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bifurcation curve structure
of a family of linear discontinuous maps

a. agliari
Catholic University, Piacenza, Italy

e-mail: anna.agliari@unicatt.it

We consider a two-sector growth model describing the role of distribution of factor in-
comes when the capital is owned by heterogeneous consumers.

The research on this topic has developed during the Fifties and the Sixties, engaging
many important economic scientists ( [1–3], to cite a few). In these pioneering papers the
economic systems are studied only on the steady state and no attention is paid to the dynamic
behavior of the models. After these studies, the problem has been neglected for many years
and only recently has been reconsidered in [4], where even a local stability analysis of the
steady states is proposed.

In particular, we embed the problem in a overlapping generations model (OLG), consider
a Leontiev technology and assume a constant capital pay out ratio of profit to capital owners.
So doing, the model results in a two-dimensional linear discontinuous map T , admitting an
invariant submanifold M.

As a first step in the study of such a model, in this paper we shall analyze the one-
dimensional map f , restriction of T on M. Having show that f is topologically conjugated
to a linear discontinuous map depending on 3 parameters, we shall describe the different
bifurcation curves of the parameter space.

Particular attention will be devoted to the border collision bifurcations, showing the
corresponding box-in-file structure, and to the parameter space regions where two attractors
coexist.

[1] N. Kaldor, Alternative theories of distribution. Review of Economic Studies 23 (1955 -
1956), 83-100.

[2] L.L. Pasinetti, Rate of profit and income distribution in relation to the rate of economic
growth. Review of Economic Studies 29 (1962), 267-279.

[3] P.A. Samuelson and F. Modigliani, The Pasinetti paradox in neoclassical and more gen-
eral models. Review of Economic Studies 33 (1966), 269-301.

[4] V. Böhm and L. Kaas, Differential savings, factor shares, and endogenous growth cycles.
Journal of Economic Dynamics and Control 24 (2000), 965-980.
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some problems on topological and
combinatorial dynamics on dendrites

f. balibrea
Universidad de Murcia, Spain

e-mail: balibrea@um.es

The interest in considering dynamical systems on dendrites is double. By one hand, they
appear frequently on Julia sets associated to transforms in complex dynamics. On the other
hand, dendrites are examples of Peano continua with complicate topological structure.

In our talk we will present new results in two senses: 1) a complete characterization
of minimal sets on dendrites, dendroids and local dendrites, 2) in what extent is true the
periodic-recurrent property, that is, if for the family of dynamical systems on dendrites is
P (f) = R(f) where P (f) and R(f) are respectively the set of periodic and recurrent points.

Finally some remarks will be given on the periodic structure (of Sharkovsky type) asso-
ciated to those dynamical systems on dendrites.).
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topological invariants
for the lozi maps

d. baptista1,2, r. severino2, s. vinagre2

1School of Technology and Management, Polytechnical Institute of Leiria, Portugal,
2CIMA, University of Évora, Portugal

e-mail: baptista@estg.ipleiria.pt, ricardo@math.uminho.pt, smv@uevora.pt

In [1], R.Lozi studied the interesting dynamic behavior associated with the two parame-
ters family of piecewise affine homeomorphisms of the plane. This family called Lozi map-
pings La,b : R2 −→ R2 is defined by

La,b (x, y) = (1− a |x|+ y, bx) , a, b ∈ R, b 6= 0.

R.Lozi found a strange attractor for the parameters values a = 1.7 and b = 0.5. A few
years later, M.Misiurewicz [2] characterized the set of parameters for which Lozi mappings
do have a strange attractor and proved the existence of a non-empty compact invariant set
F for which (i) there exists a neighborhood G of F such that the distance between F and
La,b(x, y) tends to zero when n goes to +∞ for every (x, y) ∈ G, (ii) the unstable manifold
of the hyperbolic fixed point in the first quadrant is dense in F , and (iii) La,b on F is
topologically mixing. From the kneading theory for Lozi mappings, presented by Y.Ishii [3],
we study its topological invariants.

[1] R. Lozi, Un attracteur étrange du type attracteur de Hénon. J. Physique (Paris) 39
(Coll. C5) (1978), 9-10.

[2] M. Misiurewicz, Strange attractors for the Lozi mappings. In: Nonlinear Dynamics,
R. G. Helleman (ed.), New York, The New York Academy of Sciences (1980).

[3] Yutaka Ishii, Towards a kneading theory for Lozi mappings I: A solution of pruning front
conjecture and the first tangency problem. Nonlinearity 10 (1997), 731-747.

5



European Conference on Iteration Theory September 7 - 13, 2008, Yalta, Ukraine

ergodic properties of erdös measure
for the golden ratio

z. i. bezhaeva1, v. i. oseledets2

1MIEM, Moscow, Russia
2Moscow State University, Russia,

e-mail: oseled@gmail.com

Let Y be the compact space {0, 1}N with the usual topology, and σ is the shift on Y .
The Fibonacci compact space X is the closed σ-invariant set

X = {x ∈ Y : xjxj+1 = 0, j = 1, 2, . . .}.

Define a map Φ from Y to X by

(Φ(y))j = xj,

∞∑
j=1

yj%
j+1 =

∞∑
j=1

xj%
j,

0 < % < 1, where %−1 is the golden ratio.
Let m be the product measure on Y with the multipliers (p, 1 − p), where 0 < p < 1.

The Erdös measure µm on X is defined by

µm(A) = m(Φ−1A).

The invariant Erdös measure µ is the unique σ-invariant measure in the equivalence class of
µm. We obtain a convenient “regenerative representation” for µ. The entropy of µ is obtained
with the help of this representation. We determine the Hausdorff dimension of Erdös measure
with less than 10−15 accuracy (i.e., with machine precision) for p = 0.05, 0.1, 0.2, 0.3, 0.4, 0.5.
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schröder equation and commuting functions

k. ciepliński
Institute of Mathematics, Pedagogical University of Cracow, Poland

e-mail: kc@ap.krakow.pl

The main purpose of this talk is to show that if F is a non–trivial continuous and disjoint
iteration group or semigroup on the unit circle S1 and a continuous at least at one point
function G : S1 −→ S1 commutes with a suitable element of F , then G ∈ F . In order to do
this we use a result concerning continuous at a point of the limit set of F solutions of the
Schröder equation

Φ(F (z)) = e2πiα(F )Φ(z), z ∈ S1,

where F : S1 −→ S1 is a homeomorphism with irrational rotation number α(F ).
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symbolic dynamics
for iterated smooth functions

m. f. correia, c. c. ramos, s. vinagre
Departamento de Matematica e CIMA-UE, Universidade de Évora, Portugal

e-mail: mfac@uevora.pt, ccr@uevora.pt, smv@uevora.pt

We consider the discrete dynamical system (A, T ), where A is a space of smooth real
functions defined on some interval and T : A → A is an operator Tφ := f ◦ φ, where f is
a polynomial function on the real line. Iteration of smooth maps appears naturally in the
study of continuous difference equations and boundary value problems such as those in [1-5].
In our work we develop some techniques of symbolic dynamics for the discrete dynamical
system (A, T ). We analyze some concrete examples when f is one-parameter family of
quadratic maps.

[1] A. N. Sharkovsky, Yu. L. Maistrenko and E. Yu. Romanenko, Difference equations and
their applications. Kluwer Academic Publishers (1993).

[2] E. Yu. Romanenko and A. N. Sharkovsky, From boundary value problems to difference
equations: a method of investigation of chaotic vibrations. Int. J. Bif. Chaos 9 (1999),
1285-1306.

[3] A. N. Sharkovsky, Difference equations and boundary value problems. In: New Progress
in Difference Equations, Proceedings of the ICDEA’2001, Taylor and Francis, 2003, 3-22.

[4] R. Severino, A. Sharkovsky, J. Sousa Ramos and S. Vinagre, Symbolic Dynamics in
Boundary Value problems. Grazer Math. Ber. 346 (2004), 393-402.

[5] S. Vinagre, R. Severino and J. Sousa Ramos, Topological invariants in nonlinear
boundary value problems. Chaos, Solitons & Fractals 25 (2005), 65-78.
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nonlinearly perturbed heat equation

m. f. correia, c. c. ramos, s. vinagre
Departamento de Matematica e CIMA-UE, Universidade de Évora, Portugal

e-mail: mfac@uevora.pt, ccr@uevora.pt, smv@uevora.pt

We consider the linear heat equation with appropriate boundary conditions in order to
model the temperature on a wire with adiabatic endpoints. We assume there is some physical
perturbation which provokes a sudden change in the temperature of the wire. This pertur-
bation is modelled by an iterated nonlinear map of the interval f . When the perturbation
occurs periodically we have two clearly different behaviours: either the temperature stabi-
lizes or evolves oscillating with increasing frequencies. We study the parameters in order
to characterize these behaviours and its dependence on the topological invariants of f , with
similar methods and ideas as those in [1-6].

[1] A. N. Sharkovsky, Yu. S. Maistrenko and E. Yu. Romanenko, Difference equations
and their applications. Kluwer Academic Publishers (1993).

[2] E. Yu. Romanenko and A. N. Sharkovsky, From boundary value problems to difference
equations: a method of investigation of chaotic vibrations. Int. J. Bif. Chaos 9 (1999),
no. 7, 1285-1306.

[3] A. N. Sharkovsky, Difference equations and boundary value problems. In: New Progress
in Difference Equations, Proceedings of ICDEA’2001, Taylor and Francis, 2003, 3-22.

[4] A. N. Sharkovsky, Ideal Turbulence. Nonlinear Dynamics 44 (2006), 15-27.

[5] R. Severino, A. Sharkovsky, J. Sousa Ramos and S. Vinagre, Symbolic Dynamics in
Boundary Value problems. Grazer Math. Ber. 346 (2004), 393-402.

[6] S. Vinagre, R. Severino and J. Sousa Ramos, Topological invariants in nonlinear
boundary value problems. Chaos, Solitons & Fractals 25 (2005), 65-78.
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asymptotics of the poincare functions

g. derfel
Ben-Gurion University, Beer-Sheva, Israel

e-mail: derfel@math.bgu.ac.il

In 1890 H. Poincare has studied the equation

f(λz) = R(f(z)), z ∈ C, (1)

where R(z) is a rational function and λ ∈ C. He proved that, if R(0) = 0, R′(0) = λ and
|λ| > 1, then there exists a meromorphic or entire solution of (1). After Poincare, solutions
of (1) are called the Poincare functions, satisfying the multiplication theorem. Later on,
Valiron elaborated the case, where R(z) = P (z) is a polynomial, i.e.

f(λz) = P (f(z)), z ∈ C, (2)

and obtained conditions for the existence of an entire solution f(z). Furthermore, he derived
for M(r) = max|z|≤r |f(z)| the following asymptotic formula:

ln M(r) ∼ rρQ

(
ln r

ln |λ|
)

, r →∞. (3)

Here Q(z) is a 1-periodic function bounded between two positive constants, ρ = ln m
ln |λ| and

m = deg P (z) .
An interesting example of the Poincare equations is the equation f(5z) = 4f 2(z)−3f(z),

which appears in the theory of branching processes and in the description of Brownian motion
on Sierpinski’s gasket.

We develop the above results further. Namely, in addition to (3) we obtain asymptotics
of entire solutions f(z) on various rays reiϑ of the complex plane. It turns out that this
heavily depends on the arithmetic nature of λ.

Further refinements are possible when λ > 1 is real and P (z) is a polynomial with real
positive coefficients.

This is joint work with Peter Grabner (Technical University of Graz) and Fritz Vogl
(Technical University of Vienna).

[1] G. Derfel, P. Grabner and F. Vogl, Asymptotics of the Poincare functions. In: CRM
Proceedings and Lecture Notes 42, Montreal, 2007, 113-129.

[2] G. Derfel, P. Grabner and F. Vogl, Complex asymptotics of Poincare functions and prop-
erties of Julia sets (to appear in Math. Proc. Camb. Phil. Soc.).
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dynamics of intervals in
one-dimensional systems

v. fedorenko
Institute of Mathematics of NASU, Kiev, Ukraine

e-mail: vfedor@imath.kiev.ua

Let I = [0, 1] and f ∈ C0(I, I), i.e. f be a continuous map of the interval I into itself.
The sequence of sets fn(J), n = 0, 1, 2..., is called the trajectory of the closed interval J ⊂ I
of the dynamical system generated by the map f . Each set fn(J), n = 0, 1, 2..., is an closed
interval or a point, which we denote by [an, bn]. The trajectory of the interval J is called
convergent, if the sequences an and bn are convergent under n →∞. The trajectory of J is
called asymptotically periodic if there exits a natural number p such that the trajectory of
the interval J under the map f p is convergent. The smallest of such number p is called the
period of this asymptotically periodic trajectory.

Theorem 1 [1-4]. The trajectory of the interval J is an asymptotically periodic if and
only if J contains an asymptotically periodic point. If the interval J contains an asympto-
tically periodic point of the period p, then the period of the trajectory of the interval J is a
divisor of number 2p.

Theorem 2 [3, 4]. If 1) f ∈ C0(I, I) is a piecewise linear map and it has no intervals
on which f is a constant, or 2) f ∈ C2(I, I) is non-flat at each critical point, then the
asymptotically periodic points of the map f are everywhere dense in I, and, consequently,
the trajectory of any interval is an asymptotically periodic.

[1] V. V. Fedorenko, Topological limit of trajectories of intervals of the simplest one-
dimensional dynamical systems. Ukrainian Math. J. 54 (2002), 527-532.

[2] V. V. Fedorenko, Topological limit of trajectories of intervals of one-dimensional dyna-
mical systems. Grazer Math. Ber. 346 (2004), 107-111.

[3] V. V. Fedorenko, E. Yu. Romanenko, A. N. Sharkovsky, Trajectories of intervals in one-
dimensional dynamical systems. J. of Difference Equations and Appl. 13 (2007), 821-828.

[4] V. V. Fedorenko, Asymptotic periodicity of trajectories of intervals. Ukrainian Math. J.
60 (2008) (to be published).
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pilgerschritt transform
in the group Aff (1,C)

w. förg-rob
University of Innsbruck, Austria

e-mail: wolfgang.foerg-rob@uibk.ac.at

The method of Pilgerschritt transform can be used to find one-parameter-subgroups of
topological groups connecting the unit of the group with a given element. It may be described
as the iteration of transforming a path joining the unit with the given element – and this
process should converge.
However, convergence could be proved only for paths to elements close to the unit element.

In the group Aff(1,C) elements can be written as

(
1 y
0 ea

)
with a, y ∈ C. It was known

that the method of Pilgerschritt transform converges for elements with a close to 0 (cf.
Schloss Hofen, ECIT, 1984), and if a is a positive real number.

Now it could be shown that the region of convergence (with respect to a) contains a cone
with nonempty interior, vertex at 0, and containing the positive real half line.

This is a joint work with Christian Winklmair (University of Innsbruck, Austria).
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bifurcations on the poincaré equator
in the 2d piecewise linear canonical form

l. gardini1, v. avrutin2, m. schanz2

1Department of Economics and Quantitative Methods, University of Urbino, Italy
2Institute of Parallel and Distributed Systems, University of Stuttgart, Germany

e-mail: laura.gardini@uniurb.it, viktor.avrutin@ipvs.uni-stuttgart.de,
michael.schanz@ipvs.uni-stuttgart.de

The object of the present work is to describe some bifurcations occurring in the 2D
piecewise smooth continuous map in canonical form:

X ′ =
{

AlX + B if x < 0
ArX + B if x > 0

with

X =

[
x
y

]
, Al =

[
τl

−δl

1
0

]
, Ar =

[
τr

−δr

1
0

]
, B =

[
µ
0

]

involving the Poincaré Equator (P.E.). This map has been investigated in several recent
papers (see [1–4]). Some particular behaviors related with divergent trajectories are the
so-called dangerous Border Collision Bifurcation (see [2]- [4]). We shall see that this is not a
’rare’ phenomenon, several bifurcation curves in the parameter space involve cycles belonging
to the P.E. and the related dynamic behaviors (that is, the dynamics occurring crossing such
bifurcation curves) are very rich.

[1] S. Banerjee, and C. Grebogi, Border-collision bifurcations in two-dimensional piecewise
smooth maps. Phys. Rev. E 59 (1999), 4052-4061.

[2] A. Ganguli, and S. Banerjee, Dangerous bifurcation at border collision: when does it
occur. Phys. Rev. E 71 (2005), 057202, 1-4.

[3] M.A. Hassouned, E.H. Abed and H.E. Nusse, Robust dangerous Border-Collision bifur-
cations in piecewise smooth systems. Phys. Rev. Letters 92 (2004), 070201, 1-4.

[4] I. Sushko, and L. Gardini Center Bifurcation for a Two-Dimensional Border-Collision
Normal Form. Int. J. Bif. Chaos, 18 (2008), 1029-1050.
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on analogue of the center bifurcation
at infinity

l. gardini1, i. sushko2

Department of Economics and Quantitative Methods, University of Urbino, Italy
Institute of Mathematics, National Academy of Sciences of Ukraine, Kiev, Ukraine

e-mail: laura.gardini@uniurb.it, sushko@imath.kiev.ua

We consider a family of 2Dim piecewise smooth discontinuous maps F representing the
so-called relative dynamics of a Hicksian business cycle model [1]. The map F is given by
two maps F1 and F2 which are defined in the regions R1 and R2, respectively:

F : (x, y) 7→
{

F1(x, y), (x, y) ∈ R1,
F2(x, y), (x, y) ∈ R2,

where

F1 :

(
x
y

)
7→

(
x/y + a(1− 1/y)
c + a(1− 1/y)

)
, R1 = {(x, y) : x(a(y − 1) + rx) ≥ 0} ;

F2 :

(
x
y

)
7→

(
x(1− r)/y
c− rx/y

)
, R2 = {(x, y) : x(a(y − 1) + rx) < 0} .

Here a, c and r are real parameters such that a > 0, 0 < c < 1, 0 < r < 1.
We explain the origin of the periodicity regions in the parameter space, namely, we show

that at a = 1 an analogue of the center bifurcation [2] occurs for a point at infinity.
Depending on other parameters such a bifurcation can give birth to a couple of cycles of any
period, an attracting and saddle, located at a hyperbola-like attracting invariant set.

The bifurcations associated with the periodicity regions are studied making use of the
first-return map on a suitable segment of the phase plane. The bifurcation curves which
are the boundaries the periodicity region are related to saddle-node and border-collision
bifurcations of the related attracting cycle of the first return map.

[1] I. Sushko, L. Gardini, T. Puu, Tongues of periodicity in a family of two-dimensional
discontinuous maps of real Möbius type. Chaos, Solitons & Fractals 21 (2004), 403-412.

[2] I. Sushko and L. Gardini, Center Bifurcation for Two-Dimensional Border-Collision Nor-
mal Form. Int. J. Bif. Chaos 18 (2008), 1029-1050.
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some applications of oriented graphs
to dynamical systems and to matrix theory

b. gurevich
Moscow State University, Russia
e-mail: gurevich@mech.math.msu.su

To every finite or countable infinite oriented graph G there corresponds a shift trans-
formation T in the space X = X(G) of its infinite (one-sided or two sided) paths. The
dynamical system (X,T ), called a topological Markov shift, is of interest in its own right
and is finding increasing use both within dynamical systems theory and beyond.

The first application of this kind was apparently performed in [1] for constructing a
homeomorphism of a compact metric space that has no measure with maximal entropy. The
most resent application [2] is the proof of the fact that the Teichmüller geodesic flow on
the moduli space of Abelian differentials introduced by H. Masur and W. Veech (see, for
example, [3]) has a unique measure with maximal entropy.

Moreover, using the same method, one can give a new proof of the classical Perron-
Frobenius theorem and its extension to infinite non-negative matrices. In this proof, unlike
traditional ones, the relevant eigenvectors can be indicated in some sense explicitly.

[1] B. M. Gurevich, Topological entropy of a denumerable Markov chain. Soviet Math.
Doklady 187 (1969), 715-718.

[2] A. I. Bufetov, B. M. Gurevich, On measure with maximal entropy for Teichmüller flow
on moduli space of Abelian differencials. Funct. Anal. Appl. 42 (2008), 76-78.

[3] A. Zorich, Flat surfaces. In: Frontiers in Number Theory, Physics, and Geometry, v. 1,
Springer, 2006, 439-586.
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joint signal-system approach
for chaotic generators selection

s. hénaff, i. taralova
IRCCyN, UMR CNRS 6597, École Centrale de Nantes, France

e-mail: sebastien.henaff@irccyn.ec-nantes.fr, ina.taralova@irccyn.ec-nantes.fr

Spread-spectrum signal processing techniques are encountering a growing interest thanks
to the increasing number of applications where they pair or outclass the performances of
more conventional approaches. As for telecommunications, several chaotic cryptographic
schemes have been proposed, where globally the plain text is mixed up with a chaotic signal
to form the ciphertext which is to be transmitted though an insecure channel. The richness
of non-linear dynamics of these systems is exploited, since it is generated by deterministic
models, but also exhibits a wide spectrum similar to pseudo-random generators, which are
conventionally used for encryption. Thus the purpose of our work is to evaluate the spectral
properties of the chaotic generators using jointly nonlinear dynamics tools, such as the
Lyapunov exponents, and signal processing tools, such as the Fourier transform.

Two main families of chaotic generators exist: continuous-time generators defined by
ordinary differential equations, and discrete time ones governed by recurrence equations. One
of the main drawbacks of the continuous-time systems are the implementation problems due
to uncertainties in the real parameter values. Moreover, the intrinsically discrete nature
of the telecommunication systems makes them being naturally modelled by discrete maps.
Thus, we deal with 2D discrete maps defined by: xk+1 = F (xk), x ∈ R2.

Most of the papers devoted to chaotic encryption use only the statistical properties
of the signal. Unlike these works, we investigate in addition the Lyapunov exponents of
the chaotic generators, and their impact on the spectrum. Indeed, it is well known that
chaotic systems are characterised by at least one positive Lyapunov exponent and the bigger
the exponents are, the more complex the chaotic dynamics is. On this basis, different
hyperchaotic systems have been analysed in this work; using the Fourier transform, it is
demonstrated that the positive Lyapunov exponents don’t always give rise to satisfactory
spectral properties. Finally, the obtained results allow to refine the appropriate criteria for
the selection of the most suitable chaotic generator.

This work has been supported by the French ATLANSTIC grant.
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on random iteration

m. hmissi
University of Tunis, Tunis

e-mail: Med.Hmissi@fst.rnu.tn

Discrete random dynamical systems may be defined as solutions of random difference
equations. Namely

Xn+1(ω) = f(θnω, Xn(ω)), X0 = x.

As in the deterministic case, fixed points, omega-limit sets, attractors, etc. may be defined,
but as random sets. Moreover, new specific notions arise in the random case (conditional
expectations, increments, etc.). In this talk, we present also some classical and recent models.
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on limits of iterates of RV -functions

r. kapica, j. morawiec
University of Silesia, Katowice, Poland

e-mail: rkapica@ux2.math.us.edu.pl

Fix a probability space (Ω,A, P ), a separable Banach space X and a product measurable
function f : X × Ω → X. Assuming that the sequence of iterates (in the sense of K. Baron
and M. Kuczma [1]) of f converges to ξ : X × Ω∞ → X, we investigate the problem of
continuity of the limit with respect to the first variable.

[1] K. Baron, M. Kuczma, Iteration of random-valued functions on the unit interval.
Colloq. Math. 37 (1977), 263-269.
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singular hyperbolic attractor
as inverse spectrum of semiflow

on branched manifold

n. e. klinshpont
Obninsk State Technical University of Nuclear Power Engineering, Russia

e-mail: klinshpont-n@yandex.ru

Report is devoted to singular hyperbolic attractors [1],[2].
Consider singular hyperbolic local flow Φt on open bounded set U ⊂ R3. Suppose that

for all t > 0 Φt(x) is defined for every point x ∈ U and closΦt(U) ⊂ U . The set Λ = ∩t≥0ΦtU
is singular hyperbolic attractor.

In paper [3] it is proved that every expanding compact hyperbolic attractor of diffeomor-
phism of a smooth manifold can be represented in the form of generalized solenoid (inverse
limit of branched manifold).

We present analogous theorem for singular hyperbolic attractors.
Theorem. Every compact topologically transitive singular hyperbolic attractor

Λ = ∩t≥0ΦtU in R3, containing at least one fixed point can be represented as inverse limit
of semiflow on branched manifold

L̂ = lim
←

(K, φt, t ≥ 0)

i.e., there exists a branched manifold K with semiflow φt and homeomorphism H : Λ → L̂,
conjugating flows Φt and φ̂t.

It is constructed a cardinal valued topological invariant L-manuscript which can distin-
guish uncountable set of non-homeomorphic attractors [4].

[1] C. Morales, M. J. Pacifico, E. Pujals, On C1 robust singular transitive sets for three
dimensional flows. C. R. Acad. Sci. Paris 326, Serie I (1998), 81-86.

[2] E. A. Sataev, Invariant measures for singular hyperbolic attractors. (submitted to Math.
Sbornik).

[3] R. V. Plykin, On geometry of hyperbolic attractors of smooth cascades. Uspekhi Matem.
Nauk 39(6) (1984), 75-113.

[4] N. E. Klinshpont, On the problem of topological classification of Lorenz type attractors.
Math. Sbornik 197(4) (2006), 75-122.
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on the space of ω-limit sets
of a continuous map on a dendrite

z. kočan, v. kornecká-kurková, m. málek
Silesian University in Opava, Czech Republic

e-mail: Zdenek.Kocan@math.slu.cz

If (ωk)∞k=1 is a sequence of ω-limit sets of a continuous interval map f such that ωk ⊂ ωk+1,
for every k, then the closure of their union is also an ω-limit set of f . We construct an example
of a map showing that it does not hold for dendrites. Consequently, the space of all ω-limit
sets of a continuous self-map of a dendrite endowed with the Hausdorff metric need not to
be compact.

[1] A. M. Blokh, A. M. Bruckner, P. D. Humke, and J. Smital, The space of ω-limit sets of
a continuous map of the interval. Trans. Amer. Math. Soc. 348(4) (1996), 1357-1372.

[2] J. Mai, S. Shao, Space of ω-limit sets of graph maps. Fund. Math. 196 (2007), 91-100.

[3] A. N. Sharkovsky, The partially ordered system of attracting sets. Soviet Math. Dokl.
7(5) (1966), 1384-1386.
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geometrical continued fractions
as invariants in the problem on
topological classification of

anosov diffeomorphisms of n-torus

g. kolutsky
Lomonosov Moscow State University, Russia

e-mail: kolutsky@mccme.ru

Recently it was found deep connection between geometrical continued fractions in the
sense of Klein and the problem on topological classification of Anosov diffeomorphisms of
n-torus.

The problem on topological classification of Anosov diffeomorphisms of n-torus appeared
in sixties. The main progress in this problem was obtained by J. Franks, 1969 and C.
Manning, 1973. They proved that every Anosov diffeomorfism of torus (of every dimension
bigger than one) is topological conjugate to a linear hyperbolic automorphism. So initial
problem was reduced to linear classification of hyperbolic (Anosov, linear) automorphisms
of n-torus.

In the case n = 2 a solution of the last problem goes back to Gauss and Lagrange.
A full invariant is the couple - the trace of the linear hyperbolic operator and the period
of decomposition of the slope of a eigenvector of the operator into continued fraction. A
geometrical interpretation of this invariant is the geometrical version of continued fraction
constructed by Klein. So it is interesting to find “good” generalization of continued fraction
for multidimensional case.

The main result of our work is that two hyperbolic automorphisms of n-torus are lin-
ear conjugated if and only if two corresponding geometrical continued fractions are linear
equivalent.

[1] D. V. Anosov, A. .V. Klimenko, G. Kolutsky, On the hyperbolic automorphisms of the
2-torus and their Markov partitions. Preprint of Max-Plank Institute for Mathematics,
appeared in 2008.

[2] O. N. Karpenkov, On determination of periods of geometric continued fractions for two-
dimensional algebraic hyperbolic operators. arXiv: 0708.1604 (2007).

[3] G. Kolutsky, Geometrical continued fractions as invariants in the problem on topological
classification of Anosov diffeomorphisms of n-torus. In progress.
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on iteration groups
containing generalized

convex and concave functions

d. krassowska
University of Zielona Góra, Poland
e-mail: d.krassowska@wmie.uz.zgora.pl

Let I ⊂ R be an open interval and let M, N : I2 → I be continuous functions. A function
f : I → I is said to be (M,N)-convex ((M, N)-concave) if

f(M(x, y)) ≤ (≥)N(f(x), f(y)), x, y ∈ I.

A function f : I → I simultaneously (M,N)-convex and (M, N)-concave is called (M,N)-
affine [1].

We prove that if in a continuous iteration group {f t : t ∈ R}, functions f t for every t > 0
are (M, N)-convex or (M, N)-concave, then either all f t for t > 0 are (M,N)-convex or all
f t for t > 0 are (M, N)-concave. Moreover, if in such a group there are two (M, N)-affine
elements, then M = N and every element of the group is (M,M)-affine.

We consider also the case where M = N and we show that if in a continuous iteration
semigroup {f t : t ≥ 0}, there exist f r < id and f s < id such that r

s
6∈ Q and f r is (M,M)-

convex and f s is (M,M)-concave, then every element of the semigroup is (M, M)-affine.

[1] J. Matkowski, Iteration groups with generalized convex and concave elements. Grazer
Math. Ber. 334 (1977), 199-216.
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fuzzy dynamical systems

j. kupka
IRAFM, University of Ostrava, Czech Republic

e-mail: Jiri.Kupka@osu.cz

A (crisp) discrete dynamical system on a (locally ) compact metric space X is defined as a
pair (X,ϕ) where ϕ : X → X is a continuous map. A fuzzy set A on the space X is a map
A : X → [0, 1]. By F (X) we denote a space of nonempty compact fuzzy sets on X. It is
shown in [1] that there is a natural way (called a usual fuzzification) allowing us to define a
continuous map Φ : F (X) → F (X) and, consequently, to define a fuzzy discrete dynamical
system on the same space X.

It is natural that the behavior of such a fuzzy dynamical system on the space X can
somehow depend on the initial crisp dynamical system on the same space and, conversely,
some properties of the fuzzified dynamical system (F (X), Φ) can be ”inherited” to the ini-
tial dynamical system (X, ϕ). This talk is a contribution to the theory studying possible
connections between certain crisp and fuzzy discrete dynamical systems.

During the talk we introduce basic notions and three metrics on the space of fuzzy
sets. We discuss some basic topological properties ((local) compactness, completeness and
separability) on newly obtained topological spaces. We show that the situation in these
topological spaces has not been clarified sufficiently up to now. Moreover, the fixed point
property of the space of fuzzy sets is discussed.

In the second part of the talk we generalize the notion of the usual fuzzification and
we define more general fuzzifications. Several basic properties (mainly the continuity) of
the considered fuzzifications are presented afterwards and some relations between the crisp
discrete dynamical system and the fuzzified one are shown at the end of the talk.

[1] P. E. Kloeden, Fuzzy dynamical systems. Fuzzy Sets and Systems 7 (1982), 275-296.
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specification property
versus omega-chaos

m. lampart
Mathematical Institute of the Silesian University in Opava, Czech Republic

e-mail: marek.lampart@math.slu.cz

The first notion of chaos was introduced by Li and Yorke in [1] and later there emerged
many others. Namely, Devaney chaos appeared in [2], distributional chaos in [3] and omega
chaos in [4]. It was also proved that Devaney, omega chaos and specification property (due
to [5]) will not occur on minimal systems. The main aim of this talk is to describe the
relations between those notions of chaos that can not appear on minimal systems.

[1] T. Y. Li and J. A. Yorke, Period Three Implies Chaos. Amer. Math. Monthly 82(10)
(1975), 985-992.

[2] R. Devaney, A First course in chaotic dynamical systems. Addison-Wesley Publ. (1992).

[3] B. Schweizer and J. Smı́tal, Measures of chaos and a spectral decomposition of dynamical
systems on the interval. Trans. Amer. Math. Soc. 344(2) (1994), 737-754.

[4] S. Li, ω - chaos and topological entropy. Trans. Amer. Math. Soc. 39(1) (1993), 243-249.

[5] R. Bowen, Periodic Points and Measures for Axiom a Diffeomorphisms. Trans. Amer.
Math. Soc. 154 (1971), 377-397.
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synchronization of one-dimensional
chaotic quadratic maps

by a non-symmetric coupling

r. laureano, d. mendes, m. a. ferreira
IBS – ISCTE Business School Lisbon, Portugal

e-mail: maria.laureano@iscte.pt, diana.mendes@iscte.pt, manuel.ferreira@iscte.pt

We present a systematic study of a bidirectional coupling without symmetry of non-
identical one-dimensional chaotic quadratic maps. This particular coupling was suggested
by complex analytic quadratic maps, where we proceed to the decomposition of real and
imaginary parts.

For the coupled maps, we identify the range of coupling strengths for which is allowed
practical synchronization in the Kapitaniak sense and stable asymptotic synchronization.
When discrete dynamical systems are non-symmetrically coupled, in order to achieve syn-
chronization it is necessary to employ techniques from linear algebra, stability theory and
control. We use two methods to study the stability of synchronous state: the linear stability
of the fixed points and the Lyapunov functional analysis of the transversal system.
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on fractional iterates
of a free mapping

z. leśniak
Institute of Mathematics, Pedagogical University, Krakow, Poland

e-mail: zlesniak@ap.krakow.pl

We present a method for finding iterative roots of a free mapping which is embeddable in
a flow. To obtain the roots we use a countable family of maximal parallelizable regions of the
flow which is a cover of the plane and the relations between parallelizing homeomorphisms
defined on the regions of the family.
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global orbit patterns for discrete maps

r. lozi, c. fiol
Nice Sophia Antipolis University, France

e-mail: rlozi@unice.fr

Simple dynamical systems often involve periodic motion. Quasi-periodic or chaotic mo-
tion is frequently present in more complicated dynamical systems. However, mathematical
results concerning periodic orbits are often obtained using sets of real numbers.

On the other hand O.E. Lanford III [1] reports the results of some computer experiments
on the orbit structure of the discrete maps on a finite set which arise when an expanding
map of the circle is iterated ”naively” on the computer.

Due to the discrete nature of floating points used by computers, there is a huge gap
between these results and the theoretical results obtained when this map is considered on a
real interval.

In order to understand precisely which periodic orbit can be observed numerically, we
study the orbits generated by the iterations of a one-dimensional system on a finite set XN

with a cardinal N . On finite set, only periodic orbits can exist.
Let FN the set of the maps from XN to XN . This set is finite with NN elements. There is

a natural order on it. At every map f belonging to FN it is associated a unique global orbit
pattern (g.o.p.) which is the ordered set of all the periods of the different orbits obtained
when all the possible initial points belonging to XN are used in increasing (or decreasing)
order.

We have obtained several results on the g.o.p.:
- there are exactly 2N − 1 different g.o.p.,
- the set of all the g.o.p. of XN is totally ordered,
- a threshold function is associated to every g.o.p., it is the first one for which this g.o.p.

appears. Given a g.o.p. this function is explicitly determined.
The main result is that for a given g.o.p. we know explicitly, using a closed formula, the

number of functions of FN having such a pattern. For N greater than 100, it is impossible
to compute numerically such a result even using a farm of computers. Instead this formula
give very simply the result.

Others results depending on the local properties of the functions f are also explored
numerically, but not yet proven such as all the g.o.p. obtained for a function for which the
difference between the image of two neighbour elements is bounded.

[1] Lanford III, O. E., Some informal remarks on the orbit structure of discrete approxima-
tions to chaotic maps. Experimental Mathematics 7 (1998), no. 4, 317-324.
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on some set-valued iteration semigroups

g. lydzińska
Institute of Mathematics, Silesian University, Katowice, Poland

e-mail: lydzinska@ux2.math.us.edu.pl

Let X be an arbitrary set, A : X → 2R be a set-valued function with non-empty values
and q := sup A(X). We present the necessary and sufficient conditions for A under which a
multifunction F : (0,∞)×X → 2X given by the formula

F (t, x) = A−
(
A(x) + min

{
t, q − inf A(x)

})
,

where A− denotes the lower preimage under A, is an iteration semigroup.
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general solutions and stability
of some functional equations
involving babbage equation

a. mach
Jan Kochanowski University of Kielce, Poland

e-mail: amach@pu.kielce.pl

Some theorems characterizing general solutions of the equation f(x) = f(ϕ(x)) + g(x),
where ϕ is a solution of Babbage equation ϕn(x) = x, are presented. Moreover, the stability
of this equation, non-stability of Babbage equation and, by remark of Z. Moszner, non-
stability of the translation equation in a class of functions are proved.

[1] D. H. Hyers, On the stability of the linear functional equation. Proc. Nat. Acad. Sci.
USA 27 (1941), 222-224.

[2] M. Kuczma, Functional equations in a single variable. Monografie Mat. 46, Polish Sci-
entific Publishers (PWN), Warszawa (1968).

[3] A. Mach, On some functional equations involving Babbage equation. Result. Math. 51
(2007), 97-106.

[4] A. Mach, The Translation Equation on certain n-Groups. Aequationes Math. 47 (1994),
11-30.

[5] A. Mach, Z. Moszner, On some functional equations involving involutions. Sitzungs-
berichte of the Austrian Academy of Sciences (ÖAW) (in press).

[6] A. Mach, Z. Moszner, On stability of the translation equation in some classes of functions.
Aequationes Math. 72 (2006), 191-197.
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a 3-dimensional piecewise affine map
used as a chaotic generator

g. manjunath, d. fournier-prunaret, a. k. taha
LATTIS-INSA, Université de Toulouse, France

e-mail: daniele.fournier@insa-toulouse.fr, taha@insa-toulouse.fr

Piecewise affine maps exhibiting chaotic behavior are of importance in various electrical
engineering applications. When such maps are continuous with the standard topology on
a Euclidean subspace, their circuit realization makes them more amenable for practical
use. Further, in applications such as chaos based secure communication, higher dimensional
maps exhibiting chaos are very useful when they are nonlinearly coupled. Unfortunately,
most of the well known examples of coupled chaotic piecewise affine maps are on subsets
of R, or on the n-dimensional torus (the class of hyperbolic toral automorphisms). These
higher dimensional maps on the torus are not continuous on the standard topology of the
Euclidean space since they have jump discontinuities. The realization of jump discontinuities
in a circuit implementation is not reliable.

In this paper we analyze a piecewise affine map defined on a compact space of R3 which
is a generalization of the classical tent map to three dimensions. We show that this map
exhibits sensitive dependence on initial conditions and has positive topological entropy.
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iterations of the mean-type mappings

j. matkowski
University of Zielona Góra, Poland
e-mail: J.Matkowski@wmie.uz.zgora.pl

Let an interval I ⊂ R and p ∈ N, p ≥ 2, be fixed. Assuming that the continuous means
Mi : Ip → I, i = 1, ..., p, are such that

min(x1, ...xp) + max(M1 (x1, ...xp) , ...,Mp (x1, ...xp))

< min(M1 (x1, ...xp) , ..., Mp (x1, ...xp)) + max (x1, ...xp)

if min(x1, ...xp) < max (x1, ...xp), we prove that the sequence of iterates of the mean-type
mapping (M1, ..., Mp) : Ip → Ip converges to a mean-type mapping (K, ..., K), where
K : Ip → I is a unique continuous and (M1, ..., Mp)-invariant mean. This improves an
earlier result from [1] where it is assumed that at most one of the means M1, ..., Mp is not
strict. As an application, for some families of mean-type mappings (M1, ..., Mp), the effective
form of real continuous solutions F of the functional equation F ◦ (M1, ..., Mp) = F is
given.

[1] J. Matkowski, On iterations of means and functional equations. Iteration Theory
(ECIT’04), Grazer Math. Ber. 350 (2006), 184-197.
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on triangular extensions
of transitive maps

m. matviichuk
Institute of Mathematics of NASU, Kiev, Ukraine

e-mail: mykola.matviichuk@gmail.com

Let f be invertible selfmap of a compact metric space X. We consider the class Ff of all
its triangular extensions F = (f, gx) on the space X × [0, 1] which have the property: every
fibre map gx is increasing homeomorphism of [0, 1]. It is known [1] that every map in Ff has
the same topological entropy like f .

For the case of minimal f we describe the closure of all transitive maps in Ff .
Using ideas similar to those used in the proof of the previous fact we generalize the result

proved in [2]. Namely we prove that every transitive selfmap of a compact metric space X
can be extended to a triangular transitive map on X × [0, 1] without increasing the entropy.

[1] S. F. Kolyada, Ľ. Snoha, Topological entropy of nonautonomous dynamical systems. Ran-
dom Comput. Dynam. 4 (1996), 205–233.

[2] Ll. Alsedà, S. F. Kolyada, J. Llibre, Ľ. Snoha, Entropy and periodic points for transitive
maps. Trans. Amer. Math. Soc. 351 (1999), 1551-1573.
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common periodic trajectories
of interval maps

m. matviichuk, o. sharkovsky
Institute of Mathematics, NASU, Kiev, Ukraine

e-mail: mykola.matviichuk@gmail.com, asharkov@imath.kiev.ua

For a pair of maps f, f̃ ∈ C0(I, I) we define J(f, f̃) =
{

x ∈ I|f i(x) = f̃ i(x), i = 0, 1, 2, ..
}

– the set of their common trajectories. Let Per(f) be the set of periodic trajectories of f ,

and Per(f, f̃) = J(f, f̃) ∩ Per(f) be the set of their common periodic trajectories. We

also denote by p(f) and p(f, f̃) the sets of periods of trajectories from Per(f) and

Per(f, f̃), respectively.

For given a map f ∈ Cr(I, I), r ≥ 0, a set M ⊆ p(f) and a positive ε we study the
following question: Is there fε ∈ Cr(I, I) satisfying conditions p(f, fε) = M and
maxx∈I |f(x)− fε(x)| < ε ?

We prove that the answer is affirmative if f satifies at least one of the conditions:

a) f is not a 2∞-map,

b) f is a C1-map,

c) f is a piecewise monotone map.

Whatever m ≥ 0, one can find a continuous 2∞-map f such that for any infinite set
M ⊆ {1, 2, 22, 23, ...} \ {2m}, there does not exist a continuous map f̃ with p (f, f̃) = M.

[1] M. Iu. Matviichuk, A. N. Sharkovsky, Common periodic trajectories of interval maps.
J. Fixed Point Theory Appl. 3 (2008), no. 1, 57-62.

[2] M. Iu. Matviichuk, Common periodic trajectories of two maps. Ukrain. Mat. Zh. 60
(2008), no. 7, 937-948.
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the chaotic motion of profits
in a structure of a firm:

measure and control

d. a. mendes1, c. januario2, c. gracio3, j. duarte2

1Instituto Superior de Ciências do Trabalho e da Empresa, Lisboa, Portugal
2Instituto Superior de Engenharia de Lisboa, Portugal

3Universidade de Évora, Portugal
e-mail: diana.mendes@iscte.pt, cjanuario@deq.isel.ipl.pt, mgracio@uevora.pt,

jduarte@deq.isel.ipl.pt

The last two decades have witnessed strong revival of interest in nonlinear endogenous
business chaotic models. In the present work we study a specific economic model, proposed
by S. Bouali ( [1]), which is a system of three ordinary differential equations gathering the
variables of profits, reinvestments and financial flow of borrowings in the structure of a firm.
Firstly, using results of symbolic dynamics, we characterize the topological entropy and the
parameter space ordering of kneading sequences, associated with one-dimensional maps that
reproduce significant aspects of the model dynamics. Finally, we apply the pole placement
technique ( [2]) in order to control complicated behavior, arising from the chaotic firm model,
without changing its original properties, showing that the dynamics can be turned into a
desired attracting time periodic motion (a stable steady state or a regular cycle).

[1] S. Bouali, The Hunt Hypothesis and the Dividend Policy of the Firm. E-print arXiv:
nlin.CD/0206032.

[2] F. J. Romeiras, C. Grebogi, E. Ott and W. P. Dayawansa, Controlling chaotic dynamical
systems. Physica D 58 (1992), 165-192.
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learning to play nash
in deterministic uncoupled dynamics

d. a. mendes1,2, v. m. mendes2, o. gomes3

1IBS-ISCTE Business School, Lisbon, Portugal
2ISCTE Lisbon, Portugal

3ESCS-IPL Lisbon, Portugal
e-mail: diana.mendes@iscte.pt

This paper is concerned with the following problem. In a bounded rational game where
players cannot be as super-rational as in Kalai and Leher (1993), are there simple adaptive
heuristics or rules that can be used in order to secure convergence to Nash equilibria, or
convergence only to a larger set designated by correlated equilibria? Are there games with
uncoupled deterministic dynamics in discrete time that converge to Nash equilibrium or not?
Young (2008) argues that if an adaptive learning rule follows three conditions — (i) it is
uncoupled, (ii) each player’s choice of action depends solely on the frequency distribution of
past play, and (iii) each player’s choice of action, conditional on the state, is deterministic
— no such rule leads the players’ behavior to converge to Nash equilibrium. In this paper
we present a counterexample, showing that there are simple adaptive rules that secure con-
vergence, in fact fast convergence, in a fully deterministic and uncoupled game. We used
the Cournot model with nonlinear costs and incomplete information for this purpose and
also illustrate that this convergence can be achieved with or without any coordination of the
players actions.

[1] D.P. Foster and R. Vohra, Regret testing: learning to play Nash equilibrium without
knowing you have an opponent. Theoretical Economics, 1 (2006), 341-367.

[2] W. Govaerts, R. K. Ghaziani, Yu. A. Kuznetsov, and H. G. E. Meijer, Numerical methods
for two-parameter local bifurcation analysis of maps. SIAM J. Sci. Comput 29(6) (2007),
2644–2667.

[3] E. Kalai and E. Lehrer. Rational learning leads to Nash equilibrium. Econometrica 61
(1993), 1019–1045.

[4] Y. A. Kuznetsov, Elements of applied bifurcation theory. Second edition. Applied Math-
ematical Sciences, 112. Springer-Verlag, New York, (1998).

[5] J. Zhu, Y.-P. Tian, Necessary and sufficient conditions for stabilizability of discrete-time
systems via delayed feedback control. Physics Letters A 343 (2005), 95-107.

[6] H. P. Young, Learning by Trial and Error. Mimeo, University of Oxford (2008).
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large chaotic sets
for maps of the unit cube

p. oprocha
AGH University of Science and Technology, Krakow, Poland

e-mail: oprocha@agh.edu.pl

In this talk we will present how the knowledge about residual subsets of the hyperspace
of all compact nonempty subsets of Ik can be used to obtain large chaotic sets for maps of
Ik. Various definitions of chaotic sets will be considered.

Presented approach is motivated by results of Iwanik [1], Kato [2], Akin [3] and others.
Presented approach simplifies previously developed techniques (e.g. [4, 5]) and provides a
tool to obtain further stronger results.

[1] A. Iwanik, Independence and scrambled sets for chaotic mappings. In: The mathematical
heritage of C. F. Gauss, World Sci. Publ., River Edge, NJ (1991) 372-378.

[2] H. Kato, On scrambled sets and a theorem of Kuratowski on independent sets. Proc.
Amer. Math. Soc. 126 (1998), 2151–2157.

[3] E. Akin, Lectures on Cantor and Mycielski sets for dynamical systems. Chapel Hill
Ergodic Theory Workshops, Contemp. Math. 356 (2004), 21-79

[4] P. Oprocha and M. Štefánková, Specification property and distributional chaos almost
everywhere. Proc. Amer. Math. Soc. (to appear).

[5] J. C. Xiong and Z. G. Yang, Chaos caused by a topologically mixing map. In: Dynamical
systems and related topics, World Sci. Publ., Singapore (1991), 550–572.
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approximation of invariant mesures

g. osipenko
Sevastopol National Technical University, Ukraine

e-mail: george.osipenko@mail.ru

Let f be a homeomorphism of a compact manifold M . The Krylov-Bogoloubov Theorem
guarantees the existence of a measure invariant to f . It is well known Ulam’s method
to approximate an invariant measure. In particular, the ”natural” (Sinai-Bowen-Ruelle)
measure was constructed in a variety of settings. The set of all invariant measures M(f)
forms a convex compact in the weak topology. The goal is a construction of the set M(f).

To obtain an approximation of M(f) we used the symbolic image construction with
respect to a partition C = {M(1), M(2), . . . , M(n)} of M . The symbolic image G is a
directed graph such that a vertex i corresponds the cell M(i) and an edge i → j exists if
f(M(i))∩M(j) 6= ∅. A flow on the symbol image G is a probability distribution m = {mij}
on the edges satisfying the invariant property in each vertex i: the incoming flow equals
outgoing one ∑

k

mki =
∑

j

mij.

The measure of the cell M(i) or the vertex i is defined as mi =
∑

j mij. The described
distribution {mi} is an approximation to some invariant measure. The set of flows {m =
(mij)} on the symbolic image G forms a convex polygon M(G) which is an approximation
to the set of invariant measures M(f). By considering a sequence of subdivisions of the
partitions Ck one gets sequence of symbolic images Gk and the approximations M(Gk)
which tends to M(f) as diameter of cells goes to zero. If the flows mk on each Gk are
chosen in a special manner then the sequence {mk} converges to some invariant measure µ.
A substantiation of the method and numerical examples are given.
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synchronization and stability
in a non-autonomous iterative system

a. panchuk1, t. puu2

1Institute of Mathematics, NAS of Ukraine, Kiev, Ukraine
2Centre for Regional Science CERUM, Ume̊a University, Sweden

e-mail: nastyap@imath.kiev.ua, Tonu.Puu@econ.umu.se

Let Φ : (R2)n 7→ (R2)n be a 2n-dimensional map which generates the following iterative
system:

qi(t + 1) =

{
F (Qi(t)), t−mi mod T 6= 0,

G(Qi(t)), t−mi mod T = 0,

ki(t + 1) =

{
ki(t), t−mi mod T 6= 0,

2G(Qi(t)), t−mi mod T = 0,

i = 1, n, (*)

where

F (Qi(t)) =





ki(t)

√
Qi(t)/c−Qi(t)

ki(t) +
√

Qi(t)/c
, Qi(t) ≤ 1/c,

0, Qi(t) > 1/c,

G(Qi(t)) =

{
0.5

√
Qi(t)/c−Qi(t), Qi(t) ≤ 1/4c,

0, Qi(t) > 1/4c,

and Qi(t) =
j=n∑
j=1

qj(t)− qi(t).

The system (*) models a market with n different firms, where qi is the output of the
i-th firm and ki corresponds to its capital stock. There are three parameters in the model,
namely, the initial marginal cost c ∈ R+, the interval between entry of new firms m ∈ Z+,
and the durability of the capital T ∈ N.

The map Φ has a unique fixed point (q∗1, k
∗
1, q
∗
2, k
∗
2, . . . , q

∗
n, k

∗
n) (Cournot equlibrium) with

the coordinates

q∗i =
1

n

n− 1

n

1

4c
, k∗i = 2qi, i = 1, n,

which corresponds to the state of complete synchronization, when all firms behave equally.
Our goal is to study the stability of this fixed point and other different synchronization

regimes which can appear in the model.
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construction of a-endomorphisms
which satisfy no cycle condition and

structure of centralizers of algebraic
anosov endomorphisms on the torus

r. v. plykin
Obninsk State Technical University of Nuclear Power Engineering, Russia

e-mail: rome@obninsk.com

Surgery of Smale is applied to algebraic Anosov endomorphism on the torus. Nonwan-
dering set consists of unique attractor and unique zero-dimensional repeller (one-dimensional
repeller and zero-dimensional attractor). In accordance with theorem F.Przytycki this en-
domorphism is topologically stable. The problem of topological distinguishing of these at-
tractors (repellers) leads to the theorem on structure of centralizers of the algebraic Anosov
endomorphism.
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the stability
of the translation equation

b. przebieracz
Institute of Mathematics, Silesian University, Katowice, Poland

e-mail: przebieraczb@gmail.com

We present the results concerning the stability of the translation equation obtained by
A. Mach, Z. Moszner, J. Chudziak. Our contribution to this problem is, in particularly, the
theorem which reads as follows. For every ε > 0 there is a δ > 0 such that for every function
H : (0,∞) × I → I satisfying the inequality |H(s,H(t, x))−H(s + t, x)| ≤ δ as well as
some additional conditions, we can find a solution of the translation equation F for which
the inequality |F (t, x)−H(t, x)| ≤ ε holds. Here I is a real interval.

[1] A. Mach and Z. Moszner, On stability of the translation equation in some classes of
functions. Aequationes Math. 72 (2006), 191–197.

[2] J. Chudziak, On stability of the translation equation (manuscript).

40



European Conference on Iteration Theory September 7 - 13, 2008, Yalta, Ukraine

oligopoly and stability

t. puu
Centre for Regional Science CERUM, Ume̊a University, Sweden

e-mail: Tonu.Puu@econ.umu.se

In this paper the so called Theocharis-Cournot problem is reconsidered. It concerns
the relation between oligopoly and perfect competition, in particular the destabilization of
Cournot equilibrium when the number of competitors increases. Using a CES production
function where one input, capital, is fixed during periods of investment, a mixed short/long
run market dynamics is set up. In the short run, with capital fixed, there is a capacity
limit for production possibilities, whereas, at moments of capital renewal there are constant
returns to scale. In this setting the local stability of Cournot equilibrium is reconsidered. It
is demonstrated that if no more than two firms reinvest in the same time period, and the
wage rate is not too high, then the Cournot equilibrium is stable.
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the space of omega-limit sets
of a piecewise continuous interval map

p. raith
Universität Wien, Austria

e-mail: Peter.Raith@univie.ac.at

Assume that T : [0, 1] → [0, 1] is a piecewise continuous map. A map is called piece-
wise continuous, if there are 0 < c1 < c2 < · · · < ck < 1, such that T is continuous
on [0, 1] \ {c1, c2, . . . , ck}. Moreover, it is assumed that for each j ∈ {1, 2, . . . , k} both one-
sided limits limx→cj

− Tx and limx→cj
+ Tx exist, and Tcj coincides with one of these one-sided

limits. Furthermore suppose that for all nonnegative integers n and all j ∈ {1, 2, . . . , k} the
set T−n{cj} is finite. Denote the space of all ω-limit sets of T by H(T ), where this set
is endowed with the Hausdorff metric. In a joint work with Franz Hofbauer and Jaroslav
Smı́tal some properties of the space H(T ) are investigated.

For continuous maps T it has been proved by A. Blokh, A. Bruckner, P. Humke and
J. Smı́tal that H(T ) is compact. Furthermore, a closed subset of the interval is an ω-limit
set if and only if it is locally expanding.

In the case of a piecewise continuous map T the space H(T̂ ) is compact, where T̂ is
obtained from T using a standard doubling points construction. However, in general the
space H(T ) is not compact. A condition implying the compactness of H(T ) is presented.
Then the limit of a sequence in H(T ) is investigated. One obtains also in the case of piecewise
continuous maps that every ω-limit set is locally expanding.

Unfortunately the converse is not true in general. Nonetheless a condition is given, which
implies that every locally expanding set satisfying this condition is an ω-limit set.
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topological markov chains
and kneading theory

c. c. ramos1,2, m. getimane3, r. severino2

1Mathematics Department of the University of Évora, Portugal
2Research Center in Mathematics and Applications, University of Évora, Portugal

3Instituto Superior de Transportes e Comunicações, Maputo, Moçambique
e-mail: ccr@uevora.pt, ricardo@math.uminho.pt

It is widely recognized that the kneading theory, introduced by Milnor and Thurston
in the 1970s, [1], is a powerful technique in the study of the iteration of one-dimensional
maps. Over the last two decades, Sousa Ramos and its collaborators, [2] and [3], studied the
dynamics of Markov maps of the interval via a transition matrix obtained from the periodic
orbits of its critical points and proved some relationships between this approach and the
kneading formalism. The aim of our work is to see which relationships are still valid in case
the orbits of the critical points are not periodic.

[1] J. Milnor and W. Thurston, On iterated maps of the interval. In: Dynamical Systems.
Proc. Univ. Maryland 1986-87, Lect. Notes in Math., Springer-Verlag, 1988, 465-563.

[2] J.P. Lampreia, A. Rica da Silva, and J. Sousa Ramos, Tree of Markov topological chains.
CFMC-E4/84, 1984.

[3] J.P. Lampreia, A. Rica da Silva, and J. Sousa Ramos, Subtrees of the unimodal map tree.
Boll U.M.I. Ana. Fun. e Appl., ser. VI, VC (1986), 159-167.
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generation of cellular automata
with genetic algorithms

c. ramos1, m. riera2

1Centro de Investigação Matemática e Aplicações,
Departamento de Matemática, Universidade de Évora, Portugal

2Departamento de Artes Visuais, Universidade de Évora, Portugal
e-mail: ccr@uevora.pt

Cellular automata are discrete dynamical systems suitable to describe and model many
different complex systems. Recently, genetic algorithms have been used successfully in dis-
crete optimization and many other fields. Genetic algorithms applied to cellular automata
modelling and to complex systems can be seen in [1], [2] and [3]. In our work, we generate
cellular automata with a certain dynamical behaviour and consequently with a particular vi-
sual appearance. If we generate randomly in the parameter space it is very difficult to achieve
the desired behaviour, since generally the obtained cellular automata will present either a
very simple behaviour or an almost random behaviour. Then we use a genetic algorithm so
that given some cellular automata, as initial conditions, we generate by recombination many
other cellular automata, satisfying the desired characteristics. We discuss several variations
of this algorithm.

[1] M. Mitchell, P. Hraber, J. Crutchfield, Revisiting the edge of chaos: Evolving Cellular
automata to perform computations. Santa Fe Institute, working paper 93-03-014.

[2] Tomoaki Suzudo, Spatial pattern formation in asynchronous cellular automata with mass
conservation. Physica A 343 (2004), 185-200.

[3] Terry Bossomaier, David Green, Complex systems. Cambridge University Press (2000).
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piecewise linear
boundary value problems

e. yu. romanenko, a. n. sharkovsky
Institute of Mathematics, National Academy of Sciences of Ukraine, Kiev, Ukraine

e-mail: romanen@imath.kiev.ua, asharkov@imath.kiev.ua

A significant field of application of Iteration Theory is boundary value problems (BVPs)
for partial differential equations (PDEs). In a number of our works (see for instance [1-3]),
there was set and studied an ample class of BVPs that are reducible to continuous time
difference equations and show the chaotic behavior. This class consists of BVPs given by
linear PDEs and nonlinear boundary conditions; just the nonlinearity of boundary conditions
accounts for “chaos” in these BVPs. The possibility for reduction to difference equations
is provided the fact that these BVPs have the property GS: the general solution of their
associated PDEs can be represented as an analytic formulae.

The next step along this line is to extend the above-mentioned studies to BVPs with
nonlinear PDEs. Whereas in the general case this task requires the development of a pertur-
bation theory, when investigating BVPs with piecewise-linear PDEs, the method of reduction
to difference equations can be used directly since BVPs with piecewise-linear PDEs have the
property GS. In the report we consider the question:

“Which are the simplest boundary conditions that guarantee the chaotic behavior of BVPs
with piecewise-linear PDEs ? Is the simplest conditions piecewise-linear but irreversible,
or is it possible to obtain “chaos” in piecewise-linear PDEs by the addition of linear boundary
conditions ?”

[1] E.Yu. Romanenko, A.N. Sharkovsky, From boundary value problems to difference
equations: A method of investigation of chaotic vibrations. Int. J. Bif. Chaos 9(7)
(1999), 1285-1306.

[2] A.N. Sharkovsky, E.Yu. Romanenko, Difference equations and dynamical systems gen-
erated by certain classes of boundary value problems. Proceedings of Steklov Institute
of Mathematics 244 (2004), Moscow, 264-279.

[3] A.N. Sharkovsky, E.Yu. Romanenko, Turbulence, ideal. In: Encyclopedia of Nonlinear
Science (ed. Alwyn Scott), Routledge, New York and London, 2005, 955-957.
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dynamics in families of maps
with a flat segment at a periodic point

a. sivak
Institute of Mathematics, NASU, Kiev, Ukraine

e-mail: sivak@imath.kiev.ua

It is known that for the one-parameter family of quadratic maps λx(1 − x), x ∈ [0, 1],
λ ∈ [0, 4], its spectral decomposition (which depends on λ) can consist of finite or infinite
“indecomposable” components, and the last one of these components attracts almost all
trajectories of the dynamical system. For example, for the map 4x(1− x) in this family, the
interval [0,1] is transitive and almost all trajectories of the map are dense. If we replace the
graph of the map by a flat segment in a neighborhood of zero fixed point x = 0 (or some
other periodic point), then the fixed point will attract almost all trajectories of the map.
Varying the length of the segment (i.e., the neighborhood of attraction), we can see that
the length of the spectral decomposition of the modified map varies as well. For example,
if the neighborhood is large enough, then all trajectories eventually end at the fixed point.
If the neighborhood is small enough, then there exist trajectories (e.g. periodic ones) that
do not approach the fixed point. We study the spectral decomposition of this system and
other similar systems of modified quadratic maps. The problem arises in a memory model
suggested by A. N. Sharkovsky.

46



European Conference on Iteration Theory September 7 - 13, 2008, Yalta, Ukraine

on iterative square roots
of linear set-valued functions

a. smajdor
Pedagogical University of Krakow, Poland

e-mail: asmajdor@ap.krakow.pl

Let K be a closed convex cone in a real Banach space and let cc(K) denote the family
of all non-empty compact convex subsets of K. The problem of the existence of continuous
linear solutions Φ : K → cc(K) of functional equation Φ2(x) = F (x) be considered.
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numerical study of quadratic and cubic
recurrence with double indices

a. k. taha, l. randriamihamison, m. castan
INSA Toulouse LATTIS, France

e-mail: taha@insa-toulouse.fr

We present in this talk the analytical and numerical results obtained in case of recur-
rences with double indices, more particularly in the non-linear case of quadratic and cubic
recurrences.

The numerical results (a bifurcation diagram in parameter plane and a tree of bifurca-
tions) were first obtained analytically, and then verified with a software that we developed.

[1] L. Lagrange, Œuvres, Tome 4, Gauthier-Villars, Paris (1869).

[2] S. T. Liu, G. Chen, On spatial Lyapunov exponents and spatial chaos. Int. J. Bif. Chaos
13(5) (2003), 1163-1181.

[3] G. Chen, C. Tian, Y. Shi, Stability and chaos in 2-D discrete systems. Chaos, Solitons
& Fractals 25 (2005), 637-647.

[4] S. T. Liu, S. Wu, Y. P. Zhong, Uniformity of spatial physical motion systems and spatial
chaos behavior in the sense of Li-Yorke. Int. J. Bif. Chaos 16(9) (2006), 2697-2703.

[5] A.K. Taha, L. Randriamihamison, Analytical study of some bifurcations of a quadratic
polynomial recurrence with double indices. ECIT 2006, Gargnano, September 10-16, 2006.

[6] L. Randriamihamison, A.K. Taha, L. Randriamihamison, About the singularities of dou-
ble index recursion sequences (to appear).
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the quasiperiodically driven interval
shift in digital phase-locked loops

a. teplinsky
Institute of Mathematics, NASU, Kiev, Ukraine

e-mail: teplinsky@imath.kiev.ua

Interval shift maps appear in a number of mathematical models of electronic devices
with discretisation, particularly in sigma-delta modulators and digital phase-locked loops
(DPLL), see [1]. We consider the following model of the first-order DPLL with FM input:
F (θ, φ) = (θ + ω, Φθ+ω(φ)), where θ ∈ S2π (the circle of length 2π), φ ∈ R, and

Φθ(φ) = φ + 2πν + f(θ)− 2πQb(K1 sin φ). (4)

Here φ stands for the phase error, Qb(x) = b2bxc/2b is the b-bit quantizer function, ν is
the carrier frequency of the FM input signal, f(θ) corresponds to its modulation signal
of zero mean with the amplitude A = maxθ∈S2π |f(θ)|, and K1 is a positive gain. We
assume that ω/2π is irrational, neither 2bν nor 2bK1 are integers, K1 < (2π)−1, and ν ∈
(Qb(−K1), Qb(K1)).

Φθ(φ) − φ is a 2π-periodic piecewise-constant function with discontinuity points σ+
k =

arcsin(k/(2bK1)) and σ−k = π − σ+
k for |k| ≤ kmax = b2bK1c. Therefore, F is indeed a

quasiperiodically driven interval shift map. The investigation of the dynamics produced by
this map is interesting from the pure-mathematical point of view, because the unquantized
and undriven version of the map F , i.e. F0(φ) = φ + 2πν− 2πK1 sin φ, is the famous Arnold
map, which is the most studied nonlinear circle map.

We give a restriction on the amplitude A and show that inside the convergence region
D+ = S2π × (−2π + σ−−kmax

, σ−kmax
] there exists a unique invariant belt B = [L,U) with

continuous boundaries φ = L(θ), φ = U(θ), and constant thickness U−L = 2π/2b. There also
exists a continuous contour φ = R(θ) in the divergence region D− = S2π×[σ+

−kmax
, 2π+σ+

kmax
)

such that all trajectories starting between R and its shifted copy R − 2π get absorbed by
the belt B uniformly w.r.t. their initial values. The dynamics inside B (with its boundaries
U and L glued together) is equivalent to a certain skew translation on a two-dimensional
torus.

[1] A. Teplinsky, E. Condon, O. Feely, Driven interval shift dynamics in sigma-delta modu-
lators and phase-locked loops. IEEE Trans. CAS-I 52 (2005), 1224–1235.
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bifurcation curves
in discontinuous maps

f. tramontana1,2, l. gardini2
1Università Politecnica delle Marche, Ancona, Italy

2Department of Economics and Quantitative Methods, University of Urbino, Italy
e-mail: f.tramontana@univpm.it, laura.gardini@uniurb.it

Recently several models (mainly in Engineering) are described by piecewise linear func-
tions, in one- and two- dimensional spaces. Here we are interested in the dynamics of a
one-dimensional map (arising from a duopoly model) which is made up of three linear pieces
(i.e. with two discontinuity points).

The bifurcation structure associated with one-dimensional maps, with one discontinuity
point ad an increasing or decreasing jump, has been the object of recent papers (see [1–
3]), and several results where already presented by Leonov [4, 5] (also called boxes in files
bifurcations in [6]).

In our case, the map has three linear pieces, and we shall investigate the border collision
bifurcations involving the periodic orbits in such a new situation.

[1] V. Avrutin and M. Schanz, Multi-parametric bifurcations in a scalar piecewise-linear
map. Nonlinearity 19 (2006), 531-552.

[2] V. Avrutin, M. Schanz, and S. Banerjee, Multi-parametric bifurcations in a piecewise-
linear discontinuous map. Nonlinearity 19 (2006), 1875-1906.

[3] S. Banerjee, M.S. Karthik, G. Yuan, and J.A. Yorke, Bifurcations in one-dimensional
piecewise smooth maps – theory and applications in switching circuits. IEEE Trans.
Circuits Syst.-I: Fund. Theory Appl. 47(3) (2000), 389-394.

[4] N.N. Leonov, Map of the line onto itself. Radiofisica 3(3) (1959), 942-956.

[5] N.N. Leonov, Discontinuous map of the straight line. Dokl. Acad. Nauk. SSSR. 143(5)
(1962), 1038-1041.

[6] C. Mira, Chaotic dynamics. World Scientific, Singapore (1987).
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iterated function systems
in backward models

f. tramontana1,2, l. gardini2
1Università Politecnica delle Marche, Ancona, Italy

2Department of Economics and Quantitative Methods, University of Urbino, Italy
e-mail: f.tramontana@univpm.it, laura.gardini@uniurb.it

In the last years several models in the applied context (specially in economics) appeared
formulated in the so called ’backward dynamics’, that is, as discrete models in the form:

xt = F (xt+1)

and the interest is in the dynamic behavior of the forward states of the state variable
(xt, xt+1, xt+2...). There are no problems when the function F (.) is invertible, while diffi-
culties arise in the cases in which the function F (.) has not a unique inverse (also in the
interpretation of the model). Mathematically this kind of models have been investigated
considering the space of all possible sequences, which is a space of infinite dimension, and is
known as Inverse Limit Theory. However, the inverse limit approach is rather abstract, and
we prefer to follow a different approach, which is based on the theory of Iterated Function
Systems (IFS, as described in [1] and [2]). We shall see how the homoclinic orbits existing in
the forward dynamics of the map F (that is, in the standard dynamical system xt+1 = F (xt))
give us a kind of ’bridge’ between the theory of Dynamical Systems and the theory of IFS,
to describe fractal attractors in the backward models.

[1] M.F. Barnsley and S. Demko, Iterated function systems and the global construction of
fractals. Proc. Royal Society of London A399 (1985), 243-275.

[2] M.F. Barnsley, Fractals everywhere. Academic Press, CA, (1988).
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distributional chaos
in differential equations

p. wilczynski1, p. oprocha2

1Jagiellonian University, Krakow, Poland,
2AGH University of Science and Technology, Krakow, Poland

e-mail: pawel.wilczynski@uj.edu.pl, oprocha@agh.edu.pl

There are some papers devoted to the distributional chaos in differential equations cf.
[1, 2]. In those papers the equation

ẋ = f(t, x) (1)

is considered, where f ∈ C(Rn+1,Rn) is T -periodic in the time variable t. The periodicity of
f allows to generate some discrete dynamical system on some compact subset of the Poincaré
section which exhibits distributional chaos. The technique involves some semiconjugacy of
the Poincaré map with chaotic system (e.g. shift space). This approach does not allow to deal
with nonperiodic f . We try to omit this difficulty and introduce the notion of distributional
chaos in the general case of the equation (1). We also present some examples of nonperiodic
chaotic ODEs.

[1] P. Oprocha and P. Wilczyński, Distributional chaos via isolating segments. Discrete
Contin. Dyn. Syst. Ser. B 8 (2007), 347-356 (electronic).

[2] P. Oprocha and P. Wilczyński, Distributional chaos via semiconjugacy. Nonlinearity 20
(2007), 2661-2679.
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on commuting homeomorphisms and
generalized iteration groups

m. c. zdun
Institute of Mathematics, Pedagogical University, Krakow, Poland

e-mail: mczdun@ap.krakow.pl

Let I be an open interval and f, g : I → I be commuting homeomorphisms and f < id,
g < id. Let f and g be iteratively incommensurable that is for every x ∈ I and every
n,m ∈ N fn(x) 6= gm(x). Put

s := inf{ n

m
: n,m ∈ N, fn < gm}

and define
at(x) := sup{fn ◦ g−m(x), n,m ∈ N,n− sm > t},
bt(x) := inf{fn ◦ g−m(x), n, m ∈ N, n− sm < t}.

The families of functions {at, t ∈ R} and {bt, t ∈ R} are iteration groups, i.e. au ◦ av =
au+v and bu ◦ bv = bu+v, u, v ∈ R. The functions at, bt are nondecreasing and t → at(x),
t → bt(x) for x ∈ R are strictly decreasing.

The family of set-valued functions

F t(x) := [at(x), bt(x)], t ∈ R,

is an iteration group that is

F u(F v(x)) :=
⋃

y∈F v(x)

F u(y) = F u+v(x), x ∈ I, u, v ∈ R,

such that f(x) ∈ F 1(x) and g(x) ∈ F s(x).
Homeomorphisms f and g are embeddable in a continuous iteration group if and only if

for every x ∈ I and t ∈ R F t(x) is a singleton.
In the talk we present many other properties of set valued iteration group {F t : t ∈ R}.

[1] M. C. Zdun, On the embeddability of commuting functions in a flow. Grazer Math.Ber.
316 (1992), 201-212.

[2] M. C. Zdun, Some remarks on the iterates of commuting functions. In: European Con-
ference on Iteration Theory (ECIT), Lisbon, Portugal, 15-21 September 1991, World Sci-
entific Publ. , Singapore, New Jersey, London, Hong Kong, 1992, 363-369.
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some results on multidimensional
perturbations of 1-dim maps

p. zgliczyński
Institute of Computer Science, Jagiellonian University, Krakow, Poland

e-mail: umzglicz@cyf-kr.edu.pl

We consider continuous maps F : R × Rk → R × Rk which are close to F0(x, y) =
(f(x), 0), where f : R→ R is continuous.

We address the following question: Will the map F inherit some interesting dynamical
properties of the map f if |F (z) − F0(z)| is small for z from a suitable compact set? In
this context, we consider certain properties of the set of periods and the topological entropy.
We present some positive answers in this direction.

[1] P. Zgliczyński, Sharkovskii’s Theorem for multidimensional perturbations of one–
dimensional maps. Ergodic Theory and Dynamical Systems 19 (1999), 1655-1684.

[2] M. Misiurewicz and P. Zgliczyński, Topological entropy for multidimensional perturba-
tions of one dimensional maps. Int. J. Bif. Chaos 11 (2001), 1443-1446.

[3] Ming-Chia Li and P. Zgliczyński, On stability of forcing relations for multidimensional
perturbations of interval maps. Preprint, http://www.ii.uj.edu.pl/˜zgliczyn/papers .
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One of the basic problems in iteration theory (for formal power series) is the explicit
construction of one-parameter groups (Ft)t∈C in the group Γ of invertible formal series in
C[[x]], i.e. of homomorphisms θ : G → Γ from an abelian group (G, +) into the group (Γ, ◦),
◦ denoting the substitution. This problem is again equivalent to an infinite recursive system
(C) of inhomogeneous Cauchy type equations for the coefficient functions cν occuring in
Ft(x) =

∑∞
ν=1 cν(t)xν . Here we consider only the case G = (C, +). Two different approaches

are possible:
1) (W. JabÃloński and L. R.) We construct a set of solutions of (C), depending on an

additive function a 6= 0 or a generalized exponential function e 6= 1 and a sequence of
parameters, and show, using the already known regular solutions of (C) and some basic facts
about additive and generalized exponential functions, that the obtained set of solutions is
the general solution of (C).

2) (H. Fripertinger and L. R.) We observe, just from the beginning, that (C) is equivalent
to an infinite system of purely algebraic relations in the ring C[y][[x]] and solve this system
by using the formal differential equations of Aczél-Jabotinsky type valid for so called formal
one-parameter groups.

Both, for 1) and 2) the two types of iteration groups require somewhat different meth-
ods. A modification of 2) arises from the possibility to arrange a formal iteration group∑∞

ν=1 Pν(y)xν ∈ C[y][[x]] as
∑∞

ν=0 Qν(x)yν with Qν(x) ∈ C[[x]] and to find the coefficients
Qν(x).


