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Abstract

We prove an analogue of the classical Gauss formula for the configu-
ration space ΓΛ over a domain Λ of Rd and study symmetric extensions
of the corresponding Laplacian on ΓΛ.

1 Introduction

The classical Gauss formula says that∫
Λ

div v (x)m (dx) =
∫
∂Λ

〈v (s) , ns〉Rd m̃ (ds) . (1.1)

Here Λ is a bounded domain with smooth boundary ∂Λ, v ∈ C1
(
Λ̄
)
, m is

Lebesgue measure on Rd, m̃ is the corresponding surface measure on ∂Λ and
ns is the outer normal to ∂Λ at the point s. Infinite-dimensional generalizations
of (1.1) for the case of Gauss measures or, more generally, of a differentiable
measure one can found in [4], [12], [14]. An interesting Poisson analogue of the
Gauss formula was proved in [13]. In this paper we prove a different version
of the Gauss formula for the configuration space which one can consider as a
natural ”lifting” (see [1], [11]) of the classical formula (1.1).

The article is arranged as follows. In Section 2 we give a brief review of
the analysis on configurations spaces. In Section 3 we prove the corresponding
Gauss formula. Section 4 is devoted to the study of symmetric realizations of
the Laplace operator in L2

(
ΓΛ, π

Λ
σ

)
. Here ΓΛ is the configuration space over a

domain Λ ⊂ Rd, πσ denotes the Poisson measure with intensity σ and πΛ
σ is the

restriction of πσ to ΓΛ. In Section 5 we consider analogous questions for Gibbs
measures.
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2 Poisson Analysis, Intrinsic and Extrinsic
Differential Geometry of Poisson Spaces

In this section we provide a brief review of Poisson analysis and the intrinsic
and extrinsic differential geometry of the corresponding Poisson spaces needed
for this article. For a more detailed exposition of different aspects of Poisson
analysis and differential geometry of Poisson spaces see [1], [11], [7], [8], [6] and
the references therein.

Let X = Rd. For each point x ∈ X the tangent space to X at x will be
denoted by Tx (X) and the tangle bundle will be denoted T (X) =

⋃
x∈X Tx (X).

Consider the inner product on Tx (X), which we denote by 〈·, ·〉Tx(X). Let m
denote the Lebesgue measure on X.

The configuration space Γ over X is defined as the set of all locally finite
subsets (configurations) in X:

Γ := {γ ⊂ X ||γ ∩K| <∞ for any compact K ⊂ X} , (2.2)

where |A| denotes the cardinality of a set A. Let Λ ⊂ X and define

ΓΛ = {γ ∈ Γ |γ ∩ (X\Λ) = ∅} . (2.3)

We can identify any γ ∈ Γ with the Radon measure
∑
x∈γ εx, where εx is the

Dirac measure at the point x and
∑
x∈∅ εx :=zero measure. For any f ∈ C0 (X)

(the set of all continuous functions on X with compact support) we introduce
the map Γ 3 γ 7−→ 〈f, γ〉 :=

∫
X
f (x) γ (dx) =

∑
x∈γ f (x) .

Let Oc (X) be the family of all open subsets of X which have compact
closures. Define for any Λ ∈ Oc (X) and for any n ∈ Z+ = N ∪ {0}

Γ(n)
Λ := {γ ∈ ΓΛ ||γ| = n} ,Γ(0)

Λ := {∅} .

Note that we have a bijection Λ̃n/Sn → Γ(n)
Λ , where

Λ̃n := {(x1, . . . , xn) ∈ Λn|xk 6= xj , k 6= j}

and Sn is the permutation group over (1, . . . , n). This bijection defines a locally
compact metrizable Hausdorf topology on Γ(n)

Λ . Let snΛ : Λ̃n → Γ(n)
Λ be such that

snΛ : (x1, . . . , xn) 7−→ {x1, . . . , xn} ∈ Γ(n)
Λ . It is obvious that ΓΛ =

⋃∞
n=0 Γ(n)

Λ .
This space is equipped with the usual topology of disjoint unions and corre-
sponding Borel σ-algebra B (ΓΛ) . Let B (Γ) be the smallest σ-algebra on Γ
such that all restriction mappings Γ 3 γ 7−→ pΛγ = γ ∩ Λ =: γΛ ∈ ΓΛ are
B (Γ) /B (ΓΛ)-measurable. So, B (Γ) ∩ ΓΛ = B (ΓΛ) . Note that B (Γ) is the
Borel σ-algebra corresponding to the smallest topology on Γ such that all maps
Γ 3 γ 7−→ 〈f, γ〉 are continuous.

Consider a C1- density ρ > 0 m−a.e. Set σ (dx) = ρ (x)m (dx), then σ is
a non-atomic Radon measure on X. For any n ∈ N we introduce the product-
measure σ⊗n on (Xn,B (Xn)) . Clearly, σ⊗n

(
Xn\X̃n

)
= 0. The measure σ⊗n
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can be considered as a finite measure on Λ̃n, and by σΛ,n := σ⊗n ◦ (snΛ)−1

we denote the corresponding image measure on Γ(n)
Λ under snΛ. The Lebesgue-

Poisson measure on B (ΓΛ) with intensity measure σ is defined by

λΛ
σ :=

∞∑
n=0

1
n!
σΛ,n, (2.4)

where σΛ,0 := ε∅ on Γ(0)
Λ = {∅} . It is obvious that the measure

πΛ
σ := e−σ(Λ)λΛ

σ (2.5)

is a probability measure on B (ΓΛ) . The Poisson measure on B (Γ) with intensity
measure σ is probability measure πσ such that

πΛ
σ = πσ ◦ (pΛ)−1

, Λ ∈ Oc (X) . (2.6)

Let V (X) be the set of all C∞-vector fields on X (i.e., smooth sections of
T (X)) and let V0 (X) ⊂ V (X) be the set of all vector fields with compact
support. Let v ∈ V0 (X) and for any x ∈ X the curve R 3 t 7−→ φvt (x) ∈ X be
defined as the solution to the following Cauchy problem: d

dtφ
v
t (x) = v (φvt (x)),

φv0 (x) = x. Then for any t ∈ R, φvt ∈ Diff0 (X) (the set of all diffeomorphisms
on X with compact support) and for any t, s ∈ R φvt ◦ φvs = φvt+s.

For any φ ∈ Diff0 (X) and for any γ ∈ Γ we can define φ (γ) := {φ (x) |x ∈ γ} .
For a function F : Γ → R we define the directional derivative along the vector
field v ∈ V0 (X) as (

∇Γ
vF
)

(γ) :=
d

dt
F (φvt (γ))

∣∣∣∣
t=0

, (2.7)

provided the right hand side exists.
Let D = C∞0 (X) be the set of all C∞ -functions on X with compact support

and let FC∞b (D,Γ) be the set of all functions F : Γ→ R of the form

F (γ) = gF (〈ϕ1, γ〉 , . . . , 〈ϕN , γ〉) , γ ∈ Γ, (2.8)

where ϕ1, . . . , ϕN ∈ D and gF ∈ C∞b
(
RN
)
. The set FC∞b (D,Γ) is a dense

subset in the space L2 (Γ,B (Γ) , πσ) =: L2 (πσ) . We have that for any F ∈
FC∞b (D,Γ) of the form (2.8)

(
∇Γ
vF
)

(γ) =
N∑
j=1

∂gF
∂qj

(〈ϕ1, γ〉 , . . . , 〈ϕN , γ〉) · 〈∇vϕj , γ〉 , (2.9)

where (∇vϕ) (x) := 〈∇ϕ (x) , v (x)〉Tx(X) , ∇ denotes the gradient on X.
We introduce the tangent space Tγ (Γ) to the configuration space Γ at the

point γ ∈ Γ as the Hilbert space of measurable γ-square-integrable sections
(measurable vector fields) Vγ : X → T (X) with the scalar product〈

V 1
γ , V

2
γ

〉
Tγ(Γ)

=
∫
X

〈
V 1
γ (x) , V 2

γ (x)
〉
Tx(X)

γ (dx) , (2.10)
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V 1
γ , V

2
γ ∈ Tγ (Γ) . The corresponding tangent bundle is T (Γ) =

⋃
γ∈Γ Tγ (Γ). It

is obvious that any v ∈ V0 (X) can be considered as ”constant” vector field on
Γ such that Γ 3 γ 7−→ Vγ (·) = v (·) ∈ Tγ (Γ) . We define the intrinsic gradient
of a function F : Γ → R as the mapping Γ 3 γ 7−→

(
∇ΓF

)
(γ) ∈ Tγ (Γ) such

that for any v ∈ V0 (X)(
∇Γ
vF
)

(γ) =
〈
∇ΓF (γ) , v

〉
Tγ(Γ)

, (2.11)

provided it exists. Then for any F ∈ FC∞b (D,Γ) of the form (2.8)

(
∇ΓF

)
(γ;x) =

N∑
j=1

∂gF
∂qj

(〈ϕ1, γ〉 , . . . , 〈ϕN , γ〉) · ∇ϕj (x) , (2.12)

γ ∈ Γ, x ∈ X.

The logarithmic derivative of σ is defined as the vector field X 3 x 7−→
βσ (x) := ∇ρ(x)

ρ(x) ∈ Tx (X) , where as usual βσ (x) := 0 if ρ (x) = 0; and the
logarithmic derivative of σ along v ∈ V0 (X) is defined as

divσ v (x) := 〈βσ (x) , v (x)〉Tx(X) + div v (x) ,

where div := divm is the divergence on X w.r.t. m. One has the following
integration by parts formula:∫

Γ

(
∇Γ
vF
)

(γ)G (γ)πσ (dγ) (2.13)

= −
∫

Γ

F (γ)
(
∇Γ
vG
)

(γ)πσ (dγ)−
∫

Γ

F (γ)G (γ) 〈divσ v, γ〉πσ (dγ) .

for any F,G ∈ FC∞b (D,Γ) .
Let V ∈ V (Γ), i.e., a section V : Γ → T (Γ) . The divergence divΓ

πσ V is
defined via the duality relation∫

Γ

〈
Vγ ,∇ΓF (γ)

〉
Tγ(Γ)

πσ (dγ) = −
∫

Γ

F (γ)
(

divΓ
πσ V

)
(γ)πσ (dγ) (2.14)

for all F ∈ FC∞b (D,Γ) , provided it exists. For any vector field

Vγ (x) =
N∑
j=1

Gj (γ) vj (x) , γ ∈ Γ, x ∈ X (2.15)

with Gj ∈ FC∞b (D,Γ) , vj ∈ V0 (X) , j = 1, . . . , N we have

(
divΓ

πσ V
)

(γ) =
N∑
j=1

(
∇Γ
vjGj

)
(γ) +

N∑
j=1

Gj (γ) 〈divσ vj , γ〉 . (2.16)

Then obviously for all G ∈ FC∞b (D,Γ)

divΓ
πσ (G · V ) = G · divΓ

πσ V +
〈
∇ΓG,V

〉
T (Γ)

. (2.17)
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Let us define two classes of smooth functions on Γ : FC∞p (D,Γ) is the set of
functions of the form (2.8), where gF ∈ C∞p

(
RN
)

(:= the set of all C∞-functions
f on RN such that f and all its partial derivatives are polynomially bounded);
and FP (D,Γ) is the set of functions of the form (2.8), where gF ∈ P

(
RN
)

(:= the set of all polynomials on RN ). For F,G ∈ FC∞p (D,Γ) we introduce an
intrinsic pre-Dirichlet form as

EΓ
πσ (F,G) :=

∫
Γ

〈
∇ΓF (γ) ,∇ΓG (γ)

〉
Tγ(Γ)

πσ (dγ) . (2.18)

We introduce also a differential operator HΓ
πσ on the domain FC∞b (D,Γ)

which is given on any F ∈ FC∞b (D,Γ) of the form (2.8) by the formula(
HΓ
πσF

)
(γ) := (2.19)

−
N∑

i,j=1

∂2gF
∂qi∂qj

(〈ϕ1, γ〉 , . . . , 〈ϕN , γ〉)
∫
X

〈∇ϕi (x) ,∇ϕj (x)〉Tx(X) γ (dx)

−
N∑
j=1

∂gF
∂qj

(〈ϕ1, γ〉 , . . . , 〈ϕN , γ〉)
∫
X

∆ϕj (x) γ (dx)

−
N∑
j=1

∂gF
∂qj

(〈ϕ1, γ〉 , . . . , 〈ϕN , γ〉)
∫
X

〈∇ϕj (x) , βσ (x)〉Tx(X) γ (dx) ,

where ∆ denotes the Laplace operator on X.
For all F,G ∈ FC∞b (D,Γ) we can write

EΓ
πσ (F,G) =

(
HΓ
πσF,G

)
L2(πσ)

, (2.20)

HΓ
πσ = − divΓ

πσ ∇
Γ on FC∞b (D,Γ) . (2.21)

Note that
(
EΓ
πσ ,FC

∞
b (D,Γ)

)
(the form EΓ

πσ on the domain FC∞b (D,Γ)) is a
closable bilinear form in L2 (πσ) . Its closure

(
EΓ
πσ ,D

(
EΓ
πσ

))
is associated with a

positive definite self-adjoint operator (the Friedrichs’ extension of HΓ
πσ ) which

we also denote by HΓ
πσ (and its domain by D

(
HΓ
πσ

)
).

For any F ∈ FC∞p (D,Γ) we define the Poissonian gradient ∇P as(
∇PF

)
(γ, x) = F (γ + εx)− F (γ) , γ ∈ Γ, x ∈ X. (2.22)

Note that the operation Γ 3 γ 7−→ γ + εx ∈ Γ is a πσ-a.e. well-defined map
since πσ ({γ ∈ Γ|x ∈ γ}) = 0.

Let B be a linear operator on L2 (σ) and ‖B‖ ≤ 1. One can define the
operator ExpB on

ExpL2 (σ) :=
∞⊕
n=0

Expn L
2 (σ) :=

∞⊕
n=0

(
L2 (σ)

)⊗̂n
=
∞⊕
n=0

L̂2
(
Xn, σ⊗n

)
, (2.23)
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where Exp0 L
2 (σ) := R, by ExpB �Expn L

2(σ):= B⊗n, n ∈ N,ExpB �Exp0 L
2(σ):=

1. Let A be a positive self-adjoint operator in L2 (σ) . Consider the contraction
semi-group e−tA, t ≥ 0, and define a positive self-adjoint operator dExpA as the
generator of the semigroup Exp(e−tA), t ≥ 0: Exp(e−tA) = exp (−t dExpA) .
The operator dExpA is called the second quantization of the one-particle op-
erator A. For any ϕ ∈ L2 (σ) one can introduce the coherent state

Expϕ :=
(

1
n!

ϕ⊗n
)∞
n=0

∈ ExpL2 (σ) .

There is a canonical Wiener-Ito-Segal isomorphism between the spaces ExpL2 (σ)
and L2 (πσ) such that

ExpL2 (σ) 3 Expϕ 7−→ eπσ (ϕ, ·) := exp (〈log (1 + ϕ) , ·〉 − 〈ϕ〉σ) ,
ϕ ∈ D, ϕ > −1,

where 〈ϕ〉σ =
∫
X
ϕ(x)σ(dx) (see, e.g., [1],[8]). We denote by HP

A the image of
the operator dExpA under this isomorphism.

Suppose that D ⊂ Dom A. Then one can introduce the extrinsic pre-Dirichlet
form with coefficient A on FP (D,Γ) by

EPπσ,A (F,G) :=
∫

Γ

(
∇PF,A∇PG

)
L2(σ)

πσ (dγ) . (2.24)

Then the following equality holds

EPπσ,A (F,G) =
(
HP
AF,G

)
L2(πσ)

. (2.25)

In the case when A is the Dirichlet operator Hσ which is given on D by

(Hσϕ) (x) := −divσ∇ϕ (x) (2.26)
= −∆ϕ (x)− 〈βσ (x) ,∇ϕ (x)〉Tx(X) ,

we have
HP
Hσ = HΓ

πσ (2.27)

on the dense domain FC∞b (D,Γ) .

3 Gauss Formula for the Space
of Configurations

In this section we give a proof of a variant of the classical Gauss formula for the
space of configurations ΓΛ (cf. [13], [12]).

Let Λ be an open domain of X = Rd and let ΓΛ be defined by (2.3). If
Λ ∈ Oc (X) then one can define πΛ

σ by (2.5). In general case one can introduce
this measure by the formula:

πΛ
σ := πσ ◦ (pΛ)−1

. (3.1)
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For any non-negative B(ΓΛ) × B(Λ)-measurable function U we have Mecke
identity (see, e.g., [9], and note that (σ ⊗ πσ) {(γ, x) |x ∈ γ } = 0)∫

ΓΛ

∫
Λ

U (γ + εx, x)σ (dx)πΛ
σ (dγ) =

∫
ΓΛ

∫
Λ

U (γ, x) γ (dx)πΛ
σ (dγ) . (3.2)

In particular, for any G ∈ FC∞b (D,Γ) , ϕ ∈ L2 (σ) the following formula
holds∫

ΓΛ

∫
Λ

G (γ + εx)ϕ (x)σ (dx)πΛ
σ (dγ) =

∫
ΓΛ

G (γ) 〈ϕ, γ〉πΛ
σ (dγ) . (3.3)

In the following we always suppose that the boundary ∂Λ of Λ is piecewise
C1. By ns we denote the outer normal to ∂Λ (at the point s ∈ ∂Λ) . Let m̃ be
the surface measure on ∂Λ corresponding to Lebesgue measure m. Set

σ̃ (ds) := ρ (s) m̃ (ds) .

The following theorem gives an analog of the classical Gauss formula.

Theorem 3.1 (Gauss formula for Poisson measure). For any vector field V of
the form (2.15) the following formula holds∫

ΓΛ

(
divΓ

πσ V
)

(γ)πΛ
σ (dγ) (3.4)

=
∫

ΓΛ

∫
∂Λ

〈V (γ + εs, s) , ns〉Ts(X) σ̃ (ds)πΛ
σ (dγ) .

Proof. By linearity we see that it is sufficient to prove (3.4) for N = 1. Consider
V (γ, x) = G (γ) v (x) , where v ∈ V0 (X) and

G (·) = gG (〈ψ1, ·〉 , . . . , 〈ψM , ·〉) ∈ FC∞b (D,Γ) . (3.5)

Then by (2.9) and (3.3)∫
ΓΛ

(
divΓ

πσ V
)

(γ)πΛ
σ (dγ) =

∫
ΓΛ

(
∇Γ
vG (γ) +G (γ) 〈divσ v, γ〉

)
πΛ
σ (dγ)

=
∫

ΓΛ

 N∑
j=1

∂gG
∂qj
〈ψ1, γ〉 , . . . , 〈ψM , γ〉

 〈∇vψj , γ〉+G (γ) 〈divσ v, γ〉

πΛ
σ (dγ)

=
∫

ΓΛ

∫
Λ

 N∑
j=1

∂gG
∂qj

(〈ψ1, γ + εx〉 , . . . , 〈ψM , γ + εx〉)∇vψj (x) +

+G (γ + εx) divσ v (x)

σ (dx)πΛ
σ (dγ) .

Denote for fixed γ ∈ ΓΛ

a (x) = G (γ + εx) v (x) .
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Then

(divσ a) (x) (3.6)

=
N∑
j=1

∂gG
∂qj

(〈ψ1, γ + εx〉 , . . . , 〈ψM , γ + εx〉)∇vψj (x) +G (γ + εx) divσ v (x) .

By (3.6) and the classical Gauss formula,∫
ΓΛ

(
divΓ

πσ V
)

(γ)πΛ
σ (dγ) =

∫
ΓΛ

∫
Λ

divσ (G (γ + εx) v (x))σ (dx)πΛ
σ (dγ)

=
∫

ΓΛ

∫
∂Λ

〈G (γ + εs) v (s) , ns〉Ts(X) σ̃ (ds)πΛ
σ (dγ)

=
∫

ΓΛ

∫
∂Λ

〈V (γ + εs, s) , ns〉Ts(X) σ̃ (ds)πΛ
σ (dγ) .

Corollary 3.2. For any vector field V of the form (2.15) and G ∈ FC∞b (D,Γ)
we have ∫

ΓΛ

〈
V (γ) ,∇ΓG (γ)

〉
Tγ(Γ)

πΛ
σ (dγ)

=
∫

ΓΛ

∫
∂Λ

G (γ + εs) 〈V (γ + εs, s) , ns〉Ts(X) σ̃ (ds)πΛ
σ (dγ) (3.7)

−
∫

ΓΛ

G (γ)
(

divΓ
πσ V

)
(γ)πΛ

σ (dγ)

Proof. Formula (3.7) is a direct consequence of (2.17) and Theorem 3.1.

Note that (see (2.12)), for any F ∈ FC∞b (D,Γ),

∇F (γ + εx) = ∇ΓF (γ + εx, x) , (3.8)

and let us set
∂

∂n
F (γ + εs) := 〈∇F (γ + εs), ns〉Ts(X). (3.9)

Proposition 3.3 (The first Green formula). Let F,G ∈ FC∞b (D,Γ) . Then∫
ΓΛ

〈
∇ΓF (γ) ,∇ΓG (γ)

〉
Tγ(Γ)

πΛ
σ (dγ) (3.10)

=
∫

ΓΛ

(
HΓ
πσF

)
(γ)G (γ)πΛ

σ (dγ)

+
∫

ΓΛ

∫
∂Λ

G (γ + εs)
∂

∂n
F (γ + εs)σ̃ (ds)πΛ

σ (dγ) .

Proof. Formula (3.10) directly follows from Corollary 3.2 and formulas (3.8) and
(3.9).
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Proposition 3.4 (The second Green formula). Let F,G ∈ FC∞b (D,Γ) . Then∫
ΓΛ

((
HΓ
πσF

)
(γ)G (γ)− F (γ)

(
HΓ
πσG

)
(γ)
)
πΛ
σ (dγ) (3.11)

=
∫

ΓΛ

∫
∂Λ

(
F (γ + εs)

∂

∂n
G(γ + εs)−G (γ + εs)

∂

∂n
F (γ + εs)

)
σ̃ (ds)πΛ

σ (dγ)

Proof. Formula (3.11) is a direct consequence of Proposition 3.3.

Define (cf. (2.24))

EPπΛ
σ ,Hσ

(F,G) :=
∫

ΓΛ

(
∇PF,Hσ∇PG

)
L2(Λ,σ)

πΛ
σ (dγ) , (3.12)

F,G ∈ FP (D,Γ) .

Note that the form (3.12) is not symmetric and does not coincide with the
bilinear form of the operator HΓ

πσ in L2
(
ΓΛ, π

Λ
σ

)
. Nevertheless, one can prove

the following formula.

Proposition 3.5. For any F,G ∈ FP (D,Γ)

EPπΛ
σ ,Hσ

(F,G) (3.13)

=
∫

ΓΛ

F (γ)
(
HΓ
πσG

)
(γ)πΛ

σ (dγ) +
∫

ΓΛ

F (γ)
∫
∂Λ

∂

∂n
G(γ + εs)σ̃ (ds)πΛ

σ (dγ) .

Proof. By (3.3), (3.12), (2.22), (2.26), (3.8) and the classical Gauss formula

EPπΛ
σ ,Hσ

(F,G) =
∫

ΓΛ

(
∇PF,Hσ∇PG

)
L2(Λ,σ)

πΛ
σ (dγ)

=
∫

ΓΛ

∫
Λ

(F (γ + εx)− F (γ)) ·Hσ (G (γ + εx)−G (γ))σ (dx)πΛ
σ (dγ)

=
∫

ΓΛ

∫
Λ

(F (γ + εx)− F (γ)) ·HσG (γ + εx)σ (dx)πΛ
σ (dγ)

= −
∫

ΓΛ

∫
Λ

F (γ + εx) · divσ∇G (γ + εx)σ (dx)πΛ
σ (dγ)

+
∫

ΓΛ

∫
Λ

F (γ) · divσ∇G (γ + εx)σ (dx)πΛ
σ (dγ)

= −
∫

ΓΛ

∫
Λ

divσ (F (γ + εx) · ∇G (γ + εx))σ (dx)πΛ
σ (dγ)

+
∫

ΓΛ

∫
Λ

〈
∇ΓF (γ + εx, x) ,∇ΓG (γ + εx, x)

〉
Tx(X)

σ (dx)πΛ
σ (dγ)

+
∫

ΓΛ

∫
∂Λ

F (γ)
∂

∂n
G (γ + εs) σ̃ (ds)πΛ

σ (dγ)

= −
∫

ΓΛ

∫
∂Λ

F (γ + εs) ·
∂

∂n
G (γ + εx) σ̃ (ds)πΛ

σ (dγ)
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+
∫

ΓΛ

〈
∇ΓF (γ) ,∇ΓG (γ)

〉
Tγ(Γ)

πΛ
σ (dγ)

+
∫

ΓΛ

∫
∂Λ

F (γ)
∂

∂n
G (γ + εs) σ̃ (ds)πΛ

σ (dγ) .

Now the assertion follows by Proposition 3.3.

4 Symmetric Extensions of HΓ
πσ

in L2
(
ΓΛ, π

Λ
σ

)
.

Let D (Λ) := C∞0 (Λ) be the set of all C∞-functions on X with compact support
in Λ. Define FC∞b (D (Λ) ,ΓΛ) as the set of all functions F ∈ FC∞b (D,ΓΛ) of the
form (2.8) on ΓΛ with ϕj ∈ D (Λ) , j = 1, . . . , N. In this section we study sym-
metric extensions of the minimal operator Hπσ,min :=

(
HΓ
πσ ,FC

∞
b (D (Λ) ,ΓΛ)

)
which are defined by the same differential expression (2.19). Note first that
Hπσ,min is a symmetric operator in L2(ΓΛ, π

Λ
σ ). This directly follows from

Proposition 3.4 and the fact that for F ∈ C∞b (D(Λ),ΓΛ), s ∈ ∂Λ

∂

∂n
F (γ + εs) =

〈
∇ΓF (γ + εs, s) , ns

〉
Ts(X)

= (4.1)

N∑
j=1

∂gF
∂qj

(〈ϕ1, γ + εs〉 , . . . , 〈ϕN , γ + εs〉) 〈∇ϕj (s) , ns〉Ts(X) = 0.

Define the maximal operator Hπσ,max by the standard relation

Hπσ,max := (Hπσ,min)∗,

where ( )∗ denotes adjoint in L2
(
ΓΛ, π

Λ
σ

)
. Note that Hπσ,max extends any

symmetric extension of Hπσ,min.

Proposition 4.1. We have FC∞b (D,ΓΛ) ⊂ Dom(Hπσ,max) and for any F ∈
FC∞b (D,Γ)

(Hπσ,maxF )(γ) = (HΓ
πσF )(γ) +

∫
∂Λ

∂

∂n
F (γ + εs) σ̃(ds). (4.2)

Proof. It follows directly from Proposition 3.4 and (4.1) that for any F ∈
FC∞b (D,ΓΛ) and G ∈ FC∞b (D(Λ),ΓΛ)∫

ΓΛ

(
(HΓ

πσF )(γ)G(γ)− F (γ)(HΓ
πσG)(γ)

)
πΛ
σ (dγ)

= −
∫

ΓΛ

∫
∂Λ

G(γ)
∂

∂n
F (γ + εs) σ̃(ds)πΛ

σ (dγ).

The latter relation implies (4.2).

Corollary 4.2. For any F,G ∈ FC∞b (D,ΓΛ)

EPπΛ
σ ,Hσ

(F,G) = (F,Hπσ,maxG)L2(ΓΛ) . (4.3)
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Proof. Formula (4.3) is a direct consequence of (3.13) and (4.2).

Remark 4.3. Suppose that

FC∞b (D (Λ) ,Γ) ⊂ F ⊂ FC∞b (D,Γ). (4.4)

Then obviously by Corollary 4.2 (Hπσ,max,F) is a symmetric extension ofHπσ,min

if and only if
(
EPπΛ

σ ,Hσ
,F
)

is a symmetric bilinear form.

In what follows, we describe a class of self-adjoint extensions of Hπσ,min

which are defined by the standard differential expression (2.19) (without any
additional term). Besides, we give a differential expression corresponding to the
Friedrichs extension of Hπσ,min. We start with the following simple proposition.

Proposition 4.4. Suppose that the condition (4.4) is fulfilled and
(
HΓ
πσ ,F

)
is

a symmetric extension of Hπσ,min. Then for any F ∈ F∫
∂Λ

∂

∂n
F (γ + εs) σ̃ (ds) = 0, for πΛ

σ -a.e. γ ∈ ΓΛ

Proof. Since Hπσ,max extends
(
HΓ
πσ ,F

)
, the assertion follows from Proposi-

tion 4.1.

In the following we will use the system of Charlier polynomials (see, e.g., [1],
[8], [6]) which can be defined through the following generating functional

eΛ
πσ (ϕ, ·) := exp (〈log (1 + ϕ) , ·〉 − 〈ϕ〉σ,Λ) =

∞∑
n=0

1
n!
Qn,Λ

(
ϕ⊗n, ·

)
,

where ϕ ∈ D, 〈ϕ〉σ,Λ =
∫

Λ
ϕ(x)σ(d x). Note that the Charlier polynomials of

different order are mutually orthogonal in L2
(
πΛ
σ

)
. More precisely,∫

ΓΛ

Qn,Λ

(
ϕ(n), γ

)
Qm,Λ

(
ψ(m), γ

)
πΛ
σ (dγ) = n! δnm

(
ϕ(n), ψ(n)

)
L2(Λn,σ⊗n)

,

ϕ(n) ∈ D⊗̂n, ψ(m) ∈ D⊗̂m

To prove the main result of this section we need the following simple lemma.

Lemma 4.5. Let m ∈ N and ϕ ∈ D, y ∈ Λ. Then

Qm,Λ
(
ϕ⊗m, γ + εy

)
= Qm,Λ

(
ϕ⊗m, γ

)
+mϕ (y)Qm−1,Λ

(
ϕ⊗(m−1), γ

)
. (4.5)

Proof. For any z > 0 we have

eΛ
πσ (zϕ, γ + εy) = (1 + zϕ (y)) eΛ

πσ (zϕ, γ) .

We can expand both sides of this equality into series
∞∑
n=0

znQn,Λ
(
ϕ⊗n, γ + εy

)
= (1 + zϕ (y))

∞∑
n=0

znQn,Λ
(
ϕ⊗n, γ

)
and then a comparison of coefficients gives (4.5).
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Corollary 4.6. Let m ∈ N, ϕ ∈ D, y ∈ Λ and s ∈ ∂Λ. Then

∇Qm,Λ
(
ϕ⊗m, γ + εy

)
= m∇ϕ (y)Qm−1,Λ

(
ϕ⊗(m−1), γ

)
(4.6)

∂

∂n
Qm(ϕ⊗m, γ + εs) =

〈
∇Qm,Λ

(
ϕ⊗n, γ + εs

)
, ns
〉
Ts(X)

= m
∂

∂n
ϕ (s)Qm−1,Λ

(
ϕ⊗(m−1), γ

)
(4.7)

Let A be some subalgebra of D and D (Λ) ⊂ A. Define the class FP (A,ΓΛ)
as the set of functions F ∈ FP (D,ΓΛ) of the form (2.8) on ΓΛ, with ϕj ∈ A,
j = 1, . . . , N. The following theorem describes all symmetric extensions of the
operator

(
HΓ
πσ ,FP (D (Λ) ,ΓΛ)

)
which are given by the differential expression

(2.19) on the set FP (A,ΓΛ) .

Theorem 4.7.
(
HΓ
πσ ,FP (A,ΓΛ)

)
is a symmetric operator in L2

(
πΛ
σ

)
if and

only if (Hσ,A) is a symmetric operator in L2 (Λ, σ) and for any ϕ ∈ A∫
∂Λ

∂

∂n
ϕ (s) σ̃ (ds) = 0. (4.8)

Remark 4.8. Under the assumptions of Theorem 4.7
(
HΓ
πσ ,FP (A,Γ)

)
is the im-

age of the second quantization of the symmetric (in L2 (Λ, σ)) operator (Hσ,A) .

Remark 4.9. It directly follows from the proof of Theorem 4.7 that the “only
if” part of this theorem is valid without the assumption that A is an algebra.
We need only the inclusion D(Λ) ⊂ A ⊂ D.

Remark 4.10. It follows from the classical Gauss formula that the condition
(4.8) is equivalent to the condition∫

Λ

(Hσϕ) (x)σ (dx) = 0. (4.9)

Proof. First suppose that (Hσ,A) is a symmetric operator on L2 (Λ, σ) and
for any ϕ ∈ A the condition (4.8) is fulfilled. For ϕ,ψ ∈ A consider F =
Qk,Λ

(
ϕ⊗k, γ

)
, G = Qm,Λ (ψ⊗m, γ) (since A is an algebra, F,G ∈ FP (A,ΓΛ)).

By (4.5), (4.7) and (4.8) we have∫
ΓΛ

∫
∂Λ

Qk,Λ
(
ϕ⊗k, γ + εs

) ∂

∂n
Qm,Λ(ψ⊗m, γ + εs)σ̃ (ds)πΛ

σ (dγ)

= m

∫
ΓΛ

Qk,Λ
(
ϕ⊗k, γ

)
Qm−1,Λ

(
ψ⊗(m−1), γ

)
πΛ
σ (dγ)

∫
∂Λ

∂

∂n
ψ (s) σ̃ (ds)

+km
∫

ΓΛ

Qk−1,Λ

(
ϕ⊗(k−1), γ

)
Qm−1,Λ

(
ψ⊗(m−1), γ

)
πΛ
σ (dγ)

×
∫
∂Λ

ϕ (s)
∂

∂n
ψ (s) σ̃ (ds) = k · k! δkm (ϕ,ψ)k−1

L2(Λ,σ)

∫
∂Λ

ϕ (s)
∂

∂n
ψ (s) σ̃ (ds)
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and analogously∫
ΓΛ

∫
∂Λ

Qm,Λ
(
ψ⊗m, γ + εs

) ∂

∂n
Qk,Λ(ϕ⊗k, γ + εs)σ̃ (ds)πΛ

σ (dγ)

= k · k! δkm (ϕ,ψ)k−1
L2(Λ,σ)

∫
∂Λ

ψ (s)
∂

∂n
ϕ (s) σ̃ (ds) .

So, by standard Green formula∫
ΓΛ

∫
∂Λ

Qk,Λ
(
ϕ⊗k, γ + εs

) ∂

∂n
Qm,Λ(ψ⊗m, γ + εs)σ̃ (ds)πΛ

σ (dγ)

−
∫

ΓΛ

∫
∂Λ

Qm,Λ
(
ψ⊗m, γ + εs

) ∂

∂n
Qk,Λ(ϕ⊗k, γ + εs)σ̃ (ds)πΛ

σ (dγ)

= k · k! δkm (ϕ,ψ)k−1
L2(Λ,σ)

∫
∂Λ

(
ϕ (s)

∂

∂n
ψ (s)− ψ (s)

∂

∂n
ϕ (s)

)
σ̃ (ds)

= k · k! δkm (ϕ,ψ)k−1
L2(Λ,σ)

∫
Λ

(ϕ (x)Hσψ (x)− ψ (x)Hσϕ (x))σ (dx) = 0.

Then by (3.8) and (3.11) we have∫
ΓΛ

((
HΓ
πσF

)
(γ)G (γ)− F (γ)

(
HΓ
πσG

)
(γ)
)
πΛ
σ (dγ) = 0 (4.10)

By standard arguments it follows that
(
HΓ
πσ ,FP (A,ΓΛ)

)
is a symmetric

operator in L2
(
πΛ
σ

)
.

Conversely, suppose that
(
HΓ
πσ ,FP (A,ΓΛ)

)
is a symmetric operator in

L2
(
πΛ
σ

)
. Let ϕ,ψ ∈ A. Then Q1,Λ (ϕ, γ) = 〈ϕ, γ〉 − 〈ϕ〉σ,Λ , Q1,Λ (ψ, γ) =

〈ψ, γ〉 − 〈ψ〉σ,Λ and Q0,Λ = 1 (see, e.g., [8]). By the same arguments as in
the first part of this proof

0 =
∫

ΓΛ

((
HΓ
πσQ1,Λ (ϕ, γ)

)
Q1,Λ (ψ, γ)−Q1,Λ (ϕ, γ)

(
HΓ
πσQ1,Λ (ψ, γ)

))
πΛ
σ (dγ)

=
∫

ΓΛ

Q1,Λ (ϕ, γ)Q0,Λπ
Λ
σ (dγ)

∫
∂Λ

∂

∂n
ψ (s) σ̃ (ds)

+
∫

ΓΛ

Q0,ΛQ0,Λπ
Λ
σ (dγ)

∫
∂Λ

ϕ (s)
∂

∂n
ψ (s) σ̃ (ds)

−
∫

ΓΛ

Q1,Λ (ψ, γ)Q0,Λπ
Λ
σ (dγ)

∫
∂Λ

∂

∂n
ϕ (s) σ̃ (ds)

−
∫

ΓΛ

Q0,ΛQ0,Λπ
Λ
σ (dγ)

∫
∂Λ

ψ (s)
∂

∂n
ϕ (s) σ̃ (ds)

=
∫
∂Λ

(
ϕ (s)

∂

∂n
ψ (s)− ψ (s)

∂

∂n
ϕ (s)

)
σ̃ (ds) .

So, by the classical Green formula (ϕ,Hσψ)L2(Λ,σ) = (Hσϕ,ψ)L2(Λ,σ)
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By (2.19) and (2.26) we see that HΓ
πσQ1,Λ (ϕ, γ) = 〈Hσϕ, γ〉 , and HΓ

πσQ0,Λ =
0. So, by (3.3)

0 =
∫

ΓΛ

((
HΓ
πσQ1,Λ (ϕ, γ)

)
Q0,Λ −Q1,Λ (ϕ, γ)

(
HΓ
πσQ0,Λ

))
πΛ
σ (dγ)

=
∫

ΓΛ

〈Hσϕ, γ〉πΛ
σ (dγ) =

∫
Λ

Hσϕ (x)σ (dx) =
∫
∂Λ

∂

∂n
ϕ (s) σ̃ (ds) .

Theorem 4.11. Suppose that (Hσ,A) is an essentially self-adjoint operator
in L2 (Λ, σ). Then

(
HΓ
πσ ,FP (A,ΓΛ)

)
is an essentially self-adjoint operator in

L2
(
ΓΛ, π

Λ
σ

)
if and only if for any ϕ ∈ A condition (4.8) is fulfilled.

Proof. The result follows immediately from Theorem 4.7, Remarks 4.8 and the
fact that the second quantization of an essentially self-adjoint operator is an
essentially self-adjoint operator in the corresponding Hilbert space.

Denote by DN the set of all functions from D satisfying the Neumann bound-
ary condition ∂

∂nϕ �∂Λ= 0. Clearly, DN is a subalgebra ofD. The following result
is an important special case of Theorem 4.11.

Theorem 4.12. Suppose that (Hσ,DN ) is an essentially self-adjoint operator
in L2 (Λ, σ) . Then

(
HΓ
πσ ,FC

∞
b (DN ,ΓΛ)

)
is an essentially self-adjoint operator

in L2
(
ΓΛ, π

Λ
σ

)
. Moreover, the closure of this operator coincides with the second

quantization of the closure of (Hσ,DN ) .

Let us give another simple example of an operator satisfying the conditions
of Theorem 4.11.

Example 4.13. Put X = R, Λ = (0, 1) and σ (dx) = dx (the Lebesgue measure
on R). Then (Hσϕ) (x) = −ϕ′′ (x) . Then (4.8) is equivalent to the condition

ϕ′ (1) = ϕ′ (0) .

Define A :=
{
ϕ ∈ C2 [0, 1] |ϕ (0) = ϕ (1) , ϕ′ (0) = ϕ′ (1)

}
. Then the operator(

− d2

dx2 ,A
)

is essentially self-adjoint in L2 ((0, 1) , dx) and the conditions of
Corollary 4.11 are fulfilled. Note that for a general domain Λ with a bounded
piecewise C1 boundary Hσ is a symmetric operator on the algebra

A = {ϕ ∈ D |ϕ satisfies (4.8) and ϕ � ∂Λ = c (ϕ) = const}

in L2 (Λ, σ) . (This fact directly follows from the standard Green formula).

To end this section, we shall present an explicit formula for the action of
the Friedrichs extension HΓ

πσ,D
of Hπσ,min on smooth cylinder functions. By

DD denote the set of all functions from D satisfying the Dirichlet boundary
condition on ∂Λ and let Hσ,D be the Friedrichs extension of (Hσ,D(Λ)). The
following proposition gives a formula for the action of HΓ

πσ,D
on the smooth

cylinder functions.
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Theorem 4.14. Suppose that (Hσ,D,DD) is an essentially self-adjoint in L2 (Λ, σ).
Then the closure of the operator

(
HΓ
πσ,D

,FP (DD,ΓΛ)
)

defined by the differen-
tial expression for F = gF (〈ϕ1, ·〉 , . . . , 〈ϕN , ·〉) ∈ FP (DD,Γ)

(HΓ
πσ,DF ) (γ) := (4.11)

(HΓ
πσF ) (γ) +

N∑
j=1

∂gF
∂qj

(〈ϕ1, γ〉 , . . . , 〈ϕN , γ〉) ·
∫
∂Λ

∂ϕj
∂n

(s)σ̃ (ds) ,

coincides with the Friedrichs extension of Hπσ,min in L2
(
πΛ
σ

)
.

Proof. First, we recall that, for F,G ∈ FP(D(Λ),ΓΛ)

(HΓ
πσF,G)L2(πΛ

σ ) = (HP
HσF,G)L2(πΛ

σ ).

Here HP
Hσ

is the image of the second quantization of the symmetric (in L2(Λ))
operator (Hσ,D(Λ)). Therefore, the Friedrichs extension HΓ

πσ,D
of the mini-

mal operator Hπσ,min is the image of the second quantization of Hσ,D. In par-
ticular,

(
HΓ
πσ,D

,FP (DD,ΓΛ)
)

is essentially self-adjoint in L2
(
πΛ
σ

)
. Therefore,

we only need to prove (4.11). This, however, directly follows from Proposi-
tion 4.1 and the operator inclusion Hπσ,min ⊂ HΓ

πσ,D
⊂ Hπσ,max. (Note that for

F ∈ FP(DD,ΓΛ) the differential expressions (4.2) and (4.11) coincide).

5 Gibbsian case

Consider a function φ : Rd → R ∪ {+∞} , such that φ (−x) = φ (x) . For any
Λ ∈ Oc

(
Rd
)

the conditional energy EφΛ : Γ→ R ∪ {+∞} is defined by

EφΛ (γ) = EφΛ (γΛ) +W (γΛ|γΛc) , (5.1)

where
W (γΛ|γΛc) :=

∑
x∈γΛ, y∈γΛc

φ (x− y) (5.2)

describes the interaction energy between γΛ and γΛc (Λc := Rd \ Λ) and

EφΛ (γΛ) :=
∑

{x,y}∈γΛ

φ (x− y) (5.3)

is the conditional energy corresponding to Λ.
Consider for any γ ∈ Γ,∆ ∈ B (Γ)

Πφ
Λ (γ,∆) := 11{ZφΛ<∞} (γ)

[
ZφΛ (γ)

]−1
∫

Γ

11∆ (γΛc ∪ γ′Λ) (5.4)

× exp
[
−EφΛ (γΛc ∪ γ′Λ)

]
πm (dγ′) ,
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where

ZφΛ (γ) :=
∫

Γ

exp
[
−EφΛ (γΛc ∪ γ′Λ)

]
πm (dγ′) . (5.5)

A probability measure µ = µφ on (Γ,B (Γ)) is called a grand canonical Gibbs
measure with potential φ, or Ruelle measure, if for all Λ ∈ Oc (X) and ∆ ∈ B (Γ)
the following Dobrushin-Lenford-Ruelle equation is true∫

Γ

Πφ
Λ (γ,∆)µ (dγ) = µ (∆) . (5.6)

For any r = (r1, . . . , rd) ∈ Zd consider the cube

Qr :=
{
x ∈ Rd

∣∣∣∣ri − 1
2
≤ xi < ri +

1
2

}
and for any γ ∈ Γ set γr := γQr . Let Λn be the cube with side length 2n − 1
centered at the origin in Rd. In what follows we shall always assume the following
conditions on the interaction φ.

(SS) (Superstability). There exists A > 0, B ≥ 0 such that if γ ∈ ΓΛn , then

EφΛn (γ) ≥
∑
r∈Zd

(
A |γr|2 −B |γ|

)
.

(LR) (Lower regularity). There exists a decreasing positive function a : N→ R+

such that ∑
r∈Zd

a (‖r‖) <∞,

and for any Λ′,Λ′′ which are each finite unions cubes of the form Qr and
disjoint, and all γ′ ∈ Λ′, γ′′ ∈ Λ′′,

W (γ′|γ′′) ≥ −
∑

r′,r′′∈Zd
a (‖r′ − r′′‖) |γ′r′ | |γ′′r′′ | .

Here ‖·‖ denotes the maximum norm on Rd.

(D) (Differentiability). e−φ is C1 on Rd, φ is C1 on Rd \ {0} and the gradient
∇φ satisfies the condition

∇φ ∈ L1
(
Rd, e−φdm

)
∩ L2

(
Rd, e−φdm

)
.

(C) φ has compact support.

Remark 5.1. The assumption that e−φ is C1 on Rd, φ is C1 on Rd \ {0} was
made only to avoid purely technical complications below. Weak differentiability
would have been enough.
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For any v ∈ V0 (X) consider the function:

Lφv (γ) := −
∑
{x,y}⊂γ

〈∇φ (x− y) , v (x)− v (y)〉Tx(X) . (5.7)

It is well-known that under the assumptions above φ, Lφv ∈ L2 (Γ, µ) =: L2 (µ) .
Set

Bφv (γ) := Lφv (γ) + 〈div v, γ〉 .
Then the following integration by part formula is true:∫

Γ

(
∇Γ
vF
)

(γ)G (γ)µ (dγ) (5.8)

= −
∫

Γ

F (γ)
(
∇Γ
vG
)

(γ)µ (dγ)−
∫

Γ

F (γ)G (γ)Bφv (γ)µ (dγ) .

for any F,G ∈ FC∞b (D,Γ) .
For any vector field of the form (2.15) set

divΓ
µ V :=

N∑
i=1

(
∇Γ
viFi +BφviFi

)
. (5.9)

Then obviously for G ∈ FC∞b (D,Γ)

divΓ
µ (GV ) = GdivΓ

µ (V ) +
〈
∇ΓG,V

〉
T (Γ)

. (5.10)

Then this divergence is dual to the gradient ∇Γ w.r.t. µ :∫
Γ

〈
∇ΓF, V

〉
T (Γ)

dµ = −
∫

Γ

F divΓ
µ V dµ.

Set
HΓ
µ := −divΓ

µ∇Γ. (5.11)

Then for any F,G ∈ FC∞b (D,Γ)∫
Γ

〈
∇ΓF,∇ΓG

〉
T (Γ)

dµ =
∫

Γ

FHΓ
µGdµ.

Let Λ ∈ Oc
(
Rd
)
. Set µΛ := µφ ◦ p−1

Λ . First of all note that

Lφv (γ) = −
∑
x∈γ

∑
y∈γ
y 6=x

〈∇φ (x− y) , v (x)〉Tx(X) . (5.12)

Let x ∈ Λ. Then for µΛ-a.e. γ ∈ ΓΛ : x /∈ γ and

Eφ{x} (γ + εx) =
∑

γ′⊂γ∪{x}
γ′({x})>0

φ (γ′) =
∑

γ′⊂γ∪{x}
|γ′|=2

γ′({x})>0

φ (γ′)

=
∑
y∈γ

φ (x− y) = 〈φ (x− ·) , γ〉 .
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Then by the Nguyen-Zessin identity (see [10])∫
ΓΛ

∫
Λ

h (γ, x) γ (dx)µΛ (dγ)

=
∫

ΓΛ

∫
Λ

h (γ + εx, x) e−E
φ
{x}(γ+εx)

m (dx)µΛ (dγ)

=
∫

ΓΛ

∫
Λ

h (γ + εx, x) e−〈φ(x−·),γ〉m (dx)µΛ (dγ) .

Theorem 5.2 (Gauss formula for the Gibbsian case). For any vector field V
of the form (2.15) we have ∫

ΓΛ

(
divΓ

µ V
)

(γ)µΛ (dγ) (5.13)

=
∫

ΓΛ

∫
∂Λ

〈V (γ + εs, s) , ns〉Tx(X) e
−〈φ(s−·),γ〉m̃ (ds)µΛ (dγ) .

Proof. Clearly, it is sufficient to prove (5.13) only for a field of the form

V (γ, x) = G (γ) v (x) .

Then ∫
ΓΛ

(
divΓ

µ V
)

(γ)µΛ (dγ)

=
∫

ΓΛ

∫
Λ

 M∑
j=1

∂G

∂qj
(〈ψ1, γ + εx〉 , . . . , 〈ψN , γ + εx〉)∇vψj (x) +G (γ + εx) div v (x)

−G (γ + εx)
∑

y∈γ∪{x}
y 6=x

〈∇φ (x− y) , v (x)〉Tx(X)

 e−〈φ(x−·),γ〉m (dx)µΛ (dγ)

(see the beginning of the proof of Theorem 3.1).
Set

a (x) := G (γ + εx) v (x) e−〈φ(x−·),γ〉 ∈ V0 (X)

(for µΛ-a.e. γ ∈ ΓΛ : x /∈ γ). Then

(div a) (x) = e−〈φ(x−·),γ〉

×
[
∇vG (γ + εx) +G (γ + εx) (div v) (x)−G (γ + εx)∇v 〈φ (x− ·) , γ〉

]
.

Obviously,

M∑
j=1

∂G

∂qj
(〈ψ1, γ + εx〉 , . . . , 〈ψN , γ + εx〉)∇vψj (x) = ∇vG (γ + εx) ,

∑
y∈γ
〈∇φ (x− y) , v (x)〉Tx(X) = ∇v 〈φ (x− ·) , γ〉 ,
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and hence ∫
ΓΛ

(
divΓ

µ V
)

(γ)µΛ (dγ) =
∫

ΓΛ

∫
Λ

(div a) (x) (dx)µΛ (dγ)

=
∫

ΓΛ

∫
∂Λ

〈a (s) , ns〉Tx(X) m̃ (ds)µΛ (dγ)

=
∫

ΓΛ

∫
∂Λ

〈G (γ + εx) v (s) , ns〉Tx(X) e
−〈φ(s−·),γ〉m̃ (ds)µΛ (dγ)

=
∫

ΓΛ

∫
∂Λ

〈V (γ + εs, s) , ns〉Tx(X) e
−〈φ(s−·),γ〉m̃ (ds)µΛ (dγ) .

Proposition 5.3 (The first Green formula formula for Gibbsian case). For any
F,G ∈ FC∞b (D,Γ) ∫

ΓΛ

〈
∇ΓF (γ) ,∇ΓG (γ)

〉
Tγ(Γ)

µΛ (dγ) (5.14)

=
∫

ΓΛ

(
HΓ
µF
)

(γ)G (γ)µΛ (dγ)

+
∫

ΓΛ

∫
∂Λ

G (γ + εs)
∂

∂n
F (γ + εs)e−〈φ(s−·),γ〉m̃ (ds)µΛ (dγ)

Proof. Formula (5.14) directly follows from (5.10) and Theorem 5.2.

Proposition 5.4 (The second Green formula formula for Gibbsian case). For
any F,G ∈ FC∞b (D,Γ)∫

ΓΛ

((
HΓ
µF
)

(γ)G (γ)− F (γ)
(
HΓ
µG
)

(γ)
)
µΛ (dγ) (5.15)

=
∫

ΓΛ

∫
∂Λ

(
F (γ + εs)

∂

∂n
G(γ + εs)

−G (γ + εs)
∂

∂n
F (γ + εs)

)
e−〈φ(s−·),γ〉m̃ (ds)µΛ (dγ)

Proof. Formula (5.15) is a direct consequence of Proposition 5.3.

As in Section 4, one can define the minimal operatorHµ,min := (HΓ
µ ,FC∞b (D(Λ),ΓΛ)).

It directly follows from Proposition 5.4 that Hµ,min is a symmetric operator in
L2(ΓΛ, µΛ). Define the maximal operator Hµ,max by

Hµ,max := (Hµ,min)∗,

where ( )∗ denotes adjoint in L2 (ΓΛ, µΛ) .
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Proposition 5.5. We have FC∞b (D,ΓΛ) ⊂ Dom(Hµ,max) and for any F ∈
FC∞b (D,ΓΛ)

(Hµ,max)(γ) = (HΓ
µF )(γ) +

∫
∂Λ

∂

∂n
F (γ + εs)e−〈φ(s−·),γ〉 m̃(ds).

Proof. The proof is analogous to that of Proposition 4.1.

Let us give two examples of symmetric extensions of Hµ,min corresponding
to Neumann and Dirichlet boundary conditions, respectively.

Proposition 5.6. (HΓ
µ ,FC∞b (DN ,ΓΛ)) is a symmetric operator in L2(ΓΛ, µΛ).

Proof. The proof directly follows from Proposition 5.4.

Define the operator

(HΓ
µ,DF )(γ) = (HΓ

µF )(γ)+
N∑
j=1

∂gF
∂qj

(〈ϕ1, γ〉, . . . , 〈ϕn, γ〉)
∫
∂Λ

∂ϕj
∂n

(s)e−〈φ(s−·),γ〉 m̃(ds).

(5.16)
Clearly, formula (5.16) is a Gibbsian analogue of (4.11).

Proposition 5.7. HΓ
µ,D is a symmetric extension of Hµ,min. Moreover, for

F,G ∈ FC∞b (DD,ΓΛ)

(HΓ
µ,DF,G) =

∫
ΓΛ

〈∇ΓF (γ),∇ΓG(γ)〉Tγ(ΓX) µΛ(dγ). (5.17)

Proof. It follows from Proposition (5.5) that Hµ,min ⊂ HΓ
µ,D ⊂ Hµ,max. More-

over, it is easy to see from (5.15) that HΓ
µ,D is a symmetric operator. Equality

(5.17) follows from (5.14).
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