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Dedicated to our admired teacher Yu. M. Berezansky on occasion of his 80th birthday.

ABSTRACT. A construction of measures on configuration spaces defined by relative
energies is presented. Integral equations for corresponding correlation functionals
are studied. Conditions for the existence and uniqueness of measures in terms of the
relative energies are found.

INTRODUCTION

The configuration space I'x over some manifold X is the space of locally finite subsets
(configurations) from X.

The specific role of configuration spaces in the general structure of infinite dimensional
analysis is related with several aspects. First of all, these spaces present a class of infinite
dimensional manifolds, which may be equipped with a natural differentiable structure,
but are neither Banach nor Fréchet manifolds, see [25], [26].

Another source of interests for configuration spaces analysis is the theory of point pro-
cesses. From the analytical point of view this theory deals with measures on configuration
spaces and related structures, see e.g. [6]-[11], [16]-[19].

And the big influence configuration spaces analysis comes from the side of mathemat-
ical physics. For a mathematical description of gases or fluids (as systems with indistin-
guishable particles) we need to use the notion of configuration spaces and corresponding
analysis.

Let us describe the content of the work in more detail.

Main objects and preliminary constructions are presented in Section 1. A construction
of Gibbs measures via relative energies is discussed in Section 2. There we show the
characterization properties of such measures. Main properties of correlation functionals
corresponding to these measures are considered in Section 3. In Section 4 we discuss
stability and superstability conditions in terms of the relative energy density. A proof
of the Kirkwood—Salsburg identity is the main result of Section 5. Sections 6 and 7 are
devoted to the existence and uniqueness problem for Gibbs measures.

1. PRELIMINARIES

Our underlying space is the Euclidean space R? with the Borel o-algebra B (Rd) and
a non-atomic Radon measure o on (Rd, B (Rd)) such that o (Rd) = 00. We define the
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configuration space I' = I'ga as the space of all locally finite subsets (configurations) of
R%:
= {'y c R? |\’yA| < 400 for any compact A C Rd} ,

where |-| means the cardinality of a set and y4 =y N A.

Consider a o-algebra B(I') as the minimal o-algebra such that all mappings T' >
v+ |ya| are B(T')-measurable for any A € B, (R?) (the family of all Borel subsets
of R with compact closure). For A € B(R?) we define also a o-algebra By (') as
the minimal o-algebra such that all mappings v — |ya| are By (T')-measurable for all
AEBC(Rd),ACA.

Any configuration 7 € T' can be identified with the Radon measure ) . €z ON R?,
where ¢, is the Dirac measure at the point z. In this sense the configuration space
can be naturally embedded into the space M (Rd) of all Radon measures on R%. Then
the configuration space can be endowed with topology generating by the weak topology
on M (]Rd). Moreover, the o-algebra B (I") is in fact the Borel o-algebra with respect to
this topology.

Let us denote by M!(T') the class of all probability measures on (I',B(T')). We
consider a subclass M} (T') of all probability measures on (I', B(T)) with finite locale
moments: it means that € M} (T) iff

(1.1) /F|’YA|n dp () < +oo

for any n € N and for any A € O, (Rd) (the family of all open subsets of R? with compact
closures).

For a measure u € M?! (') we can consider a (reduced) Campbell measure CL on
the space I' x R? with the o-algebra B(I') x B (Rd) as the measure such that for any
non-negative measurable function A : I' x R — R, holds

(1.2 [ X rta=cnmaue) = [ [ he.dc, (o).

xrey

This relation which uniquely defines CL is called Campbell identity, see e. g. [11], [9],
119), [16], [10], [24].
We will consider a special case of the Campbell measure such that

(1.3) dC, (v,x) =r(y,z)do (x) dp(y),

where r is a non-negative measurable function. Of course, the first question is about
examples of such pu.
First of all, Mecke [17] proved that there exists only one measure p such that

dC,, (v,x) = do () du(7)

for given Radon measure o on RY. This measure is called the Poisson measure with
intensity o and is denoted by m,. There exists a direct construction of the Poisson
measure. For explore it we start from the space 'y of all finite configurations in A €

B, (RY):
Pa={yeTynA“=0},

Ta= | ] 1%,

n€Ny

where A€ := R4\ A. Clearly,

where Fg\n) is the set of all n-particle configurations (subsets) of A, No = NU {0} . There
is a bijection A"/S, — Fg\n), where A" := {(x1,...,2p) € A" |z #x;,k #j} and G,
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is the permutation group over {1,...,n}. Therefore, we can consider the image (™) on
(" of the product meas
A product measure
ot=0X--- X0

under this bijection. Consider also a o-algebra B (I'a) as the minimal o-algebra such that
all mappings I'y 3 v — |ya/| are B (T'p)-measurable for any A’ € B.(A). Projection
mappings pa from I' into I'y for any A can be define as I' 5 v — ppry = y4 € T'a. Then
the Poisson measure 72 on (T'y, B(I'y)) is defined as

o0

W? = W) Z l'a(").
n

n=0

It can be shown that the measurable space (I, B (T")) is the projective limit of the mea-
surable spaces (I'y,B(T's)) and that the family of measures {7 }acp,(x) is consistent.
Therefore, one has define the Poisson measure 7, on (I', B(T')) as the projective limit of
this family due to Kolmogorov theorem.

Consider also the space T'y of all finite configurations (subsets) in R?. Clearly,

FO = I—I F(()n)7
n€Ny

where Fén) is the set of all n-particle configurations of R%. We can define a o-algebra
B (Ty) as the minimal c-algebra such that all mappings T'g 3 v — |ya| are B (Tg)-
measurable for any A € B. (R?). The Lebesgue-Poisson measure A, on (I'g, B (T'y)) is

defined as
1
— E (n)
Ao i= n!O' .
n=0

Note that we have a big class of examples of the measures u satisfying (1.3) coming
from applications in statistical physics. Actually, it was shown by X.Nguen and H.Zessin
[18] that the wide class of tempered Gibbs measures satisfies Campbell identity, where
dCfL (v,x) =r (v,2) do (z) du (y) with some r. Moreover, they prove that this properties
is characteristic for this class of measures if we will use the function r (v, z) of a special
type.

In the present work we realize this approach for construction of a useful and wide class
of measures on I' and study sufficient conditions for existence and uniqueness of these
measures.

Let us recall previously a classical approach to the construction of grand canonical
Gibbs measures. Let ® be a potential, i.e., a measurable function ® : 'y — RU{+oc0} such
that ® (@) = 0. Define for any A € O, (R?) the conditional energy E} : I' — R U {400}

such that
) Sooem it Y Bml<w
EY (7) = { nev.nnal>0 nEY,|nNAI>0
+00 otherwise

(the notation 1 € v means that 7 is a finite subset of ). Then for fixed 8 > 0 we define
for v € T, A € B(T') a specification

B 1{z;>f’>‘1’(7)<+oo}

PN 1a (yae Uny) e PER (e ar, (1),
27 ()

3% (v, A)

where

232" () = [ RO, (7).
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A measure p € M?! (T) is called the grand canonical Gibbs measure with interaction
potential @ iff for all A € O, (R?) and for all A € B(T')

w(A) = / % (7, A) da (7).

The set of all such measures p will be denoted by Gg. (o, B9P).

Actually we want to reconstruct a probability measure by the family of its conditional
probabilities. The sufficient conditions for this were discovered by R.L.Dobrushin [3].
This approach was realized for pair potentials ® in detail and some sufficient conditions
on non-pair potentials ® were formulated too (see [2], [4], [20], [1], [13]).

Another approach was developed by D.Ruelle [23]. This approach uses integral equa-
tions for the correlation functions generating by u. In some sense existence and unique-
ness of the solutions of these equations are equivalent to existence and uniqueness of .
But all considerations were developed only for pair potentials ®.

In the present work we generalize this approach to the case of a general measure p
satisfying Campbell identity (1.2) under condition (1.3).

2. CHARACTERIZATION PROPERTIES

We start with a probability measure u € M}, (') and consider a non-negative B (') x
B (Rd)—measurable function 7 : T' x R? — R,. We suppose that 7 (v, z) is defined for u-
a.a. v € I' and for g-a.a. © € R? (note that we always assume that 2 ¢ ). The function
r is called the relative energy density.

Definition 2.1. The measure u € M} (I') is said to be the Gibbs measure correspond-
ing to the relative energy density r if for any non-negative B (T') x B (Rd)—measurable
function h : I' x R — R, the following Campbell-Mecke identity holds

ey [ Eneadn) = [ [ heena)r (e @du).

xeEy

The following example shows that the class of such measures p includes a big subclass
of grand canonical Gibbs measures.

Example 1 (General grand canonical Gibbs measure). Let i € G, (pdz, 5P) with
p>0as. and p € L}, (R, dz) and suppose p has the first local moment (i.e., (1.1) is

loc

true for n = 1). Then (see Lemma 6.7 in [22]) p satisfies the Campbell-Mecke identity
with

r(y,x) = exp (—ﬁEf{I’m} (v+ EI)) .
Recall that
Yoo, it D @] <+oo

Ely (Y+e2) =4 {z}cneruiz) {z}CneyUix)
+ oo, otherwise

Example 2 (Pair potential case). The second example is a particular case of the first
one

¢(x7y)7 ifn:{xay}
@(n){Q if nf#2 7
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where ¢ : R? x R — R U {400} is a symmetric measurable function. Let p €
Gge (pdx, f¢); then

I K <ﬂ2¢<x,y>> LY ey < oo

yEY yEY
0, otherwise

The following fact is a direct corollary of the definition, actually it was shown in [6].

Lemma 2.2. For p-a.a. v € T' and for o-a.a. x,y € R? so-called ”cocycle identity”
holds

(2.2) (v t+eny)r(vx) =r(y+ey2)r(v,y).

Proof. For any non-negative B (I") x B (Rd)—measurable functions hy, hy : I' x R* — R,
one has

/F (Z hy (7,3:)) (Z ho (%y)> du (7)

TEY yey

- /FZ <h1 (v, )Y ha (%y)) dp ()

zeY yey

:/F/Rdfu(’y—f—&z,x) Z ho (v +€,y) 7 (7, z) do (x) dp ()

yeyu{z}

:/F/Rdm<v+sz,m)zh2<v+ax,y>r<m)da<m)dm)

yey

+/F/Rd hy (v + €x, @) ho (v + €, 2) 7 (7, ) do (z) dp ()

:/F/Rd Rdh1(7+€w+€yax)h2(7+am+5y,y)
X7 (y+ ey, )7 (v,y) do (y) do (z) dp ()
+/F/Rdh1(’Y+€x,x)h2(”Y+€x,x)r(7,x)dcr(x)d'u(7)_

These considerations are correct, since hy (v + €5, ) ho (v + €4,y) r (7, ) is a non-nega-
tive B (') x B (R?)-measurable function of the variables v and y for s-a.a. z € R? and
hi (7,2) Xy ey h2 (7, 9) is a non-negative B (T') x B (R?)-measurable function of the vari-
ables v and x. Analogously, we obtain that

/F <Z ha (%x)> (Z ha (%y)> dp (7)

zEY yeY

:// / h2(7+5y+5may)hl(7+5y+€m,z)
r Jrd Jra
X1 (y+ez,y)r(v,2)do (z)do (y) dp (v)

+/ /Rd ha (v +ey,y) ha (v + ey, y) 7 (v, y) do (y) dp () -
r
Comparing the left hand sides of these equalities we have (2.2). O

Let us now formulate our basic condition
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Condition 1. There exist sets I € B(T) and Ty € B(T,) with u(f‘) = 1 and

Ao (Fo\f‘o) = 0 such that for any v € T, for any n € Iy, and for o-a.a. z,y € RY
the value 7 (v, z) is defined, the identity (2.2) holds and v Un € T.

Under this condition we can construct a new function R (y,n) (v € I,nelo,yNn= 0)
in the following way. Fix some order of the finite configuration n € T'g: n = {x1,...,z,}
and set

R(’Yﬂ?) :R(’%{xla"'axn})
=r(y,z1) r(yU{zi},ze) - r(yU{z,z2},23) - ...
xr(yU{z, 22,23, ..., Tp_2}t,Tpn_1)7T (YU{Z1, 22,23, ..., Tn_1},Tn).

Lemma 2.3. (See also [11]). The definition of the function R (y,n) does not depend on
the order of points in n and

(2.3) R(v,mUnz) =R (v,m)R(yUmni,m2),
where v € T,m1,m2 € Do,y N =y N2 =1 N = 0.

Proof. The second statement is a direct consequence of the definition of R, therefore, we
need only to check the correctness of this definition. The case then |n| = 2 is identical
0 (2.2). Suppose we prove this for any n € T, || < n. Consider now i = {1, ..., Zp41}
and any permutation 7 € S,,41. One has

R (v Azrys s Trmin })
=r(y,zrm) r(YU{zr @} are) r (YU {zra) 2 b o)
X1 (Y U{@r(1) Br(2), Tr(3), - Trtn-2) ) > Tr(n-1))
X1 (Y U{&r(1) Br(2), Tr(3), - Trtn-1) ] > Tr())
<1 (YU{@r(), Br@) Tr (@), T b Tr ()
Let i = 771 (1); then 7 (i) = 1. Therefore, by our assumption (if the apply transposition
7= (7(1),7 (%)) to order {7 (1),...,7(9)}),
r(verw) (YU {E b ere) o (YU {Rr ), r2), ), - Tra-n b Tr0)
=7 (harw) r(YUzei b aee) o (Y UEr) @) B, s T | Te)
=r(y,z1) - (YU{21}, 2r2) - (YU {21,200} ) -
<1 (YU{@1, 8r(2) ), T ) Tr()
Let v/ = v U xy; then
R (Vo {zr)s -y Trnrn )
=r(nzw) r(1V{zn}2e)
xr(YU{zra) e} ae@) o (YU {Er) B B | )
xXr (fy U {$T(1),$7—(2), oo ,xT(i)} 7$r(i+1)) S
X (YUL@r(1) Tr@) - Tr) | Tr(ntn))
=r(y,z1) - (YU{1},2r2) - r (U {21,200 )L 2em) -
xr(yUlen @), 2oy | Te))
Xr ('y U {5177(1)7 Tr(2)s- s Tr(i—1) xl} ,xT(H_l)) .
X7 (VU@ Tr @) Tr(i= 1), T Tr(ir)s - -5 Tr(n) > Tr(nt 1))

=r(va1)r(Vizr) (Y U{zre) ) 2rm) -
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X1 (Y U{Zr@), 2r(s), -5 Triim) § Tr(1)

X7 (Y U{Zr2), Tr(s), -+ Tr(i=1), o)) > Tr(ig1)) - - -

xr (7/ U {xT(2)7 s Tr(i=1) Tr(1)y Tr(id1)s -+ s x‘r(n)} 7xr(n+1))
=r (’77 931) R (7/3 {$7(2)7 s Tr(i—=1) Tr(1)y Tr(id1)s - - - 7xT(n+1)})
=T (’771'1) ’R’(’y Uz, {3527 s Ti—1, Ty T 1y - - - ,l’n+1}) )

by induction assumption, under permutation

7(2) ... 7(¢—1) (1) 7(+1) ... 7(n+1
<(2) 5—1) (i) §+1) ;+1))€S”'

Thus

R (v, {zrq)- - Trms) })
=r(vz) R(yUz, {22, ... 2pga}) = R (v, {21, 2n4a})
that finishes the proof. O
Remark 2.4. This result has combinatorial sense and follows directly from condition (2.2).

Remark 2.5. In the case of Example 1 for £ = {z1, 22,23, ...,2m—_1} one has

T(’YU{I’l,{EQ,IEg’ ~'~axm71}7xm)

= exp (—BEEI;,,L} (Wug+ Emm)) =exp |- > (Y +ex,)

v CyU€

=exp | -8 Z Dy +eq,)— B Z Z D ((YU) +eq,)

v Cy Y Cyelce:
§'#0

Then

R(v,m)=exp | —B8> Y @(/un)
Y Cy ' Cn:
n'#0
In the following we will use the next notations
T = _00); WPy =) Y ®('un)
n'Cn ¥/ Cry:n’ Cn:
v #D n'#D
Therefore, we get
R (7,1) = exp (=BE® (n) — BW? (1,7) + 62 (0))

Note also that for any ni,m2 € I'g
(2.4) W (i1, 12) = E® (m Unz) — E® (m) — E® (1) -
Remark 2.6. In the case of Example 2 one has

R (7,n) = exp (=BE? (n) — BW? (n,7))

Yo by W)=Y 6y

x C TEN
{=y}cn o

where
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Theorem 2.7. For any non-negative B (T')-measurable functions F : T' — Ry and for
all A € B, (Rd) the following generalization of the Ruelle identity holds

(2.5) /F ) dp (v /FA/ F(yun) R (v,m) du(y)drs (n).

Rd\A

Proof. Set in (2.1) h(vy,7) = lyn,—n) (7) 1a (z) F (7). Then

/Zh V@) dp (y —”/H{NA ny (N F (7) dp (7) 5

rey

[ fros e uan oyt
:/F/A]l{NA:n} (Y4ex) F(y+ez)r(v,z)do(x)du ().

Hence,

[ 1 O F @) =1 [ [ Limnny O F G+ ) (o) du(2) do ).
r AJT

Applying this formula for F (v) := F (y + ) 7 (7, 2) one has

/F Lyny=ny () F (v) du ()

1
n (n — 1) /[\2 /F {Na=n-2} (7) (7 + &z, + €$2)

P Eagn 1) 7 (7 22) dia (7) do (1) dor ().
Further,

/n{m oy (DF () dia ()

/ /]l{NA —oy (V) F(yU{z1,...,2,})

X R (v, {x1, ..., xn})du (v) do (z1) do (x2) .. .do (zy)

/n/ F(yU{xy,...,zn})

Rd\A

X R(v,{x1,...,xn})du (v)do (1) do (z2) ... do (z,) .

After summarizing on n we obtain (2.5). O

We will say that a measure p € M} (T) is locally absolutely continuous w.r.t.
the Poisson measure 7, if for all A € B, (X) the projection p® of y on T'y is absolutely
continuous w.r.t. 7.

Proposition 2.8. Let the measure p is as above; then it is locally absolutely continuous
w.r.t. the Poisson measure m, and for W(’,\—a.a. nely

A
ZZZA (77)=6”(A)/ R (v, m) dp (7).

o FRd\A

Proof. Let f be a bounded non-negative B (I"y )-measurable function and set F' = fopj.
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Then, by (2.5), we obtain

FAf(v)duA(v)/FF(’y)du(v)/FA/F F(yUn) R (v,m) du () do (1)

RA\A
=/F f () (/F R(%nﬂu(v)) dXo (n)
A RA\A
:e”(A)/FAf(n) (/1“

Thus we obtain just the required result. ([

R (v,n) du (7)) drly (n).

RA\A

Corollary 2.9. From the general results (see, e.g., [21]), one has

(1) For ally €T the set {v' € T|yN~y' =0} has pu-measure zero.

(2) The set {(v,7") €T xT|yN~y' =0} has p ® p-measure zero.

(3) The set {v€T|yNA=0} has full p-measure for any A € B(R?) such that
o(A)=0.

Let us now construct on the configuration spaces specifications corresponding to 7.
For any A € B, (Rd) we consider the partition function

Z (%) :=/F R (yrava,n) dAe (7), v €T.
A

Then a specification II, is defined for any v € ', A € B (T) by

Iz, <o0} (7)
Iy (A7) = &/ Ia (yrava Un) R (rava,n) dAo (n).-
Zx () T

Note that Zy (-) and IT (A, ) are Bray  (I')-measurable for any A € B ('), A € B, (R?).

Theorem 2.10. For all A € B(I') the following Dobrushin-Lanford-Ruelle equation
holds

(26) [T die ) = ()
Let us now formulate an inverse result.

Theorem 2.11. Let u € M}, (), € B(T).p (r) = 1,7 : T xR? = R, is B(T) x
B (Rd)-measumble and defined for any v € T and for o-a.a. © € R:. Let also for any
v € T and for oc-a.a. z,y € RY the identity (2.2) holds. Then we can define R and
{HA}AEBC(Rd) and

(1) If u satisfies the equation (2.6) then p satisfies the equation (2.1).

(2) If v satisfies (2.5) then p satisfies the equation (2.1).

The proofs of these theorems are analogously to the proofs in [18].

3. CORRELATION FUNCTIONALS

Recall that the measure p is locally absolutely continuous w.r.t. 7, (see Proposi-
tion 2.8). Therefore, the set of finite configuration has zero measure. Due to this fact
there is no canonical way for restriction of the function r onto finite configurations. Let
us now fix the most useful restriction.

We describe some classes of functions. On Ty one consider L°(Ty) the set of all
measurable functions on T'g. Let LY, (I'g) be the set of all measurable functions with local
support, i.e., G € LY (T'g) if there exists A € Bc(R?) such that G [ry\r,= 0. L (To)
denotes the set of all measurable functions with bounded support, the latter means that



10 D. L. FINKELSHTEIN AND YU. G. KONDRATIEV

there exist A € B.(R?) and N € N such that G | N F("))_ 0. B(Ty) the set of

Fo\ (7 =o
bounded measurable functions. Analogously, B;s(T) agld Byps(T'g) are defined.

We consider also sets of cylinder measurable functions on I' and T'g: one say that
F e FouT) or G € Fey(Tp) if F and G are measurable w.r.t. B(T') and B(T's) corre-
spondingly for some A € B.(X). These functions can be characterized by the following
relations: F(y) = F 1, (va), G(1) = G Ir, (na)

One may introduce the following ”key-mapping” between functions on I'y and I" (see

[12], [15] for more details). Let G € LY (Tp), then we put
(3.1) KG(y) =) G, veT.

ey
The summation in the latter expression is extends over all finite sub configurations of ~
(in symbols £ € ). If G € LY (T'p), then this sum is finite and moreover, KG € Fy (T).
The mapping K : LY. (T'g) — Fuy (T') is linear, positivity preserving and invertible with
inverse
KE'FP(p) =Y (-DIMIFE), neTo.
£Cn
Note also that the K-transform maps a function G € By (T'g) into the cylinder polynomial
bounded function. In particular, if G [FO\UQI—U = 0 for some A € B.(X) and N € N

then there exists C' > 0 such that |KG(7)| < C (1 + |ya])™
We denote the restriction of K onto I'y by Ky. That means for any G € L° ()

=Y G, K;'G) =) (-n"la), nely.
£Cn £Cn

Note that Ky and K; ' are well defined.

Note again that K~ : F.;(T') — LY. (To) and Ky ' : Fuy(To) — LY(To).

A set B € B(T'y) is called bounded iff there exists N € N and A € B.(X) such that
B C |_|nN:0 FE\"). The family By,(Tg) of all bounded sets A € B(T'g) forms a ring of sets.
This ring generates B(I'y).

Define a measure K*p on (I'g, B (I'g)) due to the relation

/ K]lA d’y) for all A € Bb(l“o).

Due to p € Mj, (T), one has (K*u) (A) < +oc for all A € B,(Ig) (see [12]). Then we say
that K*p is locally finite and denote this by K*u € My¢(Ty). Note that, in particular,
K*m, = Ag.

Moreover, if G € L' (T, K*11) then the series in the right hand side of (3.1) u-a.s.
converges and KG € L' (T, ) (see, e.g., [12]).

One can introduce also a convolution

(G1,G2) = (G1xGa) ()= Y. Gi(&1U&) Ga(& U &),
(€1,€2,€3)EPS ()

where Pg’(n) denotes the set of all partitions (1, &2,&3) of n into 3 parts, i.e., all triples
(€1,€2,83) with & Cn, &N & =0 if i # j and & U& U & = 0. For Gy, G € LY, (Ty)
K(Gl *Gg) = KGl . KGQ,
that holds if Gl, Gy > 0orif |G1‘ * |G2| S Ll(ro, K*u) or if Gl, Gy € Ll(Fo, K*,u) (then
K (Gy *Gg) € LY(T, p) too, see [12]).
Note that if F' € F,,;(I') then we can consider the function Fiy := F' [r, as measurable
cylinder function on I'y. Then KO_IFA € LY (Ty) [12] and, therefore, the K-transform is
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well defined on Ko_lFA:

(KK 'Fa) () =F(y)=F(n), v€eL.
And, vise versa: any cylinder function G € F.,;(I'g) such that there exists A € B.(X)

with G(n) = G(na), n € Ty may be considered as measurable cylinder function on T,
putting G () := G (7). Then also

(KK;'G) (v) =G(y), ~veTl.

In the other words, the mapping KK !'is a kind of a continuation mapping on cylinder
functions.

Clearly, we can not extend in this way general measurable functions. For example for
so-called Lebesgue-Poisson exponent

ex(en) =[] e, nely,
xren

where ¢ € L! (Rd,da (:1:))7 one has ey belongs to L' (g, \,) but there is not sensible
definition of KK ey (i,-).

Let us present now our main condition for fixing a useful restriction of r.
Condition 2. Let 7 : Iy x R — R, be a non-negative function such that 7 (n,z) is
defined for any n € Ty and for any = € R%\ 7. Suppose that

(1) For any v € T, for -a.a. = € R?, and for any A € B, (Rd) one has
F(am) =7 (A, 2);
and for any F' € F.y; (I'),¢ € Cy (Rd)

| [ e@ P76 do @) du ()

= [ [ e@F@)ruds @ dnt), ATR
r
(2) For any 1 € I'g and for any z,y € R?\ 5 the ”cocycled identity” holds

T(n+ea,y)F(nx) =7(n+ey,z)7(ny).
(3) For any 1 € I'g and for any = € RY

F(nx) >0, x&n;
7 (B,z)=1.
Sometimes (see Theorem 4.5 below and its consequences) we need translation

invariance condition:
(4) For any {a,x,z1,...,2,} C RY

F{z1+a,...,2n+at,z+a)=7({x1,...,2,},2).

Note that in Examples 1-2 these conditions are fulfilled (see, e.g., [12], [18], [7], [8]).
In that follows we will use for 7 the same notation r.
In the following we need important lemma (about proof see, e.g., [12]).

Lemma 3.1 (Ruelle). Let H,G1,G2 be B(T'g)-measurable functions. Then the following
equality holds

(3.2) H(n) (G1 x Ga) () Ao (dn) = / H (1 Un2)G1(m)Ga(n2) Ao (dn1) Ao (dnz),
To I'o JTo
where

(G1#Ga) (n) ==Y _ G1(n\&)Ga(9),

£Cn
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if either all functions are positive or one side of (3.2) exists for |G1|, |G2|, |H]|.

Definition 3.2. An energy F : ' — R is defined via relation
R (0,n) = e~ Em)
The following simple but very important statement holds
Proposition 3.3. For any n € Ty, z € R?\ 1 one has
(3.3) r(n,x) = e~ (E(ntes)—En))
Proof. Let us apply (2.3) for the case vy =0, 1 =n, n2 = {z}. Then
R(®,nU{z}) =R O, n)R (0 {z}),

hence,
e~ Entes) — —En), (n, ),

that fulfilled the proof.

O

In fact, we prove that if p and r are such that (2.1) is true and r has the restriction,
satisfying Condition 2, then r has to have the special form (3.3). Of course, we can not
define the energy on infinite configurations but formally (3.3) will be true if we change n

onto y €T

Since p is locally absolutely continuous w.r.t. the Poisson measure 7, one has K*u is
absolutely continuous w.r.t. the Lebesgue-Poisson measure A, (see [12]). Therefore, we

may consider the correlation functional p, : I'y — R corresponding to pu:
d (K" 1)
pu(n) = — (),

and we know (see [12]) that for all A € B, (R?) and for As-a.a. n € T'y

dp
(3.4) pu(m)= | = (U dA (£).
1N g
As a result, the following statement is true.

Proposition 3.4. For \,-a.e. n €y

Pu (1) Z/FR(%n)u(dv)~

Proof. From Proposition 2.8 one has

A
Z’;g (n) = /FRJ\AR(%W) dp () -

Using (2.5) and (2.3), we get

duh B
/FA (nuodxua—/m/r R (7,10 €) dpt (7) dAs (€)

Aa RA\A

)

Thus, according to (3.4), we obtain the assertion.

R (1) R (v UE,m) dyt (7) dAs (€) :/FR(%n)u(dw

RA\A

Definition 3.5. Let A € B, (Rd). A finite volume correlation functional pa
(0; +00) (in the volume A) is defined as
1

PA(W): m FAR(manUé.)d)\o(f)’

]

ZFA—>
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where

AN (@) = R ((Z)’ 77) d)\s (7]) .

Ta

Remark 3.6. Note that if arbitrary non-negative measurable function r satisfies (2.2)
then we can construct the function R and, therefore, E, as well as define the functional

PA-

Proposition 3.7. The finite volume correlation functional is normalized, i.e., pp () =
1, and Lenard-positive, i.e.,

(3.5) / (—1)' oy (U E) dA, (€) = 0.

Proof. The proof of the first statement is clear. For the second one we use (3.2). One
has

/F (—1>'f‘pA<nus>dAo<5>=/ m—mfw) [ ROUELO D A ©)

Ta
__1 _R®,n)
= 7@ . @ (L LORMALO M €)= Z 50 =0
where we use the identity
(ex (f1,-) xex (f2:+)) (n) = ex (f1 + f2,m)
that may be obtained via direct calculation. O

4. STABILITY CONDITION AND RUELLE BOUNDS

Stability condition is a classical condition in statistical physics. In our case it has
the following form.
(S) There exists a constant Bg; > 1 such that

R(0.n) < (By)", neTy.
Remark 4.1. In the case of Example 2
R (0,n) = exp (~=BE? (n) — BW? (1,0)) = exp (~BE? (n)) ,

Recall that the stability condition for a pair potential Gibbs measure is that there exists
B > 0 such that

(4.1) E?(n) > =Bn|, n €Ty
Then our condition is equivalent to this with By, = ePB.

At present, there are not good sufficient conditions on general many-body potential
for stability. Such conditions are known just for pair-potential (Dobrushin-Fisher-Ruelle

criterion, see, e.g., [23]) and for some special many-body potentials [5].
But by definition for n = {z1,...,2,}

(4.2) RO, n) =r {1}, x2)r {zr, a2}, 23) . or ({21, 2} @),
whence, if ¢ is pair stable potential and for any n € T'p,z ¢ 7

7’(77793) S T¢ (77a1’) ‘= exp (ﬂng(xay)) )

yen

then (S) holds.
Using stability condition, we can prove some useful facts.
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Proposition 4.2. Let (S) holds; then for all A € B, (R?) and for Ag-a.a. 1 € Tg
1< Zx (D) <exp(Bsio (A));
0< pa(n) < (Bur) " exp (Buror (A).
Proof. Using (S), we obtain

1= [ RO < [ RO.mdr ()< / (Bat)™ s () = exp (Buo (1))
{0} Ta Ta

0 < pa (77): R((D)nUg)dAa (5)

< / (Bat) "8, (€) = (Ba) ™ exp (Buor (A)),
T'a

that finishes the proof. |
Remark 4.3. The inequality

pa () < (Ba) ™ exp (Byo (A))
is called the local Ruelle bounds.

Definition 4.4. The correlation functional p, is said to be satisfied the Ruelle bounds
if there exists Cr > 0 such that for A\,-a.a. n € 'y

(4.3) pu(n) < (Cr)".
The family {pa},¢ B.(re) 1S sald to be satisfied the uniform Ruelle bounds if there exists
Cr > 0 such that for all A € B, (Rd) and for A,-a.a. n € Ty

(4.4) pa(n) < (Cr)'™.
Note that, by (4.3),
/ 21 p,, (1) dA (1) < / (2CR)" dAs (1) = exp (2Cr |A]) < +o0,
FA 1—‘A
then (see [12]) for A\,-a.e. n € Ty

A
o= U ),

The sufficient conditions for (4.4) was found in [23]. For demonstrate them we need
some additional objects. Let us fix a positive number ¢ > 0. For every a € Z¢ we define

a cube
a-—1 t<uz; < a-—l—1 t
T 2 — 17 = 1 2

and set n(n,a) = |nN L (a)|. Now we formulate the superstability condition.
(SS) There exist A > 0, B > 0 such that if A is a finite subset of Z¢ and € U,e 4L (a)
then

(4.5) R (B,n) < exp (Z [Bn (n,a) — An? (n, a)]) .

acA
Since }° . 4 Bn(n,a) = B |n|, we see that superstability condition is stronger than sta-
bility.
Note also that usually (4.5) is wrote in the equivalent form

E (77) Z Z [Anz (773 a) — Bn (777 a)] .
acA

£(a):{x€Rd
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Let us consider (cf. (2.4)) for any 71,172 € To,m1 Nz =0

W (n1,m2) == E(mUn) — E(m) — E(n2) -

And now we can formulate the lower regularity condition.
(LR) There exists a decreasing positive function ¥ on the positive integers such that

Z U (la]) < +o00
a€Zq
and if Ay, Ay are finite subsets of Z? and 0y € U, e, £ (a1), M2 € Ugyea, L (az), then
1
W (n,m2) 2 =5 > U(lar —as)) [07 (m,a1) + 0 (n2,02)] -
a1€A; az€A2

Note that conditions (SS) and (LR) are translation invariant and independent of the
choice of t.

And now we formulate the Ruelle theorem. We assume that forth part of the Condi-
tion 2 holds.

Theorem 4.5 (Ruelle, [23]). Let conditions (SS) and (LR) hold; then the family {pa :
AeB. (Rd)} satisfies the uniform Ruelle bounds with proper Cg.

Again, by (4.2) and (4.5), we see that if ¢ is pair superstable potential and for any
ne F07 z é n

(4.6) r(n,z) <r?(n,z),

then (SS) holds.
Due to this considerations, let us now to find some sufficient conditions for (SS) (and,
therefore, (S)). We define two functions:

0y (n,x) =min |z —y|[, 6" (n,2) =max|z—y|, neloz¢n
YyeN YEN

and let B (x, s) be the ball with center at = and radius s > 0.

C
Proposition 4.6. Let there exist 0 < a1 < as < 400, C1,Cy >0, £1,60 >0, b > Tiz
ag
such that
02 Cl
(4.7) T(nam)ﬁexp(2d+b|n2|—zd>,
TEN3 (5* (T”‘T)) ez reEN (5* (777:6)) e

forn € Ty, o ¢ n, where ;y = n N B(x,a1), 2 = nN (B(z,a2)\ B(z,a1)), 13 =
n\ (m Umna). Then (SS) holds.

Proof. By the Dobrushin-Fisher-Ruelle criterion (see, e.g., [5], [23]) one has that if
¢ (z,y) =V (x —y), where

Cy
Wa |z < a1,
(4.8) Vi(x) = Cy
- W7 |z] > a2,

—b, a1 <|z| <ag,

thus ¢ is superstable.
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It now follows that

D V@-y=3 —F= -3 b=

d+
YEen yem |z — y‘ yEN2 yEN3 |z — y| =
Cy
< +bna| — —_— .
d d
1%7‘1 8, (m, ) e ; (6% (n,z))*e

Further, using (4.7), we obtain

7"(777 <exp< va* >_T¢(77,(£),

yen

thus, by (4.6), condition (SS) holds. O

Remark 4.7. The inequality (4.7) is natural in the sense that r (n, z) — 0if dist (n;2) — 0
and r (n,z) — 1 if dist (n; ) — oo.

Remark 4.8. Since the potential ¢ generating by (4.8) is also the lower-regular, we can
formulate some sufficient condition on r for (LR). Really, for 73 = {y1,...yn} one has

e~ Wnim2) — e~ Blmun2) _ R (@a m U 772)
e Bme=E02) R (D,171) R (0,72)

— R(WIJD) — f[ T(Th U{ylv"'ayk—1}7yk:)
R(®7772) k1 r({yla'“ayk*l}ayk) '

As a result, if for any n,£ € g,z ¢ nUE

r (77 U fa {E) )
—= < , ),
rEm) ST
then (LS) holds. Therefore, if we change the left hand side of (4.7) onto 7"(77(L§J§,)x)’ then
r(& o

we obtain the sufficient condition on 7 for (LR). But this condition will be very specific
and non-natural.

5. THE KIRKWOOD—SALSBURG IDENTITIES

We start from the so-called ”integrability-stability condition” (we interpret this name
below).
(IS) (Integrability-stability condition) There exists a increasing function b, : [0; +00)
x (0;+00) — [1;+00) such that for any n € Ty, for o-a.e. z € R?\ n, and for any
€ (0; +00)

‘( (-Un,z)) (5)‘ Eldx, (€) < bis (In],¢) .

Remark 5.1. In the case of the Example 2 under stability condition (4.1)

r(Un,z) = H o Bo(zy) — H o Bo(y) H e~ B9(x.y)

yeLUn yen yeE
=T ] (1 n ( ~B(x.y) _ )) ’
yEN yeg

Hence,

|(Ky ' (-um,x)) (6)] =

[]e#@ve ( ¢(m,~)_17§)‘

yen
< ¢2PBlnlg, (‘e—ﬁﬁb(fﬁv‘) _ 1) 7£> 7
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and

(Ky'r (-un,a)) (&)] ldn, (€) < 7B /

To
— ¢20BInl oy, (/ c‘e—ﬁaﬁ(w,y) _ 1‘ do (y)) ,
Rd

In the case of the pair potential the following integrability condition plays an essential
role:

(5.1) C (B) := ess sup/
rERI Rd
Then, by (4.1) and (5.1), condition (IS) is true in this case with
bis (0], ¢) = e2BBIn|+cC(B)

ex (c ’e*W%') f 1‘ ,g) X, (€)

|
T'o

e Py _ 1’ do (y) < +o0.

These are arguments for name of this condition: we use both integrability and stability
conditions.

Let us consider also a weaker condition.
(IS-loc) (Local integrability-stability condition) For any n € I, for o-a.e. x € R\,
for any ¢ € (0;4+00), and for any A € B, (Rd) one has

/ |(K0_17’ (u n,x)) (£)| cléldn, (&) < +oo.
T'a

Proposition 5.2. Under (S) and (IS-loc) the finite-volume correlation functional pa
satisfies the following finite-volume Kirkwood—Salsburg equation

(5.2) pa (nU{z}) = ex (La,nU{z}) g Kot (r(nU-2)) () pa (nUE) dAs (€)

for Ag ® 0-a.a. (n,x) € Tp x A.

Proof. We have forn € T'y,x € A

pr(de)) = g [ ROaUEU ) A ©
= L[ RO RMUE (2} dr ()
A (0) Jr,

=70 @) Jp, PO 0O usn e (©

! -1
" Za(0) FAR(Q)’”Uf)Ko(Ko r(nU- 1)) (€) dAy (€)
L -1
" Za(0) FAR(Q’”U@(KO r(nU-z)xex(1,9) (&) dAs (€).

And now we may use identity (3.2), since

! -1
Zwo)/FAR(@’”U@HKo r(nU-3) Fex (1) (€)] drs (€)

N

N

1 -1
Szmo)/m | RONUEVQ K (r(nU-a)) (O] ex (1O dhe () dh (€)
:/F K5 (r(nU - 2)) ()] pa (nUE) dAs (€)

< /F |5 (r (nU -, 2)) (€)] (Bo) ¥ exp (Byeo (A)) dy (€) < +o0.
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Thus,
pa (nU{z})
1 _
:m/m [ ROMUEUO KT (02 (€ ex (1.0 o (o (€

=/ Kot (r(nu-x)) (&) pa (nUE) dA, (£).
O

Remark 5.3. We may set pp = 0 on I'g\ 'y and extend the equation (5.2) to A, ® o-a.a.
(n,z) € Tg x R™.

We need some lemmas for following considerations.
Lemma 5.4. Suppose that (IS) and (4.3) are true; then for any n € Ty and for o-a.a. x
Ky'r (-Un,x) € L' (To, puds) -
Proof. Really,

15 Un) @) © €

< [ I una) ()] (Cr)* do (&) < bis (In] , Cr) < +o0,

by (IS) and (4.3). O

Lemma 5.5. Suppose that (IS) and (4.3) are true; then for any G € Bps (I'g), ¢ €
Cy (Rd) the following equality holds

/ G (n\ ) pp (1) Ao ()
I

0 wE’r]

= [e@ ([ (@ o) ) ) o ) ) o).
Proof. Let F = KG and apply Campbell-Mecke identity (2.1) for
h(v,z) =@ (@) F(y\{z}),

we obtain
/Z<P Fovandu) = [ [ Po) %) do () dyu (7).
Note that
> @F 0\ (o)) - (Zw \{x})><>
(Zw \{x}> EC:;@ ) (n\ {z})
Zx;w @ n@%en ) (n\ {z}) ”g; C% } (K7'F) (n)

=> @) F(y\{z}).

xTEY
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Therefore,

/Zw F(y\ {}) dpe (v / K=1F) (\ {2}) p () dAg ().

xTEY 0 3:677

Since K 'r (-,x) € L* (T, pudX,) and G € L' (T, pdA,), we, by Condition 2, obtain

// r (7,2) dor () dps ()

:Al#%d/Ad r (10, 2) dor (2) dp ()
(7)) (K (.0) w)duw) do (2)

= lim
ATRE Jp

oo /
= lim, Rﬁp(w) (/FK((K‘lF) () (K 'r (a,@))) (7) dps (v)) do (x)
~ i, [ o ( /

( ) ()
A, (K7VF) () * (Ko 'r (na, @) p () dXo (n)) do (z)

/ (/ G () * (Ko 'r (1, 2)) u(n)d)\o(n))da(x),

and finally, one get

/ G 0\ {z}) pp (1) Ao ()
T

0 1677

:/Rdgp(x) /FO (Gx Ky ' () (1) py (n) dAs (n)) do ().

The statement is proved. O

The following lemma is needed for the sequel as well as it is interesting itself.

Lemma 5.6. For any G,,Go, H € L}

1oe (Lo, dAs) the following identity holds provided
one of its sides exists

[ (@ G ) 1 () )

- / [ G ) (565G (- Um) () H (1 ) e () A ().
0 0
Proof. We prove it at first for Hy := 1y, H. Using (3.2), one has

[ (G K6 (0) Hy (1) e )

(Ky ' Ko (G Kq 'Ga)) (n) H () dAs (1)

A

(Ko ' (KoG1 - Ga)) (n) H (n) dXs (1)

>

(KoG1 - Ga) xex(=1,-)) (n) H (n) dAs (n)

/F KoGh (n ex (=1,€) H (nU &) dA, (€) dA, ()

>

Il
'1\’1\;\'1\’1\

( (G # ex (1,2)) () Ga (n) H (n U ) dAs <n>) ex (~1,€) d\, (€)
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-/, (/r | G .06 mu0HmUELO D O, o)
xex (1,6 dAo ()

— [ ciw) ( [ [ a0uoacronmuengan. @i (€)>dAa )
~ [ ( [ (@U@ HnUe D, (5)) ir (n)
1N 1N

- / [ G (57 G (10) (€ H (10 €) A, (€) b ().

Since the limit of the one side exists as A T R, the assertion is true. O

Theorem 5.7 (Kirkwood—Salsburg equation). Let (IS) and (4.3) are true; then for
Ao-a.e. 1 € Ty and for o-a.e. x ¢

(5.3) P (U {}) = / (K5 tr (-Un,2)) (€) py (1UE) dAo (E).

Proof. Using (3.2) with
o Jeld), g={z}
?(8):= 0, otherwise,

one has

/ > @) G\ {2}) pu (0 /F G (n\ &) pu () dAo (0)

Lo zen 0 fCTI

/F / 0) P (MU ) dAs (€) dAs (n)
:/ o / G () pu (U {x}) dAo (1) dor ().
Rd 1)

Further, by Lemma 5.5,

/Rd ¢ (z) /Fo G () pp (nU{z})d)\, () do (x)
= /Rd o (z) (/Fo (Gx K 'r (-,2)) (1) pu () dAo (77)> do ()

for any ¢ € Cy (Rd), that follows
/ G (1) pp (70 {z}) dAg (1) = / (G* K7 () (0) oy (1) dAg ().
To 1)

And by Lemma 5.6, we get

[ (G # K7 ) () () s 0

- / [ G0 (5 (-Un) (95 1V ds (1) ds 6),

hence, for any G € L* (I, ppdX,)

G (1) pu (nU{z}) dXs (1)

To

- / [ G0 (5 (-Un) (95, (U dr (1) ds 6),
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and, as a result,
punUlah) = [ (K (Una) (O 51U (©),
that is (5.3). O

6. EXISTENCE RESULTS

Theorem 6.1. Let (Ay), oy be an order generating sequence in Be (R?) and (pa,),en
be the sequence of the corresponding finite volume correlation functionals that fulfills
the equation (5.2) and the uniform Ruelle bound, i.e., there exists a constant Cr > 0
such that for Ay-a.a. n € Ty and for alln € N

pa, (1) < (Cr)'™.

Let also (IS) holds for ¢ = Cr and (S) holds too; then there exists a measure p € Mjlcm (M
satisfying the equation (2.1).

Proof. Let us consider the space L™ (g, \,) as the dual space of L' (T'g, \,) equipped
with the weak*-topology. According to the Banach-Alaoglu theorem, the set

B = {f € L™ (Fo,)\g)

ess sup |f (7)| < 1}

Y€l

is compact. Put

" pa, (6)
A, (§) = :
(CR)\E \
Under the uniform Ruelle bound, we have pp, € B. Then there exists a subsequence

(ﬁA“i (f))ieN that weak*-converges. Without loss of generality we assume that (pa,, ), cy

weak*-converge to p € B itself. Let p(n) = p(n) (CR)Inl then for \,-a.a. n € Ty p(n) <
(CR)lnl. Clearly, pd\, € My;(Ty) and for all G € By, (T'g) one has (G G) (-) (C’R)H €
L' (Tg, \y); further,

| @&y momarm= [ (6+6) (€ 5mars ()

= lim [ (G*G) (1) (CR) pa, (M) dAs () = lim [ (G*G) (n)pa, (1) dAs (n) >0,

n—oo FU n—oo 1—\0

since

[ (Ko (G ) xex (=1.9) () pa, ) Ao )

— [ GO [0, €U ©dh ) 20,
FAn FAn
due to (3.5). Therefore, pdA, is a positive semi-defined locally finite measure. Since

/ p (1) Ao () = / Ly () p () dAg () = T [ Loy (1) pa, () do () = 1,
{0} r o

n—oo
0

this measure is normalized. Then there exist a unique measure p € M. (T) such
that pd\, = K*u (see Theorem 6.2 in [12]). Next, note that if for any ¢ > 0 G €
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L' (To,clld\,) then

lim | G(n)pa, (n)dro(n) = lim [ G (n)(Cr)"™ pa, () dAs ()

n—oo FO n—oo FO

= [ G Cr"sm)dr, ()= | Gm)pn)dr, (n).

Fo l—‘0

Let us consider for fixed G € By (T'g) functions

fo(x) =14, (x) [ G(1n)pa, (MU{z})dAs (0).

Using (5.2) and Lemma 5.6, we get

/F / r (U 2)) (€) pa, (MUE) dAg (€) dAo ()
— 1, (2) / (G % K3 (2)) () pa, (n) do (1)

Next,

/F (G* Ky'r (@) (n) cdr, (1)
/F [ G K (10,2 (© PN (€, (o)

|G ()| ™bis (In] ) dAg (1) < o0,

T'o

since G € Bys (T'g). Then for c-a.a. x

fo(@) = | (GxK ' (2)) (n) p(n)dAs (n) =: f(z), n— oo

To

Using the Lebesgue dominate theorem, for any ¢ € Cy (Rd)

/ (@) fu (@) do () — | (@) (2)do(2),
Rd R4

[fa (@) < [ G ()] ™bis (In], Cr) dAo (n) < o0,

To

But by Mecke identity,
/so<x>fn<x>da< >f/ (@) 1, <>/ G (1) pa, (71U {z}) do (n) do (z)
R4 Iy
/F G (n\ {2}) pa, () dAo (1)

0 xEn

/F G 0\ {«}) pa, (1) dAo (1),

0 1671



MEASURES ON CONFIGURATION SPACES DEFINED BY RELATIVE ENERGIES

starting from some big n. Since for every ¢ > 0

/ S0 (@) G\ fah)| dlar, ()
/F Sl @11G 0\ Lzl dr, ()

0 xzen

= [ ] e @116 ] o @) ds () < o,

one has

[o@h @i~ [ Y e@aon @)

Lo TeEN

:/ @(»’C)/ G () p (U {2}) dAo (n) do ().
R4 'y
Thus we have

f@)=[ Gm)pnu{z})dr, (n).

o
As a result, for every G € Bys (Ty)

/ G () p (U {x}) Ao (n) = / (Gx K1 (,2)) (1) p (n) dAs (1)

/F [ G I 02 ©p U DA, (€) dhs ()
Thus, p satisfies (5.3).
Moreover,
| e@i@dr@= [ ¢@ ( / (G X)) (o (), <n>) do (x)
= [ Se@Em\ hptmr .

Then (see the proof of Lemma 5.5) for any G € By, (I'g) and F' = KG we have

60 [ Se@FPa\ ) = [ [ FO)e@r6.0dr @ ).

Trey

Since p satisfies (5.3) and due to Lemma 5.6 and the Mecke identity, we may write

/K (G ) (p,)) (M du(y)= | G0){p,mp1n)drs (1)

o

/ / G (nU {z}) p(n U {z}) do (z) dAs (n)
o JRE

/d/ﬂx
ff e

)G
) (
[ [¢ @K @GCUa) =K' (o) () du(2) do ()
(@)

_[ [

nU {z} / (K5 v (-Un.2)) (€) p (n UE) dAs (€) dAs (n) do (2)

=
o

)
G (-U{z}) x Ky'r (-,2)) () p(n) dAg (1) do (x)

=
s

Esl
i

(u{z}) (V)7 (v, ) (n) du (y) do (x).

=
f

23
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But by direct computation, one has

K (G () () () = (KG) (7) (e, 7) = Y (KG) (v \ {z}) ¢ (x),

rEY

further, using (6.1), we obtain

/F(KG) (V) (@5 ) dp (v /Rd/ (u{a}) (M r(y,z) () du(y) do (z)

* /Rd /F‘p (@) (KG) () r (v, 2) (n) du () do () ,

but, by definition of K, we see that

(KG) (yU{z}) = (KG(-Ufz})) (v) + (KG) (),

and, as a result,

[E e = [ [ Fou@)e@r o do @)
for any ¢ € Cp (R?) and F = KG, G € By, (Ty). O

Remark 6.2. In the pair-potential case the proof is more simpler since from the x-weak

convergence we can obtain convergence a.s. due to the Mayer—Montroll equation (see,
g., [23]). In this case it was true under the same conditions as Kirkwood—Salsburg

equation. In the our general case we can write Mayer—Montroll equation too:

(6.2) pu(nUE) = / (K5 'R (- Un,€)) () oy (1UC) dAg (O)

for Ay ® A\y-a.e. (n,€) € Ty x T'y. But it is true under just more strong condition than
condition (IS):

(EIS) (Exponential integrability-stability condition) There exist a increasing function
beis 1 [0;+00) X N — [1; +00) and constant Be;s > 0 such that for any n,¢ € Tg,nN¢ =0
and for any ¢ € (0; +00)

: [(K5 "R (U, Q) ()] ¥ldrg (€) < (Beis) ™ beis (¢, ¢).-

Due to exponential growth on || this condition is useful just for positive many-body
potential.

7. UNIQUENESS CONDITIONS

Let us start from the condition with another bound for the same integral as in (IS).

(MIS) (Modified integrability-stability condition) There exist a increasing function
bmis : [0;4+00) — [1;+00) and constant B,,;s > 0 such that for any n € Ty, for any
r € R?\ 7, and for any ¢ € (0; +00)

/F |(Ey ' (-Un,2)) (€)] ldXs (&) < p (0, 2) bynis (c)

where p : Ty x R? — [0; +-00) such that for any 7 € Ty there exists 2o € 1 such that
P\ {70}, 70) < Bis-

Remark 7.1. In the case of Example 2 under condition (4.1) one has

—1.(. €] - —B¢(z,y) —B¢(z,) _ 1€
a5t uma) @i = [Tete [ oo (¢ - 1) an, (o

— Wz} /
To

ex (C (e—mﬁ(z,» _ 1) 75) ’ X, (€) < e AW {ahn) cC )
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and under (4.1) for any n € T'g there exists xy € n such that

W ({zo},n\ {z0}) > —2B.
Thus, by (4.1) and (5.1), condition (MIS) is true in this case with

bmis (C) = ecC(,B); p (’r)’ :Z?) = efﬁw({m}m); Bm“ — EZBB.

And now we prove so-called modified Kirkwood—Salsburg equation. We will use
notation of condition (MIS). First of all, let us define for n € I'g,x € n a function

~ L 1; P(n\{$}7$) SBmzs
(0, x) =

0, otherwise

)

now, by (MIS), we has
> zma)>1.

xen
Also we define a function

x(n,x) = 5 (.) € [0;1].

3}6?’] % (773 "Zf)

Theorem 7.2 (Modified Kirkwood—Salsburg equation). Let (IS), (4.3) and (MIS) are
true; then for any n # 0

(71 puln) =3 5 (ma) / (Kb (U (n\ ) .2)) (€) pp (€U (0 {2})) do (€).

zEN Y

Proof. Using (5.3), one has

Z%(WS)/ (Ko 'r (U@m\{z}),2)) (&) pu (€U (n\ {z})) dAs (€)

ren o
=Y (@) pu (M\A{=}) U{z}) = p () D 5 (n.2) = p,u ().

O

Remark 7.3. Actually, we prove that if p : T'g — [0; +00) such that
1) p@) =1

2) there exists Cg > 0: p(n) < (Cg)" for Ay-a.a. 5 € Ty;

3) for any A € B, (Rd) one has that p is Lenard-positive, i.e.,

/ (—1)‘5‘ p(nU&)dA, (&) >0 for A\y-a.a. n € Ty,
Ta
thus under (IS) and (MIS) (5.3) = (7.1) and under (EIS) (6.2) < (5.3) (clearly, we have

to change p,, onto p in the equations).

Remark 7.4. We can prove also that under condition (MIS) (and moreover, under the lo-
cal condition (MIS)) the following finite-volume modified Kirkwood—Salsburg equation
holds

(7.2)  pa(n) =ex(1a,n)

x Z:%(Wc)/F (Ko 'r (U @m\{x}),2)) (&) pa (€U (n\ {z})) dAs (€).

xren

In the following we always assume that (S) and (MIS) hold.
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Definition 7.5. For arbitrary constant Cr > 0 define a space E¢,, in the following way
F
[ Fllg, = ess sup % <00 .
UISIN C Ig

About proof see, e.g., Lemma 3.4.2 in [14].

Ec, = {F e L% (To, \s)

Lemma 7.6. E¢,, is a Banach space.

Remark 7.7. Clearly, if p, is correlation functional and fulfills (4.3) with constant Cg,
then p,, € Ecy.

Definition 7.8. Consider a "modified” Kirkwood—Salsburg operator S : By, (I'g) —
L*> (Tg, Ay) given for n # () by

SF(n) =3 5 (n,) / (K5 r (-Un\ {z},2)) () F(€Un\ {z}) dAs (€)

xeEN
and SF (0) = 0.
Note that really SF € L™ (T, A, ), since

G o\ dah ) (O F (€Un\ ahdha (€

< Fll e ron / (K5 r ( U\ {x},2) (©)] o (€)

<N e g a0y P (0 \ {2} 5 2) bnis (1)
it follows that, for A,-a.a. n € I'y

ISF ()] < 1F | oo (pg 0, ) bmis (1) D 5 (@) p (0 \ {2}, 2) < (|1Fl| oo (g 0,y brmis (1) B
xren

Theorem 7.9. S is bounded operator in Ec,, with
Bmisbmis (CR)

S| <
I < Zmiste
Proof. One has
1
ISF|ls. < esssup E w(n,z) ——
Cr n€lo zEN Cl‘g‘

X

/F (KJIT(UU\{JC},JS)) &) F(Eun\{z})drs (5)‘

— €S8 supZ% 777 ‘77‘

nelo z€N
F .
[ con (a0 @ TELID i,
o Cgp
<esssup Y (2 ”CR/ (555 (U e 2) (O] CElar, ()
n€Tlo TEN
” HCResssupZ (n,x)p(n\ {z}, ).bm(cR)<%Bmigbm(cR)
C el e ’ £ = CR X E )

that fulfilled the proof. O
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Proposition 7.10. If function r be such that
Bmisbmis (CR)

<1,
Cr
then there exists a unique solution in Ec, of the equation
(7.3) F—SF=e¢e)(0,).

Proof. Really, if

Bmisbmis (CR)
81l < Zrislmie (C2)

<1,

then S is a contraction and (1 — )" := > 7257 exists as a linear bounded operator.
Then the unique solution of (7.3) has the form (1 —S) ey (0,-). O
And now we can prove the uniqueness result.
Theorem 7.11. Let (S) and (MIS) hold. Let Cr > 0 be given. Then for all v such that
Bnisbmis (Cr)
Cr

there exists at most one correlation functional p that fulfills equations (5.3) and (4.3)
with constant Cg.

<1

Proof. Let p be a correlation functional such that equalities (5.3) and (4.3) with constant
Cpr hold. Then p € E¢, and it fulfills the equation (7.1). Therefore, it is a solution
to (7.3) and hence unique in E¢,,. O

Definition 7.12. Consider for the volume A € B, (Rd) an operator Sy : Ec, — Ec,
in the following way
Sp =1r,Slr,.

Since 0 < pp () < (Bs,g)|77| exp (Bsto (A)), one has pp € Ep_, and

loallp,, = exp (Bsto (A)).
By (7.2), it follows that
(1=Sa)pa =ex(0,").
Note that [[Sallo, < [ISll¢, and if Cr > Cj% then Eg; C Ecp. As a result, if
CRr > Bgt, then py € Ecp, and Sy is a contraction in E¢,. We get that

PA = (1 - SA)_I ex (Oa ) = ZSZ\(?)\ (07 ) :
=0

For every generating sequence (A;,)

neN
loadllc, <D (ISalle,)’ <3 (ISle,) = T—rgr—
1= 1STey

then (pa,, ), ey fulfills the uniform Ruelle bound. Then due to the proof of the existence
theorem, one has that there exists p € E satisfying the equation (5.3) and then under
condition (MIS) satisfying the equation (7.1), thus, it is unique. Moreover, the corre-
sponding measure p is unique too. As a result, we have the following theorem.

Theorem 7.13. Let r satisfies (S), (IS) and (MIS) and let Cr > By be such that
Bmisbmis (CR)
Cr

Then there exists a unique measure ju € My, (T) such that p,, satisfies (4.3) with the Ru-
elle constant Cg.

<1
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The following theorem gives more strong converges result for correlation functions.
But previously we need additional condition on the relative energy density.

(UMIS) (Uniform modified integrability-stability condition) There exists a increasing

function bymis : [0;+00) — [1;400) such that for any A € B, (Rd) and any ¢ > 0 there
exists A1 € B, (Rd) such that for o-a.a. = € A and for \,-a.a. n € I’y

/ |(Eo ' (-Un,2)) (€)] ldX, (&) < ep (1, %) bumis (c) -
To\T'a,

Remark 7.14. In the case of the Example 2 under condition (I’) from [21] one has

/ o U o) @) ©
S [ o). o
) ([ [or (e 1) ) ane 0

el -1 )| o)
) (o ([ eler50 < s ) ~exp | el 1fao )
<stratess ([ el alant) ([ el afar)

cC(B),

<ep(nx)e
then in this case bymis (€) = bpis (¢) = e“CP).
Theorem 7.15. Let (S), (MIS) and (UMIS) hold and suppose r be such that Cr >
Bmisbmis C
Bg: and %

Ay € B, (Rd) the sequence of finite volume correlation functionals (pa,,),cn converge to
p=(1-25)"ex(0,-), the unique solution of (7.3), in the following sense:

< 1. Then for every generating sequence (Ay,), oy and every

[
. 1
lim_ess suplp (n) - pa, (n)] (CR) — 0.

n—=00  pel

Proof. Note that for every A € B, (R?) with Ag C A and for n € I'y, we have (see [14])
that for any [ € N

(T4) () = pa ()| (€)™ [[1r,, (1= 8)7 = (1= 8) 7|

Cr

IN

(Cr)" 1||!*C|Z ]ZHHFAO (st-57)|,

Next, for any order generating sequence (A;) .y, and for any fixed j € N we have (see
Lemma 3.4.11 from [14]) that for all s > j

G

Cr

Cr

o
SEESN(PNNE
r=1

o)

o+ |1rs,, (Sa, = Sa)

—1
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Next, for any Y7,Y5 € B (Rd) such that Ag C Yy C Y; and for any F' € E¢,,

ey, (Svi = Sv.) F|

Inl
=ess sup |Ip, (1) (S, = Sv,) F) (1) <>

nelo

In|
— ess sup |((Sy, — Sv) F) (1) (1)

nEla, Cr

= ess sup Z%(n,x)/F (Ko_lr('Uﬁ\{x},l")) O F(Eun\{z})

ne€la, zen

n]
X (Lry, (EUn\{z}) = 1r,, (EUn\{z}))d\s (§) <01R)

[n|+]€]-1
<es oY wlna) [ (05 CUn\ 1)) O] €Un\ b ()

n€la, zen

Il
x (Cp)lmiFlel—1 [py, (EUn\{z}) —1r,, (EUn\{z})|drs (€) (C}R>

H le
Cn Resssupz (n,x

n€la, zen

105 U\ b 0) @] [iny, €= T, ©] ) (9

_ N Fles
ess supz (n,z
Cr  wera, 4o

x / (G (un\ e}, 2)) (©) ey vy, (6 (Cr) Ao (€)
F
- e Y ) [ (0 CUn (e ) ©] €0 e 6)

since for any £ € I'g

[nl+1€l-1

ess sup IF(SUn\{x})< 1R) Ly, (EUn\ {o}) — Iy, (EUn\ {o})]

n€lay,TEN

1Bl
<esssuplFO) () ey, © = Try, ©] = [Pl |1y, (©) - ey, ©)].
BeTy R

As a result,

(76) ||]]~FA0 (SY1 7SY2)||C'R

1 -1 €]
Sgpesw s [ (U CUn e)0) ©] 00 i ©.

R nely, z€n
Let € > 0 be given. Let us choose [ such that

+1
2|Slic,

44444444’<
L—[Sllcy

| ™
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Then, due to (7.4),

(7.7) lp () = pa,. ()] T % T i HHFAO (Sin - Sj)’ cr’
j=0

(CR)Inl

And now we construct a sequence (n,.) in the following way. Let

20 (1 + 1) Bunisbumis (Cr) S|,

Take ng = 0. Assume n,_; is already chosen, then according to (UMIS) we can choose
n, such that for o-a.a. = € Pa, and for A\,-a.a. 7 € Iy

reNg

/F . |(Ky ' (- um, ) (€)] g (€) < e1p (0, ) bumis (c) -

Let n > n; > n; then due to (7.5) for the sequence (Ay, A, ), oy and (7.6)

e, (55, -9°)
)

Cr

<SS (Jaew., . (53~ 9)
r=1

j-1 2
Cr G

Z( sup Y 5 (1), 2) / . |(Kq'r (-Un\ {z},2)) (6)] (Cr) dA, (s))

+ H]IFA” (SAW *SAM)‘
Cr r—1

<5

9 U
< IS5, o ess sup Y s (1n,2)p(n\ {2}, 2) bumis (Cr) €1
& r=1 nEFA"'V'—l zen

j-1 2

< [ISlle, Cn

Bmis bumis (CR) j51

2 i )
< 073 ”SHJCR1 Binisbumis (CR) JE1-

Therefore,
: : 2 L(I+1)
J  _ qJ i . .
jgo HHFAO (SAn S ) ‘ Cn < CR Bmzsbumzs (CR) 9 1.
And using (7.7), one has
lp(n) = pa,, (ﬁ)|m<§+ Cn g1 <¢
This yields the required result. O
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