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Abstract

Let I' denote the space of all locally finite subsets (configurations) in R?. A stochastic
dynamics of binary jumps in continuum is a Markov process on I' in which pairs of particles
simultaneously hop over R%. In this paper, we study an equilibrium dynamics of binary jumps
for which a Poisson measure is a symmetrizing (and hence invariant) measure. The existence
and uniqueness of the corresponding stochastic dynamics are shown. We next prove the main
result of this paper: a big class of dynamics of binary jumps converge, in a diffusive scaling
limit, to a dynamics of interacting Brownian particles. We also study another scaling limit,
which leads us to a spatial birth-and-death process in continuum. A remarkable property
of the limiting dynamics is that its generator possesses a spectral gap, a property which is
hopeless to expect from the initial dynamics of binary jumps.
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1 Introduction

Let I' = I'ra denote the space of all locally finite subsets (configurations) in R, d € N.
A stochastic dynamics of binary jumps in continuum is a Markov process on I' in which



pairs of particles simultaneously hop over R, i.e., at each jump time two points of the
configuration change their position. Thus, an (informal) generator of such a process
has the form

wh = 3 [ Qi xan)

{$1’$2}C7

X (F(y\ {z1, z2} U{z1 4+ hi, 22 + ho}) — F(7)). (1)

Here, the measure Q(z1,x2,dh; X dhs) describes the rate at which two particles,
1 and g, of configuration v simultaneously hop to z; + hy and zs + hs, respec-
tively. Generally speaking, this rate may also depend on the rest of the configuration,
v\ {z1,z2}. However, in our current studies, we will restrict out attention to the case
of the generator (1) only. As the reader will see below, already such dynamics lead, in
a scaling limit, to interesting diffusion dynamics.

The stochastic dynamics of binary jumps may be compared with the Kawasaki
dynamics in continuum. The latter is a Markov process on I' in which particles hop
over R? so that, at each jump time, only one particle changes its position. For a study
of equilibrium Kawasaki dynamics in continuum, we refer the reader to the papers
[5, 7,9, 12, 14, 16] and the references therein.

In this paper, we will study an equilibrium dynamics of binary jumps for which a
Poisson measure is a symmetrizing (and hence invariant) measure. In several cases, an
equilibrium stochastic dynamics on I" with a Poisson symmetrizing measure is a free
dynamics, i.e., there is no interaction between particles. For example, this is true for
a Surgailis process (in particular, the Glauber dynamics without interaction) [25, 26]
(see also [15]). Note that a Surgailis generator, in the symmetric Fock space realization
of the L?-space of Poisson measure, is the second quantization of the generator of a
one-particle dynamics. Another example of a Surgalis dynamics is the free Kawasaki
dynamics. There a Poisson measure is a symmetrizing one, and in the course of ran-
dom evolution each particle of the configuration randomly hops over R? without any
interaction with other particles.

Let us stress at this point one essential difference between lattice and continuous
systems. An important example of a Markov dynamics on lattice configurations is
the so-called exclusion process. In this process particles jump over the lattice with
only restriction to have no more than one particle at each point of the lattice. This
process may have a Bernoulli measure as an invariant (and even symmetrizing) mea-
sure but the corresponding stochastic dynamics has non-trivial properties and possess
interesting and reach scaling limit behaviors. A straightforward generalization of the
exclusion process to the continuum gives just free Kawasaki dynamics because the ex-
clusion restriction (and an interaction between particles) will obviously disappear for
configurations in continuum. To introduce (in certain sense simplest) interaction we
consider the generator above. The dynamics of binary jumps is not anymore a free



particle process. In fact, in the mentioned Fock space realization, the generator of this
dynamics has a Jacobi matrix (three-diagonal) form.

When this paper was nearing completion, the reference [2] came to our attention.
There, at a rather heuristic level, the authors discuss a special kind of a stochastic
dynamics of binary jumps, and derive a Boltzmann-type equation through a Vlasov-
type scaling limit of this dynamics. In particular, the underlying space is R3, and
points in R? are treated as velocities of particles, rather than their positions. As a
result of pair interaction, at random times, two particles change their velocities from
v; and v; to v; = v; + h and vj = v; — h, respectively. Thus, v; +v; = v; 4+ v} and hence
the law of conservation of momentum is satisfied for this system. Hence, for such a
dynamics, the measure Q(x1, za, dhy X dhs) in formula (1) is concentrated on the set

{(h,—h) | h € R®} C (R*)2.

In fact, further assumptions on @) appearing in [2] are almost identical to ours in this
special case. Throughout the paper, we have added a series of statements and remarks
regarding such a dynamics.

The paper is organized as follows. In Section 2, using the theory of Dirichlet forms
[8, 17], we construct a rather general dynamics on the configuration space, whose
generator has the form (1) on a set of test cylinder functions on I'.

In Section 3, we show that the generator (1) with domain being the set of test cylin-
der functions uniquely identifies a Markov process on I'. More exactly, this generator
is essentially self-adjoint in the L?-space of Poisson measure. This is done through
an explicit formula for the form of the generator (1) realized as an operator acting in
the symmetric Fock space. The reader may find these formulas to be of independent
interest.

The central result of the paper is in Section 4, where we show that a big class
of dynamics of binary jumps converge, in a diffusive scaling limit, to a dynamics of
interacting Brownian particles. The form of the generator of the limiting diffusion
resembles the generator of the gradient stochastic dynamics (e.g. [1, 20, 24, 27]), while
staying symmetric with respect to the Poisson measure, rather than with respect to a
Gibbs measure (as it is the case for the gradient stochastic dynamics). We prove the
convergence of processes at the level of convergence, in the L2-norm, of their generators
applied to a test cylinder function on T'.

Finally, in Section 5, we study another scaling limit of a class of dynamics of binary
jumps which leads to a spatial birth-and-death process in continuum, in which pairs of
particles, as well as single particles randomly appear (are born) and disappear (die).
We prove the convergence of processes at the level of weak convergence of their finite-
dimensional distributions. A remarkable property of the limiting dynamics is that its
generator possesses a spectral gap, a property which is hopeless to expect from the
generator of the initial dynamics of binary jumps. We also note that the result of the
scaling essentially depends on the initial distribution of the dynamics.
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In the second part of this paper [6] we discuss non-equilibrium dynamics of bi-
nary jumps. In particular, we show that a Vlasov-type mesoscopic scaling for such a
dynamics leads to a generalized Boltzmann non-linear equation for the particle density.

2 Existence of dynamics

The configuration space over R?, d € N, is defined as the set of all subsets of R? which
are locally finite:

I':={y CR?| 74| < oo for each compact A C R*}.

Here | - | denotes the cardinality of a set and 5 := vy N A. One can identify any v € I'
with the positive Radon measure ) . d, € M(R?), where 6, is the Dirac measure
with mass at x, and M(R?) stands for the set of all positive Radon measures on the
Borel o-algebra B(R%). The space I' can be endowed with the relative topology as a
subset of the space M(R?) with the vague topology, i.e., the weakest topology on I'
with respect to which all maps

Poym{fin)= | f(@)y(de) = Y @), feCRY,

xrey

are continuous. Here, Cy(R?) is the space of all continuous functions on R? with
compact support. We will denote by B(I") the Borel o-algebra on T'.
We introduce the set FC,(Cy(R?),T) of all functions on I' of the form

F(v) = g((e1,7), -, {en: ), (1)

where N € N, ¢1,...,px € Co(R?) and g € C,,(RY), where C,(RY) denotes the space
of all continuous bounded functions on R¥.

For any @1, 25 € R?, x1 # @2, let Q(21, 22, dhy X dhs) be a measure on ((R?)?, B((R?)?)).
Some assumptions on () will be discussed below. We are interested in a (formal) pre-
generator of a Markov processes on I which has the form (1) on the set FCy,(Co(R%), T).
We assume that, for any fixed A, B € B(R?),

(I’l,l'g) — Q(I’l,wg,A X B)

is a measurable function. In order that the integration in (1) do not depend on the
order of x1, x5, we also assume that

Q(Q?l,iEQ,AXB):Q($2,$1,BXA), $1,.T2€Rd, T 7éfE2, A,BEB(Rd) (2)

We would like (L, FCy,(Co(R?),T')) to be a symmetric operator in the (real) L2-space
L*(T,7,). Here 7, denotes the Poisson measure on (T', B(T')) with intensity measure
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zdx, z > 0. We recall that 7, is uniquely characterized by the Mecke identity: for any
measurable function G : T' x R? — [0, oo],

[rtan Y6 = [mi) [ zde6iyue)o) Q

S

Assume that, for each A € By(R?) (a bounded Borel subset of R?),
/ dQ?l/ dl’z Q(Il, Ta, dhl X dhg)(lA(LUl) + 1A(:c1 -+ h1>) < Q. (4)
R4 R4 Rd)z

Here, 1, denotes the indicator function of A. Using (1) and (2)—(4), one easily concludes
that the quadratic form

E(F.G) = / (“LF)(1)G() m(dy), F.G € FCo(Co(RY,T),

is well defined.
In order to achieve the symmetry of £, we will assume that there exists a measure
m on ((R%)?, B((R?)?)) such that

Q(Jfl, X9, dh1 X th) = m(dh1 X dhg) q(l’l, X9, hl, hg), (5)
where ¢ : (R4)* — [0, 00] is a measurable function.

Lemma 1. Assume that, for any x1, 1o € R?, 11 # x4, we have the equality of measures
m(dh1 X dhz)(](i[}l, X, hl, hg) = m,<dh1 X dhg)Q(l’l + hl, To + hg, —hl, —h2>, (6)

where m’ denotes the pushforward of the measure m under the mapping (hy,hs) —
(—h1, —hg). Then, for any F,G € FC,(Co(RY),T),

E(F,G) = 1/7rz dv) Z / m(dhy x dha)q(z1, 2, by, hy)

{z1,22}Cy

X (F(Y\{z1, 22} U{z14h1, 2ot ho})—F (7)) (G(y\ {1, 22 }U{@1 + Iy, l’2+h2})—G(’7))(.7)

In particular, the quadratic form (€, FCy(Co(R?),T)) is symmetric.

Proof. Using the Mecke identity (3) and formula (6), we have

/wz dy) > / m(dhy x dhy)q(z1, 9, hy, ho)

{z1,22}Cy



Y\ {x1, 22} U{x1 + hy, 22 + ho}) — ()) (v \ {x1, 2} U{x1 + hy, 22 + ho})

l\DI»—X

/7TZ d”)/ / Zdl'l/ deg/ dhl thg) (Il,xg,hl,hg)
R4 R4 Rd)Q

(£(

(’7 U {ZEl + hl,xg + hQ}) — (’7 U {1‘1,1’2})) (’7 U {ZEl + hl,ZL’Q + hg})
1
/Wz(d’)/)/ m(dhy X dhg)/ zdajl/ zdxy q(xy — hy, 22 — ha, hy, ho)
2 T (Rd) R4 Rd
(YU {z1,20}) = F(yU{zy — ha,wz — ha})) Gy U {1, 22})

/TFZ d”}/ / Zd[L'l/ Zdl'g/ dh1 X dhg) (IL‘l + hl,[EQ + hg, —hl, —hg)

R4 Rd R4)2
(YU {m1,22}) = F(yU {1 + by, 5 + ha})) Gy U {1, 22})

1
— / 7TZ(CZ”)/>/ Zdﬂ?l/ Zdﬂ?g/ m(dh1 X dhg)(](l‘l,xg, hl, hQ)
2 T ]Rd Rd (Rd)z
(YU {1, 20}) — F(y U {a1 + hi, 22 + he})) Gy U {2, 25})

x (F

x (F

x (F

x (F ) = F(

/nz dy) Y /R m(dhy x dhg)q(x1, 9, hy, ho)
(

{z1,22}Cy

X (F(y \ {1, 22} U {1 + he, 2z + ha}) — F(7)) G ().
From here (7) follows. O

As easily seen, (€, FCy(Co(R?),T)) is a pre-Dirichlet form, i.e., if this form is clos-
able in L*(T',x,), then it is a Dirichlet form, see e.g. [8, 17] for details on Dirichlet
forms.

Lemma 2. Assume that the following two conditions are satisfied:

(C1) For each A € By(R?)

Q(ﬂ?l, T2, dhl thg)(l/\(l’l)—l—l/\(fﬁl—l—hl)) € Ll((Rd>2, dl‘l deQ)ﬂLQ((Rd)2, dl’l dZEQ)
(R)2

(C2) We have

sup / dxs Q(x1, z2,dhy X dhy) < 00
Rd (Rd)Q

1 ERd

Then, for each F € FCy(Co(RY),T), LF € L*(T,w,), and so (—L, FC,(Co(RY),T)) is
the generator of the quadratic form (€, FC,(Co(R),T)) on L*(T, ).

Proof. Using the Mecke identity (3), we easily derive the following formula:



2

/FWZ(CZV) > frr,m)

{z1,22}Cy

1 2
== (/ zda:1/ Zd{EQf(ZEhl'Q)) +/ zd:vl/ zdmg/ zdxs f(x1, 22) f(x2, T3)
4 Rd Rd Rd Rd Rd

1
+_/ Zd$1/ zdxy f(x1,22)° (8)
2 Rd R4

for any measurable function f : (R%)? — [0, oc] satisfying f(zy,72) = f(x2,7;) for all
71,79 € RY. For any F € FCy,(Cy(RY),T), there exists a A € By(R?) such that

’F(’y \ {xl,xg} U {1’1 + hl, T2 + hg}) - F(’y)‘
< C1(1a(zq) + La(z2) + 1a(zy + hy) + 1a(2g + ha)). (9)

Here and below we denote by C;, ¢« = 1,2,3,..., strictly positive constants whose
explicit value is not important for us. Now the statement of the lemma follows from
(C1), (C2), (2), (8), and (9). 0

Completely analogously to the proof of Theorem 3.1 in [14] (see also the proof of
Theorem 3.1 in [16]), we easily conclude the following theorem from Lemmas 1 and 2.

Theorem 1. Assume that conditions (2), (6), (C1), and (C2) are satisfied. Then
the quadratic form (€, FCp(Co(R?),T)) is closable in L*(T,7.) and its closure will be
denoted by (€, D(E)). Further there exists a conservative Hunt process

M = (0, F, (Fi)e=05 (O1) =0, (X (t))i=0, (Py)yer)

on I which is properly associated with (€, D(E)), i.e., for each (m,-version of) F €
LA(T,7,) and t >0

IGVH@Jmmzémema

is an E-quasi continuous version of exp(tL)F. Here (—L, D(L)) is the generator of the
quadratic form (€, D(€))—the Friedrichs extension of the operator (—L, FCy,(Co(RY),T)).
M is up-to m,-equivalence unique. In particular, M is w,-symmetric and has 7, as in-
variant measure.

Remark 1. We refer to [17] for an explanation of notations appearing in Theorem 1,
see also a brief explanation of them in [16].

We will call a Markov process as in Theorem 1 a stochastic dynamics of binary
jumps. Let us now consider two classes of such dynamics.

1) Let us assume that the measure m(dh; x dhy) in (5) is the Lebesgue measure
dhy dhs, and let us assume that q(xy, z2, hy, ha) = q(x2—x1, hy, hy) for some measurable
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function ¢ : (R%)3? — [0,00]. (Here and below we are using an obvious abuse of

notation.) Thus,

Q($1>$2,dh1 X th) = dhy dhy Q(5U2 — 1, hy, h2)-

Proposition 1. Assume that (10) holds and

Q(—% hi, hz) = Q(JU, ha, h1)7
Q(xa hl: h2) = Q(‘/E + hQ - h17 _hla _hQ)

for all z, hy, ho € R Further assume that
q(z, hy, hy) € L*((RY?, dx dhy dhy),

esssup/ dhl/ dhs q(z, hy, he) < 0.
Rd R4

zcRd

Then Q(z1,xe,dhy X dhg) satisfies the conditions of Theorem 1.

(10)

(11)
(12)

Proof. By (10), conditions (2), (6) reduce to (11), (12). Condition (13) clearly implies
(C2), so we only have to check (C1). For each A € By(R?), (13) implies that

Q(x1, 2, dhy x dhy)1p(x1) € LY(RY)?, dxy day).

(R4)?

By (12) and (13),

/ dz, / des [ QUer,as, dhy x dho)1a(er + hy)
Rd Rd Rd)Q

:/ dl’l/ dl‘g/ dhl/ dhg(](l’z—$1+h2—h1,—h1,—h2)1A(l’1+h1)
R4 R4 R4 R4

= / dl’l/ d(l?g/ dhl/ dho Q(.TQ — I, —hl, —hg) < 0
A Rd R4 Rd

Analogously, using additionally (14), we get

2
/ del/ d.TQ ( Q(ZL’l,IQ,dhl X dh2)1A<I1)>
R4 R4 (R4)2

/dl’l/ dl’g/ dhl/ dhgq To — Iy, hl, hz / dhl/ dhzq
R4 R4 Rd R4 R4

< Cg/dl’l/ dl’g/ dhl/ dhg(](@'g—xl,hl,hg) < 00,
A R4 R4 R4

xlahllahé)



and

2
/ d.’l?l/ dIQ < Q(%l,.’lfg,dhl X dhg)lA(Il + hl))
R

d Rd R’i
/ dﬂ?l/ dmz/ dhl/ dhy q(xg — x1, hy, he)1a(z1 + hy)
Rd Rd Rd Rd

x/ dh’l/ dhy q(zy — w1, by, hy)
R4 R4

< 02/ d[L‘l/ deg/ dhl/ dhg q(l’g — I, ]’Ll, hg)lA(ZL'l + hl) < 00
Rd Rd Rd Rd
Thus, (C1) is satisfied. O

The following proposition, whose proof is straightforward, presents a possible choice
of a function ¢(z, hy, hy).

Proposition 2. Assume that functions a : RY — [0,00] and b : R? — [0,00] are
measurable and even, i.e., a(—x) = a(z), b(—x) = b(z), x € Re. Further assume that

a,b € LY(RY dr), esssupb(r) < oo.

zeR4

Set
q(, hi, ho) == a(hy)a(hs) (b(z) + b(x + hy — hy)).

Then the function q(x,hyi,hy) satisfies the conditions of Proposition 1, and so
Q(z1, x2,dhy x dhsy) given by (10) satisfies the conditions of Theorem 1.

2) The following class of stochastic dynamics of binary jumps is inspired by the
paper [2]. Let us assume that measure m(dhy X dhsy) is the pushforward of the Lebesgue
measure dh on R? under the mapping R¢ > h — (h, —h) € (R%)2. Let us further assume
that q(zy, 22, b1, ha) = q(xy — 21, hy) for some measurable function ¢ : (R%)? — [0, o).
Thus, for any measurable function f : (R%)* — [0, o],

(Rey? Q($1,$2,dh1 X dhz)f(371,$2, hi, h2) = /d dhCI(@ — T, h)f(l'l’x% h, —h)- (15)
R R

Hence, for any F' € FCy,(Co(RY),T),
Z / dhq(zs — x1, h) (F(v \ {z1, 22} U {z1 + h,zo — h}) — F(7)).
{z1, 22}y

Completely analogously to Propositions 1, 2, we get



Proposition 3. i) Assume that (15) holds and

Q(_xv h) = Q(x> —h),
q(z,h) = q(—x + 2h, h)

for x,h € RY. Further assume that
a(w, h) € LY(RY?, da dh),

esssup/ dhq(z,h) < occ.
r€R4 R4

Then Q(z1,x9,dhy X dhs) satisfies the conditions of Theorem 1.
ii) Let functions a, b be as in Proposition 2. Set

q(z,h) == a(h)b(x — h).

Then the function q(x,h) satisfies the conditions of 1), and so Q(x1,x2,dh; X dhs)
given by (15) satisfies the conditions of Theorem 1.

3 Uniqueness of dynamics

We will now show that the Markov pre-generator (1) defined on FCy,(Cy(R?),T), with
Q(x1,z9,dhy X dhs) being as in Proposition 1, or as in Proposition 3, i) uniquely
identifies a Markov process on I'.

Theorem 2. Let Q(x1,xa,dhy X dhs) be either as in Proposition 1, or as in Propo-
sition 3, i). Then the operator (—L,FCy(Co(R?),T)) is essentially selfadjoint in
L*(T,7,), so that (—L, D(L)) is the closure of (—L, FC,(Co(R?),T)) in L*(T, 7).

Proof. We will only prove the theorem in the case of the dynamics as in Proposition 1,
which is the harder case. Denote by (—L, D(L)) the closure of the symmetric operator
(=L, FCL,(Cy(RY),T)) in L*(T, m,). Thus, the operator (—L, D(L)) is an extension of
(=L, D(L). Analogously to the proof of Lemma 2 and Proposition 1, one can show
that, for each f € Co(R?) and n € N, (f,-)" € D(L). Hence, by the polarization

identity (e.g. [3, Chap. 2, formula (2.7)]), we have

<f17><fna>€D(z)7 fly-":fnGCO(Rd)a n € N. (1)

Let & denote the set of all functions on I" which are finite sums of functions as in (1)

and constants. Thus, & is a set of polynomials on I'; and & C D(L).
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For a real Hilbert space H, denote by F(H) the symmetric Fock space over H.
Thus, F(H) is the Hilbert space

Fir) = @D F ),

where FO(H) := R, and for n € N, F™(H) coincides with H®" as a set, and for any
fm g ¢ F)(H)

(f(n)’ g(n)>}_(H) = (f(n)7 g(n))H@Ln! )
Here ® stands for symmetric tensor product.

Let
I: L3 T, 7)) — F(L*(R?, 2 dr))

denote the unitary isomorphism which is derived through multiple stochastic integrals
with respect to the centered Poisson random measure on R? with intensity measure
zdx, see e.g. [25]. Denote by & the subset of F(L?(R%, 2 dz)) which is the linear span
of vectors of the form

OO O fn, fiyofo€Co(RY, neN,

and the vacuum vector ¥ = (1,0,0,...). For any f € Cy(R?), denote by M; the
operator of multiplication by the function (f,-) in L3(I",x.). Using the representation
of the operator IMyI~! as a sum of creation, neutral, and annihilation operators in

the Fock space (see e.g. [25]), we easily conclude that /& = P
We define a quadratic form (£, D(E)) by

E(f.g)=EI"f,I'g), f.geD():=ID(&),

on F(L3*(R? zdx)), and let (—L, D(L)) denote the generator of this form. Thus,
D(L)=1ID(L) and L = ILI"* on D(L).

For each z € R? we define an annihilation operator at x as follows: 0, : PP
is a linear mapping given through

0,0 =0, 0[O Ofi=> fil&)hOLO 0[O f,
=1

where f; denotes the absence of f;. We will preserve the notation 9, for the operator
10,17 : &2 — 2. This operator admits the following explicit representation

0o (7) = F(yU{a}) — F(7)

11



for m,-a.a. v € T, see e.g. [1, 11, 19]. By the Mecke formula, for any F' € &,

/ Zdl’l/ Zd.’EQ/ dhl/ dhgq l’g—.ﬁﬂl,hl,hg)
R4 R4 R4 R4

« /sz(dv)(F(VU{xl+h1,x2+h2})—F(vu{xl,xQ})) |

Noting that
F(’y U {xlaxQ}) - F(’}/) = (aﬂﬁla’m - a:131 - aﬂ?z)F<7)7

we thus get, for any f € f@j,

1
f):—/ zdazl/ zdxz/ dhl/ dhs q(za — w1, b1, ha)
4 Jrd R4 Rd R4

X H(811+h1a762+h2 - a‘7E1Jrh1 - aéterhz amaxz + 82101 + a:tz fH]: L2(R%, 2 dz)) (2)

Hence, at least heuristically, the generator of this form has representation

L== /zd:vl/ zdxg/ dhl/ dhs q(x2 — 21, hy, ho)
Rd R4 Rd Rd

ro f t ot Lot oot
(az1+h16z2+h2 ax1+h1 x2+h2—8 0 —|—a —|—a )

T 7 T2

X (ax1+hlax2+h2 - a3t71-&-h1 - a:702-0-h2 - awlam + a901 + 8302)7 (3)

where 9] denotes a creation operator at point z € R? (9] being rather an operator-
valued distribution, see e.g. [10]) Noting that the operators 9,, * € R?, commute, we
get from (3) and (11), (12):

—Ly=J"+J0+J",
where

J*

%\

dzdxl /Rdzdxg /Rdd /]Rd dhs q(xs — x4, ha, ho) (— 81 010, + 0L O Oy ),

Zdl’l/ Zd.ilfg/ dhl/ h2q IQ—Il,hl,hQ)( allﬁlgﬁxla'm
Rd R4 R4 2

5080y 00,00, 4 0,00y = 0L Oy, — 0L O ). ()

K(
i
H%\

1 X2

and J~ is the formal adjoint of J*. Note that the operators of creation and annihilation
in the above formulas are in Wick order, i.e., the creation operators act after the
annihilation operators. Thus, one may hope to give a rigorous sense to the above
integrals by using the corresponding quadratic forms, see e.g.[22, Chapter X.7].
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Denote by Fg,(L3(RY, 2 dz)) the subset of F(L*(RY, zdz)) consisting of all finite
sequences f = (fO, fO . f™ 0,0,...), fO € FOLARY zdx)), i = 1,...,n,
n €N. Clearly & C Fian(L*(RY, 2 dx)). Using (2), we conclude by approximation that
Fin(L2(R?, zdz)) C D(E).

Using the corresponding quadratic form, we get, for each f™ ¢ FW(L*(R?, z dx)),

/ Zdl‘l / z dl‘z / dhl/ dhg q To9 — T, hl, hg)a; 3; xlf(n (yl, e ;yn—l-l)
R4 Rd R4 Ra 1 2
= ”(f( )(?Jh--wyn / dhl/d dha q(Yn+1 — yn,h1,h2)) ;
R

where ()~ denotes symmetrization. We have, by (13) and (14):

2
/ <f(")(y1, . ,yn)/ dhl/ dhy q(Yns1 — Yn, h1, hz)) zdy - 2 Y
(Rd)n+1 ]Rd Rd
< 03/ Zdyl T Zdyn f(”)(yh . . ,yn)Q/ Zdyn+1 / dhy / dhy C](?Jn+1 — Yn, hi, h2)
R Rd Rd Rd

< C4Hf(n) H%%(R(’l)",z dy1-zdyn)

Analogously,

( / 2da; / +da / dh, / dha (s — 21, h, ha)L 01 Dy 1 S >)(y1,...,yn+1)
Rd Rd Rd Rd
_n(/ dhl/ dh2q Yn+1 — yn7h17h2)f (ylv--'ayn17yn+h1>> 5
R4 R4

and by the Cauchy inequality

2
/ (/ dhl/ dh2q Yn+1 — yn7h17h2>f (yla---vynlyyn+hl)) Zdyl"'ZdynJrl
(]Rd n+1 Rd R’i

S/ zdyl---zdynH/ dhl/ dhg/ dh'l/ dh,
(Rd)nJrl Rd R4 Rd Rd

X q(Yns1 = Yns D15 D) q(Ynsr — Yoo W D) F (s oo i1, Yo + 1)

< 05/ Zdyl"'Zdyn+1/ dh1/ dha q(Ynt1 — Yn, b1, ho)
(Rd)n-H ]Rd Rd

X f(n)(yh oy Yn—1,Yn + h1>2

o [ gz PO [ v [ b [z
(]R’i)” ]Rd Rd ]Rd

X q(yn—f—l — Yn + h17 h/17 h2)

13



= CGHf(n)||%,2((Rd)",zdy1~-zdyn)’
Hence, J* can be realized as a linear operator on Fg,(L?*(R%, z dx)) and
[JH 1 FOULA(RY, 2 do)) || o rom (128 2 o)), 7ot (L2 (2 dmyy) < CrnV/n+ 1, (5)

where the constant C7 is independent of n. Furthermore, J~ can be realized as the
restriction to Fg,(L3(RY, 2 dz)) of the adjoint operator of J*, and by (5)

[T~ T FO(LA(RY, 2 de)) || g roein) (12 @ 2 d)), 7o (12 (R 2 dayy) < Crnvn+ 1. (6)
Using again the corresponding quadratic form, we get

(7

17-'-;yn =

)y
(/ Zd.%'l/ Zdl’z/ dhl/ dhgq $2-$1,h1,h2)8£18l28 ('3 f(n)>(y1,,yn)
R4 R4 R4 R4
:“<”—1)(f()(3/17--~7yn / dhl/ dhs q(y2 — y1>h17h2)> :
Rd R4

and hence

[JY T FU(LP(RY, 2 dz)) || g (12 (R 2 dey), 70 (22 (22 )y < Cs n(n — 1), (7)
Analogously,
(JOF Y (g, ..o n) =

)y
(/ z d.fL'l / z dxz / dhl / dhg q To — Iy, hl, hQ)axl8x28x1+h18x2+h2f(n)) (yl, Ce ,yn)
R4 R4 R4 R4

=n(n - 1)(/d dhl/d dhs q(y2 — y1, b1, ha) £ (1 +h17y2+h2,y3---,yn))
R R

We have, by the Cauchy inequality,

2
/ (/ dh1/ dhs q(yo — y1, b, ha) F™ (y1 + b, yo + ho, ys - -7yn)) zdyy -+ - zdy,
(Rd Rd Rd

S/ zdyl---zdyn/ dhl/ dhg/ dh/l/ dhy
(]Rd)" R4 Rd R4 Rd

X C](yz —ylah1,h2) ( _ylah/hh/)f(n)(yl“‘hl Y2 + ha, ys . -ayn)z
<09/ zdyy - Zdyn/ dh1/ dh2q Yz — h2_y1+h1;h17h2)f (Z/l;---7yn)2
(]Rd) Rd ]Rd

= 09/ zdyy - -- Zdyn/ dhl/ dhsy C](yz + ho —y1 — ha, —hy, —h2)f(n)(y1, e 7Z/n)2
(Rd)n Rd Rd

14



= 09/ zdyy - Zdyn/ dh, / dhsy Q(yz — 1, h, hQ)f(n)(yla cee 7yn)2
(Rd)" Rd Rd

< Cho ”f(n) H2L2((Rd)”,z dy1-zdyn)”

Therefore, an estimate similar to (7) holds for .J9.
We next have:

(J5f

7

y17-~ :
(/ del/ Zdl‘z/ dh1/ dhy q(xy — 1, hy, hy) llaxlf(n))(ylv"'ayn)
Rd R Rd Rd
—”(/ zdy/ dhl/ dhs q yvhth))f (Y153 Yn)-
Rd Rd Rd

Hence
1J9 T FU(LX(RY, 2 da)) || o (12 (R ), £ (L2 (2 dmyy) < C1 e (8)

(In fact, in this case we have equality, rather than inequality.) Next

(Jff("))(yl, . ,yn) =

= (/ zdxl/ zdxg/ dhl/ dhgq(xg—xl,hl,hg)allaxzf(”)>(y1,...,yn)
R4 R4 R4 R4

—n</ zd:v/ dhl/ thQ$—y1,h1,h2)f (yc yg,...,yn)> )
R4 R4 R4

Hence, by the Cauchy inequality, we easily conclude that J) satisfies an estimate similar
to (8). The two remaining terms with 07 9,15, and 9 9y,1s, can be treated similarly.
Thus, J° can be realized as a linear operator on Fg,(L*(R?, z dx)) and

1JO T FO(LARY, 2 da)) || o (2 (ka2 o)), 700 (1R, dayyy < Cran(n — 1) (9)

Denote by (—£,D(L)) the closure of the operator (—E,ﬁ) in F(L*(RY, zdx)).
Thus, (—L, D(L)) is an extension of (=L, D(L)). We now easily see that

Fan(LA(R?, 2 dx)) € D(L)

and the action of —L£ on Fg,(L?(R%, 2 dz)) is indeed given by the above formulas. By
(5), (6) and (9), for each f™ € F(L*(R? zdx)), there exists ¢t > 0 such that

00 ik .
Z (2]€)' H(_'C)kf( )H}—(LQ(Rd,zdx)) < 0.
k=1 )
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Since & C D(L), we therefore conclude that I~ Fg,(L*(R, zdx)) ¢ D(L) and for
each ' € [71Fq,(L?(R%, 2 dx)) there exists ¢ > 0 such that

[e%s) tk .
Z ”<_L)kFHL2(F,7TZ) < 0. (10)

Hence, by the Nussbaum theorem (see e.g. [22, Theorem X.40]), the operator (—L, D(L))
is essentially selfadjoint on ' Fs,(L?(R?, zdx)). From here the statement of the the-
orem follows. ]

4 Diffusion approximation

We will now consider a diffusion approximation for the stochastic dynamics as in Propo-
sition 2.

Denote by FC°(Cg°(R?),T') the space of all functions of the form (1), where N €
N, ¢1,...,on € C(RY) and gr € CP(RY), where C°(R?) and C°(RY) denote
the space of all smooth functions on R? with compact support and the space of all
smooth, bounded functions on R whose all derivatives are bounded, respectively.
Clearly FCZ(CP(RY),T) C FCh(Co(R?),T) and FC(Cs(RY),T) is a dense subset
of L*(T, ).

For a function F € FC(C°(R?),T), v € T, and = € v, we denote

V.F(v):=V,F(y\{z} U{y})| , (1)

y=x
where V,, stands for the gradient in the y variable. Analogously, we define a Laplacian

AL F (7).
We now scale the dynamics as follows. For each € > 0, we denote

qE(ZE, hl, hg) = 5_2d_2a(h1/5)a(h2/5) (b(x) + b(l] + h2 — hl)), (2)
and let L. denote the corresponding L operator.

Theorem 3. Assume that functions a : RY — [0,00] and b : R? — [0,00) satisfy the
following conditions:

a) a(z) = a(|x|), where a : [0,00) — [0,00] is a measurable function, and b is an
even function;

b) a,b € LY(R? dx);

¢) The function a has a compact support;

d) b € CL(R?), where CL(R?) denotes the space of all bounded, continuously differ-
entiable functions on R? whose gradient is bounded;
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e) There exists R > 0 such that

/d:v sup |Vb(y)| < 0.
Rd

y€B(z,R)

Here B(z, R) denotes the closed ball in R? centered at x and of radius R.
Then, for each F € FCO(C(RY),T),

L.F — LoF in L*(T,w,) as e — 0.
Here

(LoF)(7) =Y |AF(y) Y b(w—y)+<VIF(v)> > Vb(x—y)> , (3)

zE€y yey\{z} yeY\{z}

where
c:= /]Rd a(h)(h*)? dh, (4)

h' denoting the i-th coordinate of h € RY, i = 1,...,d, and (-,-) stands for the scalar
product in RY.

Remark 2. As will be seen from the proof of Theorem 3, all the series on the right
hand side of formula (3) converge absolutely for 7.-a.a. v € I

Remark 3. For each v € I and z € =, denote A, (y) = ¢>_ .\ bz —y). Also
let TT., := L*(R? — R? dy) be a tangent space to I at  (cf. [1]). Then VF(y) =

(VoF(7))zey € TT,, and set B(7y) := <Zy67\{x} cVb(x — y)> . Then formula (3) can
TE
be written in the form !

(LoF)(7) = D) A(MAF () + (VF(). B()) .-

xey

Remark 4. Note that condition e) of Theorem 3 is slightly stronger than the condition
(Vb € LY(RY, dx).

Remark 5. Recall that the generator of the gradient stochastic dynamics has the form

(LoF) () :_%Z AxF(v)—6<VmF(7)7 > V¢(x—y)> :

TEY yey\{z}

where ( is the inverse temperature and ¢ is the potential of pair interaction, see
[1, 20, 24, 27] for further details. The difference between the generators Lo and Lj
is in the non-trivial coefficient A,(y) by A,F(v) in the operator Ly. This coefficient
allows Lg to be symmetric with respect to the Poisson measure, while Lj is symmetric
with respect to the Gibbs measure corresponding to the inverse temperature 3 and the
potential of pair interaction ¢.
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Proof of Theorem 3. Denote by I' the space of all multiple configurations in RY, i.c.,
' consists of all {0,1,2,3,...,00}-valued Radon measures on (R B(R?)), this space
being also equipped With the vague topology Evidently I' ¢ I'. For any v € I' and
f € Co(RY), we set ( = Jpa f(x)7(dx). Hence, we can extend each function

F € FCX(C(RY), F) to F by using formula (1). (As easily seen, such an extension
does not depend on the choice of the function’s representation in the form (1).) For
each v € I" and x € v, the function

R >y u(y) = F(y—6.+0,) €ER

is clearly smooth. Note that, while v — ¢, € I', the measure v — ¢, + 9, belongs to
I and not necessarily to I'. For a fixed y € R denote 7 := v — &, + 9, and set
V.F(¥) := Vu(y). In the case where y = = and so 4 = +, the just given definition of
V. F(v) coincides with (1).

By (10) and (2), for F € FC(Cs(RY),T),

(LF)(7)
Z g2 /Rd dhy /Rd dhs a(hy)a(he) (b(z2 — 21) + b(zs — 21 + £(ha — )

{z1,22}C

X (F(’Y \{z1, 22} U{x) + chy, z0 + eho}) — F(V))
Z g2 /Rd dh, /Rd dho a(hl)a(lw)(b(xz —x1) + b(z2 — 21 + e(he — h1)))

{$17x2}C7

X (F(’y - 511 - 6902 + 5w1+€h1 + 512+€h2> - F(’Y)) (5)
We have used the fact that, for any {x1, 29} C v and a.a. (hy, he) € (RY)?, we have
{{L‘l + €h1,ZL‘2 + €h2} Ny=9

For any z,y € RY, x # y, N € N, denote by [x,y] the line segment connecting
points x and y. By (5), condition d), and Taylor’s formula, we get

(L.F)(7) = /]R dh, /R _dhya(h)a(hy)

{z1, xz}C’V
X [2b(wy — 1) + (Vb(§i(22 — 21,(ha — 1)), e(hy — hy))]
X [<v(m,m)F(’7>7 (5h175h2)> (1/2) <v(1'1 x2) (v(v’xl’xQ’ghl’ghQ))’ (8h1’8h2)®2>]'
(6)

Here V (4, 2,)F(7) is defined analogously to V,F(v),
g](xg — $1,8(h2 — hl)) S [132 — X1,To — T + E(hz - hl)] (7)
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and
:}/(77 x17$275h17 €h2) =7 5361 - 51‘2 + 51/1 + 61/2

with
(Y1, y2) € [(x1,x2), (x1 + €hy, T2 + ho)].

By condition a),
/cMMmmzo,i:L”wd (8)
Rd

Hence, for any {z1, 22} C 7,
-2 / dy / dhy a(hy)a(ha)2b(x2 — 21){(V ey F (7). (k. ha))
R R

= £ 12b IQ — 1'1 [<V$1F dh1 a(hl)hl/ dhg a(h2)>
Rd

<v$2F /R dhy a(hy) / dhs a(ha)hs >} — 0. 9)

By condition a),
/cMMMWM—O,@j—L“wdi#j (10)
Rd

Now, by d), (4), (7), (8), (10), and the dominated convergence theorem, we get, as
e — 0,

2 /Rd dh, /Rd dhsy a(hy)a(he){(Vb(y(zg — x1,e(hy — h1))),e(ha — hy))
X 271 $2)F(7)7 <5h1, 8h2)>
e dhy o dho CLGH)CL(hQ)(Vb(g(IQ — Z, 6(]12 — hl))), (h2 . h1)>

X <V (21 962)F <h17h2)>

ﬁ/Rd dhy /R dhy a()a(hs)(Vb(as — 1), (hs — 1)) (V rwn (), (s 1))

IsH

(hy = hi)

Yy=x2—T1

’Y)? —Vb(zy — 21)) + (Ve F(7), Vb(22 — 561)>)
’Y)? Vb(xl - $2)> + (VmF(’7>> Vb(56’2 - 96’1)>)
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(We have used obvious notation.) Let R > 0 be as in condition e). Further, let r > 0
be such that the function a(h) vanishes outside the ball B(0,r) and V,F(v) = 0 for
allyeI' and z € v, x & B(0,r). Then, for all ¢ < R/(2r),

/Rd dhy /Rd dhy a(hy)a(he)|[(VB(§(x2 — 21,€(ha — h1))), (he — h1))|
X |<v(:fc1,:fc2)F(7)7 (h‘la h2)>’
< Cy /B(O ., dhy /B(O ) dhy(1p(os (21) + 1o (22))  sup  [Vb(y)|(|ha]* + [ho]?)

yEB(xQ—xLR)
= Cy(Ion(71) + 1o (z2))  sup  |Vb(y)|. (11)

yeB(z2—x1,R)
By (8), (1), d) and ¢),

Y (pen(@) +1pon(z2)  swp  |Vb(y)| € L*(T, 7).

{z1,z2}Cy yeB(z2—x1,R)

Therefore, by the dominated convergence theorem,

Z e 2 /Rd dhy /]Rd dhs CLUM)ﬂ(hz)(Vb(g](:CQ — 5151,8(h2 — h1)>>75(h2 _ h1)>

{z1,22}Cy

A\ xz)F( ), (eh1,€hs))
— Z VMF ), Vb(x1 — 22)) + (Vo F(7), Vb(xe — m1)>)

{z1,22}Cy
=c) <VIF(7)7 > bla— y)> (12)
zey yey\{z}

in L*(T,7,) as € — 0.
Analogously,

_2/ dhl/ dhg a(h1>a(h2)2b(l’2 — lL‘l)
R4 R4
(1/2>< (z1 .ZQ)F( (/77 L1, T2, ghla €h2>>7 (ghh 8h’2)®2>
_ / dhy / dhs a(hy)a(ho)b(s — 22)(V2,, o F(i(y, 20,29, ehy, ha)), (. ha)®?)
Rd R4
— cb(zg — 1) (As, F(7) + Ay, F'(7))

as ¢ — 0, and for 0 < e <1,
/ an, / dhy () a(h)b(es — 20) (V) F 11, 22,1, ), (i, o) )
R R
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< Cs5(1p0.20) (1) + Lpo,2r (22)) b(ze — 21).
From here, by the dominated convergence,

Yoo« 2/ dhl/ dhs a(hy)a(hy)2b(zy — 1)
R4 R4

{z1,22}Cy

(1/2)< (z1,22) F(:Y(’V» Ty, T2, €h1> 5h2))’ (Ehb 5h2)®2>
—o Y b —a) (B0 F() + A ()

{z1,22}Cy
=Y AF(y) > bla—y). (13)
zey yeY\{z}

in L*(T',7,) as € — 0.
Finally, we easily conclude that

Z o2 /Rd dhy /Rd dhg a(hy)a(he)(Vb(g(xe — x1,6(ha — hy))),e(ha — hy))

{z1,22}Cy

(1/2)<v(x1 z2) ﬁ/ Y, L1, T2, Eh'la €h2))7 (ghla €h2)®2>

e > /dhl/ dhy a(hy)a(he)(Vb(§(z2 — x1,e(ha — 1)), ha — 1)

{z1,z2}Cy

(1/2>< (z1,72) F(’?('% Ilaxbghla 5h2))7 (h17 h2)®2> — 0 (14>
in L*(T',m,) as ¢ — 0. Now, the statement of the theorem follows from (6), (9),
(12)—(14). O

We will now show that the operator (Lo, FC°(C5°(R?),T)) in L*(T', 7,) from The-
orem 3 is a pre-generator of a diffusion dynamics.

Proposition 4. Let the conditions of Theorem 3 be satisfied.
i) Define a quadratic form

&(F,G) = /F(—LOF)(V)G(V)WZ(CZV), F,G € FCF(C*(RY), T).
Then, for all F,G € FC(C(RY),T),

50<F7 G) = C/F Wz(de) Z b<x1 - x2)(<vx1F<7)a Vx1G<7)> + <V:v2F<7)7 szG(7)>)

{1, 22}y
= c/wz(dv)Z(V F(y Z b(x — (15)
r ey yer\{z}



Hence, the quadratic form (Ey, FO(C5(RY),T)) is symmetric and closable in L*(T', ,),
and its closure will be denoted by (Ey, D(&)).
ii) For d > 2, there exists a conservative diffusion process

M = (2, F°, (F)i20, (0120, (X°(t))ez0, (PY)yer)

on I' which is properly associated with (&, D(&y)), i.e., for each (mw,-version of) F €
L*T,7,) and t >0

5y (B0F)(y) = / F(X(t)) dP’

is an Ey-quasi continuous version of exp(tLg)F. Here (—Lg, D(Ly)) is the generator of
the quadratic  form (&, D(&y))—the Friedrichs extension of the operator
(— Lo, FC(C2(RY), 1)),

iii) If d = 1, then the result of ii) remains true if we replace I' with the bigger space
T of all multiple configurations in R,

Proof. Analogously to the proof of Theorem 3, we easily see that the quadratic form
(&), FCZ(C°(RY),T)) given by the right-hand side of formula (15) is well defined. By
the Mecke identity (3),

EI(F.G) = c / . (d) / 2 dz / 2 dy (VoF(y + 8, +8,), VoG + 60 + 8,))b(x — )
I R4 R4

= c/rﬂz(dy)/Rdzdx/Rdzdy(— ALF(y 4+ 0y + 0,)b(x — y)
—(VoF(y 4 0, +6,), Vb(z — y)))G(v + 0, + &)
—c / (@) S S (= AF()b(e —y) — (VaF(3), Vb — 1)) G()

€y yey\{z}

- / (—LoF)(7)G()m.(dy) = &(F.G), F.G € FCF(C3(RY,T).

Thus, (—Lo, FC(CE(RY),T)) is the generator of the quadratic symmetric form
(&, FCZ(CE°(RY),T)) in L*(T,7.). Hence, this form is closable in L*(T',7,), and
so statement i) is proven. Statements ii) and iii) can be shown analogously to Theo-
rems 6.1 and 6.3 in [13], see also [18] and [23]. O

A result similar to Theorem 3 and Proposition 4 can be obtained for the stochastic
dynamics from Proposition 3, ii). Let us briefly outline it. The scaled ¢ function is
given by

¢=(z,h) = e~ 2a(h/e)b(x — h),

and let L. denote the corresponding L operator. Hence,
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(LF) )= > &7 /]R _dha(h)b(ws — 21— ch)

{361,902}C’Y

X (F(y\ {z1, 22} U{z1 + eh, x5 — eh}) — F(7)).

Under the conditions of Theorem 3, for each F € FC°(C5(R?),T), L.F — LoF in
L*(T,m,) as € — 0, where

(LoF)(7) s =¢) %AxF(v) > bz —y)+ <VmF(7), > Vb(x - y)>
€Y yey\{z} yey\{=}

—c Z b(zg — 1) 92 o F(v),
—1

{z1,z2}Cxy 1=

¢ being given by (4). The corresponding Dirichlet form &, has the following represen-
tation on FCX(C§(RY), T):

50(F7 G) = g/Fﬂ-Z(d’Y> Z b(‘rQ - C("1)<(vx1 - vx2)F(’7>’ (vm - V$2)G(’7)>
{z1,22}Cy
5 Convergence to a birth-and-death process in con-
tinuum

We will now consider another scaling limit of the stochastic dynamics as in Proposi-
tion 2, which will lead us to a birth-and-death process in continuum. So, we now scale
the dynamics as follows. For any € > 0, we denote

g-(z, b1, hy) := e*%a(ehy)a(ehy) (b(x) + bz + hy — hy)),
and let L. denote the corresponding L generator. Hence, for each F' € FCy,(Cy(R4), T),

R0 = [ [ aaathathe) (s —an) + b= a1+ (=) 2)

{z1,22}Cxy

x (F(y\{zy, 22t U{a1 + (h/e) 22 + (ha/e)}) = F(7)). (1)

It is not hard to show by approximation that, for any ¢ € Cy(R?), we have ') € D(L,)
and the action of L. on F = e/ is given by (1) (compare with the beginning of the
proof of Theorem 2).

Below, for a function f € L'(R? dz), we denote (f) := [, f(x) dx.
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Theorem 4. Let the conditions of Proposition 2 be satisfied. Additionally assume that
b(x) =0 as|z] — oc. (2)
Then, for each p € Cy(R?),
L.F — LyF in L*(T,m.) as € — 0,

where F = %) and

(LoF)(y) = (a)* [ Y blaz =) (F(y\ {zr,20}) = F(7))

{z1,22}Cy

+%/Rdzdx1 /Rdzdeb(xz —z1)(F(yU{z1,22}) — F(v))
+2(0) > (F(y\ {z}) = F(7)) +Z<b>/ zde(F(yU{a}) = F()|. ()

d
xrey R

Proof. We represent L.F' as follows:

(LF)() = (L F)(7) + D _(LEOF) (),
where

(LYF)() = (a)? Y by — 21) (F(y\ {z1,22}) — F(7)),

{z1,22}Cy

LOF)() = 3 / dhy /R dhy a(hy)a(ho)b(zs — 21 + (hy — hy)/€))

{.Il Z‘Q}C"/

( (v \ {z1,22}) — F(7)),
3 Z / dh1/ dhs a(hy)a(he)b(xe — x1)

{z1,22}C
( (Y \A{z1, 22} U{ay + (ha/e), zo + (ha/e)}) — F(y \ {z1, 22})),
LYF dhy | dhya(hy)a(hy)b(zy — 21 + (hy — hi)/e)
{wlwzﬂ*cv/ /Rd

< (F(y\ Az, 22} U{ar + (ha/e), 22+ (ha/e)}) — F(v \ {21, 22})).

The statement of the theorem will follow if we show that, for each F = el#?), o €
Co(RY), and i = 2,3, 4,

/ﬂ'Z dy) (LY H/ﬂ'z dv)(L ase — 0, (4)
r



/F . (dy) (LOFYN) LY F) () — | ma(d) (LY F)?(y) ase — 0, (5)

In fact, we have, for € > 0,

(LE:Q)F)(@/) = () Z / dhl Ad dhg CL h1 (hg)b(l’g — 21+ (hg h1>/€))

{z1,z2}Cy
> (6790(901)*90( 2) _ 1)

(LIF)(y) =elor Y~ / dhl/ dhs a(hy)a(hy)b(zs — 21)
Rd

{z1,2}Cry
% 6—80(361)—%(962)(6<P(fc1+(h1/E))+e0(w2+(h2/€)) _ 1)

(L§4)F)(’y) — olem Z / dh1/ dhs a(hy)a(he)b(xe — x1 + (hy — hy)/e)
{z1,22}Cy Re
% 6—80(501)—%0(562)(6<P(~”61+(h1/E))+sﬂ($2+(h2/€)) — 1).

and

(L7 F)(7) 1= {a)*2(0) e 3 (e — 1),

rey

)22(b) / zdx (@

<&> / Zdili'l / ZdQZQ ;1;'2 — x1>(€<,0(361)+90(m2) — 1)
Rd Rd

(L F)(7) = (a
P =
Analogously to (8), we get

/F’/Tzd")/ ( Z fa:l,xg)

{z1,z2}Cy

2
= /Wz(d7)€<2s@7v> [Z (/ Zdﬂ?l/ z dwy 62‘p(x1)+250(x2)f(3?17$2))
r Rd R
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+/ zda:l/ delfg/ Zdl’g€2¢(z1)+2‘p(x2)+2¢($3)f(l'l,.flfQ)f(ZL'Q,Zlfg)
Rd Rd Rd

1
+ 3 /Rd zdxy /]Rd 2 dxy 2P @2 £ (g x2)2] (6)

for any measurable function f : (R%)?2 — [0, 00] and any ¢ € Co(R?).
Let us show that (4) holds for i = 2. Since

eele)—wlz2) _ 1 — eﬂp(wl)(eﬂp(m) — 1)+ (eﬂp(wl) —1),

by the dominated convergence theorem, we have

/wz dry)e'2e (/ zdxl/ zdajg/ dh1/ dhg a(hy)a(hy)e*? @)+ 2e(@2)
Rd R4 Rd R4

X b(zs — 1 + (hy — hy) fe)(e~#@)—#le) _ 1))

4/7rz dv)e (2 </ zdxl/ deg/ dhl/ dhs a(hy)a(hg)b(xe — x1)
Rd R4 R4 Rd
X

p(z1—(h1/e)+(ha/e))+2p(22) (e —p(z2) _

e
/ zdml/ zdmg/ dhl/ dhs a(hy)a(hg)b(xe — x1)
Rd R4 R4 R4

w (@) +2p(z2—(h2/e)+ (hl/E))( —p(z1) _ 1))

— /F 7 (dry)el?e) ((a)Qz (b) /R zdo e2#®) (emel®) 1))2 as € — 0. (7)

Analogously,
/7TZ dy)e 2@7/ zda:l/ ZdI'Q/ zdxs dh1/ th/ dh’/ dh’
Rd Rd Rd Rd R4 Rd R
X a(hi)a(hg)a(hy)a(hsy) 29" 21)+2¢(22)+2¢(23)

X b(x 2—x1+(h2 hy)/e)b(xs — o + (hly, — hY)/e)
(e 60(501)(6 p(z2) _ 1)+ (e —p(z1) _ )( 12) e~ ¢(@3) _ 1)+ (e~ p(z2) _ 1)

—>/7rz dvy)e S"7/ zdxl/ zdxg/ zdxg/ dhl/ dhg/ dh'/ dh,
]R’i Rd Rd R4 Rd Rd Rd

X a hl) (ho)a(h} )eX@2)p( 2y — 21)b(z5 — 1) (e P2 —
/Wz (207 / > dx €2so(x)(ef<p(x) —1)% (8)
Rd
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and using additionally (2),

1
—/Wz(d’}/) 2“”“’/ zda:1/ zd:@/ dhl/ dhg/ dh'l/ dh,
2 T Rd Rd d Rd Rd Rd

x a(hy)a(ha)a(hy)a(hy)e* 1) 20l
X b(zg — x1 + (hg — h1)/€))b(x2 — x1 + (B — hy)/e))
x [em#m) (em?®) 1) 4 (e7#lm) — 1)}2 —0 ase—0. 9)

By (7)-(9), formula (4) for i = 2 follows.
Next, we show (4) for i = 3. Analogously to the above, we get, as € — 0,

4/7rz dvy)e (2o (/ del/ zdxg/ dhl/ dhs a(hy)a(hg)b(xe — 1)
Rd R4 R4 R4

w e2p(@1)+2p(x2)—p(21)— 69(502)(680(501+(h1/8))+90(9€2+(h2/5)) — 1))

1
= - / 7, (dry)e#) ( / zdx / zdx, / dhy / dhy a(hy)a(hs)
4 T R4 Rd R4 Rd

2
X b(xg — (hy/e) —x1 + (hl/g))e@(xl (h1/e))+p(z2— (h2/5))(6§0(zl)+@(12) _ 1))

— /ﬂ'z d)e (2o (/ zd:vl/ zde/ dhl/ dhy a(hy)a(he)b(xy — x1)
R4 R4 Rd R4

% ((evﬁ(zl) — 1)+ (eso(xz) _ 1)))
= @2 [ mnels ([ v - 1))2, (10)

/ﬂ'z dv)e 2‘”/ zdxl/ zd:cg/ zd:cg/ dh, th/ dh} dh,
Rd ]Rd Rd Rd Rd d Rd
(z1)

x a(hy)a(hg)a(hy)a(hy)b(zy — z1)b(xg — zq)e?P@)+2e(@)+20(@s) —p(@1) =2p(e2) —p(23)

% (ew(wﬁr(hl/E))+s0(x2+(h2/€)) _ 1)<€¢(w2+(h’ 1/2)+e(x3+(hy/e))

:/ 62@7/ zdxl/ zdxg/ Zd.Tg/ dhl/ dhg/ dh'/ dh,
Rd R4 Rd Rd Rd Rd Rd

X (GW(ml+(h1/5))+@($2+(h2/€)) -1 [e‘P(“*(h' /5))(e<p(rs+(h'2/s)) — 1)+ (ecp(ngr(h 1e) 1)]

/7TZ d)e 2"”/ zd:vl/ Zdl’z/ zdxg/ dhl/ th/ dh’/ dh,
Rd Rd Rd Rd R4 R4 Rd

x a(hi)a(hz)a(hi)a(hy)b(ze — z1)b(xs — @2)
X [ertentots- (hlz/€))(6@($1+(h1/5))+¢(12+(h2/5)) 1)l /) (golen) _ 1)
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+ 699(901)+<P(903)(ew(w1+(h1/5) t+o(za+(he/e)—(h} /e)) _ 1)(6“’( 2) _ 1)] -0, (11)

/7TZ dv)e 2“"7/ zd:cl/ zd:UQ/ dhl/ th/ dh’/ dh,
2 R4 R4 R4 R4 R4 R4

X a(hl) (hQ) (h/> (h/ b(an — I 2624'0 (z1)+2p(22) —2¢(x1)—2¢p(22)

> (ew(wﬁr(hl/E))+s0(x2+(h2/€)) _ 1)(690(901+(h /) +e(2t(hy/e)) _ 1) — 0. (12)

By (10)-(12), formula (4) for i = 3 follows.
Now, we show (4) for ¢ = 4. Similarly to the above, we get:

/7TZ d’)/ (2:7) </ Zdﬂfl/ Zd.l’g/ dhl/ dhga hl hg)
4 R4 R4 R4 R4

2
% b([[‘g —x+ (h2 _ hl)/g))ew(w1)+<p(xz)(ew(xﬁ(hl/8))+<ﬂ(m2+(h2/6)) _ 1))

/7TZ d)e (2o (/ Zdl’l/ zd@/ dhl/ dhy a(hy)a(hs)
R4 Rd Rd R4

X by — xl)e“’(xl (h1/e))+p(z2— (hz/E))(es@(frl)+<P(x2) _ 1))

1
— —/7rz(dﬂy)e<2“°’7> (/ zdxl/ zd:z:g/ dhl/ dhs a(hy)a(hsg)
4 T Rd ]Rd Rd ]Rd
2
X b(xg — @1 (eP@TP@)) _ 1))

B 2
/Wz(d’)/) ey (/ zd:cl/ 2 dzob(zy — 1) (eP@) o) 1)) . (13)
4 R4 R4

/wz dy)e 2%07/ zda:1/ zdxg/ zdmg/ dhl/ th/ dh’/ dh,
R4 R4 R4 R4 R4 R4 R4

x a(hi)a(he)a(hy)a(hy)b(zs + (he/e) — z1 — (ha/€))b(xs + (hy/e) — x2 — (hy/e))
) +9(E0) (a1 ) (et (ha/0) _ 1)(golont (/) bolert (/) _ 1y _,

(14)
/71'2 dv)e 2“"7/ zdx1/ Zd$2/ dhl/ dhg/ dh'/ dh,
2 ]Rd R4 Rd R4 Rd R4
x a(hi)a(hs)a(hy)a(hy)b(zs + (ha/e) — x1 — (ha/e))b(x2 — x4 + (B — hY)/¢))
« (ew(wl+(h1/€))+¢($2+(h2/6)) — 1)(ePtEtt /e et (ha/e) _ 1) 0, (15)

By (13)—(15), formula (4) for ¢ = 4 follows. Thus, (4) is proven. Formula (5) follows
analogously. O]

Denote by Z.,, the linear span of {e*), » € Cy(RY)}. Consider a linear operator
(Lo, Zexp) Where, for each F' € Foy,, LoF is given by (3). Analogously to Theorem 1,
Proposition 2, and Theorem 2, we get
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Proposition 5. i) Let the conditions of Proposition 2 be satisfied. Define a quadratic
form
&(F,G) = /(—LOF)(v)G(v)ﬂz(dv), F.G € Fexp.
r
Then, for all F,G € Fexp,

Q(F.G)= (@) [mid) | Y blea—a)

r {z1,22}Cy

X (F(y\ {21, 22}) = F(7)) (G(v \ {21, 22}) — G(7))
+2(0) > (F(y\ {z}) = F(0) (G(y \ {=}) = G()) | - (16)

rey

Hence, the quadratic form (Ey, Fexp) is symmetric and closable in L*(T',7,), and its

closure will be denoted by (&, D(&y)). Further there exists a conservative Hunt process
My = (Q°, F° (F)ez0, (©7) =0, (X ()10, (PY)rer)

on I which is properly associated with (Ey, D(&)).
ii) The operator (— Lo, Fexp) is essentially selfadjoint in L*(T, 7).

Denote by
M. = (9, F%, (F} )iz0, (050, (X°(t)) =0, (P5)rer)

the Markov processes from Theorem 1 which corresponds to the L. generator. By the
theory of Dirichlet forms [17], the Markov processes M., as well as the Markov process
My from Proposition 5 can be chosen in the canonical form, i.e., for each ¢ > 0, Q¢
is the set D([0,400),I") of all cddldg functions w : [0,+00) — T' (i.e., w is right
continuous on [0, +00) and has left limits on (0, +00)), X¢(f)(w) = w(t), t > 0, w € ¥,
(F7 )0 together with F* is the corresponding minimum completed admissible family
(cf. [8, Section 4.1]) and ©F, t > 0, are the corresponding natural time shifts. So, for
each € > 0, we choose the canonical version of the M*® process and define a stochastic
process Y. = (Yz(t))i>0 whose law is the probability measure on D([0, +00),I") given
by Q. := [, 7. (dy) P5. Note that 7. is an invariant measure for Y.

Corollary 1. Let the conditions of Theorem 4 be satisfied. Then the finite-dimensional
distributions of the process Y. weakly converge to the finite-dimensional distributions
of Yo as € — 0.

Proof. The statement follows analogously to [5, Theorem 5.1], however, since the ar-
gumentation is rather short, we present it. By Theorem 4, Proposition 5, ii) and [4,
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Chapter 3, Theorem 3.17], we have, for each t > 0, etfs — etlo strongly in L*(T, 7,) as
e — 0. Wenow fix any 0 <#; <ty <--- <t,,n€N. Fore >0, denote by uj, , the
finite-dimensional distribution of the process Y. at times t¢1,...,t,, which is a proba-
bility measure on I'. Since I' is a Polish space, by [21, Chapter II, Theorem 3.2], the

.....

are 7, we therefore conclude that the set {yuf
space M(I'") of the probability measures on I'" with respect to the weak topology,
see e.g. [21, Chapter II, Section 6]. Hence, the weak convergence of finite-dimensional
distributions follows from the strong convergence of the semigroups. m

Remark 6. The dynamics as in Proposition 3, ii) can be scaled as follows:
q¢-(z, h) == %a(ch)b(z — h).

By analogy, one can show that the corresponding dynamics converge, as € — 0, to a
birth-and-death process in continuum with generator

(LoF)(7) = (a) () (Z (PO () = FO) + [ 2da(PlyU (o)) - F(v))) .

xrey

The operator Ly, realized in the Fock space F(L?*(R¢, zdx)), is the differential sec-
ond quantization of the operator (a)(b)1, so the corresponding dynamics is ‘free’; i.e.,
without interaction between particles, see [15, 25, 26] for further detail.

Corollary 2. The quadratic form (Ey, D(Ey)) from Proposition 5, i) satisfies the Poincaré

inequality:

E(F.F) > (a)?=(b) / (F(7) — (F), Pru(dy),  F € D(&). (17)

where (F)r. = [ F(y)m.(dv).

Remark 7. The Poincaré inequality means that the operator (—Lg, D(Ly)) has a spec-
tral gap, the set (0, (a)?z(b)), and that the kernel of (—Lg, D(Lg)) consists only of the
constants.

Proof. Recall the set & from the proof of Theorem 2. Clearly, & is a core for the
quadratic form (&, D(&)), so it suffices to prove (17) only for any F' € &2. By (16),

Eo(F, F) > {a)*z(b) E)(F,F), F &2, (18)
where

E(F,G) = /F (F(y\{z}) = F(7) (G(y \ {z}) = G())m.(dv), F,G e 2.
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The generator of the quadratic form (&), D(&})), realized in the Fock space F(L?(RY, z dx)),
has a representation fRd zdx 910,, i.e., it is the differential second quantization of the
identity operator 1, i.e., for any f™ € F™(L*(R?.zdx)),

(/ zdx 3lamf(”)) (W1, um) =0 f (g, ).
Rd

Hence,
&GR.F)2 [(FO) - (P )ymidy. Fe, (19)
r
The statement now follows from (18) and (19). O

Remark 8. We note that the initial dynamics of binary jumps is translation invariant
and conservative. So it is hopeless to expect that its generator has a spectral gap. So
the spectral gap of the generator Ly appears as a result of the scaling limit.

Note also that the generator of the dynamics of binary jumps is independent of
the intensity parameter z > 0. Hence, at least heuristically, the initial dynamics has a
continuum of symmetrizing Poisson measures, indexed by the intensity z > 0. On the
other hand, the limiting birth-and-death dynamics has only one of these measures as
the symmetrizing one. Thus, the result of the scaling essentially depends on the initial
distribution of the dynamics.
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