DOI 10.1007/s11253-021-01967-2
Ukrainian Mathematical Journal, Vol. 73, No. 6, November, 2021 (Ukrainian Original Vol. 73, No. 6, June, 2021)

REJECTION LEMMA AND ALMOST SPLIT SEQUENCES

Yu. A. Drozd UDC 512.55

We study the behavior of almost split sequences and Auslander—Reiten quivers of the orders under re-
jection of bijective modules as defined in [Yu. A. Drozd and V. V. Kirichenko, Izv. Akad. Nauk SSSR,
Ser. Mat., 36, 328 (1972)]. In particular, we establish the relations for stable categories and almost split
sequences of an order A and the order A’ obtained from A by the indicated rejection. These results are
improved for the Gorenstein and Frobenius cases.

1. Introduction

Bijective moduli and the “rejection lemma” [6] play an important role in the theory of orders and lattices,
as well as the Gorenstein (i.e., self-bijective) orders (see, e.g., [6, 7, 11, 12, 17]). Almost split sequences and
Auslander—Reiten quivers are also of high importance. In the present paper, we consider the behavior of almost split
sequences and Auslander—Reiten quivers under the rejection of bijective modules. In Sec. 2, we recall some general
facts about the orders, lattices, and duality but in a more general case because we do not make an assumption that
the principal commutative ring is a ring of discrete estimate. However, all basic results of the “classical” theory
(as in [4]) remain valid. In Sec. 3, we introduce bijective lattices and Gorenstein orders, prove the rejection
lemma in a more general form, and obtain some results connected with it. In particular, we determine the lattices
that become projective and injective after rejection (Theorem 3.1). Section 4 is devoted to the Bass orders, i.e.,
the orders all superrings of which are Gorenstein. Theorem 4.1 is the main result of this section. This theorem
significantly generalizes the Bass criterion presented in [6]. In Sec. 5, we consider stable categories and connections
of a stable category of order A and a stable category of order A’ obtained by rejection of a bijective module
(Theorem 5.1). In Sec. 6, we study almost split sequences and establish the description of almost split sequences
of order A in terms of the A’-modules (Proposition 6.2 and Theorem 6.1). Finally, in Sec. 7, we improve these
results in the case of Gorenstein and Frobenius orders.

The present paper is dedicated to the bright memory of my friend, colleague, and many-year coauthor Volodymyr
Kyrychenko with whom we enthusiastically studied the structures of modules 50 years ago and were quite happy to
discover the rejection lemma.

2. Orders, Lattices, and Duality

In what follows, R denotes a complete local commutative Noetherian ring without nilpotent ideals of Krull
dimension 1 with the maximal ideal m, the residue field k = R/m, and the complete ring of quotients K. It follows
from [3] that this ring is a Cohen—Macaulay ring. By R-mod we denote a category of finitely generated R-modules
and by R-lat we denote its complete subcategory that consists of R-lattices, i.e., torsion-free R-modules M,
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or such that the canonical mapping M — K ®r M is an immersion. Then we write K M instead of K @p M
and identify M with 1 ® M C K M. Note that, in this case, the R-lattices are equivalent to the maximal Cohen—
Macaulay modules. Since R is complete, it has a canonical module [3] (Corollary 3.3.8), i.e., an R-lattice wg
such that inj.dimpwr = 1 and Exth(k,wg) = k. The functor D : M ~ Hompg(M,wg) is the exact duality in

the category R-lat [3] (Theorem 3.3.10). This implies that if 0 — N = M ﬁ> L — 0 is the exact sequence of

lattices, then the sequence 0 — DL D—'B> DM 2% DN — 0 is also exact and the natural mapping M — DDM
is an isomorphism. Since

Endgr(wg) ~ Endg R~ R and Endg KM ~ K Endgp M

for each lattice M, we get Kwr ~ K and identify wgr with its image in K. We also note that K is the direct
product of fields:

K= HK
=1

where K is the field of quotients of the ring R/p; and p; runs through the minimal primary ideals of the ring R.

A semiprimary R-algebra A, which is an R-lattice, is called an R-order or simply an order if R is fixed.
Recall that a semiprimary ring is a ring that does not contain nilpotent ideals. Then K A is a semisimple K -algebra.
We say that A is an R-order in KA. By Z(A) we denote the center of A and say that A is central if the natural
mapping R — Z(A) is an isomorphism. If A is connected, i.e., cannot be decomposed as a ring, then its center
is local, and vice versa. By A-mod we denote a category of finitely generated R-modules and by A-lat we
denote its complete subcategory of A-lattices, i.e., (left) A-modules that are R-lattices. The restriction of the
duality functor D to the category A-lat gives the exact duality between A-lat and A°P -lat, which is regarded as
a category of right A-lattices. We set w4 = Homp(A, wpr). This is an A-bimodule and, moreover, for each (left
or right) A-lattice M, its dual lattice DM is identified with Hom 4 (M, w ). Modules of finite length are called
finite modules. The length of a module of this kind is denoted by ¢4(M). The length (g o(K M) is called the
width of the A-lattice M and denoted by wd 4 (M ). It is easy to see that wd 4 (M) is the maximal number m such
that M contains the direct sum of m nonzero submodules or, which is the same, a chain of submodules

M=My>DM D...O M,

all quotients M;/M; 1 of which are lattices. Lattices of width 1 are called L-irreducible.!

Since the ring R is complete, every finite R-algebra (i.e., finitely generated as an R-module) is semiper-
fect [14]. Hence, the category of finitely generated modules over this algebra A is the Krull-Schmidt category.
In particular, every indecomposable projective A-module is isomorphic to the direct summand of A and there
exists a bijection between the classes of isomorphism of indecomposable projective modules (called principal
A-modules) and the classes of isomorphism of simple A-modules that associates the principal module P with
the module P/tP, where v = rad A. For any finitely generated A-module M, there exists an epimorphism
m: P — M, where P is projective and Kerm C tP. Here, the module P is determined to within an isomor-
phism. It is called a projective cover of the module M and denoted by P4(M). Sometimes, the epimorphism 7
is also called a projective cover of M despite the fact that it is defined only to within a factor, which is an auto-
morphism of P. It is clear that 7 induces the isomorphism P/tP ~ M /tM.

A superring of R-order A is defined as an R-order A’ such that A C A" C KA. Then A’/A is a finite
module and A’-lat is a complete subcategory in A-lat. An order is called maximal if it does not have proper

! Quite often, these lattices are called irreducible. However, in what follows, this term is used in a different context.
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superrings. A superring of order A, which is the maximal order, is called its maximal superring. Similarly,
a supermodule of A-lattice M is defined as an A-lattice M’ suchthat M C M’ C KM. If A’ is a superring in A
and M is an A-lattice regarded as a submodule in K M, then the A’-lattice A’ M, which is a supermodule of M,
is defined.

In seems likely that the result presented below is known. In the case where R is a ring of discrete estimate,
it was proved in [4]. The general case can be easily reduced to the indicated case. However, we failed to find the
corresponding reference in the literature.

Proposition 2.1.
1. Each R-order A has a maximal superring.
2. The center of maximal order is the product of rings of discrete estimate.

3. A connected maximal order has, to within an isomorphism, a unique indecomposable lattice, which is
L-irreducible.

4. Conversely, if the order has a unique indecomposable lattice, then it is connected and maximal.

Proof. 1t is possible to assume that A is connected. Its center Z(A) is complete and local and each super-
ring A isa Z(A)-order. Hence, we can assume that Z(A) = R. Then Z(K A) = K. Let S be the integral closure
of R in K. Since R is complete and local, it is a marvelous ring [16]. In particular, .S is a finitely generated
R-module. Since it is completely closed, it is the direct product of rings of discrete estimate. The ring SA is
an S-order and a superring of A. It can be decomposed into the direct product of orders whose centers are rings
of discrete estimate. Thus, by virtue of Theorem 26.5 in [4], we conclude that SA and, hence, also A have the
maximal superring A’ and Z(A’) = S. All other assertions now follow from [4].

Proposition 2.1 is proved.

Since the algebra K A is semisimple, every finitely generated K A-module is embedded in a finitely gen-
erated free module. This immediately implies that each A-lattice M is embedded in a free A-module. Hence,
the A-lattices are equivalent to the submodules of free modules.

Proposition 2.2. Let I € A-lat. Then the following conditions are equivalent:
(1) inj.dimy I =1;

(2) ExtY(M,I) =0 forall M € A-lat;

(3) Exti(M,I) =0 forall M € A-lat and all i > 1;

(4) any exact sequence 0 — I — N — M — 0, where M € A-lat, splits;
(5) I >~ DP, where P is a finitely generated projective A°P-module;

(6) I is the direct summand W'} for some m.

A lattice satisfying these conditions is called L-injective. If an L-injective lattice is indecomposable, then it is
called coprincipal.

Proof. The implications (3) = (2) and (2) < (4) are obvious.
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(2) = (3) because, in the projective resolvent

dn dp— d d
R - R N SR LN & NN < TN = Ny /N

of the module M, all modules M; = ITm d; are lattices and Ext’y (M, I) ~ ExtY (M;_1,I) for i > 1.

(4) = (5). By duality, condition (4) means that every exact sequence 0 — M — N — DI — 0 splits.
Since the indicated sequence with projective module N always exists, this implies that P = DI is projective
and I ~ DP.

(5) = (6). Since the projective module P is the direct summand of the free module A™, the module I = DP
is the direct summand D(A™) = w'}.

(6) = (2). Let M be an A-lattice. Consider the exact sequence 0 — N — P — M — 0 with projective
module P. Since all these modules are lattices, the induced sequence

0 — Homy(M,wa) - Homa(P,wa) - Homa(N,ws) — 0
is also exact, which implies that Extl (M,w4) = 0. The same is also true for the module w'y and its direct

summand 1.

(3) & (1). It is known that
inj.dim I = sup {i | Exty(4/L,I) # 0 for some left ideal L}
= sup {i | Exti‘_l(L, I) #0 for some left ideal L} .

Since each ideal is a lattice, we conclude that (3) = (1). Conversely, if condition (1) is satisfied and M is a lattice,
then we embed it in the projective module P. Thus,

Exty (M, I) = Ext}" (P/M,I) =0 for i>1,

i.e., condition (3) is satisfied.
Proposition 2.2 is proved.

The category A-lat becomes exact in a sense of [13] if ordinary short exact sequences, i.e., triples

N2>ME>L, where o =Kerf and p = Coka,

are regarded as exact pairs (conflations). Thus, in this category, deflations are epimorphisms of modules and
inflations are monomorphisms with kernels without torsion (we often use this terminology). This exact category has
sufficiently many projective and injective objects, namely, their projective objects are finitely generated projective
modules and their injective objects are L-injective lattices. To construct the conflation M — I — N with
L-injective 1, it suffices to dualize the exact sequence 0 — L — P — DM — 0 with projective P.

For lattices M and N, we write M \, N (resp., N M) if there exists a deflation M" — N (resp.,
an inflation N — M") for some r. In particular, A \, M and, dually, M " wy for any lattice M. We write
N @ M if N is the direct summand of M" for some r and M > N if both M @ N and N @ M. Since A-lat
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is a Krull-Schmidt category, the notation N @ M for the indecomposable lattice N means that N is the direct
summand of M and M > N means that M and N have the same set of indecomposable direct summands. Note
that the relations N\, ', and & are transitive and that < is the equivalence relation.

Definition 2.1. Let M be an A-lattice, let E = Enda M, and let O(M) = Endg M. If the natural map-
ping A — O(M) is an isomorphism, then M is called a strict A-lattice. It is clear that M is an exact module.

It is clear that O(M) is a superring of order A/Anny M. By the Burnside density theorem [8] (Theo-
rem 2.6.7), O(M) can be identified with a subset {a € KA/ Ann KM | aM C M}. In particular, the exact
A-lattice M is strict if and only if

{ae KA|aM C M} = A.
If the lattice NV is exactand M \, N or N ~ M, then M is also exact and O(N) 2 O(M).

Proposition 2.3. For each A-lattice M, there exists an exact sequence
0—->0M)— M"— M™ (2.1)
for some m and n. In particular, M is strict if and only if there exists an exact sequence

0— A% M S um, (2.2)
ie, A M.

Proof. 1If E = End4 M, then there exists an exact sequence of £-modules £ — E™ — M — 0. By using
the functor Hompg(_, M), we arrive at the exact sequence (2.1). If M is strict, then it coincides with (2.2).
Conversely, if A * M, then, as indicated above, A = O(A) 2 O(M). This yields O(M) = A.

Proposition 2.3 is proved.

Corollary 2.1. An A-lattice M is strict if and only if the exact sequence

M™ — M" = wsqs —0 2.3)
exists, i.e., M \ wa.

We also use one more duality similar to the Matlis duality [15].

Theorem 2.1. Let Tp = Kwr/wg. Denote M = Homp(M,TR). The functor M M induces the exact
duality between the categories of Noetherian and Artinianian R-modules.

Proof. Step 1. By vj; we denote a natural mapping M — M. Each K R-module V is an injective R-module
and

Hompg(V, M) =0 = Hompg(L,V)

for any Noetherian module M and for any periodic R-module L. Since inj.dimpwgr = 1, Tg is also an injective
R-module. Hence, the functor M +— M is exact. If the R-module L is periodic, then we apply the functor
Homp(L, -) to the exact sequence 0 — wr — Kwr — T — 0. As a result, we conclude that

L ~ Exth(L,wg).
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In particular, R = T ~ Exth(Tk,wr). We apply the functor Homp(_,wr) to the same exact sequence and
obtain

R = HOH]R(LUR, wR) ~ EXt}%(TR, wR) = TR.

Thus, vg and 77, are isomorphisms. Therefore, by using the exact sequence R™ — R"™ — M — 0, we conclude
that ;s is an isomorphism for each Noetherian R-module M.

Step 2. We show that the module N = M is Artinianian if M is Noetherian. Indeed, if N; C N, then this
immersion induces a surjection M = N ]\71 and, moreover, Ker « ~ N/Nj. In addition, if Ny C Ny, then we
obtain the surjections M < N1 ﬁ> Ny such that Ker So D Ker a. Thus, every decreasing chain of submodules

of the module M gives an increasing chain of submodules of the module M. Hence, infinite decreasing chains of
submodules do not exist in M . In particular, the module Tr = R is Artinianian.

Step 3. Now let the module N be Artinianian. It contains a simple submodule U. Since Homp(U,Tg) # 0
and T'r is injective, there exists a nonzero homomorphism ag: N — T'r. Since Ker oy is also Artinianian, there
exists a nonzero homomorphism Ker oy — Tx that can be is extended to the homomorphism o’ : N — Tg. Let

Q0 )
= N = Th.
ag <O/) R

Then Ker oy C Ker ag. Repeating this procedure, we arrive at the homomorphisms ay : N — T}% such that
Keragy1 C Keray, if  Keray # 0.

Since N is Artinianian, at a certain step, we arrive at the immersion 3 : N — Tp'. Since Cok f3 is also Artinianian,

we get the exact sequence 0 — N — mT'gr — nT'r. The fact that the mapping 7, is an isomorphism now implies

that vy is also an isomorphism. Further, reasoning as in Step 2, we conclude that the module N is Noetherian.
Theorem 2.1 is proved.

It is clear that the application of this duality to A-modules gives a duality between the categories of left (right)
Noetherian modules and right (left) Artinianian A-modules. It is easy to see that, in this case, the category of
lattices is mapped onto a category of Artinian modules without finite quotient modules.

The duality M — M is closely connected with the duality D.

Proposition 2.4. Let 0 — M = N — L — 0 be an exact sequence of A-modules, where M and N are

lattices, and let L be a finite module. There exists an exact sequence 0 — DN Loy DM~ L —0.In particular,
if M is a maximal submodule in N, then DN is a minimal supermodule of the module DM, and vice versa.

Proof. In Step 1 of the previous proof, it was established that L~ Ext}éx(L, w4). We also note that
Homy (L, w4) = 0.

Applying the functor Hom 4 (-,w4) to this exact sequence, we get the required result.

Let M be an A-lattice and let v = rad A. Since (DM )t is the intersection of maximal submodules of the
module DM, its dual module M*® = D((DM)t) is the sum of minimal supermodules M. If 7: P = DM is
a projective cover of DM, then the dual homomorphism D7 : M — DP is the inflation ¢: M — I such that
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I is an L-injective lattice and ¢ induces an isomorphism [*/I — M?®/M. We say that I (and sometimes also
the mapping ¢) is an L-injective hull of the module M. We also consider iterated supermodules M™** by setting

Mr*l — Mt and Mt*(k:+1) _ (M'c*k:)t.

It is clear that M™* = D((DM)t*). Since the principal A-module P has a unique maximal submodule tP,
the coprincipal A-lattice I has a unique minimal supermodule [*.

3. Bijective Lattices and Gorenstein Orders
Let A be an R-order and let v = rad A. In this section, we assume that the order A is connected.

Definition 3.1. The A-lattice B is called bijective [6] if it is projective and L-injective.

The most important property of bijective lattices is the so-called rejection lemma [6] (Lemma 2.9).

Lemma 3.1. Suppose that B is a bijective A-lattice. Either there exists a unique superring A’ such that each
A-lattice M is isomorphic to B' & M', where M’ is an A'-lattice and B' @ B, or A is hereditary and A @ B
(then M & B for each A-lattice M ).

It is said that A’ is obtained from A by rejecting B. This is denoted by A~ (B). It is clear that if B is
indecomposable, then A~ (B) is a minimal superring of order A.

Remark 3.1. In view of duality, DB is also a bijective (right) A-lattice and each right A-lattice N is iso-
morphic to B’ @& N’, where B’ @ DB, and N’ is aright A'-lattice.

Proof. 1t M & B, then M is projective. Hence, if M @& B for each A-lattice M, then A is hereditary.
Thus, we can assume that there exist A-lattices M such that M ¢ B. In this case, it is clear that exact lattices
with this property also exist. If M is a strict A-lattice, then A * M. Since B is projective, B M, which
implies that B @ M because B is L-injective. Let

A =)o),
M

where M runs over all exact A-lattices that do not have direct summands B’ @ B. There exists a finite set of
lattices My, Mo, ..., M, such that A’ = O(N), where

N = é M;.
=1

If N is strict, then B @ N, which is impossible. Hence, A’ D A and each exact A-lattice M without direct
summands B’ @ B is an A’-lattice. Let M be an arbitrary A-lattice that does not have direct summands B’ @ B
and let Uy, Us, . .., Us be all pairwise nonisomorphic K A-modules. If M is not exact, then one of these modules,
say, Uy, is not a direct summand of K M. We now show that there exists an A-lattice L C U; such that L ¢ B.
Replacing M with M & L and continuing this procedure, we arrive at the exact A-lattice M’ without direct
summands B’ @ B such that M is its direct summand. Therefore, M’ and, hence, M are also A’-lattices.
Assume that L. @ B for each A-lattice L C U;. Let C be a simple component of the algebra K A such that
U, is a C-module and let A; be a projection of A onto C. If M is an arbitrary Aj-lattice, then it has a chain
of submodules all factors of which are submodules of U;. Thus, it is projective and A; is hereditary and a direct
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factor of A. Since A was assumed to be connected, we have A; = A and KA = C is a simple K-algebra and,
hence, M & B for each A-lattice.
Lemma 3.1 is proved.

To describe the structure of the order A~ (B), we need several simple lemmas.

Lemma 3.2.

1. Let P be a principal A-module. If all modules t'P are indecomposable and projective, then A is
hereditary and every indecomposable A-lattice is isomorphic to some ' P.

2. Let I be a coprincipal A-module. If all modules I*** are indecomposable and L-injective, then A is
hereditary and every indecomposable A-lattice is isomorphic to some I**.

3. Let P be a principal A-module. If tP ~ P, then the order A is maximal and P is a unique indecom-
posable A-lattice.

4. Let I be a coprincipal A-module. If I¥ ~ I, then the order A is maximal and I is a unique indecom-
posable A-lattice.

Proof. 1. Under this condition, t"*! P is a unique maximal submodule in t’ P. Hence, every submodule P
coincides with some t'P, i.e., it is projective and indecomposable. Therefore, K P is a simple K A-module.
Thus, there exists a simple component C' of the algebra K A such that K P is a K A-module. If V' is an arbitrary
C-module, then it is divisible by K P. Therefore, if M C V is alattice, then it has a chain of submodules all factors
of which are submodules of K P. This implies that M is projective. In particular, the projection A; of order A
onto C is projective, i.e., it is the direct summand of A as an A-module. In this case, it is clear that Ay is the
direct factor of A and, hence, A = A;.

The second assertion of the lemma is dual to the first assertion.

3.1f tP ~ P, then t* P ~ P for all k. Thus, all these quantities are principal. As in Assertion 1, this implies
that the algebra A is simple and P is a unique indecomposable A-lattice. In particular, A is a maximal order.

The fourth assertion of the lemma is dual to the third assertion.
Lemma 3.2 is proved.

Lemma 3.3. Suppose that the order A is not hereditary. Let B be an indecomposable bijective A-lattice
and let A’ = A= (B). Then B* # B, tB # B, B" is projective, and tB is an L-injective A’-lattice.

Proof. By Lemma 3.2, B* % B and tB % B. Therefore, they are A’-lattices and A'B = B*. The principal
A-module B is the direct summand of A and, hence, A ~ B ® M for some M. Then

A=AA~ABoAM=B"®AM
and, therefore, B* is projective over A’. By the duality, tB is injective over A’.

Lemma 3.4.

1. Suppose that P is a principal A-module and M is its minimal supermodule. Then M is either inde-
composable or decomposes as My & Ms, where M and Moy are indecomposable. In the second case,
tP = tM; & vMs and neither M1, nor Ma are projective.
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2. Suppose that I is a coprincipal A-module and M is its maximal submodule. Then either M is indecom-
posable or it decomposes in the form My & Mo, where My and My are indecomposable. In the second
case, I' = M7 ® M; and neither My, nor My are L-injective.

3. Suppose that B is an indecomposable bijective A-lattice. Its maximal submodule and minimal super-
module are simultaneously decomposed. Moreover, if tB is L-injective, then BY is projective, and vice
versa.

Proof. 1. Since P D tM D tP, we get £4(M/tM) < 2. Hence, M is either indecomposable or decom-
poses as M @ My, where M; and My are indecomposable. In the last case, £4(M;/tM;) = 1. Therefore,
N = tM; & My # P is a maximal submodule in M, N N P = tP, and M;/tM; ~ M/N ~ P/tP. Since
M, # P, it cannot be projective. The same is true for Ms. In addition, in this case, £ 4 (M /tM) = 2. This yields
tP =tM = tM; & tMs.

By virtue of duality, the second assertion of the lemma follows from the first assertion.

3. According to the first and second assertions of the lemma, if B* is indecomposable, then tB is also
indecomposable, and vice versa. Assume that tB is L-injective. Then it is indecomposable and, hence, B = (¢B)*
is a unique minimal supermodule of tB. Therefore, B is also a unique maximal submodule in B*. Thus, there
exists an epimorphism 7: P — BY where P is projective. If P ~ B, then 7 is an isomorphism. If P 2 B,
then it is an A’-module, where A’ = A~ (B). By Lemma 3.3, B" is a projective A’-module. In this case, 7 splits
and, hence, is an isomorphism. In both cases, B* is projective over A.

The converse assertion is obtained by duality.

Lemma 3.4 is proved.

Definition 3.2. Let B be a bijective B-lattice.

1. A B-link is a set of indecomposable lattices {B1, Ba, ..., B} such that
B;@Bforali=1,...,l,
B; =tB;_ fori=2,...,l (or, equivalently, B;_1 = B;),
tB; & B and B} ¢ B.

2. For an indecomposable A-lattice M, M ™5 is defined as follows:

if M & B, then M5 = M;
if M€{B1,Bs,...,B}, where {B1, Ba, ..., B} is a B-link, then M5 =B} and M—P =tB;.

By Lﬁ[ we denote the immersion M5 — M+:B,

Theorem 3.1. Suppose that the order A is not hereditary, B is a bijective A-lattice, and A’ = A~ (B).
If A = @, P, where P; are indecomposable, then A" = @}, PZ-J“B. In particular, all modules Pf’B are
projective as A'-modules and each principal A’-module is isomorphic to a direct summand of some Pf’B.

Remark 3.2. By duality, if wq = €], I;, where I; are indecomposable, then wa = @ | I =B In par-

i=14i
ticular, all modules /% are L-injective as A’-modules and each coprincipal A’-module is isomorphic to a direct
summand of some [ Z-_’B.

Proof. We write P/ instead of P;L’B. Clearly, it is possible to assume that B = @Tzl B;, where all B;

(2

are indecomposable and nonisomorphic. We proceed by induction on m. Let m = 1, i.e., B is indecomposable.
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By Lemma 3.3, B* ¢ B and, hence, B’ = B" is an A’-lattice and, moreover, A’B = B’. If P is a principal
module and P ¢ B, then P’ = P is an A’-lattice, i.e., AP = P. Thus,

A =AA= ép;.
i=1

Assume that the theorem is true for the (m — 1)th summand. If B} & B for all 4, then B{** @ B for all k.
Hence, by Lemma 3.2, A is hereditary, which contradicts the condition. Therefore, we can assume that B} & B.
Denote A; = A~ (B;) and v; = rad A;. Then A~ (B) = A (B'), where B’ = @!", B;. If tB; = By @ B,
then B; is a unique minimal supermodule of B. Since Bj is a unique minimal supermodule of By and B; is
not an A;-lattice, we get By' = BY. Thus, M TP = M™*B" for each Aj-lattice M. If P, ~ By for i < r and
P; #£ By for ¢ > r, then

Al = Af(Bl) = (épzl> P < é Pz) .
i=1 i=r+1

/ /
Moreover, P/%" = P! for i <r and P;"" = P/ for i > r. By the induction assumption, we get

n
A~ (B =P F.
i=1
Theorem 3.1 is proved.

We now introduce a class of orders that plays an important role both in the analyzed case and, in general, in the
theory of orders and lattices. The following result is a direct corollary of Propositions 2.2 and 2.3 and Corollary 2.1:

Proposition 3.1. Let A be an R-order. Then the following conditions are equivalent:
(1) A is L-injective as a left A-lattice;

(2) A is L-injective as a right A-lattice;

(3) A& M forevery strict A-lattice M;

(4) wa & M for every strict A-lattice M;

(5) if M is a strict A-lattice, then M \, N for each A-lattice N;

(6) if M isa strict A-lattice, then N ™ M for each A-lattice N;

(7) every projective A-lattice is L-injective;

(8) every L-injective A-lattice is projective.

If these conditions are satisfied, then A is called a Gorenstein order [6].

It is clear that every hereditary order is a Gorenstein order. If A is not hereditary, then, by A~, we denote
the order A~ (A). It is obtained from A by rejecting all bijective (or, which is the same in the analyzed case,
projective) modules. Theorem 3.1 can be significantly simplified for the Gorenstein orders due to the following
result:

Lemma 3.5. Suppose that A is a nonhereditary Gorenstein order and B is a principal A-module. Then
neither B*, nor tB are projective (or, which is the same, L-injective).
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Proof. Assume that P = BT is projective and, hence, also bijective. By Lemma 3.4, it is indecomposable
and, hence, tP = B. Let N = P*. Then tN D tP = B. If tN = B, then B* O N, which is impossible. Hence,
tN = P and, consequently, N/tN is a simple module. Therefore, there exists a surjection P* — N, where P’
is the principal module, and hence, the surjection tP’ — P also exists. Thus, P is the direct summand of tP’.
By Lemma 3.4, tP’ ~ P. This yields P’ ~ N and, hence, N = B**? is also bijective. Continuing this procedure,
we see that all lattices B™** are bijective. By Lemma 3.2, A is hereditary, which contradicts the condition. Thus,
B' cannot be projective. The assertion for tB is obtained by duality.

Lemma 3.5 is proved.

Corollary 3.1. Suppose that A is a nonhereditary Gorenstein order, A = @;._, P;, where P; are indecom-
posable, P/ = P}, and B is a bijective A-lattice. Assume that P; @ B for i < k and P; ¢ B for i > k.
Then

k n
- (@)-(&)
=1 i=k+1

Moreover, tP; and P} are A~ (B)-lattices for all i. In particular, A~ = @;C:l P! and v and A* are A~ -lattices
(both left and right).

Proof. The proof directly follows from Theorem 3.1 and Lemma 3.5.
For the Gorenstein orders, the following statement converse to Lemma 3.1 is true:

Proposition 3.2. If A is a Gorenstein order, then each its minimal superring has the form A~ (B), where B
is an indecomposable bijective A-lattice.

Proof. 1f every projective (or, equivalently, bijective) A-lattice is indeed an A’-lattice, then A’ = A. Thus,
there exists an indecomposable bijective A-lattice B, which is not an A’-lattice. Then A’ O A~ (B). Since A’ is
minimal, we conclude that A’ = A~ (B).

4. Bass Orders

Recall that an order A is called Bass [9] if all its superrings (including A) are Gorenstein. By using the results
obtained in the previous section, we get the following criterion [6] (Theorem 3.1):

Proposition 4.1. The following conditions are equivalent:

(1) A is a Bass order,

(2) M\, O(M) for each A-lattice M,

(3) if M N\ N forsome A-lattices M and N, then N / M,
(4) if N ~ M for some A-lattices M and N, then M , N.

Thus, if an order is Morita-equivalent to a Bass order, then it is also a Bass order.

Example 4.1.
1. Every hereditary order is a Bass order.

2. If each ideal A has two generatrices, then A is Bass. This follows from [18] in the case where R is a
ring of discrete estimate. In the general case, the proof is the same.
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3. Let A be the maximal order in a body, let 9 = rad A, and let B(k, A) be a subring of Mat(2, A) formed
by matrices (aij) such that ajs € 0. This is a Bass order (hereditary for £ = 1). We symbolically write

Bk, A) = @ °Ak>

In [9], it was established that every connected Bass order is either hereditary, or Morita-equivalent to a local
order each ideal of which has two generatrices, or Morita-equivalent to a certain order B(k,A). We obtain this
description as a corollary of the following theorem that generalizes Theorem 3.3 in [6]:

Theorem 4.1. Suppose that A is a connected nonmaximal order, P is an indecomposable bijective A-lattice,
and Ay = A~ (P). If Pt ~ P, then the following assertions are true:

(1) there exist chains of supermodules P = Py C P, C P, C ... C P, and superrings A = Ag C A1 C
Ay C ... C Ay, such that, for each 0 < i < m:

(a) Piy1 = P" ~v;P;, where v; = rad P;;

(b) P; is an indecomposable bijective A;-lattice, which is not projective over A;_1 (and, hence, also

over A) for i # 0;

(c) A; is nonmaximal and A;1 = A7 (F;).

)

(2) If this chain has the maximal length, then A,, is a hereditary order, has at most two nonisomorphic
indecomposable lattices, and each indecomposable A-lattice is isomorphic either to P; for some 0 <
i < m or to the direct summand P,,.

(3) A is Morita-equivalent either to a local Bass order E = (Enda P)°P or to a Bass order B(k,A)
for some k and A.

The condition P* ~ vP is satisfied if P* does not have direct summands L-injective over A but is L-injective
as an Ai-lattice or, by duality, if tP does not have direct summands projective over A but is projective over Aj.

Note that, by Lemma 3.5, P* cannot have L-injective summands if A is Gorenstein.

Proof. First of all, we prove the last assertion. It follows from Theorem 3.1 that the L-injective lattice
over A; either is L-injective over A or is the direct summand of vP. If P* does not have L-injective summands
over A butis L-injective over Ay, then each direct summand of Pt is isomorphic to the direct summand of tP.
By Lemma 3.4, either P* and tP are indecomposable or P* = L & Ly and tP = vl & tLs, where Ly, Lo,
tLq, and tL9 are indecomposable. This implies that P* ~ tP.

Let P, = P' ~ tP. Since A is not maximal, by Lemma 3.2, we get P; % P. Therefore, the chains of su-
permodules and superrings with properties (a)—(c) exist: e.g., P = Py C P, = P* and A = Ay C A1 = A~ (P).
Since there are no infinite chains of superrings, we consider the longest chain with this property. By Lemma 3.3
and Theorem 3.1, we conclude that:

P; is a bijective A;-lattice not projective over A;_; (and, hence, also over A) for i # 0;

if 4 < m, then each indecomposable A-lattice either is isomorphic to one of the modules Py, P, ..., F;
oris an A;41-module;

every principal A;-module is either projective over A or isomorphic to the direct summand of P; (and,
hence, isomorphic to P; for i < m).
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If ¢ < m, then P,_1 # v; P, because P;_; isnot an A;-latticebut v; P, D v, 1P 1. If v, P, =v; 1P, 1 ~ P;
then A; is maximal, which contradicts the condition. Thus, v;P, N P,_1 = v;_1P;_1 and v;P;, + P,_1 = P,. This
yields

Pz/tzpz ~ Pi—l/ti—lpi—l ~ Pi_g/ti_gpi_g ~ ...~ P/tp (41)
Since v;P; ~ P;41 and v;_1 P;_; ~ P;, we also get

P 1/P~Pj/P,_y ~P_1/P,_g~...~P/P. 4.2)

We first assume that P,, can be decomposed: P,, = L; & Lo, where L; and Lo are indecomposable
and not projective over A,,_1 (and, hence, also over A) by Lemma 3.4. Since v;_1 P, = t;_1L1 ®t;_1Ls ~
L1 & Lo and v;_1Ly, v;_1Lo are indecomposable, either v;_1L; ~ L; and v;_1Ls ~ Lo or v;_1L; ~ Lo
and v;_1 Lo ~ L;. In both cases, all submodules of the modules L; and Ly are projective and isomorphic either
to Ly orto Lo. Hence, all indecomposable A,,-lattices are isomorphic either to L; or to Ly, A, is hereditary,
and Py, Py,..., Pp—1, L1, Lo are all indecomposable A-lattices. Thus, Ay, A1, ..., A;—1 are all nonhereditary
superrings of A and, therefore, A is Bass. Since P is the unique principal A-module, A is Morita-equivalent to
the local Bass order £ = End 4 P.

Now let P, be indecomposable. Note that P,y O v;_1 P, O tv;_1FP;,_1. Assume that P,, is projective
as an A,,_i-module. Then v;_1P,, = P,_1. Conversely, if v;_1P,, = Pp_1, ie., la, _,(Pn/ti-1Pn) = 1,
then there exists an epimorphism ¢ : P’ — P,,, where P’ is the principal A,,_i-module. If P’ = P,, 1, then
¢ is an isomorphism because wd(P,,—1) = wd(P,,). Otherwise, P’ is an A,,-module and, hence, P’ ~ P,
because P, is also projective over A,,. Thus, P,, is projective over A,,_1 and, hence, also over A. Since
tym-1Pm ~ Py—1 and t,,—1P—1 ~ P, it follows from Lemma 3.2 that A,,_ is hereditary and P,,_; and
P,, are all its indecomposable modules. We set A = End 4 P, and ? = rad A. This is the maximal order and,
in addition, End 4 P,,,—1 ~ A [4]. Since P,, % P, the quotient modules P,,/P,,—; and P/tP are not isomorphic.
It follows from isomorphisms (4.1) and (4.2) that, for each ¢ < m, P;_; is a unique maximal submodule in F;
such that P;/P;_1 ~ P,,/P,,—1. Therefore, p(P;—1) C P, for each endomorphism ¢ € End4 P; and, hence,
Endy P; ~ A for all . In particular, End4 P ~ A. Since P and P,, are all principal A-modules, A is Morita-
equivalent to the ring

A= (Enda(P® Py))™.

Since each (right or left) A-ideal coincides with % for some k, we get

} A Dk A ak+l
A~ o~ =B(k+1,A)
oA A A
for some £k and .

Now let P,, be indecomposable and not projective over A,,_1. Then t,,_1 P, = ty—1Pm—1 and P, D
tmPm 2 tmo1Ppo1 If tPy = t—1Pm—1 ~ P, then A,, is a maximal order and F,, is a unique in-
decomposable A,,-lattice. Hence, Py, P, ..., P, are all indecomposable A-lattices, Ag, A1,..., A, are all
superrings of A, and A is Bass. Moreover, P is a unique principal A-module and, hence, A is Morita-equivalent
to £ = Endy P.

If P, is indecomposable and not projective over A,,—1 and P,_1 # v, Py, # v;—1P_1, then v, P,
is a minimal supermodule t,,_1FP,—1 ~ P,. Hence, v,,P,, ~ P> ~. Therefore, setting P,y1 = P> * and
Apm+1 = A, (Pn), we obtain longer chains of superrings and supermodules satisfying conditions (a)—(c), which
is impossible,

Theorem 4.1 is proved.
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Corollary 4.1 ([6], Theorem 3.3). Let A be a connected Gorenstein order. If at least one of its minimal
superrings is also Gorenstein, then A is a Bass order. Moreover, it is either hereditary, or Morita-equivalent to
a local Bass order, or Morita-equivalent to an order B(k,A) for some k and A.

Proof. The proof of the corollary follows from Theorem 4.1, Lemma 3.5, and Proposition 3.2.

Corollary 4.2 ([6], Proposition 3.7). Let A be a local Gorenstein order and let A’ = A~ (A) be its minimal
superring. If A’ is not local, then it is hereditary and A is Bass.

Proof. By Proposition 3.2, A’ = A7(A). If A’ is not local, then A’ = P; & P,, where both modules P;
are principal A’-modules and tP; are coprincipal A’-lattices. In particular, rad A’ = t. Let P| be a minimal
supermodule of P; and let M be a maximal submodule in Pj. Then M = Pi; otherwise, M N P, = Py, i.e.,
M is a minimal supermodule of tF;, which is impossible because P is the unique minimal supermodule of tP.
Thus, P; is a unique maximal submodule in P|. Hence, there exists an epimorphism ¢: P — Pj for some
principal A’-module P. If P = P, then ¢ is an isomorphism. If P = P,, then ¢ induces the epimorphism
¢': tPy — tP] = Py. Since tP;, is indecomposable, ¢’ is an isomorphism and, hence, ¢ is also an isomorphism.
Thus, either P ~ P; or P; ~ P,. Similarly, if P is a minimal supermodule of P, then either P, ~ P or
P} ~ P,. By Lemma 3.2, A’ is hereditary and A is Bass.

Corollary 4.2 is proved.

5. Stable Categories

Definition 5.1.

1. Let C be an additive category and let & be a set of its morphisms. By (&) we denote an ideal in C gen-
k
erated by G, i.e., consisting of morphisms of the form Z 1aiazﬂi, where o; € &. By C® we denote
1=
the quotient category C/(G). Its objects are the same as in C, the set of morphisms from M into N is

Hom$ (M, N) = Hom¢(M, N)/&(M, N),

where &(M,N) = (&) NHome (M, N).

2. The category A-mod1) is denoted by A-mod and its sets of morphisms are denoted by Hom 4 (M, N).
It is clear that it coincides with A-mod¥, where g = {1p,,1p,,...,1p,}, and P1,Ps,..., P, is the
complete list of nonisomorphic principal A-modules. If A is an order, then the complete subcategory
in A-mod'A) that consists of A-lattices coincides with A-lat14) and is denoted by A-lat. It is called
a stable category of order A.

3. Similarly, a category A-latMa? is denoted by A-lat and its sets of morphisms are denoted by
Hom 4 (M, N).

It coincides with A-lat”, where J = {11,,15,,...,11, Y and I, I, . . ., I,, is the complete list of noniso-
morphic coprincipal A-lattices. This category is called a costable category of order A.

The duality D induces the duality between the categories A-lat and A°P -lat. If A is Gorenstein, then stable
and costable categories coincide.
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We see that all R-modules Hom 4 (M, N) and Hom 4 (M, N) are finite. Moreover, it is possible to estimate
their annihilators.

Lemma 5.1. Suppose that Ay is a hereditary (e.g., maximal) superring of order A, ¢ = Anng(Ag/A). Then

¢ Hom 4 (M, N) = ¢ Homa (M, N) =0
for any A-lattices.

Proof. Let M and N be A-latices and let A\, i € ¢. Consider AgM C K M. Then AAgM C M. Since Ay
is hereditary, AgM is a projective Ag-module. Therefore, AgM is the direct summand of the free Ap-module F’
that can be identified with AgF, where F' is a free A-module. Every homomorphism f: M — N can be extended
to the homomorphism AgM — AgN and, hence, also to the homomorphism ¢g: F’' — AgN. Moreover, F' D
AF’ D AM and Im(ug) C pAgN C N. Therefore, the homomorphism A\if can be regarded as a composition

M 25 AM < F 290 N

Thus, the homomorphism Ay f factors through the projective module and its image in Hom 4 (M, N) is zero.
By duality, the same is also true for Homy (M, N).
Lemma 5.1 is proved.

Note that two important functors are defined on stable categories. Let w: P — M be a projective cover of
a finitely generated A-module M and let QM = Ker7. Also note that QM is always an A-lattice nonzero
if M is not projective. If M is a nonprojective lattice, then QM is not L-injective (otherwise, 7 splits).
If #': P’ — M’ is a projective cover of M’, then any homomorphism «: M — M’ rises to the homomor-
phism P — P’ and, hence, induces the homomorphism ~: QM — QM’. If 4 originates from another rise «,
then we can easily verify that v —~/ factors through P. Hence, the class v in the stable category A-mod or A-lat
is uniquely defined and €2 can be regarded as an endofunctor on a stable category. By using L-injective shells,
we obtain a similar functor ' on the costable category A-lat. If A is Gorenstein, then the projective cover M is
simultaneously an L-injective shell QM. Hence, €' is quasiinverse to the functor 2 and both these quantities are
automorphisms of a stable category.

Now let Py i> Py £ M — 0 be the minimal projective representation of a finitely generated A-module M,
i.e., an exact sequence in which the modules Py and P; are projective, Ker ¢ C tFy, and Kervy C tP;. By ap-
plying the functor ¥ = Hom4(_, A) to this sequence, we get the following exact sequence of right modules:

\ \
0— MY £ BY Y5 PY — tr M — 0, (5.1)
where tr M = Cok1)". Moreover, we can easily verify that, in fact, we obtain the functor
tr: (A-mod)°? — A°°-mod.
Since the natural mapping P — PVV is an isomorphism for any finitely generated projective module P, there
exists an isomorphism of functors 1 4-y,04 > tr2. Note that even if M is a lattice, tr M may be not a lattice.
There exists a natural homomorphism MY ®4 N — Homa (M, N) that maps uv into the homomor-

phism x — wu(x)v. We see that its image coincides with B(M, N) [2]. It follows from the exact sequence (5.1)
that

Tori!(tr M, N) ~ Hom 4 (M, N).
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Consider the behavior of the categories A-lat and A-lat under the rejection of bijective lattices.

Lemma 5.2. Suppose that the order A is not maximal. Let B be an indecomposable bijective A-lattice,
let A= A~ (B), and let M and N be some A’-lattices.

1. The restrictions v+ : Homa(B*, M) — Homa (B, M) and ~_: Homa(M,tB) — Homu (M, B) are
bijective mappings.

2. The homomorphism o«: M — N factors through B if and only if it factors through the immersion
tB — B*.

Proof. 1. Since B/tB is a finite module, the mapping ~y_ is injective. Since M does not contain B as the
direct summand, Im a C tB for any a: M — B. Hence, y_ is bijective. The assertion for -y, is dual.
The second assertion of the lemma is an obvious corollary of the first assertion.

Theorem 5.1. Suppose that A is a nonhereditary order, B is a bijective A-lattice, Py, Ps, ..., P, is the
complete list of nonisomorphic principal A-modules, 11, Is, . .., I, is the complete list of nonisomorphic coprin-
cipal A-lattices, and A’ = A~ (B). Let

‘BB:{Lﬁ_llgign} and TJB:{LﬁHSign}.

Then A-lat ~ A’ -1at¥*B and A-lat ~ A’ -lat”B .

Indeed, this means that, in the definition of A-lat (resp., A-lat), A can be replaced with A’ and, for
each B-link By, Bo, ..., B, all mappings 1p,, 1 < ¢ < [, in ‘B (resp., in J) can be replaced by the immer-
sions vB; — Bi.

Proof. If B is not hereditary, then this follows from Lemma 5.2. The general case is obtained by induction
on the number of nonisomorphic indecomposable direct summands of the lattice B with the use of Theorem 3.1.

Corollary 5.1. Let A be a nonhereditary Gorenstein order, let Py, Ps, ..., P, be the complete list of noniso-
morphic principal A-modules, let ; be the immersion tP; — P}, and let A" = A~ (A). Then A-lat ~ A’ -1atq3/,
where B = {i1,19,...,tn}.

Proof. The proof of the corollary follows from Theorem 5.1 and Lemma 3.5.

6. Almost Split Sequences

We now recall some definitions and results (see [2]). Let A be an order and let «: N — M and f:
M — N be homomorphisms of A-lattices, where M is indecomposable.

Definition 6.1.
1. The homomorphism « is called almost right split if the following conditions are satisfied:

(a) « is not a split epimorphism;
(b) each homomorphism £ : X — M, which is not a split epimorphism, factors through o;
(c) if op: N — N is such that ap = «, then @ is an isomorphism.

Note that if conditions (a) and (b) are satisfied, then either condition (c) is also satisfied or N = Ny @ Ny,
where Ny C Ker «, and the restriction of o to N1 is almost right split.
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2. The homomorphism [ is called almost left split if the following conditions are satisfied:

(a) B is not a split inflation;
(b) each homomorphism & : X — M, which is not a split monomorphism, factors through 5;
(c) if o: N — N is suchthat pf = (3, then @ is an isomorphism.

Note that if conditions (a) and (b) are satisfied, then either condition (c) is also satisfied or N = No&® Ny,
where Im 3 C Ny and f3 is almost left split (if it is regarded as the homomorphism M — Ny).

3. A nonsplit exact sequence of A-lattices ¢: 0 — L i N % M — 0, where M and L are indecompos-
able, is called an almost split sequence if the following conditions are satisfied:

(a) « is almost right split;

(b) B is almost left split;

(c) for each homomorphism £ : X — M, which is a nonsplit epimorphism, the exact sequence £ can
be split;

(d) for each homomorphism n: L — X, which is a nonsplit monomorphism, the exact sequence ne
can be split.

Here, €& (resp., ne) is the rise of the exact sequence € along & (resp., the lowering of € along 7).

It is clear that if an almost right (left) split morphism exists, then it is unique to within an automorphism of
the module N. Similarly, if an almost split sequence with fixed term M (or L) exists, then it is unique to within
an isomorphism of the term L (resp., M ). Indeed, in the category A-lat, this sequence exists for any nonprojective
indecomposable lattice M, as in the case of each indecomposable lattice L, which is not L-injective. The proof
of this fact exactly repeats the proof of Proposition 1.1 in [1]. Hence, we only recall its main steps.

The functor

T4 = DQtr: A-lat — A-lat

is called an Auslander—Reiten translation. As in [1] (Proposition 1.1), we can prove that

ExtY (N, 74M) ~ Hom ,(M, N).

Let M be an indecomposable nonprojective A-lattice. Then the ring A = Hom 4 (M, M) is local. By duality,

Hoimm, M) has a unique minimal A-submodule U. If u is a nonzero element from U, then u(\) = 0 for each
noninvertible element A € A. If £&: X — M is not a split epimorphism, then £ is not invertible for each ¢ :
M — X, whence it follows that (u)y = u({p) = 0, i.e., u§¢ = 0. Then the same is true for the corresponding
extension ¢ € Ext (M, 74M). Hence,

e 0o maM B B M0 6.1)
is an almost split sequence. Note thatif 0 - L — N — M — 0 is an almost split sequence, then the dual
sequence 0 - DM — DN — DL — 0 is also almost split. Hence, if L = 74M, then DM ~ 74DL and
M ~ D14 DL ~ Qtr DL. Thus, the functor 74 has the quasiinverse functor

Tgl =QtrD: A-lat — A-lat.

Let M = P, M; and N = €P, N;, where M; and N; are indecomposable A-lattices. By Rada(M, N)
we denote a set of homomorphisms ¢ : M — N such that each component ¢;; : M; — N; is not an isomorphism.
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Clearly, we get an ideal of category A-lat called its radical. We can consider its powers Rad’;, n € N, and

Rad} = ﬁ Rad’y .

n=1

The homomorphisms from Rad 4(M, N) \ Rad? (M, N) are called irreducible. The quotient module
~Vir = Rada (M, N)/Rad? (M, N)

is a finite-dimensional vector space over the residue field k. In particular, if the lattice M is indecomposable,
then Fy = prVas is a body and, for every lattice N, both Vs and p/V are finite-dimensional vector spaces
over F)yy (resp., right and left). Let A-ind be the set of classes of isomorphisms of indecomposable A-lattices.
A collection {Fas, nVar | M, N € A-ind} is called an AP-type of order A and denoted by AR 4. This is indeed
a type in a sense of [5] because all F); are bodies and n V) is an Fy-Fjs-bimodule. If the residue field k is
algebraically closed, then F; = k for each indecomposable lattice M. This type is usually regarded as a quiver
whose vertices are the lattices M € A-ind. Moreover, there are dx s arrows, where dy s = dimy (xVar) passing
from the vertex M to the vertex IN. This object is called an Auslander—Reiten quiver of order A. It is clear that the
AP-type of order A°P -lat is (F}}, V). Thus, in particular, in the Auslander—Reiten quiver, it is only necessary
to change the directions of all arrows into the opposite.

If the lattice M is indecomposable and not projective, then, by the definition of an almost split sequence,
each homomorphism from Rad 4 (N, M), just as each homomorphism from Rad (74 M, N) factors through the
term E of sequence (6.1). Thus, if £ = @;:1 E;, where all E; are indecomposable, then p/Vy = 0= yV ,m
if N 2 FE; forall 1 < i <7, and »Vg, and g,V are all nonzero. In particular, in the Auslander—Reiten
quiver, all arrows go only from each F; to M and from 74 M to each F;. We also note that if a;; are components
of the homomorphism « and 3; are components of the homomorphism /3 from sequence (6.1), then

Z a;f3; = 0.
i—1

If the module P is principal, then the image of each homomorphism N — P that is not a split epimorphism
is contained in vP. Thus, if tP = @ , E;, where all E; are indecomposable, then only pVp, spaces are
nonzero among the spaces pVy in the AP-type. By duality, if the lattice I is coprincipal and I* = @@;_, E; with
indecomposable E;, then only g,V spaces are nonzero among the spaces y V7.

If the lattices M and N are not projective, then each homomorphism from 3(1/,N) belongs to Rad? (M,N).
Hence, we can consider a stable AP-type (or a stable Auslander—Reiten quiver) AR 4, which is a part of AR 4
in which M and N run only through the nonprincipal indecomposable lattices. The costable AP-type (or a costable
Auslander—Reiten quiver) AR is defined by duality. In this type, M and N run through indecomposable lat-
tices that are not coprincipal. The functor 74 induces the Auslander—Reiten translation AR 4 5 AR4. In the
Gorenstein case, stable and costable types or quivers also coincide.

In what follows, we use the following result for irreducible morphisms between indecomposable lattices,
which is, most likely, known but we failed to find it in the literature:

Proposition 6.1. Let M and N be indecomposable lattices and let oo: N — M be an irreducible morphism.
There are two possible cases:

(1) « is a monomorphism and its image is the direct summand of a maximal submodule M ;

(2) « is an epimorphism of N onto the direct summand of a certain quotient module N/L, where L is
an L-irreducible sublattice in N such that N/ L is a lattice.
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Proof. Let M’ = Ima, let ¢ be the immersion M’ — M, and let 7 be the projection N — M'. If M’ =
;" | M;, where M; are indecomposable, then let ¢; and ; be the components of ¢ and 7 for this decomposition.
Thus, o = Zwi L;m;. Since « is irreducible, at least one of the morphisms ¢; or 7; must be invertible. Assume
that one of ¢; is invertible. Then m = 1 and « is an epimorphism. Let L be an irreducible nonzero sublattice
in Ker v such that Ker /L and, hence, N/L is also a lattice (if Ker «v is L-irreducible, then L = Ker «). Thus,
a = &n, where 7 is the epimorphism N — N/L and £: N/L — M. If £ = ary, then o = a7yn. Since « is
irreducible and N is indecomposable, 7 must be an isomorphism, which is impossible. Hence, & does not factor
through « and, therefore, it is a split epimorphism, i.e., defines M as the direct summand N/L. Thus, we get
Case 2.

If some 7; is invertible, then m = 1 and « is a monomorphism. If M’ is a maximal submodule in M that
contains Im «, then « factors through the immersion Im o« — M’. Thus, it must split and, hence, we get Case 1.

Proposition 6.1 is proved.

We now study the behavior of these structures in the case of rejection of bijective lattices. First, we prove the
following assertion:

Proposition 6.2. Ler B be a bijective A-lattice, let A’ = A~ (B), and let M, N, and L be A'-lattices.
1. If a: N — M is almost right split in A’ -lat, then it also has this property in A-lat.
2. If B: M — N is almost left split in A’ -lat, then it also has this property in A-lat.

3. If0 = L - M — N — 0 is an almost split sequence in A’-lat, then it also has the same property
in A-lat.

Proof. 1. Let X be an A-lattice and let £ € Hom 4 (X, M) be a nonsplit epimorphism. If X & B, then it is
an A’-lattice and, hence, ¢ factors through a. If X @ B, then it is projective and £ also factors through .

The second assertion is true by duality.

The third assertion follows either from the first assertion or form the second assertion.

The following theorem describes the position of new projective modules over the order A~ (B) in almost split
sequences of the category A-lat. A similar result was presented in [17].

Theorem 6.1. Suppose that B is an indecomposable bijective A-lattice and A’ = A~ (B). Assume that B*
is not projective over A (or, equivalently, vB is not L-injective over A).

1. If BY decomposes, i.e., B* = M| ® Ms, then there exist almost split sequences
0—tMy - B — My — 0,
0—tMy — B — M; —0.

In particular, TaAM; = tMy and ToMy = tM;.

2. If BY is indecomposable, then BY has a maximal submodule X # B and there exists an almost split
sequence

0—>tB—>B&aX S B —0. (6.2)

In particular, TAB* = tB.
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Proof. The lattice B* is projective and tB is L-injective over A’ by Lemma 3.3. Let M be the direct
summand of BY, let N = 74M, andlet 0 - N — E — M — 0 be an almost split sequence in A-lat. If N
is not L-injective as an A’-lattice, then A’-lat contains an almost split sequence 0 — N — E' — M’ — 0.
By Proposition 6.2, it is also almost split in A-lat. This implies that M’ ~ M, which is impossible because M
is projective over A’. Thus, 74M is L-injective as an A’-lattice but not as an A-lattice. Hence, it is the direct
summand of tB. In particular, if B* is indecomposable, then 74 B* = tB.

Since the irreducible morphism B — M exists, B must be the direct summand of FE, ie., E = B & X.
If B = M @& Mo>, then the exact sequence 0 — tM; — B — M, — 0 exists and, since KB ~ KM, & K M,
we get X = 0. If B® is indecomposable, then K X ~ K B. By Proposition 6.1, in the almost split sequence (6.2),
the restriction of o to X is an isomorphism onto the maximal submodule in B, which cannot coincide with B.

Remark 6.1.

1. Itis possible that M; ~ M, in Case 1 and X ~ B in Case 2. If X # B, then this is an A’-lattice and
X =t¢/'B*, where v/ = rad A’. At the same time, if X ~ B, then v/B* = tB".

2. By Lemma 3.5, the condition that “ B is not projective” is always satisfied if A is connected, Gorenstein,
and not hereditary.

7. Gorenstein and Frobenius Cases

If A is a Gorenstein order, then the functor ¥: M+ MY = Hom 4 (M, A) is the exact duality A-lat — A°P-lat.
Combining it with the duality D : A°P -lat — A-lat, we arrive at the Nakayama equivalence

N =DV: A-lat — A-lat.

It maps projective modules into projective modules. Hence, it can be regarded as a functor on the stable category
A-lat — A-lat. The following result is an analog of Proposition IV.3.6 in [2]:

Proposition 7.1. If the order A is Gorenstein, then the functors T4, QN', and N'Q are isomorphic.

Proof. Let M be anonprojective A-lattice. Consider an exact sequence
0NSP 5 p Mo,
where P E) Py L M — 0 is the minimal projective mapping of M. It gives the exact sequence
0 MY 2Py 2 py 2 NV o,
Thus, NV ~ tr M and Qtr M ~ Im 3". Hence, the exact sequence
0— D(ImpBY) —» P/Y — DMY — 0

shows that T4 M ~ D(Im ") ~ QN M. It is clear that this structure is functorial with respect to M and therefore,
establishes an isomorphism 74 ~ QA/. Since A is exact and maps projective modules into projective modules, it
commutes with Q, i.e., QN ~ N Q.

Proposition 7.1 is proved.
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Let A ~ @;_, P/, where Pi, P,,..., P, are all pairwise nonisomorphic principal left A-modules. Then,
in addition, A ~ @;_,(P,Y)™ as aright A-module, DA ~ @;_,(DP;)™ as aleft A-module, and

DPY,DPyY,...,DP,

are all pairwise nonisomorphic coprincipal left A-modules. Thus, A is Gorenstein if and only if there exists a per-
mutation v such that P, ~ DP), forall i = 1,2,...,s. The permutation v is called the Nakayama permutation.

Definition 7.1. The order A is called Frobenius if A ~ DA as a left A-module and symmetric if A ~ DA
as an A-bimodule.

It is clear that this definition is left/right symmetric and A is Frobenius if and only if it is Gorenstein and
m; = my,; forall i =1,2,...,s, where v is the Nakayama permutation.

Definition 7.2. Let M be a left A-module and let o be an automorphism of A. By °M we denote a left
A-module that coincides with M as a group but, for each a € A and x € M, the product ax in °M is equal to
the product o(a)x in M. Similarly, we define N° for the right A-module N and PM? for the A-bimodule M,
where p is also an automorphism of A. If p or o is identical, then we reject it and write M or M, respectively.

It is easy to see that the mappings x + p~'(z) and = + o~ !(x) are isomorphisms of the A-bimodules
PA? ~ AP'9 and PA ~ 9 'PA, respectively.

Proposition 7.2. A is Frobenius if and only if there exists an automorphism o € Aut A such that DA ~ A?
as an A-bimodule. Moreover, there exists an inverse element s € K A such that o(a) = s~tas forall a € A.

Proof. 1t is clear that if this automorphism exists, then A is Frobenius. Assume that A is Frobenius and
¢: A = A is an isomorphism of left A-modules, where A = DA. It induces an isomorphism of left K A-
modules K¢: KA = KA. Since KA is semisimple, it is symmetric as a K -algebra [4] (9.8), i.e., there exists
an isomorphism of K A-bimodules 6: KA = KA. The composition §~!-K is an automorphism of KA as
aleft K A-module. Hence, there exists an inverse element s € K A such that 0~ K p(z) = xs for each z € K A.
In particular, ¢(z) = 6(xs) for each z € A, whence it follows that A = 0(As). This implies that As = ~1(A)
is a two-sided A-module, i.e., sA C As and sAs~* C A. Thus, sAs ! = A and s~ 1As = A. Moreover,

o(za) = O(zas) = O(zss tas) = 0(zs)s Las = p(x)s las.

Therefore, ¢ is an isomorphism of A-bimodules A° = A, where o(a) = s~ 'as.

Proposition 7.2 is proved.

It can be proved that the element s is determined to within a factor of the form ¢\, where ¢ and X\ are
invertible elements from A and from the center K A, respectively.

Corollary 7.1. Let A be a Frobenius order, let o € Aut A be an automorphism from Proposition 7.2, and
let N be the Nakayama equivalence. The following functorial isomorphisms exist:

DM ~ (MV)? for each left A-lattice M and DN ~ 7 '(NV) for each right A-lattice N;
NM ~"M and T4M ~ Q(° M) ~° (QM) for each left A-lattice M.
In particular, if A is symmetric, then N~ 1d and T4 ~ (.

Proof. The proof of the corollary is obvious.
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Corollary 7.2. Let A be Gorenstein, let vt = rad A, let Py, P, ..., Ps be the complete list of nonisomorphic
principal A-modules, and let w; = DP,’ (then wy,...,ws is the complete list of nonisomorphic coprincipal
modules). Also let A’ = A~(A), P/ = P} ! ., where v is the Nakayama

! 3 /
", and w; = tw;. Then TAP, ~ w,,,

permutation.

Proof. The proof of the corollary follows from Theorem 6.1.

Corollary 7.3. Let G be a finite group and let A be a block of its group ring Z,G. This is a symmet-
ric Zy-order. Also let A" = A~ (A). Then, for each nonprojective A-lattice M (or, equivalently, for each
A'-lattice M),

HY(G, M) ~ H"™(G, 7aM) ~ H"Y(G, 7' M).

Proof. The proof of the corollary follows from Corollary 7.1 and Proposition 6.2.

Note that T4M = 74 M if M is not projective over A’. Otherwise, 74 M is determined by Corollary 7.2.
In some cases, the structure of the AP-type of AR 4/ can be efficiently calculated. This gives the values of coho-
mologies. An example, where G is Klein’s four-group, was presented in [10].
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