KG € Foyu(T') and the expression K 'LF,
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given by analogy with (3.2), is point-wise defined (for details see Section 3). As
a result, one can consider the operator

LG := K 'LKG, G € By(Ty).

Suppose that the integral in the left hand side of (6.1) is finite for any
F € F.;(T') and, additionally, that the correlation functional k,, of the measure
 exists. Then, by (3.6), one has

(LG, k) = / (EG)(m)ku(m) dA(n) =

for all G € Bys(T'y) (see also [4, Section 4]). As a result, one can consider the
equation for the dual operator R

L'k =0, (6.2)
which might be considered either in a weak sense or e.g. in the space K¢ s
(for details see also [7]). On the other hand, the equation (6.1) does not define
a measure uniquely. Indeed, let p;, « = 1,2 be invariant measures w.r.t. an
operator L (in particular, u; = p2), let k1 2 be the corresponding correlation
functionals. By Proposition 5.3 and [4, Proposition 5.3], the function k = k; x ko
is the correlation functional of p := py * po. Suppose now that the operator L*
is a derivative operator w.r.t. the convolution (1.3) (see [4, Seubsection 5.3]).
Then R R R

Lk = (L*kl) x ko + k1 * (L*kg) =0,

therefore, u = py * po is also an invariant measure for the operator L. In
particular, ui" will be an invariant measure for the operator L, for all n € N.

Ezxample 6.1. Consider the operator

(LewF)) = S IFO\a)=F)]+ 3 [ alo =) [Foua) - F()]ds, (63)
TEY yey

where 0 < a € L'(RY), a(—z) = a(x), = € RY. This is the generator of the
so-called contact model introduced in [12]. In [11], it was shown that there
exists a family of invariant measures [,y which are parameterized by their first
correlation functions kmv = ¢, ¢ > 0. Therefore, for each ¢; > 0, ¢ = 1,2, there
exist two invariant measures p; o for the operator (6.3). Consider the measure
L = p1 * po. By previous considerations, its the first correlation function is
equal to ¢; + ¢c2 and, moreover, this measure is invariant for the operator Loy
provided that the operator L, is a derivative operator w.r.t. the convolution
(1.3). Below we prove the latter fact as a particular case of much more general
situation.

Consider the following two operators

Z/F F(y\2Uw) — F(7)]dA (@),

xTEY

(L F) () =Y / b(2,w) [F (v Uw) — F (7)] dA (@)
TEY Lo
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(here and subsequently, we write just x instead of {«}). Let functions b and
d be measurable and nonnegative on X x I'g and, additionally, suppose that
fF (b(z,w) + d(z,w))dA(w) < co. Then |LF(n)| < oo, n € T'g. Let us denote

(L™F) (v) :Z/X d(@ A{yr,- D [F (N2 U{yn, . yn}) = F (D] dys - dyy,
(LF) () = Z/Xﬂd(w’ {1, ) [F (v U{yn, - yn}) = F ()] dys - . . dyn,

e, Ly =3 n,L(n) For example,

(LOF) ( Zd (,0) [F (v \2) = F (7)],

(LYF) ( Z/dwy (v\zUy) = F ()] dy,
(LYF) () =0,

(LY F) ( Z/ (z,y) [F (yUy) = F (7)]dy.

In particular, if d(z,0) == 1, d(z,y) = a(z — y), then Loy = L4 L(l)
We proceed to the calculation of L. One has

(KG) (v \ zUw) — =Y Y Gmuo- > Gnux)
n€Y\z 0#(Cw ney\z
=K[ > GLuo-Glun)| 6\,
D#(Cw
then

(L-G)(n) = (K~ (L-KG)) (n)

-y [ w[zan\xuc G ()] r (@

TEN P#(Cw
==Y d@)Gn) - d@)G@n\z +Z/ (z,w) Y G(n\2zU¢)dA (w)
TzEN TEN TEN (Cw
= Zd G(n\x +Z/ (/ xwug)dA(w)>G(n\xug)dA(§)
- ) =S d@) G\ +Z/ a1 (2,6) G (n\ 2 UQ)dA (),

where we denoted

d(z) = d(z,w)d (w Zd 12,8 = dz,wUf)di(w).

Ty z€EN Ty
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Similarly, using the equality

(KG) (yUw) - =X ¥ couo-x| 3 Guolw),

NEY P#AL{Cw 0#(Cw

we derive

(L+G)(n) = (K (L4 K@) (n)

_Z/r (r,w) ZGn\xUQdA +Z/F (z,w) ZGnU(dA()

TEN 0#¢Cw €N P#(Cw
—Z/ b(z1,¢)G(n\xUC)dN(¢ +Z/ by (,¢) G (nUC)dA(C)
—Y Gn\2)b(x) - B(n)C (n)
where
b(x) = b(z,w)d\ (w) b(x 1(z,6) = (r,wU &) dX(w).
J, D= Lb L

It is easily seen that the both expressions, which we obtained, are satisfied
the equality

(LeG)(nU &) = (L+G)(-UE) () + (LLG)(-Um)(&). (6.4)

Therefore, by [4, Proposition 5.8], the corresponding operators ﬁ*i will be deriva-
tive operators w.r.t. the convolution (1.3).
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