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1 Introduction

This paper is a survey of some recent results on stable homotopy types of polyhedra.
The common feature of these results is that their proofs use the technique of the so called
matrix problems, which was mainly elaborated within framework of representation theory.
I think that this technique is essential in homotopy theory too, and perhaps even in much
more general setting of triangulated categories. I hope that the considerations of Section 3
are persuasive enough. Certainly, I could not cover all such results in an expository
work, thus I have restricted to the stable homotopy classification of polyhedra of small
dimensions obtained in [3, 5, 6, 7]. I tried to present these results in a homogeneous way
and also to replace references to rather sophisticated topological sources by simpler ones.
The latter mainly concerns with some basic facts about homotopy groups of spheres,
which can be found in [18] or [21]. I also used the book [20] as a standard source of
references; maybe some readers will prefer [19] or [10]. Most of these references are
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collected in Section 1. For the matrix problems I have chosen the language of bimodule
categories explained in Section 2, since it seems to be the simplest one as well as the most
appropriate for applications.

Note that almost the same arguments that are used in Sections 5 and 6 can be applied
to the classification of polyhedra with only 2 non-trivial homology groups [6], while the
dual arguments were applied to the spaces with only 2 non-trivial homotopy groups in [4].
Rather similar are also calculations in [17] (see also the Appendix by Baues and Henn
to [3]). I hope that any diligent reader of this survey will be able to comprehend the
arguments of these papers too.

[ am extremely indebted to H.-J. Baues, who was my co-author and my guide to the
topological problems, and to C. M. Ringel, whose wonderful organising activity had made
such a pleasant and fruitful collaboration possible. H.-J. Baues and I obtained most of
our joint results during my visits to the Max-Plank-Institut fiir Mathematik, and I highly
acknowledge its support.

2 Generalities on stable homotopy types

All considered spaces are supposed pathwise connected and punctured; we denote by
xx (or by x if there can be no ambiguity) the marked point of the space X. B™ and
S"=1 denote respectively the n-dimensional ball {x € R"|||x|| <1} and the (n — 1)-
dimensional sphere {x € R"|||x|| =1}, both with the marked point (1,0,...,0). As
usually, we denote by X VY the bouquet (or one point union) of X and Y, i.e. the factor
space X LY by the relation *xx = *y, and identify it with xx X Y U X X%y C X xY; we
denote by X AY the factor space X x Y/X VY. In particular, we denote by LX = S'AX
the suspension of X and by ¥X"X = X ... Y X its n-th suspension. The word “polyhedron”

n times
is used as a synonym of “finite CW-complex.” One can also consider bouquets of several

spaces \/;_; X;; if all of them are copies of a fixed space X, we denote such a bouquet by
sX.

We recall several facts on stable homotopy category of CW-complexes. We denote by
Hot(X,Y) the set of homotopy classes of continuous maps X — Y and by CW the homo-
topy category of polyhedra, i.e. the category whose objects are polyhedra and morphisms
are homotopy classes of continuous maps. The suspension functor defines a natural map
Hot(X,Y) — Hot(XX,XY). Moreover, the Whitehead theorem [20, Theorem 10.28
and Corollary 10.29] shows that the suspension functor reflects isomorphisms of simply
connected polyhedra. It means that if f € Hot(X,Y'), where X and Y are simply con-
nected, f is an isomorphism (i.e. a homotopy equivalence) if and only if so is X f. We
set Hos(X,Y) = lim Hot(X"X,X"Y). If a € Hot(X"X,E"Y), 8 € Hot(X"Y,X"Z),
one can consider the class X3 o ¥™a € Hot(X™"X, X" 7)) whose stabilization is,
by definition, the product Sa of the classes of o and # in Hos(X, Z). Thus we obtain
the stable homotopy category of polyhedra CWS. Actually, if we only deal with finite
CW-complezes, we need not go too far, since the Freudenthal theorem [20, Theorem 6.26]
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implies the following fact.

Proposition 2.1. If XY are of dimensions at most d and (n — 1)-connected, where
d < 2n — 1, then the map Hot(X,Y) — Hot(XX,XY) is bijective. If d = 2n — 1, this
map is surjective. In particular, the map Hot(X"X,¥™Y) — Hos(X,Y) is bijective if
m > d — 2n + 1 and surjective if m = d — 2n + 1.

Here (n — 1)-connected means, as usually, that 7 (X), the k-th homotopy group of
X, is trivial for £ < n — 1. Thus for all polyhedra of dimension at most d the map
Hot(X™X, ¥™Y) — Hos(X,Y) is bijective if m > d and surjective if m = d — 1.

Note also that the natural functor CW — CWS reflects isomorphisms of simply con-
nected polyhedra.

Since we are only interested in stable homotopy classification, we identify, in what
follows, polyhedra and continuous maps with their images in CWS. We denote by CWF
the full subcategory of CWS consisting of all spaces X with torsion free homology groups
H,;(X) = H;(X,Z) for all i.

Recall that any suspension "X is an H-cogroup [20, Chapter 2|, commutative if
n > 2, so the category CWS is an additive category. Moreover, one can deduce from
the Adams’ theorem [20, Theorem 9.21] that this category is actually fully additive, i.e.
every idempotent e € Hos(X, X) splits. In our case it means that there is a decomposition
YmX ~Y V Z for some m, such that e comes from the map e : YV Z — Y V Z with
e(y) =y for y € Y and e(2) = *yyz for z € Z. We call a polyhedron X indecomposable
if X ~ Y Vv Z implies that either Y or Z are contractible (i.e. isomorphic in CW to the 1-
point space). Actually, the category CWS is a triangulated category [16]. The suspension

plays the role of shift, while the triangles are the cone sequences X Ty f—xXX
(and isomorphic ones), where C'f = CX Uy Y is the cone of the map f, i.e the factor
space CX UY by the relation (z,0) ~ f(z); CX = X x I/X x 1 is the cone over the
space X. Note that cone sequences coincide with cofibration sequences in the category
CWS [20, Proposition 8.30]. Recall that a cofibration sequence is a such one

x Ly Lz hvx sy (1)
that for every polyhedron P the induced sequences
Hos(P, X) -1 Hos(P Y) -2 Hos(P z) L=, Hos(P $X) = Hos(P SY),
Hos(XY, P) i HOS(ZX P) AN Hos(Z, P) = Hos(Y, P) AR Hos(X, P)
are exact. In particular, we have an exact sequence of stable homotopy groups
mE(X) 5 mE (V) 25w (2) S w0 S (), (3)
where 72(X) = m T (5 X) = Hos(S*, X). Certainly, one can prolong the se-
quences (2) and (3) into infinite exact sequences just taking further suspensions.

Every CW-complex is obtained by attaching cells. Namely, if X™ is the n-th skeleton
of X, then there is a bouquet of balls B = mB"™ and a map f : mS™ — X" such
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that X" is isomorphic to the cone of f, i.e. to the space X™ U; B. Tt gives cofibration
sequences like (1) and exact sequences like (2) and (3).

We denote by CW* the full subcategory of CW formed by (n — 1)-connected (n + k)-
dimensional polyhedra and by CWF¥ the full subcategory of CW* formed by the polyhedra
X with torsion free homology groups H; (X)) for all i. Proposition 2.1 together with the fact
that every map of CW-complexes is homotopic to a cell map, also implies the following
result.

Proposition 2.2. The suspension functor ¥ induces equivalences CW¥ — CW?"_, for all

n >k + 1. Moreover, if n = k + 1, the suspension functor ¥ : CW! — CW!_, is a full
representation equivalence, i.e. it is full, dense and reflects isomorphisms. (Dense means
that every object from CW?* .1 is isomorphic (i.e. homotopy equivalent) to XX for some
X € CWF)

Therefore, setting CW* = CWj,, ~ CW¥ for n > k + 1, we can consider it as a
full subcategory of CWS. The same is valid for CWF* = CWF} +9- Note also that Ccw*

naturally embeds into CW* . Tt leads to the following notion [2].

Definition 2.3. An atom is an indecomposable polyhedron X € CWj,; not belonging
to the image of CW',j. A suspended atom is a polyhedron XX, where X is an atom.

Then we have an obvious corollary.

Corollary 2.4. Every object from CWZ with n > k 4 1 is isomorphic (i.e. homotopy
equivalent) to a bouquet \/._, X;, where X; are suspended atoms. Moreover, any sus-
pended atom is indecomposable (thus indecomposable objects are just suspended atoms).

Note that the decomposition in Corollary 2.4 is, in general, not unique [14]. That
is why an important question is the structure of the Grothendieck group KO(CW]“). By
definition, it is the group generated by the isomorphism classes [X] of polyhedra from
CW* subject to the relations [X V Y] = [X] + [V] for all possible X, Y. The following
results of Freyd [14, 10] describe the structure of this group.

Definition 2.5. (1) Two polyhedra X,Y € CW" are said to be congruent if there is a
polyhedron Z € CW* such that X V Z ~Y Vv Z (in CW*).

(2) A polyhedron X € CW* is said to be p-primary for some prime number p if there is
a bouquet of spheres B such that the map p™1x : X — X can be factored through
B, i.e. there is a commutative diagram

p"1lx

X\—B/:X
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Theorem 2.6 (Freyd). The group Ko(CW¥) (respectively Ko(CWF¥)) is a free abelian
group with a basis formed by the congruence classes of p-primary suspended atoms from
CW? (respectively from CWF") for all prime numbers p € N.

Therefore, if we know the “place” of every atom class [X] in Ko(CW*) or Ko(CWF*),
i.e. its presentation as a linear combination of classes of p-primary suspended atoms, we
can deduce therefrom all decomposition rules for CW* or CWF*,

3 Bimodule categories

We also recall main notions concerning bimodule categories [11, 13]. Let A, B be two
fully additive categories. An A-B-bimodule is, by definition, a biadditive bifunctor U :
A°xB — Ab. Asusual, given an element u € U(A, B) and morphisms « € A(A’, A), 3 €
B(B, B’), we write fuc instead of U(c, §)u. Given such a functor, we define the bimodule
category E1(U) (or the category of elements of the bimodule U, or the category of matrices
over U) as follows.

e The set of objects of EI(U) is the disjoint union

obEI(U) = | | U(4,B).

A€ob A
BeobB

e A morphism from u € U(A,B) to v € U(A',B’) is a pair (a,3) of morphisms
a€ A(A A, B €B(B,B) such that ' = fu in U(A, B').
e The product (¢, ) (v, 3) is defined as the pair (o/a, 5'3).
Obviously, E1(U) is again a fully additive category.

Suppose that ob A D {41, Ay,..., A}, obB D { By, By,..., B, } such that every
object A € ob A (B € ob B) decomposes as A ~ @@, k; A; (respectively, B ~ @." | ;B;).
Then A° (respectively, B) is equivalent to the category of finitely generated projective
right (left) modules over the ring of matrices (a;;)nx, With a;; € A(A;, A;) (respectively,
(bij)mxm with b;; € B(B;, B;)). We denote these rings respectively by |A| and [B|. We
also denote by |U| the |A|-|B|-bimodule consisting of matrices (w;;)mxn, Where u;; €
U(A,, B;). Then U(A, B), where A, B are, respectively, a projective right |A|-module and
a projective left |B|-module, can be identified with A ®4||U| ®|g| B. Elements from this
set are usually considered as block matrices (U;j)mxn, Where the block Uj; is of size [; x k;
with entries from U(A;, B;). To form a direct sum of such elements, one has to write
direct sums of the corresponding blocks at each place. Certainly, some of these blocks
can be “empty,” if k; = 0 or [; = 0. An empty block is indecomposable if and only if it is
of size 0 x 1 (in U(4;,0)) or 1 x 0 (in U(0, B;) ); we denote it respectively by (7 or by 0;.

In many cases the rings |A| and |B| can be identified with tiled subrings of rings of
integer matrices. Here a tiled subring in Mat(n,Z) is given by an integer matrix (d;;)nxn
such that d;; = 1 and d;j;|d;;d ;i for all i, j, k; the corresponding ring consists of all matrices
(a;j) such that d;j;|a;; for all i, j (especially a;; = 0 if d;; = 0).
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Example 3.1. Let A C Mat(2,Z) be the tiled ring given by the matrix

112
01

U be the set of 2 x 2-matrices (u;;) with u;; € Z/24 if i =1, j = 2, u;; € Z/2 otherwise.
We define U as an A-A-bimodule setting

a 12b Uy U au; + bus aus + 12buy
0 c U3 Uy Clus ClUy

U Us a 12b auy cus + 12buy

Uz Uy 0 ¢ aug cuy + bug

If we need to indicate this action, we write

112* Z]2 7/24
and

01 7/2 7)2

for the matrix defining the ring A and for the bimodule U. Thus the multiplications of
the elements marked by stars is given by the *x-rule:

(12a") - (v mod 2*) = au mod 2. (4)

Example 3.2. In the classification of torsion free atoms below the following bimodule
plays the crucial role. We consider the tiled rings A; C Mat(2,Z) and By C Mat(7,Z)
given respectively by the matrices

1221224 12 24
1111224 6 24
1211224 12 24

112*
and | 000 1 2 12* 12

01
0001 1 12 ©
0000 0O 1 1

0000 0 0 1
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The Ay-Bs-bimodule U, is defined as the set of matrices of the form

7)24 0
712 0
7/12 0
7)2 7,)24
0 Z/12
7)2"  7.)2
0 Z/2

The multiplication in U, is given by the natural matrix multiplication, but taking into

account the #-rule (4).
We shall use the following description of indecomposable elements in E1(Us). Set I; =

{1,2,3,4,6}, I, = {4,567}, V = {veN|1<v<6}, Vi = {veN|l<v<12},
Vo={1,2,3}.

Theorem 3.3. A complete list £, of non-isomorphic indecomposable objects from E1(Us)

consists of
e empty objects BV (j =1,2) and 0); (1 < < 7);
oobjectsvg ceUA4,B) =1L2iel;veViifi=1 v=1ifi=267Tor
(ij) = (14); v € V otherwise);

) J
e objects v}, = (ig) (j=1,2,i=1,23,1=4,6ifj=1;, i=4,51=06,7if j =2;
if (il) = (26) or (5

7) then v € Vy; otherwise v € V);

e objects vy = (1} v3) with v € V;
13 0]
e objects vy = with [ =6,7 and v € V;
0 17
. vi 0]
e objects v;wyy = with ¢ =1,2,3 and v, w € V;
1; wi
vl 0
e objects viwy = | 1} w? | withi=1,2,3,1=6,7Tand v,w € V.
0 12

Here the indices define the block containing the corresponding element.

Proof. Decompose U into 2-primary and 3-primary parts. Since for every two matrices
My, M3 € GL(n,Z) there is a matrix M € GL(n,Z) such that M = M, mod2 and
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M = Mj3 mod 3, we can consider the 2-primary part and the 3-primary part separately.
Note that in the 3-primary part the blocks uj, u$, u2 and u2 vanish, while the other non-
zero blocks of u € ob(Uy) are with entries from Z/3 and there are no restrictions on
elementary transformation of the matrix u. Thus every element in the 3-primary part is
a direct sum of elements 1{ with j =1,9=1,2,3 0or j =2,i =4,5.

For elements u, u’ of the 2-primary part write u < u if ¥’ = ua for some non-invertible
a € Ay. Then we have the following relations:

<13 <1)<2] <235 <2y <4,
1 <1j <4 and 1§ < 23;

12 <12 <28 <22 <43

15 <13 <47 and 12 < 2.

Using them, one can easily decompose the parts

1
u
- . 1
al = ul and %=
2
1 U
Us

into a direct sum of empty and 1 x 1 matrices. Now we obtain a column splitting of the
remaining matrices, and with respect to the transformation that do not change @' and
@2, these columns are linearly ordered. Therefore, we can also split them into empty and
1 x 1 blocks. Together with @' and @2, it splits the whole matrix v into a direct sum
of matrices of the forms from the list £, where v, w are powers of 2. Adding 3-primary
parts, we get the result.

Example 3.4. Consider the idempotents e = Zieh ei; € Ay and ¢/ = €17 € B. Set
A, =cAe, B; = ¢Bye’ ~ Z and U; = ¢’Use. Then U; is an A;-B;-bimodule; elements
from El(U;) can be identified with those from E1(U,) having no second column and fifth
row. Hence we get the following result.

Corollary 3.5. A complete list £; of non-isomorphic indecomposable objects from El(U)
consists of
e empty objects (); (i € I1);
e objectsv; (1 € [;; veWViifi=1, veVifi=23 v=1if i =4,6);
e objects v; = (?) (1=1,2,3,1=4,6; if (il) = (26) then v € V5, otherwise v € V).
!
Here the indices show the blocks where the corresponding elements are placed.

4 Bimodules and homotopy types

Bimodule categories arise in the following situation. Let A and B be two fully additive
subcategories of the category Hos. We denote by A{ B the full subcategory of Hos
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consisting of all objects X isomorphic (in Hos) to the cones of morphisms f : A — B
with A € A, B € B, or, the same, such that there is a cofibration sequence

ALl.p o x Mova (5)

where A € A, B € B. Consider the A-B-bimodule H, which is the restriction on A° x B
of the “regular” Hos-Hos-bimodule Hos. If f € Hos(A, B) is an element of H, it gives rise
to an exact sequence like (5) with X = C'f. Moreover, since this sequence is a cofibration
one, for every morphism («, 3) : f — f’, where f’ € Hos(A', B’), there is a morphism
~v: X — X', where X' = C'f’, such that the diagram

A 1 9, x ", va E ., vB

B
o T S R ©
A’ B’ X — YA — ¥B

f/ g/ hl Zf/

commutes. In what follows we suppose that the categories A and B satisfy the following
condition:

Hos(B,XA)=0 forall A€ A, BeB. (7)

In this situation, given a morphism ~ : X — X’ we have that h'yg = 0, hence vg = ¢'/3
for some 3 : B — B’. Moreover, since the sequence

B2 x naZl vp

is cofibration as well, and ¥ : Hos(A4, B) — Hos(XA,XB) is a bijection, there is a
morphism a : A — A’, which makes the diagram (6) commutative.

Note that neither v is uniquely determined by («, 3), nor («, 3) is uniquely restored
from ~. Nevertheless, we can control this non-uniqueness. Namely, if both v and + fit
the diagram (6) for given (a, 3), their difference ¥ = v — 4/ fits an analogous diagram
with @« = f = 0. The equality 7g = 0 implies that 7 = oh for some o : ¥A — X',
and the equality b’y = 0 implies that 7 = ¢’7 for some 7 : X — B. On the contrary, if
~ = oo’ = 7'1 for some morphisms

/

X 2.3y 25X and X /27 T, X

where Y € A, Z € B, the condition (7) implies that 7g = 'y = 0, so 7 fits the diagram
(6) with a = 5 = 0.

Fix now =, and let both (a, 8) and («/, ') fit (6) for this choice of . Then the pair
(@, ), wherea = a— o, 3 = — [, fits (6) for v = 0. The equality ¢’3 = 0 implies that
B = f'o for some o : B — A’, and the equality (Xa)h = 0 implies that Ya = L7Xf, or
@ = 7f for some 7 : B — A’. On the contrary, if (@, 3) : f — f’ is such that 3 = f'o and
a=71f with 0,7 : B — A, then ¢'3 = (Xa)h = 0, hence this pair fits (6) with v = 0.

Summarizing these considerations, we get the following statement.
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Theorem 4.1. Let A, B be fully additive subcategories of Hos satisfying the condition
(7), A1 B be the full subcategory of Hos consisting of all spaces such that there is a
cofibration (5) with A € A, B € B. Denote by H the bimodule Hos considered as A-B-
bimodule, by Z the ideal in AT B consisting of all morphisms v : X — X’ that factor
both through an object from XA and through an object from B, and by J the ideal in
E1(H) consisting of all morphisms («, 3) : f — f’ such that g factors through f" and «
factors through f. Then the factor categories E1(H)/J and A{B/Z are equivalent; an
equivalence is induced by the maps f +— C'f and («, 5) — 7, where 7 fits a commutative
diagram (6). Moreover, Z? = 0, thus the functor A B — At B/Z reflects isomorphisms.

Proof We only have to check the last statement But if v : X — X' factors as X ——

B2 X' and o/ : X' — X" factors as X’ L, ZA 25 X" where A € A, B € B, then
v~y =0, since h'g : B — YA and Hos(B,XA) = 0.

Corollary 4.2. In the situation of Theorem 4.1, suppose that Hos(B, A) = 0 for each
A € A, B € B. Then El(H) ~ A{B/Z. Moreover, the functor Af B — EI(H)
is a representation equivalence, i.e. it is dense, preserves indecomposable and reflects
isomorphisms.

Note also that any isomorphism f : A — B is a zero object in EI(H)/J, since its
identity map (14,15) can be presented as (f~'f, ff~1). Obviously, the corresponding
object from AT B is zero (i.e. contractible) too.

5 Small dimensions

We now use Theorem 4.1 to describe stable homotopy types of atoms of dimensions at
most 5, or, the same, indecomposable objects in the categories CW% and CW%.

Example 5.1. It is well known that m,(S™) = Z (freely generated by the identity map).
It allows easily to describe atoms in CW}. Such an atom X is (stably!) of the form Cf
for some map f : mS? — nS?. Since Hos(S™, S"™!) = 0, Theorem 4.1 can be applied.
The map f is given by an integer matrix. Using automorphisms of m.S? and nS?, we can
transform it to a diagonal form. Hence, indecomposable gluings can only be if m =n = 1;
thus f = qlgz. One can see that such a gluing is indecomposable if and only if ¢ is a
power of a prime number. The corresponding atom S? U, B* will be denoted by M(q)
and called Moore atom. It occurs in a cofibration sequence

52 %, g2 99, gy MO, g8 9, g8,

For the next section we need more information about 2-primary Moore atoms. We
denote M; = M(2') and write gy, h; instead of ¢(2'), h(2"). These atoms can be included
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into the following commutative “octahedral” diagram [16], where t = r + s:

S2 gr Mr

Sy

5«2

52

M,

gt
DN

Moreover, in this diagram hgky = 2"h;.
The exact sequence (3) is here of the form

i (§%) = i (8%) — i (M (q)) — 7 (8%) = 7 (5%),

which gives the values of stable homotopy groups of the spaces M(q) shown in Table 1
below. (By the way, this table implies that all Moore atoms are pairwise non-isomorphic.)

k 2 3 4
T (M(q)), qodd | Z/q 0 0
(M), t>1 |Z/q ZJ)2 Z/26Z)2
7 (M) 7.2 7.2 7./4
Table 1

Actually, the only non-trivial case is the group 75 (M;). It can be obtained as 7(%2M,),
which is isomorphic to the 2-primary component of 74(S?) = Z/12 (cf. [18, Lemma
X1.10.2]). To prove that the sequence

0 — 7w (S?) =7/2 — 7} (M,) — 75 (S®) =Z/2 — 0
splits if ¢ > 1, it is enough to consider the commutative diagram

0——>m3(5%) —=mf (M) —>mf(S3) —=0

L

0——> 7 (5%) —— 73 (M) —>mf(S3) —>0

arising from the diagram (8) with » = 1. It shows that the second row of this diagram is
the pushdown of the first one along the zero map; thus it splits.

Example 5.2. Now we are able to describe atoms in CW3. They are cones C'f for some
f:mS* — Y with 2-connected Y of dimension 4. Again Hos(Y, S%) = 0, so Theorem 4.1
can be applied. Example 5.1 shows that Y is a bouquet of spheres S2, S* and suspended
Moore atoms YM(q). Note that 77(Y) = my(Y) for every Y; in particular my(S?*) =
Z, 74(S?) = Z/2 (generated by the suspended Hopf map 1, = ¥n; n: S — S? ~ CP!
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which is given by the rule n(a,b) = (a : b), where (a,b) € C? are such that |a]? + |b]? = 1)
and
7)2 if q=2"

0 otherwise.

mi(SM(q)) = 73 (M(q)) = {

The Hopf map 7, = ¥?*p : S* — S3 and the inclusion j : S? — M(q) give rise to
an epimorphism 7, : 7m4(Ss) — m4(S?) and to an isomorphism j, : m4(S?) — 74(XM,),
where M, = M(2"). Moreover, if t > r, there is a map M (2") — M(2') that induces an
isomorphism 74(M,.) — mu(My). HY = 8,5V s35° v (/o2 m.M,), amap f:mS* —Y
can be given by a matrix of the form

<F4 F3 G1 GQ...)>

where Fj is of size m x s; with entries from 74(S%); G, is of size m x m, with entries
from m4(3XM,) (some of these matrices can be “empty,” containing no columns). Using
automorphisms of Y and B, one can easily transform this matrix to the shape where
there is at most two non-zero elements in every row (if two, one of them necessarily in
the matrix F; and even) and at most one non-zero element in every column, as shown

below:
F, | Fy G,
q
n
A
n
ot n

Thus X decomposes into a bouquet of the spaces $?M(q) (which are not atoms, but
suspended atoms), spheres and the spaces C(n), C'(n2"), C(2"n) and C(2"n2"), which are
gluings of the following forms:

C(n)  Cn2") C(2™n) C(2n2")

Here, following Baues, we denote the cells by bullets and the attaching maps by lines;
the word in brackets shows which maps are chosen to attach bigger cells to smaller ones.
We do not show the fixed point, which coincide here with X? (since X is 2-connected);
thus the lowest bullets actually describe spheres, not balls. These polyhedra are called
Chang atoms. Again one can check that all of them are pairwise non-isomorphic.
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Thus we have proved the following classical result.

Theorem 5.3 (Whitehead [23], Chang [9]). The atoms of dimension at most 5 are:
e sphere S* (of dimension 1);
e Moore atoms M (q), where ¢ = p", p is a prime number (of dimension 3);
e Chang atoms C(n), C(n2"), C(2'n2"),C(2"n) (of dimension 5).

In what follows, we often use suspended Moore and Chang atoms. We shall denote
them by the same symbols but indicating the dimension. Thus M%(q) = X4 3M(q)
and CY(w) = L45C(w) for w € {n,2"n,n2",2"n2' }; in particular, M(q) = M3(q) and
C(w) = C°(w). The same agreement will also be used for other atoms constructed below.

6 Dimension 7

We shall now consider the category CW?. Its objects actually come from CW?3, so we have
to classify atoms of dimension 7. Such an atom X is 3-connected, so we may suppose
that X® = . Set B = X® then X/B only has cells of dimensions 6 and 7. Therefore
X € ¥3CW' 22CW! ~ BCW't CW'. Consider the bifunctor W(A, B) = Hos(XA, B)
restricted to the category CW?'. Since, obviously, Hos(B,X?A) = 0 for A, B € CW', we
can apply Theorem 4.1. So we first classify indecomposable elements of the bimodule
category E1(W).

Indecomposable objects of the category CW' are spheres S2, 5% and Moore atoms
M(q) (¢ =p", r prime). If ¢ is odd, one easily sees that W(A, M(q)) = 0 for all A, so we
may only consider the spaces M, = M(2").

From the cofibration sequence

522 8% M, M $P s 88

and the diagram (5), we get the values of the Hos-groups shown in Table 2.

Sz 83 My M, (r>1)
S? Z Z/2 Z)2 7./2
S3 0 7 72 7)2"
M Z)2 )2 ZJ4 11,
M; (t>1)|Z/2¢ Z)2 Ty Ty
Table 2

b
Here T}, denotes the set of matrices <(C)L ) with a € 2MZ /2™, b € 7/2, where m =
a

min(r,t). The equality Hos(M;, M;) = Z/4 follows from the fact that this ring acts on
) (My) = Z/4, so 2Hos(M,, M) # 0. The diagram (8) implies that the sequence

0 — Hos(S*, M;) — Hos(M,, M;) — Ker{Hos(S?, M,) =z, Hos(S?, M)} — 0
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splits if min(r,¢) > 1. The generator of the subgroup of diagonal matrices in T}, is ki,
01
while the matrix (O 0) corresponds to the morphism gnh,..

Analogous calculations, using Table 1 of the preceding section and the diagram (8),
produce the following table for the values of the functor Hos(XA, B):

S2 S3 M M, (r>1)
S? 72 72 7./4 Z]2® 72
S3 Z Z/2 Z/2 72
M, 7/2 7.4 Z/207/)2 Z)207/4
M, (t>1)|Z/2 Z)207)2 Z/AGZL)2 7)20L/207/2

Table 3

It is convenient to organize this result in the form of Table 4 below, as in [5].

le 2@ 3@ ... ©°® £ %3 e a—

®1| Z/2 Z/2 Z/2 ... Z/2 | 0 ... 0 0 0
®e| ZJ4 ZJ2 ZJ2 ... Z)2 | ZJ2 ... ZJ2 ZJ2 O
®s| Z/4 ZJ2 ZJ2 ... Z)2 | Z)2 ... ZJ2 ZJ2 O

®co| ZJ4 ZJ2 ZJ2 ... ZJ2 | ZJ2 ... Z)2 Z/2 O

oo* 0 0 0o ... Z Z)2 ... Z/2 Z]2 Z]2

3% 0 0 o ... 0 Z)2 ... Z/2 Z]2 72

9% 0 0 0O ... O Z/)2 ... Z/2 Z]2 Z]2

1% 0 0 0O ... 0 Z/A ... Z/4A Z]A 72
Table 4

In this table the row marked by ®; (respectively, ;%) shows the part of the group
Hos(XM,., M;) that comes from Hos(XM,., S?) (respectively, from Hos(XM,., S?)). In the
same way, the column marked by "® (respectively, ") shows the part of this group that
comes from Hos(S%, M;) (respectively, from Hos(S*, M;)). The columns *® and *>
correspond, respectively, to Hos(S%,_) and Hos(S%,_); the rows ®,, and ,* correspond,
respectively, to Hos(_, S?) and Hos(_, S®).

Therefore we consider the elements from EI(W) as block matrices (W), where z €
{"®,%"}, y € {®;,' * } and the block W is with entries from the corresponding cell of
Table 4. Moreover, morphisms between Moore spaces induce the following transforma-
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tions of vertical stripes W* and horizontal stripes W, of such a matrix, which we call
admissible transformation:

(a) replacing the stripes M'® and M* by M'®X and M* X;

(a’) replacing the stripes Mg, and M,, by X Mg, and X M,.,;

(b) replacing M*" by M*" + M X+ M™®Y | where r' > r, s arbitrary;
(b") replacing Mg, by Mg, + X Mgy + Y'M.,., where >t s arbitrary;

c) replacing M'® and M* by M'® + M’ ‘©X and M* + 27" M* X, where 1’ < r;
(c') replacing M,, and Mg, by M, + XM, and Mg, + 2" X My, ,, where ' < t;

(d) replacing M'® by M'® +2M ®X + 2M*Y; r, s arbitrary;
(d") replacing M,. by M, + 2XM,, + 2Y Mg_; r, s arbitrary;

(e) replacing Ml’l‘,: by Ml*i: +2M 2 X; s arbitrary;

(¢/) replacing M? by Mg? + 2X MS*,: ; s arbitrary.
Here X, Y denote arbitrary integer matrices of the appropriate size; in the transformations
of types (a) and (a’) the matrix X must be invertible. Two matrices W, W' are isomorphic
in EI(W) if and only if W can be transformed to W’ using admissible transformations.

It is convenient first to reduce the block W ¢ to a diagonal form D = diag(ay, as, . . ., an)

with a;|as] ... |an. Let a, = 2%b; with odd by,. Denote by W and W_, . the parts of
the stripes W~ © and W__, corresponding to the columns and rows with dy = d (k = oo
if dy = 0). Since all other matrices of these stripes are with entries from 7Z/2, we can
make the parts W% and W__,« zero. Moreover, using admissible transformations that
do not change the block D, we can replace W™'® by W™'® 4 W™'®X and W_,, by
W_.«+YW

oo ool *

for any [ < k. In what follows we always suppose that W is already in
this form.

Call two matrices of this form W, W' 2-equivalent, if there is a matrix W” ~ W such
that W’ = W mod 2. One can easily see that the problem of 2-equivalence of matrices
from EI(W) is actually a sort of bunch of chains in the sense of [8, 12]. We use the paper
[12] as the source for the further discussion. Namely, we have the chain & = { @y, *, oor* }
for the rows and the chain F = {7"®, " k) } for the columns, where

1k <ok < gk < o0 < pone < vt < o3k < ook < ootk < R < -+ < V3 < Vo < X,
l <20 <3@ < <R < ...98R < P20 <« Xl <« ™ < ... < 13 < x? < %,

The equivalence relation ~ on X = £ U F is given by the rule
®p ~ ¢k (1 £ 00), "® ~ *" (1 £ 00), R ~ ok

for all possible values of ¢, and k # oo. Thus we can get a classification of our matrices
up to 2-equivalence from [12]. Namely, we write x — y if either z € £, y € F or vice
versa, at least one of them belongs to { ®; } U {*" }, moreover, {z,y} # {®;, '} and
{z,y} # {®1,%" }. We call an X-word a sequence w = x1p222p3 . .. pnTy, Where x; €
X,opi€{~ =}, pi#pir1 (1=2,...,n—1) and z;_1p;z; holds in X foralli =2,....,n
Such a word is called full if the following conditions hold:

e cither po =~ oraz; Ly forally € X, y # xq;

e cither p, =~ or z, Ly foralyec X, y+#x,.
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w is called a cycle if py = p, = — and z, ~ 21 in X. If, moreover, w cannot be written
in the form v ~ v ~ --- ~ v for a shorter word v, it is called aperiodic. We call a
polynomial f(t) € Z/2[t] primitive if it is a power of an irreducible polynomial with the
leading coefficient 1. We shall identify any word w with its inverse and any cycle w with
any of its cyclic shifts. Then the set of indecomposable representations of this bunch of
chains is in 1-1 correspondence with the set S U B, where S is the set of full words (up to
inversion) and B is the set of pairs (w, f), where w is an aperiodic cycle (up to a cyclic
shift) and f # t? is a primitive polynomial. We call representations corresponding to S
strings and those corresponding to B bands.

Note that an X-word can contain at most one element **®, at most one element *..j,
and at most one subword of the form ®; — %" or its inverse. Replacing w by its inverse, we
shall suppose that there are no words of the form *" — ®, or “*® ~., *. It is convenient
to rewrite this answer in a modified form. Namely, we replace the subword % ~F ®,
if it occurs, by ¥, also omit z; if py =~, omit z, if p, =~ and omit all remaining
symbols ~. Then we replace every subword " ® —®; by "®;, ®; —" ® by ;®", ; x —*" by
o7 %" — % by "%, and ®; — %" by ;0". Note that in the last case r # 1 and t # 1. We also
omit all signs ~, replace any double superscript ™ by " and any double subscript 4 by ;.
Certainly, the original word can be easily restored from such a shortened form. Now, any
full word or its inverse can be written as a subword of one of the following words:

1 T2 T « 9
Ry, %2 Ry, k... Q@ (“usual word”),
® ..y, @y 0T @y % Ry, - %™ (“theta-word”),

® ... 2wy, @ et @y K2 @y, - ¥ (“epsilon-word?),

t—m

l—m

Moreover,
e oo can only occur at the ends of a word, not in a theta-word or epsilon-word.
e In any theta-word t_; # 1 and r; # 1.
Any cycle or its shift can be written as

R kR, xRy, *
The description of the representations in [12] also implies the following properties.

Proposition 6.1. (1) Any row (column) of a string contains at most 1 non-zero element.

(2) There are at most 2 zero rows or columns in a string, namely, they are in the following
stripes:

(a) M,

t

. if w has an end ®; (or ;®), t # oo;

M'® if w has an end *" (or "x);

(e) M_,. if the left end of w is e;

(f) M™"® if the right end of w is pe".

We call each end occurring in this list a distinguished end.

)

¢) Mg, if w has an end ;x;
)
)
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(3) The horizontal and vertical stripes of a band can be subdivided in such a way that
every new horizontal or vertical band has exactly 1 non-zero block, which is invert-
ible.

Recall that elements modulo 4 only occur in the stripes W'® and W.e

Corollary 6.2. Let W € EI(W) (with diagonal W_¥). Denote by W its reduction
modulo 2 and by W the matrix obtained from W by replacing all invertible entries with
0 (thus all entries of W are even). Suppose that W = @, W, where all W; are strings
or bands. Then W ~ W’ where W' =W and the only non-zero rows and columns of W
can be those corresponding to the distinguished ends of types 2(a-d) of Proposition 6.1.
In particular, if some of W, is a band, a theta-string or an epsilon-string, W’ has a direct

summand W; such that W, = W, mod 2 and W =0.

Thus we only have now to consider the case, when W = W’ and every W, is a usual
string. Suppose that W; corresponds to a string w;. It is easy to verify that if w; and w;
have a common distinguished end, there is a sequence of distinguished transformations,
which does not change W and adds the row (or column) corresponding to this end in
W; to the row (or column) corresponding to this end in W or vice versa. Hence, such
rows (columns) are in some sense linearly ordered. As a consequence, we can transform
W to a matrix having at most one non-zero element in every row and every column
(without changing W). It gives us the following description of indecomposable matrices

from E1(W) with W # 0.

Corollary 6.3. Suppose that W is an indecomposable matrix from EI(W), such that
W’ £ 0 for every matrix W/ ~ W. Let W = b, W;, where each W, is a usual string.
There are, up to isomorphism, the following possibilities:
(1) m = 1, W corresponds to a word w and W has a unique non-zero element in the
block W for the following choices:

= ¥ @y ..., a =", b=®, (t; =#1);
w="®,*¥?®..., a=%", b=1x(r1 #1);,
w= xRy ..., a=%", b= 1%,
w:1®tl*”®t2..., a='®, b= Q.

o o O
S— N N

(2) m = 2, W; (i = 1,2) correspond to the words w; and W has a unique non-zero
element in the block W}, where

T_— T_— ' T T
w =¥ TR KPR, wy ="y ¥ Ry ..., a =" b= %, (e)

=R KRy k., W=y KR KR, a="®, b=, ,. (f)
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We encode these matrices by the following words w:

w=... Q" %, @ %, 0" in case (a),

w = 10" @y ¥ Ry, x... 1in case (b),

W=k, @2k @k 07 in case (c),

w = 0" @y, ¥ %, @ % ... in case (d),

w=-*"2R , ¥ k0" @y 2@ ... in case (e),
w=-*l_p @ ' * O Dy ¥ @y, x... in case (f),

We call these words “theta-words” as well.

Obviously, cases (a-d) always give indecomposable matrices. On the other hand, one
can check that in case (e) W is indecomposable if and only if (r_q 4+ 1,¢1,7_9,%9,...) <
(ri,t_o,r9,t_3,...) with respect to the lexicographical order [5]. In case (f) W is inde-
composable if and only if (¢; + 1,7_1,t9,7_9,...) < (t_1,72,1_2,73,...) lexicographically.
Thus we obtain a complete list of non-isomorphic indecomposable matrices from E1(W).
Moreover, it is easy to verify that they remain pairwise non-isomorphic and indecompos-
able in E1I(W)/Z as well. Thus, using Theorem 4.1, we get the following result.

Theorem 6.4 (Baues—Hennes [7]). Indecomposable polyhedra from CW3 are in 1-1
correspondence with usual words, theta-words, epsilon-words and bands defined above,
with the only restriction that in a theta-word w = ..." 2%, , @' %, 0™ @y, ¥ @y, . ..
the following conditions hold:

ift_y =1, then (r_y+ 1,t1,7_9,t9,...) < (r1,t_o,re,t_3,...) lexicographically,
if ry =1, then (t + 1,7 q1,t,79,...) < (t_1,7r2,t_o,r3,...) lexicographically.

The gluings of spheres corresponding to these words can be described as follows:

for a usual word
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for a theta-word

for an epsilon-word

In these diagrams vertical segments present the suspended atoms M,., slanted lines cor-
respond to the gluings arising from Hopf maps S?! — S? while the long slanted line in
a theta-word shows the gluing arising from the doubled Hopf map S¢ — S

Note that all atoms from CW3 are p-primary (2-primary, except M(q) with odd q).
Therefore, we have the uniqueness of decomposition of spaces from CW? into bouquets
of suspended atoms.

7 Bigger dimensions. Wildness

Unfortunately, if we pass to bigger dimensions, the calculations as above become ex-
tremely complicated. In the representations theory the arising problems are usually called
“wild.” Non-formally it means that the classification problem for a given category con-
tains the classification of representations of arbitrary (finitely generated) algebras over a
field. It is well-known, since at least 1969 [15], that it is enough to show that this problem
contains the classification of pairs of linear mappings (up to simultaneous conjugacy), or,
equivalently, the classification of triples of linear mappings

Vi—= VW, (10)

On the other hand, problems like the one considered in the preceding section, where
indecomposable objects can be parameterised by several “discrete,” or combinatorial pa-
rameters (as X-words above) and at most one “continuous” parameter (as a primitive
polynomial in the description of bands), are called “tame.” The problems, where the
answer is purely combinatorial, like the classification of atoms of dimensions d < 5, are
called “finite.” 1 shall not precise these notions formally. The reader can consult, for
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instance, the survey [13], where it is done within the framework of representation theory.
An important question in the representation theory is to distinguish finite, tame and wild
cases. The following result accomplishes such an investigation for stable homotopy types.

Proposition 7.1 (Baues [5]). The classification problem for the category CW* is wild.

Proof. Let B be the category of bouquets of Moore atoms M = M;, A = 3?B. Then
CW* contains the subcategory ¥*(AtB) ~ At B. Corollary 4.2 shows that the category
A7t B is representation equivalent to E1(H), where H is the restriction of Hos onto A° x B.
We know that Hos(M, M) = Z/4. Therefore, we only have to show that Hos(3?M, M) ~
Z/2® Z/2@ Z/2. Indeed, it implies the category E1(H) is representation equivalent to
the category of diagrams of the shape (10).

The cofibration sequence S? —— S — M — S3 -2+ 3 and the Hopf map 7 : S° —
S4 produce the following commutative diagram:

0 — Z2/2 — 7f(M) —— Z/2 —— 0

| l i

0 — Z)2 — (M) — Z/2 —— 0,

Since ® = 4v, where v is the element of order 8 in 72(S?%) = Z/24 [21], actually n* = 0,
so the lower row splits and 75(M) = Z/2 @ Z/2. Just in the same way we show that
Hos(32M, S?) = Z/2 & Z/2. Now, applying the functors Hos(_,S?) and Hos(_, M) to
the same cofibration sequence, we get the commutative diagram

0 — 7]2 —— Hos(X2*M, S?) Z]2 0
l | i
0 —— Z/2&7/2 —— Hos(S2M, M) 72 0.

Since the upper row of this diagram splits, the lower one splits as well, hence Hos(X2M, M) =
Z]2®7Z)2®7/2. Tt accomplishes the proof.

We can summarize the obtained results in the following theorem.

Theorem 7.2. The category CW* is of finite type for k < 2, tame for k = 3 and wild
for k > 4.

8 Torsion free atoms. Dimension 9

Nevertheless, if we consider torsion free atoms, the situation becomes much simpler.
Namely, in this case neither sphere of dimension d can be attached to the spheres of
dimension d — 1, thus in the picture describing the gluing of spheres there is no fragments
of the sort
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Therefore, a calculation of atoms from CWF},, can be organized as follows. Denote by
B;, the full subcategory of CW consisting of bouquets of torsion free suspended atoms of
dimension 2k and by S;, the category of bouquets of spheres S%. Let I',,,(X) denote the
subgroup Im{75 (X™ 1) — 79 (X)} of 79(X). When X runs through By, Iy, can be
considered as an S;-Bj-bimodule; we denote this bimodule by G;. Then the following
analogue of Theorem 4.1 holds (with essentially the same proof).

Proposition 8.1. Denote by Z the ideal of the category CWF',; 41 consisting of all mor-
phisms X — X’ that factor through an object from By, and by J the ideal of the
category E1(Gy) consisting of such morphisms (o, 3) : f — f’ that a factors through f
and f3 factors through f’. Then CWF},,/Z ~ EI(T;)/J. Moreover, both Z? = 0 and
J? =0, hence the categories CWFﬁ .1 and EI(Gy) are representation equivalent.

Proof. The only new claim here is that J? = 0. But this equality immediately follows
from the fact that if a morphism X — S™ factors through X™ 1, it is zero.

Thus a torsion free atom of dimension 7 can be obtained as a cone of a map f :
mS® — Y, where Y is a bouquet of spheres S*, S® and suspended Chang atoms C%(n),
while f € I'4(Y'). Easy calculations, like above, give the following values of I's:

X| st s o)

Te|Z/2 Z/2 0

(The last 0 is due to the fact that the map 7, : 76(5°) — 76(S*) is an epimorphism [21]).
The Hopf map 7 : S5 — S* induces an isomorphism I'g(S°) — T'(S;). Therefore, the only
indecomposable torsion free atom of dimension 7 is the gluing C'(n*) = C"(n?) = S*U,2 B".
(Note that such an atom must contain at least one 4-dimensional cell.) Moreover, all
torsion free atoms of dimensions d < 7 are 2-primary.

A torsion free atom of dimension 9 is a cone of some map f : mS® — Y, where Y is a
bouquet of spheres S* (5 < i < 7), suspended Chang atoms C7(n), C®(n) and suspended
atoms C®(n?). One can calculate the following table of the groups I's for these spaces:

X | s 86 ST C'p) C¥(n) CE(n?)

Ts | Z/24 ZJ2 ZJ2 7J12 0  7Z/12

Morphisms between these spaces induce epimorphims I's(5%) — Ts(C7(n?)) — Ts(C7(n)),
['s(S7) — I's(Ss) and monomorphisms I'g(S7) — Tg(C7(n) — Ts(S?), Is(S%) — Ts(S?).
It can be deduced either from [21] or, perhaps easier, from the results of [22], cf. [3]. (The
only non-trivial one is the monomorphism I'g(S7) — T's(C"(n)) ). Again we consider the
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map f as a block matrix

T
F = (Fl FQ F3 F4 FG) .

Here F; is of size m; x m with entries from I's(Y;), where

S° if i =1,
C'(n) ifi=2,
Y, =< C¥n?) ifi=3,
S6 if i = 4,
SP if i = 6.

We have written Fg, not Fj, in order to match the notations of the Example 3.2; so
we set I} = {1,2,3,4,6}. Using the automorphisms of mS™ and of Y, one can replace
the matrix F' by PFQ, where P € GL(m,Z) and Q = (Q;):jer, is an invertible integer
block matrix, where the block @);; is of size m; x m; with the following restrictions for
the entries a € Q;;:

a=0 forie{4,6}, j<i,

a =0 mod2 for (ij) € {(12),(13),(23) },

a =0 mod6 for (ij) = (26),

a=0mod12 for j € 4,6, i € {1,2,3}, (ij) # (26).

Thus we have come to the bimodule category E1(U;) considered in Example 3.4, so we can
use Corollary 3.5, which describes all indecomposable objects of this category. Certainly,
we are not interested in the “empty” objects ();, since they correspond to the spaces with
no 9-dimensional cells. Note also that the matrices (14), (1) correspond not to atoms,
but to suspended atoms C°(n?) and C?(n). We use the following notation for the atoms
corresponding to other indecomposable matrices F':
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A(v)  for (vy),
A(nv)  for  (vg),
A(nPv)  for  (v3),
A(vn)  for Ui :
1g
A(vn?)  for Ul :
1y
Afpon) for (™2,

A(nun?)  for

—_
S

<
95

A(n?vn) for

—_
(=]

<
95

<
[\

A(n?vn?) for

—_
S

DN

So we have proved

Theorem 8.2 (Baues—Drozd [3]). Every torsion free atom of dimension 9 is isomorphic
to one of the atoms A(w) with w € { v, nv, n*v, vy, vn?, nun, nun?, N*on, n*vn? }.

Using the gluing diagrams, these atoms can be described as in Table 5 below.

AR B

v o ©

A(n*vn) A(n*on?) A(non) A(non?)
Table 5

One can also check that the 2-primary atoms in this list are those with v divisible by
3, while the only 3-primary one is A(8). Thus there are altogether 29 primary suspended
atoms of dimension at most 9. The congruent ones are only A(3) and A(9). Indeed,
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3
A(3)V S corresponds to the matrix <0> mod 24. But the latter can be easily transformed

9
to (0) mod 24, which corresponds to A(9) V S°:

()= ()= ()= () - )

(At the last step we add the first row multiplied by 4 to the second one; all other trans-
formations are obvious.) Omne can verify that all other 2-primary atoms are pairwise
non-congruent.

Corollary 8.3. The Grothendieck group K,(CWF?) is a free abelian group of rank 29.

Note that the matrix presentations allows easily to find the images in Ko(CWF*) of
all atoms. For instance, the equivalence of matrices
8 0 1; 0
0 31 0 0q

implies that A(8) v A(3) ~ A(1) v S° v S, thus in K(CWF?*) we have
[A(D)] = [AB®)] + [A(3)] — [5°] = [$].

The reader can easily make analogous calculations for all atoms of Table 5.

9 Torsion free atoms. Dimension 11

For torsion free atoms of dimension 11 analogous calculations have been done in [6].
Nevertheless, they are a bit cumbersome, so we propose here another, though rather
similar, approach. Namely, denote by S/, the category of bouquets of spheres S?*~! and
S%: by By, the category of bouquets of suspended atoms of dimension 2k — 1 and by G},
the S}-Bj-bimodule such that

G.(S*71 B) =Ty 1(B) and G,(S*, B) =Ty (B).

Proposition 9.1. Denote by Z’ the ideal of the category CWF}, , consisting of all mor-
phisms X — X' that factors through an object from Bj, and by J’ the ideal of the
category E1(G}) consisting of such morphisms (o, 3) : f — f’ that a factors through f

and f3 factors through f’. Then CWF}, /7’ ~ ElI,)/J’. Moreover, both (Z')?> = 0 and
(J")? = 0, hence the categories CWF}_, and E1(T"}) are representation equivalent.

Thus we obtain torsion free atoms if dimension 11 as cones of maps S — Y, where
S is a bouquet of spheres of dimensions 9 and 10, while Y is a bouquet of 5-connected
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suspended atoms of dimensions 6 < d < 9. Note that at least one of these atoms must
have a cell of dimension 6 in order that such a cone be an atom.
Just as above, we have the following values of I'g and I'jy for such atoms:

X | S Cm) C°() ST Cm) S80S

Lo | Z/24 Z/12 Z/12 Z/2 0 Z/2 0

Tl 0 0 0 Z/24 ZJ12 Z)2 7Z)2

(We have arranged this table taking into account the known maps between these groups,
as above.) The Hopf map S — S? induces monomorphisms in the 4th and the 6th
columns of this table, while the maps between suspended atoms induce homomorphisms
analogous to those of the preceding section. Thus a morphism f : S — Y can be described
by a matrix

.
FL B FF, 0 F; 0

0 0 0 GyG;5Gs Gy

where the matrix F; (G;) has entries from the first row (respectively, second row) and the
i-th column of the table above. Two matrices, F' and F’, define homotopic polyhedra if
F' = PFQ, where P, () are matrices over the tiled orders, respectively,

1221224 12 24
1111224 6 24
1211224 12 24
112*
000 1 2 12* 12 and

0001 1 12 6

0000 0 1 1

0000 0 0 1

Here 12* shows that the corresponding element obeys the x-rule (4), i.e. induces a non-
zero map Z/2 — 7Z/2 and acts as usual multiplication by 12 in all other cases.

Thus we have obtained the bimodule category E1(Us) from Example 3.2, so we can use
the list of indecomposable objects from Theorem 3.3. Moreover, we only have to consider
the matrices having non-empty G-column and one of the parts Fy, Fy, F3 (otherwise we
have no 11-dimensional or no 6-dimensional cells). Therefore, a complete list of atoms
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arises from the following matrices:

U; 0 U; 0
(% 0
) 14 Wy ) ]_4 Wy )
Ly wy
0 1 0 1

where i € {1,2,3}, v,w € {1,2,3,4,5,6 }. We omit the upper indices of Theorem 3.3,
since here they coincide with the column number; the lower indices show to which hor-
izontal stripe of the matrix F' the corresponding elements belong. It gives the following
list of 11-dimensional torsion free atoms.

Theorem 9.2 (Baues—Drozd [6]). Every torsion free atom of dimension 11 is isomor-
phic to one of the atoms of Table 6 below.

A(nPvn?wn?) A(vn*wn) A(nun*w)

A(vn*wn?) A(n*on*w) A(mPon*wn)  A(qun*wn?)
Table 6

Again 2-primary atoms are those with v, w € { 3,6 } and there are no 3-primary spaces
in this table. Moreover, the new 2-primary atoms are pairwise non-congruent, therefrom
we obtain the following result.

Corollary 9.3. The Grothendieck group K,(CWF?®) is a free abelian group of rank 85.

We end up with the following statements about the higher dimensional torsion free
spaces.

Proposition 9.4. (1) There are infinitely many non-isomorphic (even non-congruent)

2-primary atoms of dimension 13. Hence the Grothendieck group Ko(CWF*) is of
infinite rank for k > 6.
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(2) If k > 11, the classification problem for the category CWF* is wild.

Proof. We shall show first that 77, (A (n?v), or, the same, 75, (A(n*v) equals Z/2 D Z/2.
We consider the cofibration sequences

s8 Loyvo LA g0 Hovee (a)
St — S5t ——C— 8" — S, (b)

where A = A(n?v), C = C(n?). Note that the map f factors through S°. From the
sequence (b) we get 75 (C) ~ 75 (S7) ~ Z/2 and 75 (XC) ~ 75(C) = 0. The second
equality follows from the fact that the induced map 735 (S7) — 75 (S°) is known to be
injective [21]. Since 75, (S%) = 75, (S%) = 0, the sequence (a) gives then an exact sequence

0 — mp(2C) = Z/2 — wiy(A) — m1p(S°) ~ Z/2 — 0.

To show that this sequence splits, we have to check that 2a = 0 for every a € w5,(A). In
any case, 2« factors through X', which gives rise to a commutative diagram

M10(2) ¢ g10 2 g10

| IE
$# — X — A
f g
for some (3, (we have used the cofibration sequence for M (2) ). Since 75 (S°) = 77,(S%) =
0, also Hos(M1'°(q), S%) = 0. But the map 8¢ = f~ factors through S°, so 3¢ = 0 and
3 = 20 for some o € 7,(XC) ~ Z/2. Hence 3 =0 and 2a = 0.

Analogous calculations show that any endomorphism of A acts as a homothety on
75y (A). Since, obviously, Hos(A, S1°) = 0, Corollary 4.2 shows that the category of
spaces arising as cones of mappings mS'? — nA'(n?v) is equivalent to the category
of representations of the Kronecker quiver gl, or, the same, of diagrams of Z/2-vector
spaces of the shape V; = V5. But it is well-known that this quiver is of infinite type,
i.e. has infinitely many non-isomorphic indecomposable representations. Obviously, all
corresponding spaces are 2-primary and non-congruent, which proves the claim (1).

The claim (2) follows from the equality w5, (S') ~ (Z/2)3. It implies that the category
of spaces, which are cones of mappings mS?® — mS*', is equivalent to that of diagrams
Vi —= V,. The latter is well-known to be wild.

Perhaps, the estimate 11 in the claim (2) of Proposition 9.4 is too big, but at the
moment I do not know a better one. On the other hand, there is some evidence that the
classification problem for CWF® is still tame.

References

[1] H.J. Baues: Homotopy Type and Homology, Oxford University Press, 1996.



Yu. Drozd / Central European Journal of Mathematics 2(3) 2004 420-447 447

[2] H.J. Baues: “Atoms of Topology*“, Jahresber. Dtsch. Math.-Ver., Vol. 104, (2002), pp.
147-164 .

[3] H.J. Baues and Yu.A. Drozd: “The homotopy classification of (n — 1)-connected
(n + 4)-dimensional polyhedra with torsion free homology“, Expo. Math., Vol. 17,
(1999), pp. 161-179.

[4] H.J. Baues and Yu.A. Drozd: “ Representation theory of homotopy types with at
most two non-trivial homotopy groups®, Math. Proc. Cambridge Phil. Soc., Vol. 128,
(2000), pp. 283-300.

[5] H.J. Baues and Yu.A. Drozd: “Indecomposable homotopy types with at most two
non-trivial homology groups, in: Groups of Homotopy Self-Equivalences and Related
Topics®, Contemporary Mathematics, Vol. 274, (2001), pp. 39-56.

[6] H.J. Baues and Yu.A. Drozd: “Classification of stable homotopy types with torsion-
free homology*“, Topology, Vol. 40, (2001), pp. 789-821.

[7] H.J. Baues and Hennes: “The homotopy classification of (n — 1)-connected (n + 3)-
dimensional polyhedra, n > 4%, Topology, Vol. 30, (1991), pp. 373-408.

[8] V.M. Bondarenko: “Representations of bundles of semichained sets and their
applications®, St. Petersburg Math. J., Vol. 3, (1992), pp. 973-996.

[9] S.C. Chang: “Homotopy invariants and continuous mappings“, Proc. R. Soc. London,
Vol. 202, (1950), pp. 253-263.

[10] J.M. Cohen: Stable Homotopy, Lecture Notes in Math., Springer-Verlag, 1970.

[11] Yu.A. Drozd: “Matrix problems and categories of matrices“, Zapiski Nauch. Semin.
LOMI, Vol. 28, (1972), pp. 144-153.

[12] Yu.A. Drozd: “Finitely generated quadratic modules®, Manus. Math., Vol. 104,
(2001), pp. 239-256.

[13] Yu.A. Drozd: “Reduction algorithm and representations of boxes and algebras®,
Comptes Rendues Math. Acad. Sci. Canada, Vol. 23, (2001), pp. 97-125.

[14] P. Freyd: “Stable homotopy II. Applications of Categorical Algebra“, Proc. Symp.
Pure Math., Vol. 17, (1970), pp. 161-191.

[15] .M. Gelfand and V.A. Ponomarev: “ Remarks on the classification of a pair of
commuting linear transformations in a finite-dimensional space®, Funk. Anal. Prilozh.,
Vol. 3:4, (1969), pp. 81-82.

[16] S.I. Gelfand and Yu.I. Manin: Methods of Homological Algebra, Springer—Verlag,
1996.

[17) H'W. Henn: “Classification of p-local low dimensiona; spectra“, J. Pure and Appl.
Algebra, Vol. 45, (1987), pp. 45-71.

[18] Hu Sze-Tsen: Homotopy Theory, Academic Press, 1959.

[19] E. Spanier: Algebraic Topology, McGraw-Hill, 1966.

[20] R.M. Switzer: Algebraic Topology — Homotopy and Homology, Springer-Verlag, 1975.
[21]

21] H. Toda: Composition Methods in the Homotopy Groups of Spheres, Ann. Math.
Studies, Vol. 49, Princeton, 1962.

[22] H.M. Unséld: “A2-Polyhedra with free homology*, Manus. Math., Vol. 65, (1989),
pp- 123-145.

[23] J.H.C. Whitehead: “The homotopy type of a special kind of polyhedron“, Ann. Soc.
Polon. Math., Vol. 21, (1948), pp. 176-186.



http://www.ingentaselect.com/rpsv/cgi-bin/linker?ext=a&reqidx=0025-2611()104L.239[aid=6042249]
http://www.ingentaselect.com/rpsv/cgi-bin/linker?ext=a&reqidx=0025-2611()104L.239[aid=6042249]

