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Abstract

In this article we develop a new method to deal with maximal Cohen—Macaulay
modules over non-isolated surface singularities. In particular, we give a negative
answer on an old question of Schreyer about surface singularities with only count-
ably many indecomposable maximal Cohen—Macaulay modules. Next, we prove
that the degenerate cusp singularities have tame Cohen—Macaulay representation
type. Our approach is illustrated on the case of k[x,y, z]/(zyz) as well as several
other rings. This study of maximal Cohen—Macaulay modules over non-isolated
singularities leads to a new class of problems of linear algebra, which we call rep-
resentations of decorated bunches of chains. We prove that these matrix problems
have tame representation type and describe the underlying canonical forms.
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CHAPTER 1

Introduction, motivation and historical remarks

In this article, we essentially deal with the following question. Consider a
polynomial f € (z,y,2)* C C[z,y,2] =: S. How to describe all pairs (¢,v) €
Mat,, », (5)*? such that ¢ -1 =1 -¢ = f-1,? Such a pair of matrices (y,) is also
called matrixz factorization of f. One of the earliest examples of this kind, dating
back to Dirac, is the following formula for a “square root” of the Laplace operator:

. 2
L 2 2 2 o 1 0 O 1 O 1 . 2
A= [am+ay+az]ﬂz_[ax(0 1)+ay<1 O>+az(i o)] = V2.

Equivalently, the pair (¢, ¢) is a matrix factorization of the polynomial f = 22 +
y—:iz y—;z
11]) that up to a certain natural equivalence relation, the pair (¢, ) is the only
non—trivial matrix factorization of f. A certain version of this fact was already
known to Dirac. One of the results of our paper is a complete classification of all
matrix factorizations of the polynomial f = zyz, see Section [10.1

According to Eisenbud [40], the problem of description of all matrix factoriza-
tions of a polynomial f can be rephrased as the question to classify all mazimal
Cohen—Macaulay modules over the hypersurface singularity A = S/(f). The latter
problem can (and actually should) be posed in a much broader context of local
Cohen—Macaulay rings or even in the non-commutative set-up of orders over local
Noetherian rings. This point of view was promoted by Auslander starting from
his work [5]. The theory of maximal Cohen—-Macaulay modules over orders (called
in this framework lattices) dates back to the beginning of the twentieth century
and has its origin in the theory of integral representations of finite groups, see for
example [25].

For a Gorenstein local ring (A, m), Buchweitz observed that the stable category
of maximal Cohen—Macaulay modules CM(A) is triangulated and proved that the
functor

y? + 22, where ¢ = . One can show (see, for example [82] Chapter

b(A—m
CM(4) —> Dag(A) := W

(1.1)
is an equivalence of triangulated categories, where D'(A — mod) is the derived
category of Noetherian A—modules and Perf(A) is its full subcategory of of perfect
complexes [15].

In the past decade, there was a significant growth of interest to a study of
maximal Cohen—Macaulay modules and matrix factorizations. At this place, we
mention only the following four major directions, which were born in this period.

e Kapustin and Li discovered a connection between the theory of matrix
factorizations with topological quantum field theories [58].

vii



viii 1. INTRODUCTION, MOTIVATION AND HISTORICAL REMARKS

e Khovanov and Rozansky suggested a new approach to construct invariants
of links, based on matrix factorizations of certain polynomials [60].

e Van den Bergh introduced the notion of a non-commutative crepant res-
olution of a normal Gorenstein singularity [79]. It turned out that this
theory is closely related with the study of cluster—tilting objects in stable
categories of maximal Cohen—-Macaulay modules over Gorenstein singu-
larities [22], (54, [55].

e Finally, Orlov established a close connection between the stable category
of graded Cohen—Macaulay modules over a graded Gorenstein k—algebra
A and the derived category of coherent sheaves on Proj(A) [66]. This
brought a new light on the study of D-branes in Landau—Ginzburg models
and provided a new powerful tool for the homological mirror symmetry of
Kontsevich [63], see for example [74]. As was proven by Keller, Murfet
and Van den Bergh [59], the stable categories of graded and non-graded
maximal Cohen—Macaulay modules over a graded Gorenstein singularity
are related by a triangulated orbit category construction.

In this article, we deal with the representation—theoretic study of maximal
Cohen—Macaulay modules over surface singularities. Of course, there are close in-
teractions of this traditional area with all four new directions, mentioned above.
Moreover, for surface singularities, the theory of maximal Cohen—Macaulay mod-
ules is particularly rich and interesting. In a certain sense (which can be rigorously
formulated) it is parallel to the theory of vector bundles on projective curves. Fol-
lowing this analogy, the normal surface singularities correspond to smooth projec-
tive curves.

One of the most beautiful applications of the study of maximal Cohen—Macaulay
modules over surface singularities is a conceptual explanation of the McKay cor-
respondence for the finite subgroups of SLo(C), see [47, [2, 4, 82, [20] [64]. One
of the conclusions of this theory states that for the simple hypersurface singu-
larities 22 + y" 1 + 22 n > 1 (type A,), 2%y + y"~ 1 + 22, n > 4 (type D,),
23 4+ yt + 2223 + 2y + 2% and 23 + ¢ + 22 (types Eg, E7 and Eg) there are
only finitely many indecomposable matrix factorizations.

According to Buchweitz, Greuel and Schreyer [16], two limiting non-isolated
hypersurface singularities Ao, (respectively D) given by the equation z? + 22
(respectively 22y +2?), have only countably many indecomposable maximal Cohen—
Macaulay modules. In other words, Ao, and D, have discrete Cohen—Macaulay
representation type. Moreover, in [16] it was shown that the simple hypersurface
singularities are exactly the hypersurface singularities of finite Cohen—Macaulay
representation type. Moreover, if the base field has uncountably many elements,
then A, and D, are the only hypersurface singularities with countably many
indecomposable maximal Cohen—Macaulay modules.

Going in another direction, in works of Kahn [57], Dieterich [27], Drozd, Greuel
and Kashuba [37] it was shown that the minimally elliptic hypersurface singularities

Tpgr(N) = 2P +y? + 2" + Azyz,
where %—i— % —1—% <land A € C\A, 4, have tame Cohen-Macaulay representation
type (A(p,q,r) is a certain finite set). In the case %—i—%—&—% = 1 the singularity T}, ¢ » ()

is quasi-homogeneous and called simply elliptic. For % + % + % < 1itis a cusp
singularity, in this case one may without loss of generality assume A = 1. A special
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interest to the study of maximal Cohen—-Macaulay modules over this class of surface
singularities is in particular motivated by recent developments in the homological
mirror symmetry: according to Seidel [72] and Efimov [39], the stable category of
(certain equivariant) matrix factorizations of the potential 22971 4 y29F1 4 2941
xyz is equivalent to the Fukaya category of a compact Riemann surface of genus
g > 2.

In the approach of Kahn [57], a description of maximal Cohen—Macaulay mod-
ules over simply elliptic singularities reduces to the study of vector bundles on
elliptic curves, whereas in the case of the cusp singularities [37] it boils down to a
classification of vector bundles on the Kodaira cycles of projective lines. In both
cases the complete classification of indecomposable vector bundles is known: see
[3] for the case of elliptic curves and [36], 8] for the case of Kodaira cycles. The
method of Dieterich [27] is based on the technique of representation theory of finite
dimensional algebras and can be applied only to certain simply elliptic singularities.
Unfortunately, neither of these approaches leads to a fairly explicit description of
indecomposable matrix factorizations. See, however, recent work of Galinat [45]
about the T3 3 3(\) case.

Our article grew up from an attempt to answer the following questions:

e Let A be a non-isolated Cohen—Macaulay surface singularity of discrete
Cohen—Macaulay representation type over an uncountable algebraically
closed field of characteristic zero. Is it true that A = B, where B is a
singularity of type A or Do, and G is a finite group of automorphisms
of B? This question was posed in 1987 by Schreyer [71].

e Can a non—isolated Cohen—Macaulay surface singularity have tame Cohen—
Macaulay representation type?

Now we present the main results obtained in this article.

Result A. Let (4, m) be a reduced complete Cohen—-Macaulay surface singularity,
which is not normal (hence non-isolated). We introduce new categories Tri(A)
(category of triples) and Rep(X4) (category of elements of a certain bimodule X 4)
and a pair of functors

CM(A) -5 Tri(A) — Rep(X4), (1.2)

such that F is an equivalence of categories and H preserves indecomposability and
isomorphism classes of objects, see Theorem [£.5] Proposition [9.9]and Remark [9.10]
In other words, this construction reduces a description of indecomposable maxi-
mal Cohen—Macaulay A-modules to a certain problem of linear algebra (matrix
problem).

Result B. The above categorical construction leads to a new class of tame matrix
problems which we call representations of a decorated bunch of chains, see Defini-
tion It generalizes the usual representations of a bunch of chains [11], which
are widely used in the representation theory of finite dimensional algebras and its
applications.

This new class of problems is actually interesting by itself. For example, it
contains the following generalization of the classical problem to find Jordan normal
form of a square matrix. Let (ID, n) be a discrete valuation ring and X € Mat,, »,, (D)
for some n > 1. What is the canonical form of X under the transformation rule

X = S XS5 (1.3)
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where S1, 55 € GL,,(ID) are such that S; = Sy modn (decorated conjugation prob-
lem)? It turns out that X can be transformed into a direct sum of canonical forms
from Definition [13.2] see Theorem [13.3

Another problem of this kind is a generalized Kronecker problem, stated as
follows. Let K be the field of fractions of D and X,Y € Mat,,x,(IK) be two
matrices of the same size. To what form can we bring the pair (X,Y’) under the
transformation rule

(X,Y) = (SiXT 1, SYT ™), (1.4)

where T € GL,(K) and S7,52 € GL,,(D) are such that S; = Sy modn? In this
case, the complete list of indecomposable canonical forms is given in Section

For a general decorated bunch of chains X there are two types of indecomposable
objects in Rep(X): strings (discrete series) and bands (continuous series). We prove
this result in Theorem [8.21] a separate treatment of the decorated conjugation

problem (L.3)) is also given in Section [13.1]

Result C. Using this technique, we give a negative answer on Schreyer’s question.
For example, let R = k[u,v] and

RxRx...RDA= {(m,rg,...,rnH) ‘ri(O,z) =rip1(z,0)for 1 <i< n}
n+1 times
Note that for n = 1, the ring A is just a hypersurface singularity of type A..
However, for n > 1 it is not isomorphic to AS or DS, where G is a finite group.
We prove that A has only countably many indecomposable maximal Cohen—
Macaulay modules, see Theorem Moreover, for an indecomposable maximal
Cohen—Macaulay module M we have the following equality for its multi-rank:

k(M) =(0,...,0,1,...,1,0,...,0).

Our approach leads to a wide class of non—isolated Cohen—Macaulay surface singu-
larities of discrete Cohen—Macaulay representation type, see Chapter[L1]for details.

Result D. There is an important class of non—isolated Gorenstein surface singulari-
ties called degenerate cusps. They were introduced by Shepherd—Barron in [75]. For
example, the natural limits of T}, , ,(\)-singularities, like the ordinary triple point
Toooooo = K[z, y, 2] /(zyz), are degenerate cusps. We prove that for a degenerate
cusp A, the corresponding bimodule X 4 is a decorated bunch of chains. For exam-
ple, the classification of maximal Cohen—-Macaulay modules over k[z,y, z]/(zyz)
reduces to the matrix problem, whose objects are representations of the f~15fquiver

/N
\_/

® ———> O

(1.5)

over the field of Laurent power series k((¢)). The transformation rules at the sources
e are as for quiver representations, whereas for the targets o they are like row
transformations in the decorated Kronecker problem . See also for the
precise definition.

Hence, the degenerate cusps have tame Cohen—Macaulay representation type,
see Theorem |9.15] This fact is quite surprising for us for the following reason. The
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category of Cohen-Macaulay modules over a simply elliptic singularity T}, 4.-(A) is
tame of polynomial growth. The cusp singularities T}, , » are tame of exponential
growth. In the approach of Kahn, one reduces first the classification problem to
a description of vector bundles on Kodaira cycles on projective lines. The latter
problem can be reduced to representations of a usual bunch of chains [36}, [8]. This
class of tame matrix problems was believed to be the most general among those with
exponential growth. The singularity Toos000 is the natural limit of the entire family
of all T, 4., (A) singularities. The tameness of the underlying classification problem
would suggest that it has to be of the type which goes beyond representations of
bunches of chains. But no problems of such type have been known before in the
representation theory of finite dimensional algebras!

Using the periodicity of Knorrer [62], the tameness of degenerate cusps implies
that the non-reduced curve singularities k[z,y]/(2%y?) and k[z,y]/(x%y* — zP),
p > 3 are Cohen-Macaulay tame as well (at least if char(k) = 0), see Theorem
21

The categorical construction turns out to be convenient in the following
situation. Having a non-isolated Cohen—Macaulay surface singularity A, it is nat-
ural to restrict oneself to the category CM”(A) of those maximal Cohen—-Macaulay
modules which are locally free on the punctured spectrum of A. It is natural to
study this category because

e The stable category CM If(A) is Hom—finite, whereas the ambient category
CM(A) is not.

e If A is Gorenstein then CM"(A) is a triangulated subcategory of CM(A).
Moreover, according to Auslander [5], the shift functor ¥ = Q=1 is a Serre
functor in CM"(A) (in other words, CM"(A) is a 1-Calabi-Yau category).

e In the terms of the Buchweitz’s equivalence (1.1)), CM"(A) can be iden-
tified with the thick subcategory of Dsz(A) generated by the class of the
residue field k = A/m, see [59] or [67] for a proof.

It turns out that for a degenerate cusp A, the essential image of m'f(A) under
the composition H o F is the additive closure of the category of band objects of

Rep(X4), see Theorem

Result E. We illustrate our method on several examples.

e For the singularity A = Th3oo = k[, 5, 2] /(23 + y? — yz), we give an ex-
plicit description of all indecomposable maximal Cohen—Macaulay mod-
ules. In fact, our method reduces their description to the decorated Kro-
necker problem. Moreover, we compute generators of all maximal Cohen—
Macaulay modules of rank one (written as ideals in A) and describe several
families of matrix factorizations corresponding to them. See Chapter [7]
for details.

e For the singularity A = Toooooo = K[z, v, 2]/(zyz), we give an explicit
description of all indecomposable objects of CM'f(A). For the rank one
objects of CM'(A), we compute the corresponding matrix factorizations
of the polynomial zyz, see Section |10.1| and especially Theorem [10.2] and
Proposition [10.6]

According to Sheridan [74] Theorem 1.2] and Abouzaid et al. [I,
Section 7.3], the triangulated category CM I‘C(A) admits a symplectic mirror
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description. We hope that our results will bring a new light in the study
of Fukaya categories of Riemann surfaces.
e Our method equally allows to treat those degenerate cusps, which are not
hypersurface singularities. We consider the following two cases:
— A = Toooooooo = K[z, y,u,v]/(zy,uwv). This surface singularity is a
complete intersection. We describe all rank one objects of CM'(A).
For some of them, we compute the corresponding presentation ma-
trices, see Section [10.2
— A=XK[z,y, z,u,v]/(zz, xu, yu, yv, zv). It is a Gorenstein surface sin-
gularity, which is not a complete intersection. We explicitly describe
all rank one objects of CM"(A4), see Section
e Finally, we treat the integral Cohen—Macaulay surface singularity

2

A = Kk[u,v,w,a,b]/(uv — w?, ab — w?, aw — bu, bw — av, a® — vw?, b* — vw?),

which is representation tame and not Gorenstein, see Section [12:2] We
describe all maximal Cohen—Macaulay modules of rank one, see Proposi-
tion [12.3] and compute some one—parameter families of indecomposable
objects of CM"(A) of rank two, see Remark
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CHAPTER 2

Generalities on maximal Cohen—Macaulay
modules

Let (A,m) be a Noetherian local ring, k = A/m its residue field and d =
kr.dim(A) its Krull dimension. Throughout the paper A—mod denotes the category
of Noetherian (i.e. finitely generated) A-modules, whereas A—Mod stands for the
category of all A—modules, @ = Q(A) is the total ring of fractions of A and P is
the set of prime ideals of height 1.

DEFINITION 2.1. A Noetherian A—module M is mazimal Cohen—Macaulay if
Ext’y(k, M) =0 forall 0<i<d.

2.1. Maximal Cohen—Macaulay modules over surface singularities

In this article we focus on the study of maximal Cohen—Macaulay modules over
Noetherian rings of Krull dimension two, also called surface singularities. This case
is actually rather special because of the following well-known lemma.

LEMMA 2.2. Let (A,m) be a surface singularity, N be a maximal Cohen—
Macaulay A-module and M a Noetherian A—module. Then Hom (M, N) is a maz-
imal Cohen—Macaulay A-module .

Proof. From a free presentation A" % A™ — M — 0 of M we obtain an exact
sequence:

0 — Homa(M, N) — N™ 55 N — coker(p*) — 0.
Since depth 4(N) = 2, applying the Depth Lemma twice we obtain:
depth 4 (Homa (M, N)) > 2.

Hence, the module Hom 4 (M, N) is maximal Cohen—Macaulay. O
The following standard result is due to Serre [73], see also [20, Proposition 3.7].

THEOREM 2.3. Let (A, m) be a surface singularity. Then we have:

(1) The ring A is normal (i.e. it is a domain, which is integrally closed in its
field of fractions) if and only if it is Cohen—Macaulay and isolated.

(2) Assume A to be Cohen—Macaulay and Gorenstein in codimension one
(e.g. A is normal) and M be a Noetherian A-module. Then M is mazimal
Cohen—Macaulay if and only if it is reflexive.

The next result underlines some features of maximal Cohen—Macaulay modules
which occur only in the case of surface singularities. See for example [20, Proposi-
tion 3.2 and Proposition 3.7] for the proof.

1



2 2. GENERALITIES ON MAXIMAL COHEN-MACAULAY MODULES

THEOREM 2.4. Let (A,m) be a reduced Cohen—Macaulay surface singularity
with a canonical module K. Then we have:

(1) The canonical embedding functor CM(A) — A—mod has a left adjoint
functor M O MT = MYV = Hom 4 (Hom4 (M, K), K). In other words,
for an arbitrary Noetherian module M and a mazimal Cohen—Macaulay
module N the map 0 induces an isomorphism

Hom 4 (M, N) 2 Hom 4(M, N).

The constructed functor T will be called Macaulayfication functor.
(2) Moreover, for any Noetherian A-module M the following sequence

0—stor(M) — M -5 Mt — T — 0

is exact, where tor(M) = ker(M — Q®4 M) is the torsion part of M and
T is some A-module of finite length.
(3) Moreover, if A is Gorenstein in codimension one, then for any Noetherian

A-module M there exists a natural isomorphism Mt = M**, where x =
Hom4(—, A).

The following lemma provides a useful tool to compute the Macaulayfication of a
given Noetherian module.

LEMMA 2.5. In the notations of Theorem[2.4) let M be a Noetherian A-module,
which is a submodule of a mazimal Cohen—Macaulay A-module X. Let x € X \ M
be such that m*z € M for some t > 1. Then M1 = (M, x)t, where (M,x) is the
A-submodule of X generated by M and x.

PROOF. Consider the short exact sequence 0 — M - (M, z) — T — 0. From
the assumptions of Lemma it follows that T is a finite length module. In particular,
for any p € P the map ¢, is an isomorphism. By the functoriality of Macaulay-
fication we conclude that the morphism 2t : Mt — (M, 2)! is an isomorphism in
codimension one. By [20, Lemma 3.6], the morphism ' is an isomorphism. (]

Let us additionally assume our Cohen—Macaulay surface singularity A to be
Henselian and A C B to be a finite ring extension. Then the ring B is semi—local.
Moreover, B = (By,ny) X (Ba,na) X -+ x (B, ng), where all (B;,n;) are local.
Assume that all rings B; are Cohen—Macaulay.

PROPOSITION 2.6. The functor BXK4— : CM(A) — CM(B) mapping a mazimal
Cohen—Macaulay module M to BXa M = (B®a M) is left adjoint to the forgetful
functor CM(B) — CM(A). In other words, for any mazimal Cohen—Macaulay A-
module M and a maximal Cohen—Macaulay B—module N we have:

Homp(B X4 M,N) = Hom (M, N).

Assume additionally A and B to be both reduced. Then for any Noetherian B-—
module M there exist a natural isomorphism of A-modules M4 = MT5.

For a proof, see for example [20, Proposition 3.18]. O

LEMMA 2.7. Let (A,m) be a reduced Noetherian ring of Krull dimension one
with a canonical module K. Then for any Noetherian A-module M we have a
functorial isomorphism: MYV = M/ tor(M), where V = Homa(—, K).
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PROOF. From the canonical short exact sequence
0 — tor(M) — M — M/tor(M) — 0

we get the isomorphism (M/tor(M))v — MVY. Since M/tor(M) is a maximal
Cohen—Macaulay A-module and V is a dualizing functor, we get two natural iso-
morphisms

M/ tor(M) = (M/tor(M))”" < MY,
being a part of the commutative diagram

M—— M/tor(M)

|

MY (M/tor(M))"”

in which all morphisms are the canonical ones. This yields the claim. (]

COROLLARY 2.8. Let (A,m) be a reduced Cohen—-Macaulay surface singular-
ity with a canonical module K and A C R be its normalization. Then for any
Noetherian A-module M and any p € P we have a natural isomorphism

(RXg M)y = Ry, ®4, My/tor(R, @4, Mp).
Proor. Note that A, is a reduced Cohen-Macaulay ring of Krull dimension

one, K, is the canonical module of A, and R, is the normalization of A,. Hence,
this corollary is a consequence of Lemma [2.7] O

2.2. On the category CM"(A)
Let (A, m) be a Cohen—Macaulay ring of arbitrary Krull dimension d.

DEFINITION 2.9. A maximal Cohen—Macaulay A—module M is locally free on
the punctured spectrum of A if for any p € Spec(A) \ {m} the localization M, is a
free Ap,—module.

Of course, any maximal Cohen—Macaulay module fulfills the above property pro-
vided A is an isolated singularity. However, for the non—isolated ones we get a
very nice proper subcategory of CM(A). In what follows, CM(A) denotes the stable
category of maximal Cohen—Macaualy A-modules, see for example [20, Section 9]
for its definition and a summary of its main properties.

THEOREM 2.10. Let CM'(A) be the category of mazimal Cohen-Macaulay A-
modules which are locally free on the punctured spectrum. Then the following results
are true.

e The stable category CfM'%A) 1s Hom—finite. This means that for any ob-
jects M and N of CM"(A) the A-module Hom ,(M, N) has finite length.
e Moreover, assume that A is Gorenstein. Then we have:
— CM"(A) is a triangulated subcategory of CM(A).
— The shift functor ¥ = Q= is a Serre functor in m‘f(A). This means
that for any objects M and N of CM"(A) we have a bifunctorial
isomorphism

Hom , (M, N) =2 ]D(HomA(N, E(M))),
where D is the Matlis duality functor.
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— In the terms of the functor , we have an exact equivalence:
CM(A) — thick(k) C Dg(A),

where thick(k) is the smallest triangulated subcategory of Dsg(A) con-
taining the class of the residue field k and closed under direct sum-
mands in Deg(A).

Comment on the proof. For the proof of the first statement, see for example [20]
Proposition 9.4]. The second result easily follows from the definition of the trian-
gulated category structure of CM(A). The third statement dates back to Auslander
[, Proposition 8.8 in Chapter 1 and Proposition 1.3 in Chapter 3], see also [82]
Chapter 3|. Finally, the proof of the last result is essentially contained in the proof
of [59] Proposition A.2] as well as in [67, Lemma 2.6 and Proposition 2.7]. O

REMARK 2.11. Observe that if d > 2 and M is an object of CM"(A) then there
exists n > 1 such that M, = A} for any p € Spec(A) \ {m}. However, this is not
true if d = 1 and Spec(A) has several irreducible components.

Let d > 2, (S,n) be a regular ring of Krull dimension d + 1 and f € n? be such that
the hypersurface singularity (A, m) = S/(f) is reduced. Let (p,1) € Maty, ., (S)*?
be a matrix factorization of f and @, be the corresponding images in Mat,,x,(A).
Let M = cok(@) be the maximal Cohen—Macaulay A-module corresponding to
(p,1). Next, for any 1 < p < n, let I,(¢) be the p-th Fitting ideal of M, i.e. the
ideal generated by all p x p minors of .

LEMMA 2.12. Let (p,9) € Mat,x,(S)*? be a matriz factorization of f and
M = cok(@). Then M belongs to CM(A) if and only if the following two conditions
are fulfilled:
o There exists t > 1 and a unit u € S such that det(p) = u - f*.
o /I.(p)=mand I,11(p) =0 forr=n—t.

PRrROOF. Recall that ) denotes the total ring of fractions of A. If M belongs
to CM(A4) then there exists ¢ > 1 such that Q ®4 M = Q'. By [20, Lemma
2.34], we get the first condition. Moreover, for any p € Spec(A) \ {m} we have
M, = Aj. According to [14, Lemma 1 4 8] the following is true: I.(@) ¢ p and

(Irs1(p )) = 0. This implies that \/I,(¢) = m and supp(Zl,41(®)) C {m}. Since A
is Cohen— Macaulay and I,41(p ) C A thm implies that I,.41(®) = 0.

On the other hand, if \/I,(¢) = m and I,11(@) = 0 then for any p € Spec(A4) \
{m} we have: I.(g) ¢ p and ( r+1(§0))p = 0. By [14] Lemma 1.4.8] this implies
that M, = A;, hence M is locally free on the punctured spectrum of A. O



CHAPTER 3

Category of triples in dimension one

The goal of this chapter is to provide full details of a construction, which allows
to reduce a description of Cohen-Macaulay modules over a local Cohen—-Macaulay
ring (A, m) of Krull dimension one to a matrix problem. It seems that for the
first time ideas of this kind appeared in the works of Drozd and Roiter [38] and
Jacobinski [62]. Similar constructions also appeared in the works of Ringel and
Roggenkamp [70], Green and Reiner [48], Wiegand [80], Dieterich [28] and recent
monograph of Leuschke and Wiegand [64].

Let (A, m) be a local Cohen-Macaulay ring of Krull dimension one (not neces-
sarily reduced), A C R be a finite ring extension such that R C Q(A), where Q(A)
is the total ring of fractions of A. Note that R is automatically Cohen—Macaulay.
Let I = ann4(R/A) be the corresponding conductor ideal. Typically, A is supposed
to be reduced and R is the normalization of A. In that case, assuming the com-
pletion A to be reduced, the ring extension A C R is automatically finite, see [12]
Chapitre 9, AC IX.33].

LEMMA 3.1. In the notations as above, I is a sub-ideal of the Jacobson radical
of R. Moreover, the rings A = A/I and R = R/I have finite length.

PROOF. Let ny,...,n; be the set of the maximal ideals of R. Since the ring
extension A C R is finite, for any 1 < i <t we have: n;N A = m. Since [ is a proper
ideal in A, it is contained in m. Hence, I is contained in n = n; Nny N -+ - N1y, too.

Let p be a prime ideal in A of height zero. Then I, = annga, (R,/A,) = Ay,
thus A, = 0. It implies that the associator of the A-module A is {m}, hence A has
finite length. Since the extension A C R is finite, R has finite length, too. O

LEMMA 3.2. For a mazximal Cohen-Macaulay A-module M we denote by
M::R(X)AM/F{n}(R@AM),M::A(X)AM and MZR@RM
Then the following results are true.

(1) M is a mazimal Cohen-Macaulay module over R;

(2) the canonical morphism of A—modules M 2% M, m s [1@m)] is injective;

(3) the canonical morphism M DM, a@m e a® Ja(m) is injective and
the induced morphism R ® 5 M LA M, 7@m— 7 0y () is surjective.
PROOF. Since M has no n—torsion submodules, it is maximal Cohen—Macaulay

over R. Next, M is a torsion free A—module, hence ker(jps) is also torsion free.
However, the morphism

Q(A) @4 M 2225 Q(R) @5 M

5
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is an isomorphism, hence ker(yps) = 0. Thus, the morphism IM ELIN IM, which
is a restriction of 7,7, is also injective. Moreover, 7ps is also surjective: for any
a€l,be Rand m e M we have: a-[b®@m] = [ab®m] = [1® (ab) -m] and ab € I.

Next, we have the following commutative diagram with exact rows:

0 IM M M 0
JMl JMl O (31)
0 IM M M 0.

Since jps is injective and 7js is an isomorphism, by the snake lemma Or is a
monomorphism. Finally, note that 8;; coincides with the composition of canonical
morphisms:

Rz A®4aM — ROrR®4a M — R@pr (R®a M/torg(R®4 M)),

where the first morphism is an isomorphism and the second one is an epimorphism.
O

DEFINITION 3.3. Consider the following category of triples tri(A). Its objects
are the triples (]T/f ,V,0), where M is a maximal Cohen—Macaulay R—module, V is a
Noetherian A-module and § : R® 1V — R®pg M is an epimorphism of R—modules
such that the induced morphism of A-modules 6 : V — R® aVv s Re R M is an
monomorphism. A morphism between two triples (M, V, 6) and (M’, V', 6') is given
by a pair (¢, ¢), where 1) : M — M’ is a morphism of R-modules and p: V=V
is a morphism of A—modules such that the following diagram of A-modules

j%@g‘/ Rop M
1®¢l i1®w
j%@g‘ﬂ RQ%{E?

is commutative.

REMARK 3.4. Note that the morphisms 6 and 9 0 correspond to each other under
the canonical isomorphisms Hom (R ® 5 V, R®z M) = Hom 4(V, R @ M).

Definition is motivated by the following result.

THEOREM 3.5. The functor F : CM(A) — tri(A) mapping a mazimal Cohen—
Macaulay module M to the triple (1\7, M, HM), s an equivalence of categories. Next,
let N be a mazimal Cohen—Macaulay A-module corresponding to a triple (N, V., 0).
Then N 1is free if and only zfﬁ and V' are free and 0 is an isomorphism.

PROOF. We have to construct a functor G : tri(A) — CM(A), which is quasi—
inverse to IF. For a triple 7' = (M, V,0) consider the canonical morphism =y := 735 :

M —s M := R®p M and define N := G(T) by taking a kernel of the following
morphism in A—mod:

0—>N—>( ) M@V——%) M — 0.
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Equivalently, we have a commutative diagram in the category of A—modules

0 IM-—*sN_"-V 0
T
0 Yy ey 0

In other words, N =y~ (Im(f)).

Since 6 is a monomorphism, the snake lemma implies that ¢ is a monomorphism,
too. Moreover, M is torsion free viewed as A-module, hence N is torsion free as
well. From the definition of morphisms in the category tri(A) and the universal
property of a kernel it follows that the correspondence tri(A) € T — N € CM(A4)
uniquely extends on the morphisms in tri(A). Hence, G is a well-defined functor.

Let M be a Noetherian A-module and 75y : M — M := A @4 M be the
canonical morphism. Then we have the short exact sequence

JIM
0 —s ar L), YRy SULALING

yielding an isomorphism of functors £ : 1cmea) — GoF. In particular, this implies
that F is faithful. . .

Next, we show that G is faithful. Let T = (M,V,0) and T = (M',V',0")
be a pair of objects in tri(A) and (p,) : T — T’ be a morphism in tri(A4). Let
N =G(T),N' = G(T") and ¢ = G((¢,)). Then we have a commutative diagram
in the category of A—modules:

—(4d) —
0—>N—>MaV M 0

] el L

OHN’HM’@V’HM’HO.

First note that (¢,v) = 0 in tri(A) if and only if ¢) = 0. Indeed, one direction is
obvious. To show the second, assume ¥ = 0. Then w =0and # o @ = 0. Since 0’
is a monomorphism, we have: ¢ = 0. o

Next, a morphism of gohenfMacaulayv R-modules ¢ : M — M’ is zero if and
only f 1®v¢: Q(A) ®4 M — Q(A) ®4 M’ is zero in Q(A) — mod. Suppose the
morphism of triples (¢, 1) : T — T’ is non—zero. Apply the functor Q(A) ®4 — on
the diagram ‘ It follows that 1 ® ¢ # 0, hence G((cp, 1/1)) # 0 as well. Hence,
G is faithful.

Since we have constructed an isomorphism of functors £ : 1cma) — GoF and
G is faithful, it implies that [ is also full. Hence, to prove that [ is an equivalence
of categories, it remains to check that F is essentially surjective. For this, it is
sufficient to show that for any object T'= (M,V,0) € tri(A) we have: T = FG(T).

Let N := G(T), so that we have the diagram (3.2]). In these notations, the
morphism 2 : N — M restricts to the morphism 7 IN — IM such that the
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following diagram is commutative:

IN—=>N

zl J{z
~ By —~
IM —— M,
where ¢ is the canonical inclusion. From the equality 1a7 = 3777 = 1c and the fact

that ¢ is a monomorphism, we conclude that az = €. In particular, we obtain the
following commutative diagram with exact rows:

0 INE N SR 0
N IN On
0 IN—S s NN 0
7 = ®
0 IM—*sN_"5V 0
= 2 g
— /Bﬁ ~ Vi o~
0 IM M M 0.

First observe that by the snake lemma, the morphism ¢ is an epimorphism. Next,
there exists a unique morphism of R—modules ¥ : N — M such that ¥ o 3y =1 in
the category A—mod. This follows from the natural isomorphisms

HomA(N,M) >~ Homp(R®a4 N,M) = HomR(]\Nf,]\A/f).

Since the morphisms ¢ and jy are rational isomorphisms (i.e. they become isomor-
phisms after applying the functor Q(A)®4 — ) the map v is a rational isomorphism,
too. Hence, 1 is a monomorphism. -

Consider the morphism 7; : N — M induced by 4. It is not difficult to see that
the following diagram is commutative:

R@AN i ]\7
Il®g4:¢ lA (34)
ReoiV 6 M.

Since the morphisms 6 and ¢ are epimorphisms, 12 is an epimorphism, too. More-
over, by Lemma I is a subideal of the Jacobson’s radical of R. Hence, by
Nakayama’s lemma, 1 is an epimorphism, hence an isomorphism.

Note, that the map IN % IM, which is a restriction of v, is again an iso-
morphism. Since 7 = 1) o jy and 7y is an isomorphism, 7 is an isomorphism, too.
Hence, ¢ is an isomorphism as well. The commutativity of the diagram im-
plies that we get the following isomorphism (v, ¢) : (Z\NZ,N, On) — (M, V,0) in the
category tri(A). This concludes the proof of the fact that F and G are quasi—inverse
equivalences of categories.



3. CATEGORY OF TRIPLES IN DIMENSION ONE 9

It remains to characterize the triples corresponding to the images of free mod-
ules. One direction is clear: if M = A" for some n > 1 then F(M) = (R"™, A", 0),
where 6 is given by the identity matrix in Mat,, x,(R).

On the other hand, let T = (R", A", ) be a triple, such that the morphism
6 € Mat,, x,,(R) is an isomorphism. First note the induced morphism g: A" — R"
is automatically injective. Next, Nakayama’s lemma implies that the canonical
morphism GL,(R) — GL,(R) is an epimorphism. This means that 6 can be lifted
to an isomorphism ¢ : R™ — R™ and we get an isomorphism of triples (¢, 1) :
(R", An, ]l) — (R”, A™, 9). Hence, the triple T" belongs to the image of the functor
F. Since F and G are quasi-inverse equivalences of categories, this concludes the
proof of the theorem. O

REMARK 3.6. There also exists a global version of Theorem describing
vector bundles and torsion free sheaves on a singular curve X in terms of vector
bundles on the normalization X and some gluing data, see [36] Proposition 42] as
well as [I7, Theorem 1.3 and Theorem 3.2]. See also [8], Section 3], [33] Chapter
3] and [23] Section 5.1] for further elaborations as well as [I9, Theorem 4.2] for a
generalization of this construction on the (bounded from above) derived category
of coherent sheaves of a singular curve.






CHAPTER 4

Main construction

Let (A, m) be a reduced complete (or analytic) Cohen—-Macaulay ring of Krull
dimension two, which is not an isolated singularity. Let R be the normalization of
A. Tt is well-known that R is again complete (resp. analytic) and the ring extension
A C R is finite, see [50] or [26]. Moreover, R is isomorphic to the product of a
finite number of normal local rings:

R > (R1,n1) X (Ry,ny) X -+ X (Ry,ny).

According to Theorem 23] all rings R; are automatically Cohen—Macaulay.
Let I = ann(R/A) be the conductor ideal. It is easy to see that I is also an
ideal in R. Denote A = A/I and R = R/I.

LEMMA 4.1. In the notations as above the following results are true.

(1) The conductor ideal I is a mazimal Cohen—Macaulay module, both over
A and over R.

(2) The rings A and R are Cohen-Macaulay of Krull dimension one.

(3) The inclusion A — R induces the injective homomorphism of rings of
fractions Q(A) — Q(R). Moreover, the canonical morphism R® 1Q(A) —
Q(R) is an isomorphism.

PROOF. First note that / = Hom (R, A). Hence, by Lemma[2.2] the ideal [ is
maximal Cohen—Macaulay, viewed as A-module. Since the ring extension A C R
is finite, I is also maximal Cohen—Macaulay as a module over R.

Next, the closed subscheme V(I) C Spec(A) is exactly the non-normal locus of
A. Tf A is normal then A = R and there is nothing to prove. If A is not normal,
then kr.dim(V(I )) > 1. Indeed, by Theorem an isolated surface singularity
which is not normal, can not be Cohen—Macaulay. Since A is reduced, we have:
kr.dim(V(I)) = 1. In particular, kr.dim(4) = 1 = kr.dim(R). Applying Depth
Lemma to the short exact sequences

0—»I—A—A—0 and 0—>I—R—R—0

we conclude that A and R are both Cohen—Macaulay (but not necessarily reduced).
Let @ € A be a regular element. Since R is a Cohen-Macaulay A-module, a

is regular in R, too. Hence, we obtain a well-defined injective morphism of rings

QUA) — Q(R). -
Finally, consider the canonical ring homomorphism v : R ® 1 Q(4) — Q(R),

mapping a simple tensor 7 ® % to fb@. Since any element of R ® 4 Q(A) has the
1

b for some 7 € R and b € A, it is easy to see 7 is injective. Next, consider

the canonical ring homomorphism R — R ® 35 Q(A). It is easy to see that ¥ ® 1 is
a non-zero divisor in R ® 5 Q(A) provided 7 € R is regular. Since R® 7 Q(A4) is a

form 7 ®

11
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finite ring extension of Q(A), it is artinian. In particular, any regular element in
this ring is invertible. From the universal property of localization we obtain a ring
homomorphism Q(R) = R ® z Q(A), which is inverse to 7. O

LEMMA 4.2. Let M be a mazimal Cohen—Macaulay A-module. Then we have:
(1) The canonical morphism of Q(R)-modules

O - Q(R) @4 (QA) ®4 M) = Q(R) ®r (R®4 M) — Q(R) @ (RK4 M)

is an epimorphism. -
(2) The canonical morphism of Q(A)-modules

O Q(A) @4 M — Q(R) @4 M 25 Q(R) @5 (RK4 M)
is a monomorphism.

PrOOF. By Theorem the cokernel of the canonical morphism R®4 M —
RX,4 M has finite length. Hence, it vanishes after tensoring with Q(R). Thus, the
map 6y is surjective. The first statement of lemma is proven.

Denote by M’ := R®4 M/torg(R ®A M) and M := M'T. First note that the
canonical morphism of A-modules M —% M’, m — [1 ® m] is a monomorphism.

As a result, the morphism IM — T M’ , which is a restriction of &, is also injective.
Moreover, & is also surjective: for any a € I,b € R and m € M we have: a-[b@m] =
[ab®m] = [1® (ab) - m] and ab € I.

Since M’ is torsion free, by Theorem we have a short exact sequence

0 M S M-—T— 0,
where T is a module of finite length. It implies that the cokernel of the induced map

IM’ 55 IM has finite length as well. Let M —1» M be the composition of x and

&and IM —L5 IM be the induced map. Then we have the following commutative
diagram with exact rows:

0 IM M A4 M ——=0
]J/ Jl in (4.1)
0 IM M R@RMHO.

Since j is injective and the cokernel 7 is of finite length, snake lemma implies that
ker(n) has finite length. As Q(A) is flat over A, we obtain an exact sequence

0— Q(A) @z ker(n) — Q(A) 4 Awa M -2 Q(A) ® AR®RM
It remains to take into account that Q(A) @4 ker(n) =0, Q(A) @z R = Q(R) and
1 ® n coincides with the morphism Onr. (]

Now we give a generalization of the category of triples given in Definition [3.3]
on the case of a reduced non-isolated Cohen—Macaulay surface singularity A.

DEFINITION 4.3. The category of triples Tri(A) is defined as follows. Its objects
are triples (M V,0), where M is a maximal Cohen—Macaulay R—module, V is a
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Noetherian Q(A)-module and 6 : Q(R) ®ga) V — Q(R)®g M is an epimorphism
of Q(R)-modules such that the induced morphism of Q(A)-modules

— 6 — —_
V— Q(R)®ga)V — Q(R) ®r M
is a monomorphism. In what follows, 6 will be frequently called gluing map.
A morphism between two triples (M,V,0) and (M',V’,¢) is given by a pair

(¢,), where ¢ : M — M’ is a morphism of R-modules and ¢ : V' — V' is a
morphism of Q(A)-modules such that the following diagram

Q(R) ®qa) V ———= Q(R) 9r M

1®<pl/ lmw

Q(R) @qay V' Q(R) @ M’

is commutative in the category of Q(R)-modules.

REMARK 4.4. Consider the pair of functors

CM(R) F22 =5 Q(R)—mod AP = Q(A)—mod. (4.2)

The category Tri(A) is a full subcategory of the comma—category defined by .
The raison d’étre for Definition is the following generalization of Theorem |3.5
THEOREM 4.5. In the notations of this chapter, the functor
F:CM(A4) — Tri(4), M~ F(M):= (RNs M,Q(A)®4 M,0y),
is an equivalence of categories.

Lemma [£.2] assures that the functor F is well-defined. The proof of this theorem as
well as the construction of a quasi—inverse functor G requires new techniques and
will be postponed to the next chapter.

Now we shall investigate the compatibility of the functor F with localizations with
respect to the prime ideals of height 1.

PROPOSITION 4.6. Let a(I) := ass(I) = {pl, Po,. .. ,pt} be the associator of the
conductor ideal I C A. Then we have:

(1) for all 1 < i <t the ideal p; has height one;
(2) Letp € P. Then (R/A), =0 for allp & a(I);
(3) Let p; be the image of p; in the ring A for 1 <i <t. Then

Q(A)g[lﬁl X---XAﬁt andQ(R)%Rﬁl X---XRﬁt.

(4) Moreover, for any p € a(I) the ring Ry is the normalization of Ay, Iy is
the conductor ideal of Ap, Q(A)p, = Ap and Q(R), = R;.

PrOOF. According to Lemma the ring A is a Cohen-Macaulay curve sin-
gularity. Hence, it is equidimensional, what proves the first statement.

It is well-known that a(I) coincides with the set of minimal elements of Supp(A),
see [73]. Hence, for any p € P we have: A, # 0 if and only if p € a(I). Since
the ring extension A C R is finite, R, # 0 if and only if p € a(I). This proves the
second statement.
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Next, A is a one-dimensional Cohen-Macaulay ring and the set of its mini-

mal prime ideals is a(0) = {p1,...,p:}. Hence, we have: Ap, = Q(A)ﬁiQ(A) for

all 1 < < t. Since A is Cohen-Macaulay, its total ring of fractions Q(A) is ar-
tinian. Moreover, {ﬁlQ(f_l), . ,ﬁtQ(A)} is the set of maximal ideals of Q(A). In

particular, the morphism
Q(A) — Q(A)g,q(a) X Q(A)pqua) X+ % Q(A)g,a) — Ay X -+ x A,
is an isomorphism. Taking into account Lemma we obtain an isomorphism
Ry, x -+ x Ry, — (A, x -+ x Ap,) ®1 R — Q(A) ® 1 R — Q(R).

This concludes a proof of the third statement.
For any prime ideal p the ring R, is the normalization of A,. Next, we have:
I, = (annA(R/A))ICI = anngy, (Rp/Ay), hence I, is the conductor ideal of A,. The

ring isomorphisms Q(A), & Ay and Q(R), = Ry follow from the previous part. [J

The category of triples Tri(A4) of a reduced non-isolated Cohen—-Macaualay sur-
face singularity A is related with its one-dimensional cousin from Definition [3:3] by
the following result.

PROPOSITION 4.7. For any prime ideal p € a(I) we have the localization functor

Ly : Tri(A) — tri(Ap) mapping a triple T = (M,V,0) to the triple T, = Ly,(T) =

(M, Vy,0p). Moreover, there is the following diagram of categories and functors

CM(A) — 47 em(a,)

]FA\L / l]}‘AP
Ly .

Tri(A) tri(Ay)

where the natural transformation & : F4» o (A, ®4 — ) — Ly oF4 is an isomorphism.
Moreover, for a triple T = (M,V, ) the gluing morphism 0 is an isomorphism if
and only if 0, is an isomorphism for all p € a(I).

PROOF. Let T = (M, V., 0) be an object of Tri(A). By Proposition for any
prime ideal p the localization I, is the conductor ideal of the ring A, Q(A) =
Ap, x - x Ap, and Q(R) = Rp, X --+ x Rp,. Hence, for any prime ideal p € a(I)
we have: Mp is a maximal Cohen-Macaulay R,—module, V,, = V; is a Noetherian

Az-module. We have a commutative diagram

(QR) @) V), ——— (Q(R) ©r M),

~l l~

Ry @4, Vi Ry ®r, M,
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where both vertical maps are canonical isomorphisms. In a similar way, we have a
commutative diagram

et}
ol

Vi (Q(R) ®r M)ﬁ

: iz
Oy

Vs Rﬁ ®R, Mp

and the morphisms ép and 0, are mapped to each other under the adjunction maps.

By Corollary for any p € P and any maximal Cohen—Macaulay A—-module
M we have an isomorphism (R X4 M); — Ry ®a, My/tor(R, ®a, M,) which is
natural in M. Moreover, this map coincides the localization 6, of 6. This shows
the claim. O

Combining Theorem [£.5] and Proposition [£.7] we obtain the following result.

THEOREM 4.8. The functor I establishes an equivalence between CI\/IIf(A) and
the full subcategory Tri'f(A) of Tri(A) consisting of those triples (M,V,0) for which
the gluing morphism 0 is an isomorphism.






CHAPTER 5

Serre quotients and proof of Main Theorem

The goal of this chapter is to give a proof of Theorem For that we need
the technique of Serre quotient abelian categories, studied by Gabriel in his thesis
[43], see also [68].

DEFINITION 5.1. For a Noetherian ring A let fnlg(A) be the category of finite
length modules. Then fnlg(A) is a thick subcategory, i.e. it is closed under taking
kernels, cokernels and extensions inside of A—mod. The Serre quotient category

M(A) = A—mod/ fnlg(A)
is defined as follows.
1. The objects of M(A) and A—mod are the same.

2. To define morphisms in M(A), for any pair of A-modules M and N consider the
following partially ordered set of quadruples In; n := {Q = (X,9,Y, ¢)}, where

X and Y are A-modules, X —2» M is an injective homomorphism of A-modules

whose cokernel belongs to fnlg(A) and N Y Yisa surjective homomorphism
of A-modules whose kernel belongs to fnlg(A). For a pair of such quadruples
Q=(X,0Y,9) and Q' = (X', ¢',Y',¢)') we say that Q < Q' if any only if there
exists morphisms X’ £y X and Y -5 Y7 such that ¢ = o€ and ¢’ = (3. Then
Iy v is a directed partially ordered set and we define:

HOmM(A)(M,N) = @ HOmA(X,Y).
Qelym N

3. Note that for any pair of A—modules M and N we have a canonical homomor-
phism of abelian groups

p(M,N): Homys(M,N) — @HomA(X,Y) = Homp(a) (M, N).
THEOREM 5.2. The category M(A) is abelian and the canonical functor
Py : A—mod — M(A)

is exact. In particular, if M Y Nisa morphism in A—mod then P4 (v) is a
monomorphism (resp. epimorphism) if and only if the kernel (resp. cokernel) of v
belongs to fnlg(A).

Moreover, M(A) is equivalent to the localized category M(A)° = A—mod[S71],
where the localizing subclass ¥ C Mor(A) consists of all morphisms in the category
A—mod, whose kernels and cokernels have finite length.

PROOF. The first part of this theorem was shown by Gabriel, see [43], Chapitre
III]. For the second part we refer to [68]. In particular, for any pair of objects M

and N and a morphism M %y N in the category M(A) there exists an A-module

17
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E and a pair of morphisms M & E % N such that ker(¢) and coker(¢) belong to
fnlg(A) and ¢ = P4 (@) - Pa(¢) . O

It turns out that the category M(A) is very natural from the point of view of singu-
larity theory. The following theorem summarizes some of its well-known properties.

THEOREM 5.3. Let (A,m) be a local Noetherian ring.

(1) If A is Cohen—Macaulay of Krull dimension one then the exact functor
Q(A)®4 — : A—mod — Q(A)—mod induces an equivalence of categories
M(A) — Q(A)—mod;

(2) Let X = Spec(A) and x = {m} be the unique closed point of X. For
U:=X\{a} letv: U — X be the canonical embedding and Coh,(X) be
the category of coherent sheaves on X supported at x. Then the functor
v* induces an equivalence of categories Coh(X)/ Coh,(X) — Coh(U). In
particular, the categories M(A) and Coh(U) are equivalent.

(3) Let A be of Krull dimension at least two then the canonical functor

I:CM(A) — A—mod —2 M(A)

is fully faithful. Moreover, if A is a normal surface singularity then the
category Coh(U) is hereditary and CM(A) is equivalent to the category
VB(U) of locally free coherent sheaves on U.

(4) Let A be a reduced Cohen—Macaulay surface singularity then the Macaulay-
fication functor T : A—mod — CM(A) induces a functor M(A) — CM(A)
which is left adjoint to the embedding 1. Moreover, for a torsion free A-
module M we have a natural isomorphism Mt — T'(1.2* M), where M is
the coherent sheaf on X obtained by sheafifying the module M.

PROOF. Let A—Mod be the category of all A-modules and Tor(A) be its
full subcategory consisting of those modules, for which any element is m—torsion.
In other words, Tor(A) is the category of modules, which are direct limits of its
finite length submodules.

The total ring of fractions Q(A) is flat as an A—module, hence F = Q(A)® 4 :
A—Mod — Q(A)—Mod is exact. The forgetful functor G : Q(A4)—Mod — A—Mod is
right adjoint to F. Now note that the counit of the adjunction £ : FG — 1g(4)—mod
is an isomorphism of functors. Since F is right exact and G is exact, the compo-
sition FG is right exact. Moreover, FG commutes with arbitrary direct products.
Hence, to prove that £ is an isomorphism, it is sufficient to show that the canonical
morphism of Q(A)-modules

§qay = mult: Q(A) ®4 Q(A) — Q(A)

is an isomorphism, which is a basic property of localization.

Since A is a Cohen—Macaulay ring of Krull dimension one, the category T =
ker(FF) is equal to Tor(A). Let M(A) = A—Mod/ Tor(A) (one can consult [68] for the
definition of the Serre quotients categories in the case they are not small). By [43]
Proposition I11.2.4], F induces an equivalence of categories [F : I\7I(A) — Q(A)—Mod.

It is clear that Tor(A) N A—mod = fnlg(A), hence basic properties of Serre
quotients imply that the functor given by the composition

A—mod/ fnlg(A) — A—Mod/ Tor(A) F, Q(A)—Mod
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is fully faithful. Since Q(A) = F(A) and F : Endy(a)(A) — Q(A) is an isomorphism
of rings, the functor F : M(A) — Q(A)—mod is essentially surjective.

The proof of this statement is similar to the previous one. The functor +* :
QCoh(X) — QCoh(U) has a right adjoint 2. : QCoh(U) — QCoh(X) and the
counit of the adjunction ¢*7. — lqcon(y) is an isomorphism. It is easy to see
that the kernel of the functor ¢* is the category QCoh,(X) consisting of the quasi-
coherent sheaves on X supported at the closed point . Again, by [43 Propo-
sition II1.2.4] the inverse image functor +* induces an equivalence of categories
QCoh(X)/ QCoh,(X) — QCoh(U). This functor restricts to a fully faithful functor
Coh(X)/ Coh,(X) — Coh(U). It remains to verify that this functor is essentially
surjective.

Let F be a coherent sheaf on U, then the direct image sheaf G := 1, F is quasi-
coherent. However, any quasi-coherent sheaf on a Noetherian scheme can be written
as a direct limit of an increasing sequence of coherent subsheaves G; C Gy C --- C G.
Since the functor ¢* is exact, we obtain an increasing filtration +*G; C +*G; C --- C
1*G. But +*G = 1", F = F. Since the scheme U is Noetherian and F is coherent,
it implies that F 2 +*G; for some ¢t > 1. Hence, the functor +* : Coh(X) — Coh(U)
is essentially surjective and the induced functor Coh(X)/ Coh,(X) — Coh(U) is an
equivalence of categories.

The fact that the functor I : CM(A) — M(A) is fully faithful, follows for example
from [43] Lemme II1.2.1]. Tt is well-known that for a normal surface singularity
A the category Coh(U) is hereditary. A proof of the equivalence between CM(A)
and VB(U) can be found for instance in |20, Corollary 3.12]. Note that if A is an
algebra over C, the space U is homotopic to the link of the singularity Spec(A).

Let A be a reduced Cohen—Macaulay surface singularity. From [20, Lemma
3.6] we obtain that § : A—mod — CM(A) induces the functor M(A4)° — CM(4),
which for sake of simplicity will be denoted by the same symbol {. Moreover,
for any Noetherian A-module M and a Cohen—Macaulay A—module N we have
isomorphisms

Hom 4y (M, N) <2 Hom 4 (M, N) —s Homeweay (M1, N),

which are natural in both arguments. For a proof of the isomorphism MT —
I'(22* M), we refer to [20], Proposition 3.10]. O

LEMMA 5.4. Let A C B be a finite extension of Noetherian rings. Then the
forgetful functor for : B—mod — A—mod and the functor B®4 — : A—mod —
B—mod form an adjoint pair and induce the functors

for: M(B) — M(A) and B®4— : M(A) — M(B)
which are again adjoint. Moreover, for an arbitrary A—module X and a B—module

Y the following diagram is commutative:

can

Homs(X,Y) ————— Homp(B®4 X,Y)

can

HomM(A) (XV7 Y) _— HomM(B) (B@AXV7 Y)

where both horizontal maps are canonical isomorphisms given by adjunction.
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PROOF. Since the ring extension A C B is finite, the functor B ® 4 — maps
the category fnlg(A) to fnlg(B). The functors F = B®4 — : M(A)° — M(B)° and
G : M(B)° — M(A)° are obtained from the adjoint pair of functors B ® 4 — and
for using the universal property of the localization:

A—mod _ Boaz B—mod B—mod ——°" ~ A—mod
X T
M(A)° T M(B)® M(B)° T M(A).

For an A-module M let &y : M — B ®4 M be the unit of adjunction. Let
¥ : M — N be a morphism in M(A)° represented by the pair of M LB N,
where ker(¢) and coker(¢) have finite length. Since the diagram

M ¢ E id N

§Ml §El \LfN
1®¢

B®AM<&B®AE&>B®AN

is commutative, we get a natural transformation of functors £ : Tya4)e — GF. In
the similar way, we construct a natural transformation ¢ : FG — 1y(p).. Note
that the natural transformations

FELpeFr<5F  and 655 6F6 %6
are 1y and 1g, respectively. Hence, (F,G) is an adjoint pair of functors. O

Now we return to the notation from the beginning of Chapter @] In partic-
ular, A is a reduced complete (or analytic) non-isolated Cohen—Macaulay surface
singularity. Our goal is to give an alternative description of the category of triples
Tri(A), given in Definition H Note that we have a pair of functors

CM(R) Z22=5 M(R) 222~ m(4). (5.1)

DEFINITION 5.5. The category Tri'(A) is the following full subcategory of the
comma category defined by the diagram (5 Its objects are triples (M V., 0),
where M is a maximal Cohen Macaulay R module, V an object of M(A) and
0 : R®;V — R®gM is an epimorphism in M(R) such that the adjoint morphism

V — R® 4V S R&® RM
is an monomorphism in M(A).

A morphism between two triples (M V,0) and (M’ V’,8") is given by a pair

(p, 1), where @ : M — M’ is a morphism in CM(R) and ¢ : V — V' is a morphism
in M(A) such that the following diagram

R®zV R&rM
1®wl lmw
R&® 4V o R&rM'

is commutative in the category M(R). O
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Recall that for a maximal Cohen—Macaulay module M we denote M := Ry
M, whereas 6); is the canonical morphism of R—modules given by the composition

RoiA0a M 3R Ros M 2% Reg (RR, M).
By Theorem the canonical morphism R ®4 M 2 RK A M has cokernel of
finite length, hence 0, has finite length cokernel as well. This implies that
Pr(0r)  R®5i A®a M — Rep (RK4 M)

is an epimorphism in M(R). Next, we have the following commutative diagram in
the category of A—modules:

0 M M—"s>A0, M ——0
J\L ]i iéM (5'2)
0 IM M—>Ror M —->0,

where M = R XaM,3: M — M is the canonical morphism and 7 is its restriction
on IM. The morphism j is injective. Moreover, for any p € P the morphism
ot (IM), — (IM)p is an isomorphism, see the proof of Lemma |3.2] Hence,
coker(7) is an A-module of finite length. The Snake Lemma implies that ker(6)
is a submodule of coker(7). Hence, it has finite length, too. By Lemma the
morphisms Pz (#yr) and P5(fys) are mapped to each other under the morphisms of
adjunction. This yields the following corollary.

COROLLARY 5.6. We have a functor F' : CM(A) — Tri'(A) assigning to a maa-
imal Cohen—Macaulay A—module M the triple (R&A M, AR oM, ]P’R(HM)). More-
over, the equivalences of categories M(A) — Q(A)—mod and M(R) — Q(R)—mod
constructed in Theorem induce an equivalence of categories E : Tri'(A) — Tri(A)
such that the functors F and EF’ are isomorphic.

DEFINITION 5.7. Consider the functor B : Tri’(A) — M(A) defined as follows.
For an object T = (M,V,0) of the category Tri'(A) let M := R®p M and 7 :
M — M be the canonical morphism of R—modules. Let M 25 M be the morphism

in M(A) obtained by applying to 7 the functor Pr and then the forgetful functor
M(R) — M(A). Then we set

N = B(T) = ker( M &V 27, 77

and define B on morphisms using the universal property of a kernel. Equivalently,
we have a commutative diagram in the category M(A):

0 IM-—%~N—-">V 0
o (53)
0 IN— e -2 A 0

According to Corollary Theorem [£.5] is equivalent to the following statement.

THEOREM 5.8. The functor G : Tri'(A) — CM(A) given by the composition of
the functors B : Tri'(A) — M(A) and 1 : M(A) — CM(A), is quasi-inverse to F'.
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PROOF. Before going to the details, let us first explain the logic of our proof.

e We construct an isomorphism of functors Iema) — Go F.
e We show that G is faithful.
e Finally, we prove that any triple T’ € Ob(Tri’(A)) is isomorphic to F'G(T).

The first two statements imply that F’ is fully faithful. The last one shows that
F’ is essentially surjective. Hence, F’ is an equivalence of categories and G is its
quasi—inverse.

Now, let M be a maximal Cohen-Macaulay A-module. In the notations of the
commutative diagram ([5.2), we have the following exact sequence in the category
of A—modules:

(7). 5 = (v0) =
M——MeM — M —0, (5.4)
where M = A ®4 M. Since P4(j) is an isomorphism in M(A), the image of the

=3
sequence 1) under the functor P4 becomes short exact. The morphism M @)

M @ M is natural in the category of A-modules, thus it is natural in M(A) as well.
Hence, we obtain an isomorphism of functors 1cymay — G o F'. This shows that
F’ is faithful. - .

Next, we prove that G is faithful, too. Let T = (M,V,6) and T' = (M’',V',0")

be a pair of objects in Tri'(A) and T BV 1 pe a morphism in Tri"(A4). Let

M =B(T), M’ =B(T") and ¢ = B((,1)). Then we have a commutative diagram
in the category M(A):

(v0)

0—>M—>MoV-—>M—>0

¢l (g2 i i“ﬁ (5.5)
’ a7 ’ (+ ) A7

0O— M — MoV — M ——0.
First note that (p,1) = 0 in Tri’(A) if and only if » = 0. Indeed, one direction is
obvious. To show the second, let ¢ = 0. Then » = 0 and 0’ o4y = 0. It remains to
note that @' is a monomorphism.

Next, a morphism ¢ : M — M’ is zero in CM(R) if and only if 1 ® ¢ :
Q(A) @4 M — Q(A)®4 M’ is zero in Q(A) —mod. Assume the morphism of triples
(p,9) : T — T’ is non-zero. Apply the functor Q(A) ® 4 — on the diagram .
It follows that 1 ® ¢ # 0, hence G((p,v)) # 0 as well. Hence, G is faithful. From
the isomorphism of functors Icmay — G o it follows that F’ is full.

The difficult part of the proof is to show that F’ is essentially surjective. It

is sufficient to show that for an arbitrary triple T = (M ,V,0) there exists an
isomorphism 7" = F'G(T) in the category Tri’(A). We split our arguments into
several logical steps.
Step 1. Since A is a Cohen-Macaulay ring of Krull dimension one, the kernel tor(V)
of the canonical map V — Q(A) ® 5 V is annihilated by some power of the maximal
ideal. Hence, the canonical map V 2 V/tor(V) =: U is an isomorphism in the
category M(A). We get the following isomorphism in the category Tri’'(A)

(1,v): (M,V,0) —s (M, U,0'),
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where the morphism 6’ is induced by v. Hence, we may without loss of generality
assume that the object V' of the category M(A) is represented by a maximal Cohen—
Macaulay A—module.

Step 2. For a maximal Cohen—Macaulay R-module M consider the following com-
mutative diagram in the category of R—modules:

0 IM M M 0
o
— ﬂo — »\/O —

00— (IM)f M M° 0,

where 1M 2 (I M )T is the canonical morphism determined by the Macaulayfication
functor. Hence, coker(d) is an R-module of finite length. Snake lemma yields
that p is a surjective and ker(p) = coker(d). In particular, M° is annihilated
by the conductor ideal I hence it is an _F R-module. Depth Lemma implies that
depthR(M°) = depthR(Mo) = 1, hence M° is maximal Cohen Macaulay over R.
Moreover, the morphism p :=Px(p) : M — MP is an isomorphism in M(R).

Step 3. We have the following isomorphism in the category M(A):

ker(M @V 20 ) = ker (M o v 20 1),
where 0° = p 0 :V — Me°. Since M° is a maximal Cohen-Macaulay R-module,
it is also maximal Cohen-Macaulay over A. In particular, it has no A-submodules
of finite length. From the definition of the category M(A) it follows that 6° can be
written as

6° =Pu() Pa(r)t, V<V LI,
where 7 : V/ — V is a monomorphism of A-modules with cokernel of finite length
and @ is a morphism of A-modules. Since we have assumed V to be maximal
Cohen-Macaulay over A, its submodule V’ is maximal Cohen-Macaulay over A as
well. Next, 6° is a monomorphism in M(A), hence the kernel of 6 has finite length.
But ker(f) is a submodule of a maximal Cohen-Macaulay A-module V’. Hence, §
is a monomorphism of A-modules.

Identifying V and V' in M(A) we may without loss of generality assume:

e In the triple T' = (M ,V.,8), the module V is Cohen-Macaulay over A and
the morphism 6°:V — M°in M(A) is the image of an injective morphism
of A-modules under the functor P4. For sake of simplicity, we denote the
latter morphism by the same letter 6°.

e The object N =B(T) € Ob(M(A)) can be obtained by applying P4 to the
middle term of the upper short exact sequence in the following diagram

in A—mod:
0—>(IM) —2>N—">5V 0
_l l lgo (5.6)
B°  ~ 47

OH(IM)T M
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Since 6° is injective, snake lemma yields that N is a torsion free A—module.
Step 4. In the notations of the commutative diagram 1) consider the canonical

morphism N 9 Nt. Then we obtain the following commutative diagram in A—mod:

0—> (M) —2*>N—">V 0
—l lé lé,
0— (IM)I —2 = NT "o W 0,

where 7’ and ¢’ are induced morphisms. Since N is a torsion free A-module,
d is injective and its cokernel has finite length, see Theorem [2.:4] Snake lemma
implies that coker(d’) has finite length, too. Moreover, the universal property of
Macaulayfication implies there exists an injective morphism of A-modules N AN
M such that j § = . In particular, we have: j af =1 a = 5° and the following
diagram is commutative in A—mod

0— > (IM) s NT "y 0
i B~ A4° —
0—— (IM) M M 0,

where j is the morphism induced by j. Since j is injective, the morphism j' is
injective as well. Hence, the A-module W is annihilated by the conductor ideal I.
Thus, it is a maximal Cohen-Macaulay A-module and the morphism P 5(¢") : V' —
W is an isomorphism in M(A).

Step 5. In other words, we have shown that any object T of the category Tri’(A) has

a representative (M ,V,0) such that V is maximal Cohen—-Macaulay, the morphism

v & e belongs to the image of the functor P4 and the module N given by the
diagram is maximal Cohen—Macaulay over A. By the definition of the functor
G, we have: N = G(T). It remains to find an isomorphism between the triples
F/(N) and T.

Let IM 2 (]M)T be the canonical morphism and +' : IM — (]M)T be the
composition of the restriction of 2 on TN with §. Since 2 is injective, it is easy to
see that the following diagram is commutative:

0 IN-Y SN NN 0
1’l zi lr;
0 (IM)f —> N "5V 0.

By Lemma the morphism ¢’ is injective and its cokernel has finite length. Since
ker(k) is a subobject of coker(2') the morphism Pz(x) : N — V is an isomorphism
in M(A). Next, the morphism of maximal Cohen-Macaulay A-modules ¢ : N — M
induces a morphism of maximal Cohen—Macaulay R—modules 7 : RXK4 N — M.
Theorem ﬁ implies that 2, : (RK4 N), — Mp is an isomorphism of Ay,—modules
for all prime ideals p € P. Hence, 7 is an isomorphism in CM(R).
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Step 6. It remains to observe that (7,P4(x)) : F/(N) — (M,V,0) is an isomor-
phism in the category of triples Tri’(A). Since both morphisms 7 and P4(k) are
known to be isomorphisms, it is sufficient to show that (7, (%)) is a morphism in
Tri’(A). In the notations of the commutative diagram , this fact follows from
the commutativity of the following diagram in the category A—mod:

RoaN R®p (RR4 N)

\/

1® R®R R®AN 1®7

can

R ®xV o ]/\4\0 R Xr M,
which can be verified by a simple diagram chasing. Theorem is proven. O

REMARK 5.9. In their recent monograph [64, Section 14.2], Leuschke and Wie-
gand give a simpler proof of Theorem in the special case when A and R are
both regular.

Observe that we have the following practical rule to reconstruct a maximal Cohen—
Macaulay A-module M from the corresponding triple F(M) € Ob (Tri(A)).

COROLLARY 5.10. Let T = (]TJ/,V,H) be an object of the category of triples
Tri(A). Then there exists a mazimal Cohen—Macaulay A-module U, an injective
morphism of A-modules p: U — R®p M and an isomorphism ¢ : Q(R) @ 4 U —
Q(R) ®qay V such that the following diagram

Q(R) / R M
R)®qua) V

is commutative in the category of Q(R)fmodules. Consider the following commu-
tative diagram with exact rows in the category of A-modules:

0 IM N U 0
S
0 IM M Ror M ——=0.

Then we have: G(T) = NT. In particular, the isomorphy class of N does not
depend on the choice of U and .

As we shall see later, in some cases the module N obtained by the recipe from
Corollary turns out to be automatically maximal Cohen—Macaulay. This can
be tested using the following useful result.

LEMMA 5.11. In the notations of this chapter, let M be a mazimal Cohen—
Macaulay R-module, V be a mazimal Cohen—Macaulay A-module and 6 : V — M
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be an injective morphism of A-modules. Consider the A-module N given by the
following commutative diagram:

0 IM N 1%
bk

0 IM M M 0.
Then there is the following short exact sequence of A—modules:

0— N — Nt — H{, (coker(f)) — 0. (5.

BN

)

In particular, N is a mazimal Cohen-Macaulay A-module if and only if coker(é)
is a mazimal Cohen—Macaulay A—module.

PROOF. By the snake lemma, we get the short exact sequence

0— N - M — coker(6) — 0.

~

Since the module M is maximal Cohen-Macaulay over A, we have: H ?m} (coker(é)) =
H{lm} (N). On the other hand, the module N is torsion free and in the canonical
short exact sequence

0—N-N T -0
the module T has finite length. Hence, we have:

T 2 H{y (T) = H{y (N) = HY,,, (coker(6))
yielding the desired short exact sequence (5.7)). O



CHAPTER 6

Singularities obtained by gluing cyclic quotient
singularities

In this chapter we recall the definition and some basic properties of an im-
portant class of non—isolated surface singularities called “degenerate cusps”, see
[75), [77].

6.1. Non—isolated surface singularities obtained by gluing normal rings

Let k be an algebraically closed field and (Ry,ny),(Rz,n2),..., (Rsng) be
complete local normal k-algebras of Krull dimension two, where ¢ > 1. For any
1<i<tletm: R — R; = k[u;,v;]/(w;9;) be a surjective ring homomorphism,
u;,v; € R; be some preimages of @, and v; respectively and I; = ker(m;). Consider
the ring homomorphism

7= (7Y, 7)1 R, — D == k[u] x k[]

obtained by composing m; with the normalization k[u,, v;]/(@;0;) — k[u] x k[v].

DEFINITION 6.1. In the above notations, consider the subring A of the ring
R:=R; X Ry X --- X R; defined as

A= {(rm‘z, ) €R|EP () = 7 (ri), 1< < t}, (6.1)
where we identify R;y; with Ry and 71 with 7.

PROPOSITION 6.2. In the above notations we have:

(1) The ring A is local and reduced. The ring extension A C R is finite.

(2) Let I == {(ri,ra,...,1s) € R| m(r;) =0, 1 < i < t}. Then I =
Hom (R, A). In other words, I is the conductor ideal.

(3) The ring A is Noetherian and complete and R is its normalization. In
particular, A has Krull dimension two.

(4) We have: A := AJI = k[wy,ws, ..., w]/(w;w;|l <i<j<t)and R=
R/I = K[y, 01]/(@101) X -+ x k[¢, 0] /(@:0:). The canonical morphism
A — R maps w; to v; + Uir1 for all 1 <i <t, where U1 = Us.

(5) The ring A is Cohen-Macaulay.

PRrROOF. Let » = (r1,7r2,...,7¢) € R be an element of A. Then r(0) =
r2(0) = -+ =1(0) € k and r is invertible if and only if r;(0) # 0. This shows that
A is local. Since A is a subring of a reduced ring, it is reduced, too. To show that
the ring extension A C R is finite, we consider separately the following two cases.

Case 1. Let t > 2 and ey, eg,...,e; be the idempotent elements of R corresponding
to the units of the rings Ry, Rs,...,R;. Then we have: R = <€1,62,...,€t>A.
Indeed, let r = (r1,72,...,7¢) € R be an arbitrary element. By the definition, we

27
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have: r; = e;-rand r =ry + 79+ --- 4+ r,. Hence, it is sufficient to show that for
any 1 <4<t and any r; € R; we have: r; € (e1,€2,...,€¢)4.

To prove this, it is sufficient to show the following statement: given an element
ri € R; there exist such elements r; € R;, j # i that r = (r1,rs,...,r;) € A. Note
that without loss of generality we may assume 7; € n;. Then 7;(r;) € D belongs
to the radical n of the ring D. Since the ring homomorphism 7; : R; — D induces
a surjective map n; — n, there exist elements r; € n;,j € {i — 1,7+ 1} such that
ﬁ§1)(ri) = ﬁl@l (ri—1) and 7?52)(7“1-) = 7~T§Jlr)1(7"i+1>- Proceeding by induction, we get
an element r = (r1,72,...,r) € A we are looking for.

Case 2. Let t =1 and v = uy,v = v;1 € R be some preimages of the elements
@ =1 and ¥ = v € R under the map 7 = 7;. Then we have: R = (u,v) 4.

Indeed, any element r € R can be written as r = ¢+ up(u) +vg(v) +7’ for some
power series p, ¢ € k[T], ascalar c € k and 7’ € I = ker(r) C A. Let w =u+v € R
and w € R be its preimage in A C R. Then the element " := r — up(w) — vg(w)
belongs to I, hence to A, and the result follows.

Since 7 is a ring homomorphism, it is clear that I is an ideal in R and A. We
need to show that I = J := anns(R/A) = {a € AlaR C A}. The inclusion I C J
is obvious. Hence, we have to show that J C I. Since J is an ideal in R, we have
an isomorphism of R—modules J = J; ® Jo P --- D J;, where J; is an ideal in R; for
all 1 <14 <t. Again, we distinguish two cases.

Case 1. Let t > 2 and a = (a1, as,...,a:) € J, where a; = ¢;-a,1 < i <t¢. In order
to show that a € I it is sufficient to prove that m;(a;) =0 for all 1 <7 < ¢.

By the definition, the element a; = ¢; - a = (0,...,0,a;,0,...,0) belongs to
J C Aforall 1 <i<t Itimplies that # ) (a;) = 0 for k = 1,2, thus m;(a;) = 0
for all 1 <4 < t as wanted.
Case 2. Let t = 1. Then any element a € A can be written in the form a = p(w)+d/,
where p(T) € k[T] and o’ € I. If a belongs to J then we have:

ﬁ(l)(ua) =up(u) = 72 (ua) = 0.
Hence, p(T) =0 and a =a’ € I.

Since R is a Noetherian ring and [ is an ideal in R, I is a finitely generated R—
module. Next, R is a finite module over A, hence there exist elements ¢1,cs,...,¢ €
I such that I = <C1,C2,...,Cl>A. For any 1 <1 <t let w; = v; +u;41 € A. Then

t
any element a € A can be written in the form a = > p;(w;) + ¢, where ¢ € I and
i=1

pi(T) € k[T], 1 < i <t are some power series. Consider the ring homomorphism
Si=Kk[zq,...,z; 21, .-, 2] 25 R defined by the rule: p(z;) = w; forall 1 <i<t¢
and op(z;) = ¢; for all 1 < j < [. It is clear that the image of ¢ belongs to A. In
oder to show A is Noetherian and complete, it is sufficient to prove that the ring
homomorphism ¢ : S — A is surjective.

For any integer ¢ > 1, let jlq be the image of A under the canonical morphism
R — R/n?. To show ¢ is surjective it suffices to prove that the ring homomorphism
S — Aq is surjective for all ¢ > 1. Any element a € A can be written as

¢ 1 !
a= Zpi(wi) + Z bicj + Zb;’cj
i=1 i=1 i=1
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where p1,...,p € K[T], b,...,b) € kand b/,...,0) € I. Then
t !
ab) = sz(wl) + Zb;cj eIm(p) and a—a™ en?
i=1 j=1

Writing similar expansions for b7,...,b/ € I C A, we end up with a sequence of
elements {a(")}n>1 such that a™ € Im(p) and @ —a™ € n"*! for all n > 1. This
shows the surjectivity of ¢.

We have shown that the ring A is Noetherian and the ring extension A C R
is finite. Hence, A has Krull dimension two. Moreover, the total rings of fractions
of A and R are equal. Indeed, if t > 2 then R = <el, e et>A, where all elements
e; € R satisfy the equation e? = e;, hence e; € Q(A). For t = 1 we have the
equality u? — uw + uv = 0, where w € A and uv € I C A. Hence, u € Q(A). In a
similar way, v € Q(A). Thus, in both cases we have Q(A4) = Q(R), hence R is the
normalization of A.

Recall that we have: R = R/I = K[uy,01]/(t101) % -+ x K[iag, 0]/ (s y).
By the definition, the ring A C R is generated by power series in the elements
W; = U; + Ujy1, where 1 <3 < ¢.

In R we have the relations w;w; = 0 for all i # j. Assume there exists an

additional relation in A between wy,...,w;. Then it has necessarily the form:
w; = 0 for some 1 <7 <t and n > 1. But this {mplies that we have the relations
vj' = 0 = u},,. Contradiction. Hence, we have: A = k[wy,ws,...,w]/(ww; |1 <

i < j <t) and the canonical imbedding A — R is given by the rule w; > ¥; + ;1.

We have a short exact sequence of Noetherian A-modules 0 — A — R —
R/A — 0. Since R is a normal surface singularity, it is Cohen-Macaulay:

depthp(R) = 2 = depth 4(R).

Next, the A-module R/A is annihilated by I, hence it is an A-module. Moreover,
we have an isomorphism of A-modules R/A = R/A. Our goal is to show that
depth (R/A) = 1. It is equivalent to the statement that the A—module R/A has
no finite length submodules. Let m be the maximal ideal of A. It suffices to show
that there is no element » € R\ A such that m-r € A.

Let p;, q; € k[T] be power series such that p;(0) = ¢;(0) for all 1 <4 < ¢ and

r= ((pl(ﬁl),ql (171)), ol (pt(ﬁt),qt(ﬁt))) € R be an element satisfying w; - r € A.
But this implies that for all 1 < ¢ < ¢ we have equalities of the power series T'q;(T") =

Tpi1(T). Hence, q; = p;p1 for all 1 <i <t and r € A as wanted. Applying the
Depth Lemma we get: depth 4(A) = 2, hence A is Cohen-Macaulay. O

Summary. In the notations of Proposition we have: the ring A is Noetherian,
local, reduced, complete and Cohen-Macaulay. The ring R is the normalization of
A and I is the conductor ideal. The canonical commutative diagram

is a pull-back diagram in the category of Noetherian rings. Moreover, we have:

Q(A) = k((w)) x - x k(w), Q(R) = (k(u1)) x k(w1) x -+ x (k@) x k(@)
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and the canonical ring homomorphism Q(A) — Q(R) sends the element w; to
Uy + Ujy1-

LEMMA 6.3. In the notations of Proposition[6.94 we have: for any prime ideal
p € P the localization A, is either reqular or Ay = k(p)[u,v]/(uv), where k(p) is
the residue field of Ay. In particular, the ring A is Gorenstein in codimension one.

PRrROOF. Let p € P. By Proposition the local ring A, is regular unless p
belongs to the associator of the conductor ideal I. Let p be the image of p in A.
Then p is a prime ideal in A of height zero, R, is the normalization of A, I, is the
conductor ideal of A, and we have a pull-back diagram

Ay —— Aj
in the category of Noetherian rings. Since A = k[wy, ws, .. . J ]/ (wwy |1 <i <
j <t), we have: p = (w1,...,Wi—1,Wit1,..., W) for some 1 < i < t. We get:

Ay = k((w;)) and Ry = k((¥;)) x k((uwi+1)). Hence, the conductor ideal of the local
one-dimensional ring A, is its maximal ideal. Next, A, contains its residue field
k((t)) and there exists a pull-back diagram

Ay ——=K(t)

L

Ry ——K((t)) x k(1)

Hence, the completion of A, is isomorphic to k((t))[u, v]/(uv), as wanted. O

6.2. Generalities about cyclic quotient singularities

Let S = k[u,v] and G = C, 1, C GLa(k) be a small cyclic subgroup of order n.
Then without loss of generality we may assume that G is generated by the matrix

g = < g 59” >, where ¢ is a primitive n-th root of unity, and 0 < m < n is

such that ged(m,n) = 1. The group G acts on S by the rule u EN Eu, v EN EM.
Let R = R(n,m) = S be the corresponding ring of invariants (in our convention,
R(1,0) = k[u,v]) and II = II(n,m) = {0,1,...,n — 1}. For each element I € II we
denote by I the unique element in IT such that [ = Im mod n. The following result
is due to Riemenschneider [69]

THEOREM 6.4. In the above notations we have:
(1) R=Kk[u™,u" "', uv" 1 v"] € S = Kk[u,v].
(2) More precisely, letn/(n—m) =ay —1/(ag —---— 1/a.) be the expansion
of n/(n —m) into a continued fraction, where a; > 2 for all 1 < i < e.
Define the positive integers c; and d; by the following recurrent formulae:

Co=mn,c1 =N —Mm,Ci11 = a;¢; — ¢i—1, do=0,d1=1,diy1=a;d; —d;_1.
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Then R = k[zo, 21, ..., Te, Ter1]/L, where x; = uSv% (i =0,1,...,e4+1)
and the ideal L C k[xg, 1, ..., Te, Tetr1] is generated by the relations

j
Ti—1Tj41 = LTy szk_Q 1 S 7 S j S e. (62)
k=i
(3) Let J be the ideal in R generated by (z1,22,...,2). Then we have: J =
(urtol . wwv Ygr and R = R/J = Kk[zg, Tet1])/ (0 Tey1)-
(4) The closed subset V(J) C Spec(R) is the image of the union of the coor-
dinate azes V(uwv) C Spec(S) under the map Spec(S) — Spec(R).
In what follows we shall also need the following result of Brieskorn [13] Satz 2.10]
about the exceptional divisor of a minimal resolution of singularities of Spec(R).

THEOREM 6.5. Let X = Spec(R), o = {m} € X be its unique closed point

and X 5 X be a minimal resolution of singularities. Then the exceptional divisor
E =771(0) is a tree of projective lines. More precisely, the dual graph of E is

by bo bf
. o L4
where n/m = by — 1/(by — --- — 1/by) is the expansion of n/m into a continued

fraction such that b; > 2 for all1 <i < f.

6.3. Degenerate cusps and their basic properties

In this section we recall the definition of an important class of non-isolated
surface singularities called degenerate cusps.

DEFINITION 6.6. Let t > 1 and w = ((n1,m1), (n2,m2), ..., (ny,my)) € (Z2)!
be a collection of integers such that 0 < m; < n; and ged(m;,n;) = 1 for all
1<i<t Let Ry = R(ng,m;) = kf[ug,v;]i ™ C k[uy,v;] be the corresponding
cyclic quotient singularity (in our convention, R; = kfu;,v;] if (n;,m;) = (1,0)),
J; C R; the ideal defined in Theoremand A= /T(w) C RixRox---xRy =: Rbe
the ring obtained by the construction of Definition[6.1] Then A is called degenerate
cusp of type w.

LEMMA 6.7. Given a local complete k—algebra A, which is a degenerate cusp.
Then its type w is uniquely determined up to an action of the dihedral group D,
(i.e. up to a shift and reflection).

Sketch of a proof. Let X = Spec(A) and Y > X be its improvement, see [75] and
[77, 78]. Let o = {m} € X be the unique closed point of X and Z = m~1(0) be the
exceptional divisor. Then Z is a cycle of projective lines. Moreover, Z is a union
of trees of projective lines: Z = Z; U Zy U --- U Z;, where each Z; is isomorphic to
the exceptional divisor F; of a minimal resolution X, of the cyclic quotient singu-
larity Spec(R(n;,m;)). The irreducible components of each tree Z; have the same
intersection multiplicities in Y as the intersection multiplicities of the correspond-
ing irreducible components of F; in )?Z These components E1, Fs, ..., E; intersect
precisely at those points of F, where the variety Y is not smooth. Thus, Theorem
allows to reconstruct the parameters (ni,my), (n2, ma),..., (ny,my) as well as
the order of gluing of the corresponding cyclic quotient singularities. O

The following important result is due to Shepherd-Barron [75], Lemma 1.1].
THEOREM 6.8. Let A be a degenerate cusp. Then A is Gorenstein.
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6.4. Irreducible degenerate cusps

In this section we write down equations of irreducible degenerate cusps. Let
R = k[xg,x1,...,%e, Tetr1]/L be a cyclic quotient singularity and J C R be
the ideal defined by (z1,...,2z.). Then R := R/J = k[zg, Tet1]/ToTer1 and we
define the ring A via the pull-back diagram in the category of commutative rings

A—>

A
| ) (6.)

R—— R,

where A = k[z] and v : A — R maps Z to T+ Te11. Our goal is to write explicitly
a list of generators and relations of the ring A.
Case 1. Consider first case when the cyclic group is trivial and R = k[u,v]. Then

the ring A is generated by the power series in © = v + v, y = wv and z = v?v. In
the quotient ring Q(R) we have the equalities

The equality ¥ = uv implies the relation: y® + 22 — zyz = 0. We have a ring
homomorphism 7 : k[z,y, 2] — R defined by the formulae x — u + v, y — uv and
z + u?v, whose image is the ring A. Moreover, y® + 22 — xyz belongs to ker(r).
If ker() has further generators then k[z,y, 2] /ker(7) has Krull dimension which is
not bigger than one. Contradiction. Hence, A is a hypersurface singularity

A = ]k[[‘ray7zﬂ/(y3 + 22 - a:yz) (64)

Case 2. Let e =1, n > 2 and m = n — 1. Then R = kfu,v, w]/(v" — vw) and
J = (v). As in the previous case, one can show that A is generated by the power
series in x = v,y = uv and z = u + w. In the quotient ring Q(R) we have:

Tz =y

u=% and w=
T T

Hence, the relation uv = v™ reads as "2 + y? = zyz. We get:
A=Kz, 2]/ (2" + 4 — wyz). (6.5)

Since "2 + y? — ayz = 2™? + (y — 222)? + 12222, the equation of A can be

rewritten in the form A = k[z,y, z]/(2*(a" + 2%) + ¢?).
Case 3. Let e=2and n/(n—m) =p—1/q= (pg—1)/q, where p,q > 2. The ring
R = k[xo,x1, 22, 23] /L is given by Riemenschneider’s relations

1 1

zowy =Y, xyxs =23 and worz =2 2l

The subring A C R is generated by the elements © = z1, y = 22 and z = zg + x3.

We have the following equality in R: 22" + 297" = 2125(20 + 23). Hence, we get:

A =K[z,y, 2]/ (P +y?T — zy2), p,q > 2. (6.6)
Summing up, in all considered cases we get the singularities
Thgoo = k[z,y, 2]/ (2? + y? — 2y2),
where p > ¢ > 2 and (p, q) # (2,2).
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Case 4. Let e = 3 and n/(n —m) = p—1/(¢ — 1/r), where p, ¢, r > 2. Then
R = Kk[u,x,y, z,v] /L, where the Riemenschneider’s relations are:

wy =aP, zz =y, yv = 2", uz = 2Pyl o=yl 2" wo = 2Pyt 27

The ring A is generated by the power series in the elements w = u + v, z,y and
z. Next, we have the following equality in R: wy? = wzz = (u+v)zz = 2Pyt~ ! +
y?~12", implying the equality wy = zP + 2". One can show that we have:

A:]k[[xayazaw]]/(xz_yquw_xp_Zr) (67)
for p, ¢, r > 2. In other words, A is a T},r4o0—singularity.

Case 5. For e > 4 the ring A is no longer a complete intersection. For the sake
of completeness, we write its presentation via generators and relations as well. Let
0 < m < n be coprime integers and

T —a —1/(az— - —1/a,),

n—m
the expansion of n/(n—m) into a continued fraction, where a; > 2 for all 1 <i <e.
One can show that A = k[z1, o, ..., ., z]/L, where the ideal L is generated by

2T = —|—;v5(H z 2):567
e—
ZLe—1 = -'171(1_[ xlli2)$6727
o1 e . _
2T = xl(H x! ):17,;_1+:1:¢+1( [T = )xe, 2<i<e—2,
=1 I=i+1
Ti1Tjy1 = (H kT 2)%'7 2<i<j<e—1

6.5. Other cases of degenerate cusps which are complete intersections

In this section we describe all other cases of degenerate cusps which are complete
intersections.

Case 6. Let R = k[x1,z2] X k[y1,y2]. Then A is generated by the power series in
the elements x = (z1,y2), y = (22,y1) and z = (z122,0). The following relation is
obviously satisfied: zyz = 2z2. Hence, we have:

A= Kz,y, 2]/ (ayz - ) = Ke,y, 21/ (e + 22). (6.8)

2]/ (@
Case 7. Let R = k[x1,z2] x k[yo,y1,y2]/(Yoy2 — ¥1), p > 2. Then A is generated
by the power series in the elements ©z = (1131,7;0), y = (x9,y2) and z = (0,y1).
Moreover, we have: zyz = 2PT! and

A= ]k[[l’,y, ZH/(ZEyZ - Zp+1)a p > 2. (69)
In other words, Case 6 and Case 7 yield the class of T —singularities.

Case 8. Let R = k[zy,z2] x k[y1,y2] X k[z1, 22]. Then the ring A is generated

by the power series in the elements x = (z2,y1,0), y = (0,y2,21) and 2z =
(21,0, z2). They satisfy the relation xyz = 0 and we have:
A=Kz, 2]/ (zy2). (6.10)

This is a singularity of type Trcoooo-
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Case 9. Let R = k[zo,z1, 2]/ (woxe — 27) x k[yo, y1, 921/ (woy2 — yi), p.q > 2.
Then the degenerate cusp A is generated by the power series in the elements
x = (z0,y2), ¥y = (x2,90), 2= (21,0) and w = (0,y1).
We have the following equalities in R: xzy = 2P + w? and zw = 0. One can show
that
A= Kz, y, 2, w] /(" + 0 - ay,w2), (6.11)
i.e. A is a singularity of type Tpgoooo-
Case 10. Let R = Ry x Ry, where Ry = k[z1, 2] and Ra = k[yo, y1, Y2, y3]/ (yoy2 —
v s — vl yoys — yP Myl ™), where p,q > 2. Then A is generated by the power
series in the elements z = (z1,y3), ¥ = (z2,%0), 2 = (0,41), w = (0,y2) and we
have:
A =k[x,y, z,w]/(yw — 2P, zz — w?) (6.12)
is a singularity of type Tpocqoo-
Case 11. Let R = k[x1,x2] X k[y1,92] x k[z0, 21, 22] /(2022 — 2}), where p > 2.
Then the ring A is generated by the power series in the elements
T = (x27 Y1, O)a Yy = (07 Y2, ZO)7 z = (1‘1, 07 ZQ)a w = (07 07 Zl)'
The following relations are satisfied: zw =0 and yz = w? and we get
A =k[z,y, z,w]/(zw, yz — wP). (6.13)
This is a Tpoooooo—singularity.
Case 12. Let R = k[xy1, z2] x k[y1, y2] X k[z1, 22] X k[wy, ws]. Then A is generated
by the power series in the elements
33:(3327?/1’0’0)7 y:(07y2a21,0)7 Z:(0,0,ZQ,’LU:[) and w:(m1a0707w2)
and we have:
A = K[z, y, 2w/ (22, yw) (6.14)
is a singularity of type Tooooooco-



CHAPTER 7

Maximal Cohen—Macaulay modules over
klz,y,z]/(2* + y° — zyz)

In this chapter, we shall illustrate our method of study of maximal Cohen—
Macaulay modules over non-isolated surface singularities, based on Theorem [4.5
on the case of the Thzo—singularity A = k[z,vy,2]/(x® + y> — zyz). In terms of
Definition this is a cusp singularity of type ﬁ(l,O). Remind the following
computation made in Section

o If R denotes the normalization of A then R = k[u,v], where u = % and
v=22_"Y

e Next, I = (z,y)A = (uv)R is the conductor ideal. Hence A = A/I = k[z],
whereas R = k[u, v]/(uv). The map A — R sends 2 to u + v.

e Let D = k[[2] and K = k((z)). Then we have: Q(A) = k(2)) = K and
Q(R) 2 k((u)) x k(v)) 2K x K.

Let T = (]\A/[/, V,0) be an object of Tri(A). Then the following results are true.

e Since R is regular, M = R™ for some integer m > 1.

e V is just a vector space over the field K, hence V=K" for some n > 1.

e The gluing map 0 : Q(R) Rgay V — Q(R) ®r M is given by a pair of
matrices 6 = (0, 0,) € Mat,, xn(IK) X Mat,, x, (K) of full row rank.

REMARK 7.1. It is convenient to use the notation when coefficients of ©,, and
©, belong to the field K = k((z)). The lower indices u and v indicate the “origin” of
both matrices. For change of base fields k((z)) — k((w)) we shall denote by ©,,(w)
and O,(w) the matrices with coefficients in k((w)) obtained from 6, and ©, by
replacing z on w.

If two triples T = (M, V,0) and T' = (]\7’, V'’ 8") are isomorphic then M = M’ and
V = V', To describe the isomorphy classes of objects in Tri(A4), we may without loss
of generality assume that M = M’ and V = V’. The essential information about
the isomorphism class of T' is contained in the gluing data 6. The classification of
isomorphism classes of objects in Tri(A) leads to the following matrix problem:

(0.4,0,) — (S7'e.T,S,'e,T) = (e!,0)), (7.1)

where T € GL,,(K) and S1, S2 € GL,,,(ID) are such that S1(0) = S2(0). We call this
problem of linear algebra decorated Kronecker problem, see in particular Section [8.7]
for the following

Fact. The pair of matrices (©,,©,) splits into a direct sum of the following inde-
composable blocks:

35



36 7. MAXIMAL COHEN-MACAULAY MODULES OVER k[z,y, z]/(2? + v® — zyz)

Continuous series (or bands). Let I,t € Zy, w = ((my,n1), ..., (my,ny)) € (Z2)!
be a “non-periodic sequence” such that min(m;,n;) = 1forall1 <4 <tand A € k*.
Then we have the corresponding canonical form:

AL 0 0 ... 0 0 B, 0 ... 0
0 A, 0 ... 0 0 0 B; 0 0
O, = 0, = (7.2)
0 0 ...A_; 0 0 0 0 ... B
0 0 ... 0 A C 0 0 ... 0

where Ay = 2™+, By = z™ 1 and C = z"*J with I = I; the identity [ x [-matrix
and J = J;(A\) the Jordan block of size [ x | with the eigenvalue .

Discrete series (or strings). Let w = (mo, (m1,n1),..., (M, ne), ntH), where mg =
n¢41 = 1 and min(m,, n;) =1 for all 1 < ¢ < ¢. Consider the matrices 6,, and 6, of
the size (t + 1) x (t 4 2) given as follows:

Zm 0 0 ... O 0O zm 0 ... 0
0 zm™ 0 0 0 0 2" 0
®u = @v = (7 3)
0
0 0 ... 2™ 0 0 0 0 ... 2"ttt

In the case t =0 we set ©, = (1 0) and ©, = (0 1).

Observe that both for bands and strings, the coefficients of the matrices ©, and

©, belong to D = k[z]. O
This result is a special case of the classification of indecomposable objects in

the category of representations of a decorated bunch of chains, which will be treated

in the subsequent chapters.

Summary. By Theorem we have an equivalence of categories CM(A) =

Tri(A). If T = (M, V, (04, 0,)) is an object of Tri(A) then the isomorphy classes

of M and V are uniquely determined by the sizes of the matrices ©, and O,.
Moreover, if T' is an indecomposable triple, then the pair (©,,©,) is equivalent to
a one of canonical forms (7.2]) or (7.3]). This leads to the following conclusion.

e Let (w,l,A) be a band datum. Then the triple (R", K", (©,,0,))) defines
an indecomposable maximal Cohen—Macaulay module M (w,l, A), which
is locally free of rank ¢l on the punctured spectrum of A. Moreover, any
indecomposable object of Cl\/llf(A) is described by a triple as above.

e Let w be a string datum. Then the triple (R, K2, (0,,0,)) defines
an indecomposable maximal Cohen-Macaulay A-module N(w) of rank
t+ 1, which is not locally free on the punctured spectrum. Moreover, any
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indecomposable object of CM(A) which does not belong to CM'(A), is
isomorphic to some N (w).

Our next goal is to derive an algorithm allowing to construct explicit maximal
Cohen-Macaulay A-modules corresponding to the canonical forms (7.2)) and (7.3).
First note the following simple result.

LEMMA 7.2. Let (0,,0,) be the canonical form given either by a band datum
(w,l,\) or by a string datum w and © = O,(u) + O,(v) € Matyx,(R), where
p = q = tl in the case of bands and p = t+ 2, g = t+ 1 in the case of strings.
Let§ € Homg(/_lp, Rq) be the corresponding morphism of A-modules, where we use
the identification Hom 5(A, R) = R. We use the same notation for the induced
morphism of Q(A)-modules 6 : Q(A)? — Q(R)Y Then the induced morphism of
Q(R)-modules 1 ® 6 : Q(R) @z Q(A)P — Q(R)? is given by the original matrices
(Ou(u), ©4(v)).

As a consequence, we get a complete description of the indecomposable maximal
Cohen—Macaulay modules over the ring A = k[, y, 2] /(23 + y* — xyz).

THEOREM 7.3. Let (©,,0,) € Mat,x,(ID) x Mat,x,(ID) be the canonical form
defined by a band datum (w,l,\) or by a string datum w and © := O, (u) + 60, (v) €
Matyxp(R). Consider the matriz

0 = (zly |yl | 6) € Matgy (2g4p)(R). (7.4)
Let L C R? be the A-module generated by the columns of the matriz ©. Then the
mazximal Cohen-Macaulay A-module M = Lt = LYV satisfies:
F(M) = (R?,K?, (@u,@v)).
In other words, M is an indecomposable maximal Cohen—Macaulay A—module cor-
responding to the canonical forms and . Moreover, any indecomposable

mazimal Cohen-Macaulay A-module is isomorphic to the reflexive hull of the tor-
sion free module generated by the columns of a matriz © of the form .

PROOF. The torsion free module L is determined by the commutative diagram:

0 117 L AP 0
S
0 14 R1 R4 0.
The statement of the theorem follows from Corollary O

Theorem [7.3] can be elaborated one step further to deduce the following result.

PROPOSITION 7.4. For the ring A = k[z,vy, 2]/ (x® +y* — 2yz) the classification
of maximal Cohen—Macaulay A-modules of rank one is the following.
(1) There exists only one mazimal Cohen—Macaulay module N = N (1(0,0)1)
of rank one, which is not locally free on the punctured spectrum. We have
the following A-module isomorphisms: N =21 = R.
(2) A rank one object of CM(A) is either regular or has the following form.:

M((1,m),A) = I, » and M((m,1),1,) = Jy, »,

where I, » = <a:m+1,yxm*1 +/\(a:zfy)m> CAandJy = <xm+1,ym+
Az Nzz —y)) C A with X € k* form > 2 and X € k* \ {1} for m = 1.
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PROOF. The fact that there exists precisely one object of CM(A) of rank one,
which does not belong to CM"(A), follows from Theorem Note that both
modules I and R share the property to be maximal Cohen—Macaulay of rank one,
being not locally free on the punctured spectrum.

Let ©, = (2™) and ©, = (Az™) be (1 x 1)-matrices corresponding to the band
datum ((m,n),1, ) for A € k* and min(m, n) = 1. Let 6 : A — R be the morphism
of A-modules given by the (1x 1) matrix © = ,,(u)+6,(v). Unless max(m,n) = 1
and A = 1, the cokernel 6 has no finite length submodules. By Lemma [5.11] and
Theorem [7.3] we get:

M((m,1),1,)) = <m,y7um+)\v>A C Rand M((1,m),1,)) = <x,y7u+)\vm>A C R.

Next, observe that u = Y fulfills the equation 1>

= —zu+x = 0. By induction it is not
difficult to show that for any m > 2 there exist polynomials p,,, (X, Z) and ¢, (X, Z)
from k[ X, Z] such that the following equality holds in R: u™ = p,,, (2, 2)u+gm(x, 2).

Using this fact it is not difficult to derive that

y € (zu+xo™) 2= (e My, "y Moz —y)™)

In a similar way, y € (z,u™ + )\v>A =~ (gmt g™y, y™ 4+ A 2z — y)>A. O

It is very instructive to compute the matrix factorizations corresponding to
some rank one Cohen—Macaulay A—modules. Note that the conductor ideal I cor-

responds to the matrix factorization (( 'Y ) , (x Y ))

—y x?—yz y x2—yz

Consider now the family of modules M((l, 1),1, )\) ~ <x, %+)\xzac— Y >A7 where
A € k*\ {1}. The special value A = 1 has to be treated separately: in this

case we have M((1,1),1,\) = A. For A # 1 we know that M((1,1),1,\) =
<a:2, y+ ﬁxz>A. The new moduli parameter p = ﬁ takes its values in P\ {(1 :
—1)} = (kU {oo}) \ {-1}. One can check that M ((1,1),1,A) has a presentation:

<r+u(u+1)z2 y'HWUZ)
y—(utD)wz  —a?

A? A? — M((1,1),1,A) — 0.

Note that the forbidden value 4 = —1 corresponds to the module R = I, whereas
the value 1 = oo corresponds the regular module A. In other words, the “pragmatic
moduli space” of the rank one modules M ((1, 1),1, )\) can be naturally compactified
to the nodal cubic curve zy? = 34222, where the unique singular point corresponds
to the unique rank one Cohen-Macaulay A-module, which is not locally free on
the punctured spectrum. Note that the explicit expression for the presentation
matrices of M((l, 1),1, )\) are consistent with the criteria to be locally free on the
punctured spectrum from Lemma [2.12)

Now we compute the matrix factorization describing the family M ((2,1),1, ).
By Theorem we have: M((2,1),1,A) = (2,4 + A(wz — y)z>A = (2%, zyz +
AMzz — y)x>A > (2% y(z— ) + )\xz')A. This family has the following presentation:
(:v(sz)QJr)\z3 y(z—A)—Azz )

y(z—N\)—xz> z?2

A? A* — M((2,1),1,)) — 0.

Our approach can be also applied to describe maximal Cohen—Macaulay mod-
ules of higher rank. Consider the long exact sequence

0—A—F—A—k—0,
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corresponding to the generator of the A-module Ext?(k, A) 2 k. The module F
is called fundamental module. By a result of Auslander [4], F' is maximal Cohen—
Macaulay. It plays a central role in the theory of almost split sequences in the
category CM(A). Let us compute a presentation of F' using our method. First,
with some effort one can show that F' corresponds to the triple

(R ((D.(D)) = (R K ((52).(62)-

Consider the module N given by the diagram

0 12 N A2 0
o
0 I? R? R? 0.

Then we have:

= (0 (8) () (o) (5) L)), =

and F = NT. Note that the element a := (§) € A% does not belong to N, however
ma € N. Applying Lemma [5.11] and Lemma [2.5 we conclude that

v =((5)( ) (W) (a )=

Moreover, F' has the following presentation:

Yy z xz 0

0 Y 0 x

yz—x? 0 Yy —z

A4 0 yz—z2 0 y

One can check that we have an isomorphism F = syz?(k), which matches with a
result obtained by Yoshino and Kawamoto [83].

At — F—0.

REMARK 7.5. According to Kahn [57] as well as to Drozd, Greuel and Kashuba
[37], the normal surface singularity B = k[z, vy, 2] /(2® + y? + 2P — zyz), has tame
Cohen—Macaulay representation type for p > 6. On the other hand, an explicit
description of indecomposable maximal Cohen-Macaulay B-modules still remains
unknown. It would be interesting to know what objects of CM(A) can be deformed
to objects in CM(B), as well as to describe the corresponding families explicitly.






CHAPTER 8

Representations of decorated bunches of chains—I

In this chapter we introduce a certain type of matrix problems called “repre-
sentations of decorated bunches of chains” and explain the combinatorics of inde-
composable objects.

8.1. Notation

Let D be a discrete valuation ring, m its maximal ideal, t € m an uniformizing
element (i.e. such that (¢) = m), k = ID/m the residue field of D and K the field of
fractions of ID. For an element a € D we denote by a its image in k. Similarly, for
a matrix W € Mat,,x, (D) we denote by W € Mat,,,xn (k) its residue modulo m.
Finally, D x D 5> D = {(a,b)|a = b} is the dyad of D with itself.

8.2. Bimodule problems

The language of bimodule problems has been introduced by Drozd in [29] as
an attempt to formalize the notion of a matrix problem. See also [24] and [31] for
further elaborations.

Let R be a commutative ring, A be an R-linear category and B be an A-
bimodule. The last means that for any pair of objects A, B of A we have an
R-module B(A, B) and for any further pair of objects A’, B’ there are left and
right multiplication maps

A(B,B") x B(A,B) x A(A", A) — B(A", B'),
which are R—multilinear and associative.

DEFINITION 8.1. The bimodule category EI(A, B) (sometimes called category of
elements of the A-bimodule B) is defined as follows. Its objects are pairs (A4, W),
where A is an object of A and W € B(A, A). The morphism spaces in EI(A, B) are
defined as follows:

EI(A, B)((A, W), (A, W") ={F € A(A,A") |FW = W'F}.
The composition of morphisms in EI(A, B) is the same as in A.

REMARK 8.2. The category EI(A, B) is additive and idempotent complete pro-
vided A is additive and idempotent complete. However, one typically starts with a
category A having the property that the endomorphism algebra of any of its objects
is local (obviously, in this case, A can not be additive). Then one takes the additive
closure A¥ of A and extends B to an A“-bimodule B“ by additivity. Abusing the
notation, we write El(A, B) having actually the category EI(.A“,B“) in mind.

EXAMPLE 8.3. For D = k[t], let the category A and bimodule B be as follows.
e A has three objects: Ob(A) = {a,b, c}.

41
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e The non-zero morphism spaces of A are:
— A(a,a) = Kl,, A(b,c) = (v1,v2)p = D2, A(c,b) = (p1, p2)p = D2.
— A(b,b) = Kk[B1, B=] /(B182) and A(c, ¢) = k[y1,72]/(7172)-
e For 1+ = 1,2 we have the following relations: p,v, = 8, and v,p, = 7.
e The bimodule B is defined by the following rules:
- B(a7 b) = <¢17 ¢2>]K ~K? = B(Cl, C) = <¢17¢2>JK-
— For (z,y) ¢ {(a,b), (a,c)} we have: B(z,y) = 0.
— The action of A on B is given by the following rules:

ﬂz © ¢J = 6th . ¢17% © 1/]] = 623t : '(/}ul/l © QS] = 5zﬂpzapz © '(/}j = (Sl]t : (bzv 1) = 1,2

and (¢17¢2aw1aw2) © (Kla) = (KZ : ¢17l€'¢2a"{'¢1a“<"¢2)7 Kk € K.

The entire data can be visualized by the following picture.

b1 B2

7 b=
s 91 o2 -7

~ N . 7’
vy p1 o o(: Vo p2

,"/% 1#2\‘\

% BE{

Al 72

The encircled points represent three objects of the category A, the solid arrows
denote morphisms in A whereas the dotted ones stand for the generators of the
bimodule B.

Let us now derive the matrix problem describing the isomorphy classes of ob-
jects of EI(A, B). For any x € {a,b,c} let Z,, denote the corresponding object of the
category A“. Then an object of EI( A, B) is a pair (Z, W), where Z = Z) & Z" & Z?
and W is a matrix of the following shape:

Here, P = ®1¢1 + Pogpo and @ = Wity + Yarhy, where &, € Mat,,x,(K) and
¥, € Mat,xn(K) for e =1, 2.

An isomorphism of (Z, W) — (Z,W) is given by a matrix
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Here, S € GL,(A(a,a)) = GL,(K), X € GLy,(A(b,b)) and Y € GL,(A(c,c)).
Next, we write R = Ryp1 + Raps with Ry, Ry € Mat,, x,(ID) and N = Nyvq + Navy
with Ny, No € Matyx, (D). Let (X1, X5) (respectively (Y1,Y2)) be the image of
X (respectively Y) under the group homomorphism GLy, (A(b,b)) — GLy,(ID) x
GL,, (D) (respectively GL,(A(c,c)) — GL,(ID) x GL,(ID)).

The equality FW = W F leads to the following matrix equalities:

° (8.1)

X,®, +tRV, = &,8
Y,¥, + N,®, = 1,5,

where » = 1,2. The obtained matrix problem can be visualized by the picture.

__________________________________

g R cl -

The matrix problem (8.1)) can be rephrased as follows.

e We have four matrices @1, $5, ¥y and ¥y over IK. All of them have the
same number of columns. The matrices ®; and @5 (respectively, ¥ and
U5) have the same number of rows. We can perform transformations of
columns and rows of @1, ®,, ¥; and Wy, which are compositions of the
following elementary ones.

o Simultaneous transformations. We can perform simultaneous elementary
transformations

— of columns of &1, P5, ¥; and ¥, with coefficients in the field of frac-
tions K.

— of rows of ®; and ¥, (respectively, U1 and ¥y) with coefficients in
the residue field k.

e Independent transformations.

— We can independently perform (invertible) elementary transforma-
tions of rows of matrices ®, and V,, for + = 1,2 with coefficients in
the maximal ideal m.
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— For + = 1,2, we can add an arbitrary D—multiple of any row of ®, to
any row of ¥, and an arbitrary m—multiple of any row of ¥, to any
row of ®,.

This is precisely the matrix problem, describing maximal Cohen—Macaulay modules
over the degenerate cusp Thioo = k[u, v, w]/(u? + v* — uvw), see Section O

Omitting some details, we state now several other bimodule problems playing a
role in the study of maximal Cohen-Macaulay modules over non-isolated surface
singularities.

EXAMPLE 8.4 (Decorated conjugation problem). Consider the following cate-
gory A and A-bimodule B:
e Ob(A) = {a}, A(a,a) = ko, az]/(c1az) = D.
e B(a,a) = (p)k = K. The A-bimodule structure on B is given by the
following rule: for any o € A(a,a) we have aop = a(t,0) - ¢ and poa =
a(0,t) - p.
The underlying matrix problem is the following. We have a square matrix ® €
Mat,, xp (IK) which can be transformed according to the following rule:

D G185 (8.2)
where S, S5 € GL,,(ID) are such that S; = Ss.

EXAMPLE 8.5 (Decorated Kronecker problem). The category A and A-bimodule
B are defined as follows.
e Ob(A) = {a,b}, A(a,a) = k[ay, as]/(a10s) = D, A(b,b) = K1,, whereas
A(a,b) =0=A(b,a).
e B(b,a) = (p, )k = K2, B(a,a) = B(b,b) = B(a,b) = 0.
e The A-bimodule structure on B is given by the following rules.
— For a € A(a,a) we have: aop = «a(t,0) ¢ and a o) = a(0,t) - 1.
— For any k € K we have: (¢, %) o (klp) = (ke, k).
The underlying matrix problem is the following. We have a pair of matrices ®, ¥ €
Mat,, «n (IK) which can be transformed by the rule:

(O, T) = (S1 9T, S,@T 1), (8.3)

where T' € GL,,(K) and Sy, S2 € GL,,(D) are such that S; = Sy. This is precisely
the matrix problem describing the maximal Cohen—Macaulay modules over the
degenerate cusp Tazeo = kfu, v, w]/(u? + v3 — uvw), see Chapter

EXAMPLE 8.6 (Decorated chessboard). For any n > 1 consider the set ¥ =
Y, ={1,...,n} and a permutation ¢ of ¥. For any 2,7 € ¥ introduce symbols p,,
and ¢,,. In what follows, we shall operate with them using the following rules:

DayPyl = Daly Qo990 = Gal> Doyqyl = 0 and quyPyl = 0 for all Za.]7l €. (84)
The category A and A-bimodule B are defined as follows.
e Ob(A) =3. For 1 <1 <y <n we pose:
A(z,7) = Dp,, ® mq,, and A(3,2) = Dg,, ® mp,,.

e For any ¢+ € ¥ we put A(z,2) = D1, & mp,, ® mg,,/I,, where I, is the
D-module generated by -1, =t py —t - Go(1)o ()

e The composition of morphisms in A is defined by D-bilinearity and the
multiplication rules (|8.4)).
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e For any 1,7 € ¥ we put B(z,7) =K - ¢,,.
e The action of A on B is given by the following rules: for any 2, 7,1 € ¥ we
have ngd)]l = d)zla ¢1jqjl = ¢zl» ¢zypjl =0and sz¢Jl =0.

The description of isomorphy classes of objects in El(A, B) leads to the following
matrix problem. Let dy,...,d, € Z>¢ and d :==dy +---+d,. An object of EI(A, B)
is given by a matrix W € Matqxq4(IK), whose rows and columns are divided into
n stripes labeled by elements 1, ..., z, (respectively, y1,...,y,) so that the x,-th
horizontal stripe and y,(,)-th vertical stripe have width d,. One can transform W
by the rule: W+ SWT~! where S,T € GLq4(D) satisfy the following additional
constraints. Consider the division of .S and 7" into n horizontal and vertical stripes,
the same as for W. For any 1,7 € ¥ let S,; (respectively, T,,) be the corresponding
block of size d, x d;,. Then

e for any 1 <1 <y < n we have: S,, € Matg, xq,(m) and T}, € Matq,xq, (m),
e for any ¢+ € ¥ we have: S,, = T},.

N b 0o p ()
0O —>0 —> —>0
Y1 : Y2 : : Yn
o .
1 1
""" r--~~~"°a~-~~-=9-~"~-~-----
D 1 1 1 m
I I
o [ : : o
1 1
D | L____ [ e m
1 |
1 1
I I
I I
_____ S
| | |
D | | | m
| | |
| | |
o | I I I o
I I
I I
| |
O é—— 0 &— ¢——o0
m m m

In other words, the matrix problem we obtain is the following.

e For any 1 <1 < n one can perform arbitrary elementary transformations
of rows of the z,-th stripe and columns of the y,(,)-th stripe of W with
coefficients in ID such that modulo m they are inverse to each other.

e For any 1 <1 < 7 < n one can add any D—multiple of any row of x,-th
stripe to any row of z,-th stripe. Similarly, one can add any ID-multiple
of any column of y,-th stripe to any column of y,-th stripe.

e One can perform arbitrary elementary transformations of rows and columns
of W with coefficients in m.

REMARK 8.7. All bimodule problems from this section belong to the class of
representations of decorated bunches of chains, which will be introduced in the
next section. Other (more general) examples of bimodule problems, occurring in
the representation theory of finite dimensional algebras and their applications, can
be found in [29), 24}, [31] as well as in [18), [33}, [36].



46 8. REPRESENTATIONS OF DECORATED BUNCHES OF CHAINS-I

8.3. Definition of a decorated bunch of chains

We start with the following combinatorial data.

e Let I be a set (usually finite or countable).

e For any 1+ € T we have a pair of totally ordered sets (chains) &, and §,. All
these sets are disjoint: €, NE, =F, NF, =0 forall2# jand ¢, NF, =0
for all ¢,5 € I.

e We denote € = U,¢1€,, § = U,e1S, and X = EUF. Is this way, X becomes
a partially ordered set. We use the notation x < y for the partial order in
X. Ifz,y € X are such that x € €, and y € §, (or vice versa) for some 2 € T
then we write  — y and say that = and y are “—” related. Elements of &
(respectively §) are called row elements (respectively column elements).

e Next, we have a relation ~ on X such that for any € X there exists
at most one 2’ € X such that x ~ /. Here, we only consider irreflexive
relations, i.e. z o6 z for any z € X. An element x admitting an equivalent
element is called tied.

e Finally, we have a suborder < of < on X which fulfils the following two
conditions.

—Ifrx<y<zinXand x <z then x <y and y < z.
— If 2 S (such element is called decorated) and = ~ y then y < y.

DEFINITION 8.8. The entire data X = (I,{€ }.cr, {F. her, <, ~) is called dec-
orated bunch of chains. In absence of decorated elements, X is a usual bunch of
chains in the sense of [10} [11], see also [18}, [33], [65].

DEFINITION 8.9. Let X be a decorated bunch of chains. Then it defines a
category A = A(X,D) and an A-bimodule B = B(X,D) in the following way.

e For any =z < y as well as x &> y introduce the symbol p,,.
e Next, for z,y € X we introduce the following D-module A,,:

Kpyq if r<yandz Ay
A = Dpy if <y
Y MPyy if ydzx
0 otherwise,

where we follow the notation of Section 8.] for D, K and m.
e Now we pose Ob(A) = X := X/ ~.
e The sets of morphisms in A are the following D-modules:

®w€a,yeb A»Ly if «a 75 b,
Afa,b) = K1, @D, e, Ay if a=b, ais not decorated
(D1, & D, yeq Azy)/t(La =2 cqPza) if  a=0b, ais decorated.

e The composition of morphisms in A is defined by the rule pyypy. = Da-
for any x,y, z € X, all other products (if defined) are zero.
e For any 2 € I, x € &, and y € §, introduce the symbol ¢,, and put

B(a,b) = P Kouy.
y€ang,

zebNE,
=y
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e The action of A on B is given by the rules
{ pwyd)yz = ¢a:z;
¢acypyz = (g,
all other products (if defined) are zero.
In what follows, we shall use the notation Rep(X) = EI(A(X,D), B(X,D)). O

ExAMPLE 8.10. Consider the decorated bunch of chains X given by the follow-
ing data.
o The index set I = {1,2}. For 2 € I we have: §, = {a,}, € = {b,, ¢, }.
e We have b, < ¢, for + € I. In particular, by, by, c1, co are decorated. The
elements a; and as are not decorated.
e We have the following equivalence relations: a; ~ as, by ~ by and ¢; ~ co.

This X can be visualized by the following picture:

a Q----]---------+ ----0O az
by W----f--------1 ---g b
v v
v v
v v
v v
v v
ORI S R ety o

The corresponding pair (A, B) is the one we have considered in Example (I

EXAMPLE 8.11. Let I = {x}, &, ={e}, §« = {f}, e ~ f and e, f are both dec-
orated. Then Rep(X) is the bimodule category described in Example (decorated
conjugation problem). O

EXAMPLE 8.12. Let I ={1,2}, &, = {«,} and §, = {y,} for ¢ € I. Let z1, 22
be decorated and y;,y2 not decorated. We have: x; ~ xo and y; ~ yo. Then
the corresponding bimodule category Rep(X) is the one considered in Example
(decorated Kronecker problem). O

EXAMPLE 8.13. Let [ = {x}, &, ={m1 < ... <z, < ..., Fuo={1 > ... >
Yn B> ...}, x, ~ 1y, for all + € N. Then Rep(X) is the bimodule category described
in Example (decorated chessboard) for the trivial permutation o. ]

8.4. Matrix description of the category Rep(X)

Let X = (I,{€.}.cr, {8, }ier, <, ~) be a decorated bunch of chains. Then the
bimodule category Rep(X) admits the following “concrete” description.
o First, we take a function d : ¥ — Z>(,  — d, which has finite support
and factors through the canonical projection X — X (i.e. dp = dy if
x ~y).
e Forany1€ I, z € €, and y € §, we take a matrix Wé;} € Matg, xq, (K).
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Then the data (d, {Wé;}}
the category Rep(X):

o Z=73@ - -&Z, where XD {a1,...,a,} = supp(d). Here, Z, denotes
the object of A“ corresponding to the element a € X and d; := dg, for
1<l <n.

e Assume that z € a, N ¢, and y € a, NF, for2 € I and 1 < p,q < n. The
D-module B(Z, Z) has a direct summand B(ng;, Zfig) and ng;)pmy is the
corresponding entry of the element W € B(Z, Z).

In these notations, the total dimension of (Z, W) is set to be dim((Z, W)) = 3 d,.
reX

zeI,(az,y)€€1X31> uniquely determine an object (Z, W) of

PROPOSITION 8.14. Let (Z,W) and (Z,W) be two objects of Rep(X) given
by the matriz data <d, {qu;)}) and (a, {Wé;j}) respectively. Then a morphism
(Z,W) N (Z,W) in Rep(X) is given by a collection of matrices {Fz(f)}

(2)
{G”y}zel,wye&

o I\ e Maty .4, (Azu) and G% € Maty, g (Avy), where

1el,z,uce,’
such that

K if u<zandu L x
A D if u<x
TETY m if r<du
0 otherwise
and
K if y<vandy Lw
) D if yJv
Buy = m if vy
0 otherwise.

o [, = Fpyp (respectivelyf Fo. :,ny) ifx ~a (r(ispectivgly x ~y) and
x is not decorated and Fpp = Fpp (respectively Fpp = Gyy) if © ~ o
(respectively x ~ y) and x is decorated;

and such that for any+ € T and (x,y) € €, X §F, the following equality is true:
S RO = Y WG, 5)

The matrices ({Féﬁ},{é,@@j}) corresponding to the composition hoh of h =
({FJEZ)}, {GS,@) ) and h = ({FQSZ)}, {(;ng ) are given by the usual matriz product:

B = S RORY wd 68— Y 6060,
ce¢, cEF.

PROOF. It is a straightforward computation, analogous to the one made in
Example 8.3 U

REMARK 8.15. “Directedness property” of the category A from Definition
implies that a morphism h = ({FQEZ)}, {G% }) is an isomorphism if and only if all

diagonal blocks F{) and Géz are invertible.
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DEFINITION 8.16. Let X = (Z, W) and X = (Z, W) be two objects of Rep(X).
Consider the following D-module: Z(X, X) := Rep(X) (X, X’)ﬁrad(.A(Z, Z)) Then
T is an ideal in the category Rep(X). The quotient category Rep(X) := Rep(X)/Z
is called stabilized bimodule category. -

REMARK 8.17. Since Z(X, X) C rad(Rep(X) (X, X)), the projection functor
Rep(%) —+ Rep(¥)

preserves indecomposability and isomorphy classes of objects. Let morphisms h, he
Homx(X,X') be given by h = ({FZ,EZ)}, {GSJJ ) and h = ({133522}, {G’%}) Then

h—he (X, X) if and only if F\Y ~ F{Y and G{) ~ G{Y) for all 1 € I, z € €, and
y € §,, where ~ means equality if = (respectively y) is not decorated and equality
modulo m if x (respectively y) is decorated.

8.5. Strings and Bands

Let X be a decorated bunch of chains. To present a description of the isomor-
phism classes of indecomposable objects of Rep(X), we use the combinatorics of
strings and bands, just as for “usual” (non—decorated) bunches of chains [11].

1. We define an X-word as a sequence w = x171...%;_17_1x;, where x; € X,
ri € {N, —} and the following conditions hold:

e z;7;x;y1 in X for each i € {1,27 eyl — 1}.

e 1; # 1,41 for each i € {1,2,...,[ —2}.

e If xq is tied, then r; =~, and if z; is tied, then r;_1 =~.
We call [ the length of the word w and denote it by I(w). We also denote 7(w) =
{i [1<i<lyr= —}. The word w is said to be decorable if at least one of the
letters x1, s, ..., x; is decorated.

2. A decoration of a decorable word w is a function p : 7(w) — Z. A (unique)
decoration of a non-decorable word is, by definition, the constant function p :
7(w) — {0}.

3. Two decorations p, p' : 7(w) — Z of a decorable word w are said to be neighbour
if there is an index ¢ € 7(w) and an integer k such that x; ¢ x; 1 and
e cither z; is not decorated, p/(i) = p(i) + k and, if i > 2, also p'(i — 2) =
p(i —2) — (=1)7@i2i-0f where o(x,y) = 1 if both z,y are either row or
column labels and o(z,y) = 0 if one of them is a row label and the other
is a column label.
e or z;41 is not decorated, p'(i) = p(i) + k&, and, if i < n—2, also p/(i+2) =
p(’i + 2) _ (_1)0'(7"i+173:71+2)k.
Two decorations p, p’ are said to be equivalent if there is a sequence of decorations
p = p1,p2,---,pr = p such that p; and p; 1 are neighbour for 1 < i < r.

4. We denote by w* the inverse word to w, i.e. the word w* = x;rj_127_1...7T2227r127.
If p is a decoration of w, we define the decoration p* of w* setting p* (i) = p(I — 7).

5. An X—word w of length [ is called cyclic if ry = r;_1 =~ and x;—x7 in X. For such
a cyclic word we set r; = — and define z;, r; for all ¢ € Z setting z;+q1 = 24, Tigqt = 73
for any g € Z. In particular, o = z; and rg =—. Note that the length of a cyclic
word is always even. We also set 71 (w) = 7(w) U {l}.
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5. A cyclic decoration of a decorable cyclic word w is a function p : 77 (w) — Z.
For such a function we set p(i + gl) = p(i) for any ¢ € Z. A (unique) cyclic
decoration of a non—decorable cyclic word w is, by definition, the constant function
p: 1T (w) — {0}

6. If w is a cyclic word, we define its k—shift as the word

k
w( ) = L2k+1T2k+1T2k+2 - - - L2k —1T2k—1TL 2k

and write
k

a(k,w) = ZO’(J)Q]‘_l,xgj). (86)
j=1
If p is a cyclic decoration of w, we define the cyclic decoration p*) of w*) setting
(i) = pli — 2K).
7. We call a pair (w, p), where w is a cyclic word of length I and p is its cyclic
decoration, periodic if w*) =w and p*) = p for some k < /2.

8. Two cyclic decorations p, p’ : 71 (w) — Z of a decorated cyclic word are said to
be neighbour if there is an index 7 € 71 (w) and k € Z such that z; # z;11 and

e cither z; is not decorated,
p'(@) = p(i) + k and p(i — 2) = p(i — 2) — (=1)7@=Vk,
e or x;4; is not decorated,
p'(i) = p(i) + k and p/ (i + 2) = p(i + 2) — (—1)7Frmir2) g,

Two cyclic decorations p, p’ are said to be equivalent if there is a sequence of cyclic
decorations p = p1, p2, . .., pr = p’ such that p; and p;11 are neighbour for 1 < i < r.

9. A pair (w, p), where w is a (cyclic) word and p is its (cyclic) decoration, is called
a decorated (cyclic) word. Two decorated cyclic words (w, p) and (w’, p’) are said
to be equivalent if w = w’ and the decorations p and p’ are equivalent.

10. A ~subword of a word w is a subword v of the form x ~ y or of the form z if
x =y for any y # x. We denote by |z| the class of x with respect to ~ and by [w]
the set of all ~subwords of w. Note that if w is cyclic, every ~subword is of the
form x ~ y. Thus any word has the form vy — vy — - -+ — v, where v1,vs,...,v,
are its ~subwords. If it is cyclic, then w®*) = Ukl — Ukgo — - — Up—1 — V. A
decoration of the word w is given by the sequence v = (vq, v, ..., v,_1) of its values

A V1 123 VUn—1 . . . .
and written as v1 — vy — ... — wv,. A cyclic decoration is given by the sequence
128 125} Vn—1 Vn

of its values v = (vq,v4,...,v,) and written as ~— vy — vy — ... — v, — . O

Now we introduce the following objects of the bimodule category Rep(X).

DEFINITION 8.18 (Strings). Let w be an X—word, p : 7(w) — Z be its decora-
tion. The string representation S(w,p) = (Z,S) is defined as follows:

* Z=@,cpu 2w and S € B(Z, Z).

e Suppose that the decorated word (w, p) has a subword v; z v;41 for some
v;,vi41 € [w]. Then B(Z,Z) has a direct summand B(Z,,, |, Zjv,|) &
B(Zjv;» Zjv;.,)) and we define the corresponding component of S as

- t""gbvi“vi € B(Z|vi‘,Z|vi+l‘) if v;41 € €and v; € 5,
= 1Py, € B(Z|W+1|, Z\w\) if v; € € and v;11 € §.
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e All other components of S are set to be zero.

DEFINITION 8.19 (Bands). Let w be a cyclic X—word of length | = 2n, p :
7H(w) — Z be its cyclic decoration, such that the decorated word (w,p) is not
equivalent to any periodic one, m € N and m = 7(£) # £ be an irreducible polyno-
mial of degree d from k[¢] if w is decorable and over K[¢] if w is not decorable.
If w is not decorable, denote by F = F(7™) € Matgmxam(KK) the Frobenius
block corresponding to the polynomial 7™ (the companion matrix of 7). If w
is decorable, denote by F a matrix from Matg,xam(ID) such that its image in
Matgm xdm (k) is the Frobenius block corresponding to #™. The band representa-
tion B((w,p),m,7) = (Z, B) is defined as follows:

o Z=@,cpu 2™ and B € B(Z, Z).

e Suppose that the decorated cyclic word (w, p) has a subword v; - Vit1,
where v;,v;41 € [w], 1 <i <n. Then B(Z, Z) has a direct summand
ddm ddm Hdm Ddm
B(Zlvi+1|’Z|vz‘\ ) @ B(Zlvil ’Z\Uz‘+1|)
and we define the corresponding component of B as follows:
— iy 0] € B(Z®dm,Z@dm) ifv; € §F and v;41 € €,

vi [vigal
) d d .
— o ] € B(ZT Z00") if vig1 € § and v; € €,
where [ is the identity dm x dm matrix.
e The component of B corresponding to the direct summand
®ddm ddm Ddm ®dm
B(Zi" Zjon") © B(Z5 0" Z100")
of B(Z,Z) is defined as
— "y, F € B(ZE4™, 22 if v, € § and v; € €,

[on| 7 T o1]

— iy, o, F € B(Z2Y", Z54™) if v) € § and v, € €.

lo| > unl

e All other components of B are zero.

EXAMPLE 8.20. Consider the decorated bunch of chains X introduced in Ex-
ample Let a € X (respectively b, ¢ € X) be the equivalences class of a1, as € X
(respectively, by, ba; c1,co € X). Consider the following decorated cyclic word:

ll lz 13 l4 l5 l6
(w,p):: ﬁalNag—bQNbl—alNCLQ—CQNcl—alNag—bQNbl—/

Let m € N and € # 7 € k[¢{] an irreducible polynomial of degree d. Then the band
object B((w, p),m, 7T) is given by the canonical form

al az
0 1 tel } 0 thl L 0 . 0
I A O T ) S — - &
fsp 0 10 0 ' 0 o flef

\:[11 = 0 i 0 i tl4I C1 Co 0 i tlSI i 0 \I/g




52

8. REPRESENTATIONS OF DECORATED BUNCHES OF CHAINS-I

In the language of bimodule problems, B((w, p), m, ) is given by the pair (Z, B),

where

7 = Z{inm e Zs}dm D Z?dm @ Zgﬁdm o ZgBdm o Zgadm

and B € B(Z, Z) is given by the following matrix

a b a c a b
T T T T
I I I I
I | I I
al 0 0 ! 0 0 0 1 0
I I I I
I I I I
444444444 e e e R
I I I I
I | I I
12 12
b | 2ol 0 jlf (blI: 0 j 0 : 0
I I I I
I I I I
444444444 e e e R
I I I I
I | I I
al 0 0 r 0 ¢ 0 0 1 0
I I I I
| I I I
444444444 e e e R
I I I |
I | I I
13 l4
c 0 0 13l 0 1ty O
I I I I
| I I I
444444444 e e e R
I I I |
I | I I
al|l 0 0 7 0 1 0 1 0 1 0
I I I I
| I I I
444444444 e e e R
I I I |
I | I I
lG I 1l5
b |t F 0 1 0 1 0 1tegl 0
I I I I
! I ! |

where [ is the identity matrix of size dm x dm and F' is the Frobenius block of 7.

THEOREM 8.21. Let X be a decorated bunch of chains. Then the description of
indecomposable objects of Rep(X) is the following.

Every string or band representation is indecomposable and every indecom-
posable object of Rep(X) is isomorphic to some string or band representa-
tion.

o Any string representation is not isomorphic to any band representation.
e Two string representations S(w,p) and S(w',p’) are isomorphic if and

only if either w = w' and p and p' are equivalent, or w' = w* and the
functions p* and p' are equivalent.

The isomorphism class of a band representation B((w, p),m, ﬂ') with dec-
orable w does not depend on the choice of the matriz F(n™).

Two band representations B((w,p),m,w) and B((w’,p’),m’,w’) are 1so-
morphic if and only if either w' = w®), m' = m, 7' = ., and p' is
equivalent to p™*) for some k, or w' = w® m =m, 7 = Trew and p' is
equivalent to p(k)* for some k, where

(€)= w(€) if o(k,w) is even,
Tewl8) =9 cdeamn(1/6) i ok, w) is odd,

see for the definition of the function o(k,w) above.
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REMARK 8.22. Any object Y € Ob(Rep(X)) admits a direct sum decomposition
ngl@ml @@Y;@mt

with Y7,...,Y; indecomposable and pairwise non—isomorphic. It will follow from
the proof of Theorem given in Chapter [IJ] that the endomorphism ring of
an indecomposable object of Rep(X) is local. According to [7, Chapter 1.3.6], the
category Rep(X) is has Krull-Schmidt property, i.e. the set {(Yl, my)..., (Y, mt)}
is uniquely determined by Y (up to isomorphisms of indecomposable summands).

8.6. Idea of the proof

We keep the notation of Sectionm Let (Z,W) = (d,{W®},,) be an object of
Rep(X). Replacing if necessary, X by X Nsupp(d), we may without loss of generality
assume X is a finite set. We follow the following convention: if &, = {a1 < < ar}

and §, = {by > -+ > b,} then we write the matrix W) as follows:
by b2 ... bs

ai

az

ar

—>

For ¢ € I we say that X = {z1,...,2m} C &, (respectively, ¥ = {y1,...,ym} C F.)
is a mazimal elementary subchain if either X = {x} and x is not decorated or
21 <---<x, and X is maximal with respect to this property. In the latter case we
say X is decorated. Maximal elementary subchains inherit < ordering from X, thus
both sets &, and §, split into a union of such subchains. On the set of pairs

B, := {()?’, Y) | X and y are maximal elementary subchains in &,, respectively in Sl}
we introduce the following total ordering: (U, V) < (X,y) if either i < X or o = X and
v > y. In the next, we shall use the notation (d, {W(Z)};y) for an object (Z,W)
of Rep(%X). A morphism (Z,W) — b 5 (Z,W) in Rep(X) is given by a collection of
matrices F = {Fﬂﬂ } and G = {G } satisfying the equality
STERwWE =3 wlel) (8.7)
ice, VCF.

for any + € I and (X,¥) € B,, as well as some additional constraints on diagonal
blocks described in Proposition Note that Fff) (respectlvely GQ = 0) for
all X < U (respectively V < y). In partlcular, equation (8.7)) takes the form

STEYWE + EQw) =S wiel) + wi el (8.8)

<X vy
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Next, observe that for X = {1 <+ - - <z,,} C €, the diagonal block F;(.;) of F® gplits
further into subblocks Fz(;)zq of size d, xd;,, with coefficientsin D for1 <g <p <m

and m for 1 <p < ¢ < m. A similar statement holds for the diagonal blocks Gyy of
the matrix G for any decorated maximal elementary subchain y C §,.

For (X,y) € B, consider the following full subcategory of Rep(X):
Ob(Rep=F (X)) 1= {(Z, W) ‘ W = 0 for (@,V) < (%, y)} . (8.9)

If (Z,W) and (Z,W) both belong to Rep=*¥) (%) and (Z, W) (=9 (Z,W) is a
morphism then (8.8)) implies that
@@ _ iz @)
FOWY =wal). (8.10)

XX Xy

In a similar way, we define

Ob(Rep<®Y) (X)) 1= {(z, W) | W =0 for (@,7) < (%,¥
F.

—»

Let X(zy) be the decorated bunch of chains obtained by restriction of X on (%,¥)
Equality (8.10]) implies that we have the forgetful functor

Rep=(* (X) — Rep(X(eg),  (2,) = WY (5.11)

Now we are ready to present the main steps of the proof of Theorem [8.21
e Any object (Z, W) of Rep(X) belongs to some subcategory Rep=®Y) (%)
such that the component W;(.;) is not zero for some ¢ € I, X C &, and
Yy C S

X1
1
I
I

For simplicity we assume here that X or y is not decorated, otherwise the
treatment requires additional notations.

e We bring the matrix W;(yf), viewed as object of Rep(X(zy)), into a normal
form. Then we transform the entire object (Z, W) into a standard form.
If Repsgt()w) (%) is the full subcategory of standard objects (i.e. objects in
the standard form) then the embedding Repi(%’w(x) s Rep=%Y (%) is
an equivalence of categories.

e In some cases (e.g. if all elements of X and y are untied, or if X = {z},

¥y ={y} and x ~ y), certain direct summands of W;(;) viewed as objects

of Rep(X(x)) split up globally as direct summands of (Z, W) in Rep(X).

Denoting Repi(i’y)’o(%) the full subcategory of Repsgt(i’w (%) consisting of

standard objects without such direct summands, we construct a new bunch
of chains X%Y and a reduction functor between the stabilized categories
RY . @S(?i)@(%) . @d%?}(:{[fﬂ). (8.12)

st
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The new bunch of chains X%¥ is constructed from ¥ using an explicit
computation of the automorphism group of a “general” object in the cat-
egory Rep(X(z))-

e The entire sequence of categories and functors introduced above can be
summarized as follows:

@(%) s @S(KW (%) < @S(%Y),O(x) ﬁ, @sﬁt(?@@(%) R_XY> @4%?)(%[%?])_

The reduction functor RY is a representation equivalence of categories,
meaning that

— RY is essentially surjective,

- RY((Z,W)) 2 RY((Z',W")) if and only if (Z,W) = (Z',W’).
These two properties imply that R maps indecomposable objects to in-
decomposable ones. Moreover, RY reduces the total dimension of objects,
which allows to use induction arguments.

e For any band datum ((w, p), m,7) and string datum (v,v) in X we have
isomorphisms:

R*V(B((w,p),m,ﬂ))%B((w,ﬁ),m,w) and  RY(S(v,v)) = S(0,7) (8.13)

for appropriate decorated (cyclic) words (w, p) and (o, 7). Moreover, the
pair (w, p) (respectively (v,r)) can be uniquely recovered from (i, p) (re-
spectively (9, 7)).

A complete proof of Theorem [8.21]is given in Chapter

8.7. Decorated Kronecker problem

Consider now the decorated bunch of chains X given in Example[8.12} arising in
the classification of maximal Cohen-Macaulay modules over Th3., see Chapter [7]
Note that all elements of X are tied. This implies that without loss of generality, we
can begin any word w (cyclic or not) with a column element. This convention has
another advantage as it reduces the variety of non—equal but isomorphic canonical
forms. By Theorem there are four types of indecomposable objects in Rep(%).

CASE 1. Bands B((w,p),m,ﬂ'), where

M1 V1 [22] vz Hn Vn

(W,p) = ~Ya~y1 —T1~Tg — Y2~ Yl — X1~ Ty~ —Ya VYl — Ty~ Ty —
m is any natural number and 7 # £ is any irreducible polynomial. We may without
loss of generality assume that py =+ = p, = 1. We set My = I, and

0o I 0 ... 0

0 0 I 0

My =
0 0 0 tvn—1]
t'F 0 0 e 0
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where where d = deg(w), I is the identity dm x dm matrix and F' is the Frobenius
block of #™. The only condition on the decoration is that the sequence of integers
v = (v1,vs,...,V,) is non—periodic

CASE 2. The “degenerate band” corresponding to the “forbidden” polynomial
m = x is given by the string S(w, p), where

H1 vy 12 Un_1 fn
(W,p) =ya~y1 —T1~Tg — Y2~ Y1 — Ty~ Ty — " — Ya~ Y — T1~ Tz

Again, the decoration p can be chosen in such a way that gy = --- = p,, = 1. Then
the matrix My = I,,4+1, while

0O ¢+ 0 ... O

0 0 ¢t~ 0

My =
0 0 0 e
0 0 0 0

There is also the symmetric object, obtained by permuting the indices 1 and 2.

CASE 3. There exists a family of “non-square” indecomposable string repre-
sentations S(w, p):

1 0 ... 0 O o ¢+ 0 ... 0
o 1 ... 0 O 0 0 t= ... 0

M = = M,
0 O 1 0 0 0 O @

given by the decorated word (w, p) =

M1 v M2 M2 Hon Un
Yo~ Y1 — 1~ T2 —Ya~Yp — Ty ~Tg — - —Ya~Yp — T1~T2 — Y2 ~Yi.

As before, we have posed 3 = -+ = p, = 1. Moreover, we may additionally (and
without loss of generality) assume that v, = 1.

CASE 4. Finally, we have the “dual object” to the previous string object:

1 0 0 0 0 0
0 1 0 tt 0 0
M, = 0 e 0o | =M
0 0 1
0 0 0 0 0 e
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given by the decorated word
H1 141 M2 Hn VUn
(w,p) =Ta ~ X1 — Y1 ~Ya — Ta~ Ty — - — Y1~ Y2 — Ty~ T1.

As above, we have posed g = -+ = p, = 1.
The isomorphism classes of strings in all Cases 2-4 are uniquely determined by the

corresponding sequences v = (v1,...,vy,). Two bands B(v,m,n) and B(v', m’, ')
are isomorphic if and only if m = m’, # = #’ and v’ is a rotation of v.






CHAPTER 9

Maximal Cohen—Macaulay modules over
degenerate cusps—I

The goal of this chapter is to deduce the matrix problem describing maxi-
mal Cohen—Macaulay modules over the degenerate cusp A = g(@), where w =
((nl,ml),...,(nt,mt)) with 0 < m; < n; and ged(n;,m;) =1 for 1 < i < ¢ (here
we follow the notation of Definition . Recall that the normalization of A is
R =Ry X Ry X -+- X Ry, where R; = R(n;,m;) is a cyclic quotient singularity of
type (n;,m;) for 1 <i <t. Asafirst step, we recall a description of indecomposable
maximal Cohen—Macaulay modules over the cyclic quotient singularities.

9.1. Maximal Cohen—Macaulay modules on cyclic quotient surface
singularities

Let k be an algebraically closed field of characteristic zero, S = k[u,v] and
G = Cy,m C GLa(k) be a cyclic subgroup group of order n generated by the matrix

0 ¢m
such that ged(m,n) = 1. Let R = R(n,m) = S% be the corresponding ring of
invariants (remind that R(1,0) = kfu,v]), A = S * G the skew group ring and
IT={0,1,...,n — 1}. For each I € IT we denote by [ the unique element in IT such
that [ = Im mod n. Recall that

R=K[u",u" ", .. w1 0"] € S = Kk[u,v] C A = Kk[u,v] G

is the center of A, rad(A) = (u,v) * G and A/rad(A) = k[G]. The following result
is due to Auslander [4], sec also [81], [82].

g = ( ¢ 0 ), where £ is a primitive n-th root of unity, and 0 < m < n is

THEOREM 9.1. Let Pro(A) be the category of finitely generated projective left
A-modules. Then the functor (of taking invariants) Pro(A) — CM(R), assigning
to a projective module P its invariant part P¢ = {x €Plg-x=xzforallge G}

and to a morphism P EN Q its restriction f|PG, s an equivalence of categories.

Let U be an irreducible representation of G. Then it defines a left A—module
Py := S ® U, where an element p[g] € A acts on a simple tensor r ® v by the rule

plg] - (r®wv) = pg(r) @ g(v).
It is easy to see that Py is projective and indecomposable and the top of Py is U
viewed as a A—module.

Since G is a finite cyclic group, all its irreducible representations are one-
dimensional. For any [ € II let V; = k be the representation of G determined by
the condition ¢ -1 = ¢!, From Theorem we obtain the following description of
indecomposable maximal Cohen—Macaulay modules over R.

59
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COROLLARY 9.2. There exist precisely n indecomposable mazimal Cohen—Ma-
caulay R-modules. For any | € II the corresponding maximal Cohen—Macaulay
R-module I is

I, = (S ®x Vl)G = Z aijuivj i+mj=1Imodn,a; €k, CS. (9.1)

1,57=0

In other words, I = (ul,u!~ "', ... uv'=1 ") o C 8.

Our next goal is to describe the morphisms between the indecomposable maximal
Cohen-Macaulay R-modules.

LEMMA 9.3. For any p € 11, let P, = S ® V, be the corresponding projective
left A—module. Next, for any p,q € 11 we set:

o0
Spqg = Z aijuivj‘i +mj=qg—pmodn,a; €k CS.
i,j=0
Then we have:

o For any pair p,q € Il we have an isomorphism of R-modules Sp, —
Homy (P,, Py) assigning to a power series a € Sy q the map r®@1 — ar®1.

e Moreover, these isomorphisms are compatible with compositions of mor-
phisms: for any triple p,q,t € Il the diagram

Sq.t X Sp,q — Homu (P,, P,) x Homy (P,, Py)

mu.tl l

Spt Homu (P, P;)

18 commutative.
e In particular, for any p € Il we have an isomorphism of rings

R = Sp’p — EndA(Pp).

PrOOF. We only give a proof of the first statement of this lemma, since the
remaining two follow from the first one. For any pair p, g € II we certainly have:

Homy (P, P;) € Homg(P,, P,) = Homg (S Qi V,, S @i V) = Homg(S, S) = S.

Hence, any A-linear morphism ¢ from P, to P, is given by the multiplication with
a certain power series a € S. In other words, ¢ = @,, where ¢, (b® 1) =ab®1 for
b e S. Since p, has to be A-linear, we have:

¢alg-(b@1)) =ag(b) P =g-pa(b® 1) = g(a)g(b) @ 7,
where g is a generator of G. It implies that g(a) = £77P a, hence a € S;_,. O

COROLLARY 9.4. Let P be a projective left A—module. Then P = GBPGHP;"”
for some uniquely determined multiplicities m, € Z,. Moreover, any endomor-
phism ¢ € Endp(P) can be written in the matriz form ¢ = (pq,p), where p,, €
Mat,,, scm, (Sq,p) for all p,q € II. Moreover, ¢ is an isomorphism if and only if the
matrices @p p(0) € Maty,, xm, (k) are invertible for all p € 1.

LEMMA 9.5. Let J = <u”’1vi, e ,uvﬁ>R be the ideal introduced in Theorem
and R = R/J. Then the following statements are true.
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e We have a ring isomorphism v = vy : D = k[x,y]/(zy) — R given by
the formula ¥(x) = u™ and Y(y) = v™.
e For any p € I\ {0} there exists an isomorphism of D-modules

Yy kz] @ ky] — R®g Ip/torR(R Qr Ip)
gwen by ¥,(1;) = [1 @ uP] and (1) = [1 ® vP].

PROOF. The first statement of this lemma is a part of Theorem [6.4 We only
give a proof of the second statement.

Since R is a domain and I, is maximal Cohen-Macaulay over R of rank one,
the module R®p I,/ tor z(R® g I,) is maximal Cohen-Macaulay of multi-rank (1,1)
over the ring D. Hence, it is sufficient to show that 1, is well-defined and is an
epimorphism. In order to show 1, is well-defined, it is sufficient to check that
x-Pp(1ly) =0=y-1p(1ly). The first equality follows from the fact that

- Pp(ly) = [1 ® u”vﬁ] = [u”*mv ® umvﬁ_l] =0
in Rogl,/ torg(R®RI,) because u"~™v € J and u™vP~! € I, (note that p—1 > 0).
The second equality y - 1,(1,) = 0 can be proven in the same way.

In oder to show 1), is surjective, recall that I, = <up,up_1vl, ... ,uvp_l,vﬁ>R.
Hence, it is sufficient to prove that for any pair 1 < 4,5 < n such that i + mj =
p mod n we have: . B

1@ u'v’ €torg(R®pg Ip).
To show this, it is sufficient to observe that
- (1@u)) =1@u" M =uyr—my @u' ™™=t =0
in R®pg I, because u"~™v € J and uitmei—l ¢ I,. In a similar way, we have the
equality y - (1 @ u'v?) =0 in R®pg I,. O

DEFINITION 9.6. Let 0 < m < n be mutually prime. Remind that for each
lell = {071, ceyn— 1} we denoted by [ the unique element of II such that
! = Im mod n. This enables to introduce the following pair of orderings <, and <y
on II:

e p <, ¢qifand only if p < ¢, where p and g are regarded as natural numbers.
e p <, qifandonly if p < ¢, where p and ¢ are regarded as natural numbers.

ProproSITION 9.7. Let M = @penl;np be a maximal Cohen—Macaulay module
over R.

o Ifm= ZpEH my then we have an isomorphism
Y s Q(M) == Q(R) @ (R@r M/tor(R@g M)) — k(@)™ & k(y)™, (9:2)
induced by the isomorphisms ¢, (p € II) from Lemma .

o Let ¢ € Endg(M) be an automorphism of M and @ be the induced auto-
morphism of Q(M). Taking the basis of Q(M) induced by s, the endo-
morphism ¢ can be written as a pair of matrices ¢* = (¢y ) € Gly, (Ik[[a:]])
and @ = (@2 ) € GLy, (k[y]), where

— Py p € Maty, xm, (k[z]) if p <o q and Pap € Maty, xm, (zk[z]) if
p>zq.

— @Y, € Maty, xm, (k[yl) if p <y ¢ and @Y, € Matp,, xm, (vk[y]) if
P>y q.

— For any p € IT we have: ¢y ,(0) = @3 ,(0) € GLyy,, (k).
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e Any pair of matrices (g%, Y) € GLy, (k[z]) x GLy, (k[y]) having a de-
composition into blocks as above and satisfying the above conditions, is
induced by an automorphism ¢ € Endg(M).

PROOF. The results follow from Theorem Lemma Corollary and
Lemma 0

9.2. Matrix problem for degenerate cusps

Let A= g(w) be the degenerate cusp of type w = ((nl, mi)y. .., (N, mt)). By

Theorem we have an equivalence of categories CM(A) £, Tri(A). Hence, the
classification of indecomposable maximal Cohen—Macaulay modules over A reduces
to a description of indecomposable objects of the category of triples Tri(A). The
latter problem turns out to be more accessible, because it can be reformulated as
a certain matrix problem. To see this, recall that

e The normalization R of the ring A splits into the product,
R:Rl XRQX---XRt,

where R; = R(n;,m;) is the cyclic quotient singularity of type (n;,m;).
o If I = anny(R/A) is the conductor ideal and A = A/T and R = R/I then

A= K[z, 29, .., 2]/L,
where the ideal L is generated by the monomials z;z;, 1 <17 # j <t and
R = K[z, 1]/ (z191) x k[za, y2]/(x2y2) % - x K[z, y:] / (z1:)-

e Under the canonical morphism A — R, the element z; (1 <i<it)is
mapped to x; + y;—1, where yo = y;.
e Let K = k((2)). Then we have:

QA 2K x - xK and Q(R)= (K xK)x - x (K x K),
where the product is taken ¢ times.
Let T = (]T/.f, V,0) be an object of the category Tri(A). Then the following is true.

e The R-module M decomposes into a direct sum

nifl
M=P Pt (9.3)
i=1 p=0
for some uniquely determined multiplicities d;, € Z>o, where I; ,, is the
rank one maximal Cohen—Macaulay R;—module defined by (9.1)).
e The second term of the triple T is a module V" over the semi-simple ring

QA 2K x--- xK=K; x--- x K;. Hence,

VKo oK (9.4)
for some uniquely determined multiplicities i1,1la,...,l; € Z>o.
e Applying the isomorphism 57 from (9.2)), we get:
QR)or M= (KaoK)" o (KeK) e o (KoK)", (9.5)

where d; = ZZ":Bl d; p for every 1 <i <t.
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e The morphism 6 : Q(R) ®qa) V — Q(R) ®r M is given by a collection
of matrices ((©7,0Y),(0%,0Y),...,(07,0Y)), where ©F € Matg, x;, (K)
and ©Y € Matg, i,,, (). For any 1 < i < t these matrices satisfy the
following conditions:

{ ©%,0Y have both full row rank.

7

(%#) has full column rank. (9:6)

DEFINITION 9.8. Consider the decorated bunch of chains X4 = X(w) defined
as follows.

e The indexset I = {1,...,t} x{z,y}. We identify two integers p, ¢ modulo

t + 1, when talking about elements of I.
e Forany (i,u) € I weset: §(;u) = {f(i,u)} and €; ) = {eg??u), ... ,687;;;1)
e All elements of €; ,) are decorated, whereas the (unique) element of §(; .,)
is not decorated. Moreover, we have the following ordering on the elements

of @(i,u)i

(0) (1) (ni—1) (0) 0 (ni—T)
Clizy Ly T L€ and i) iy T Ly

Here, for any 1 < p < n; we denote by p the unique element of {1, B

1} such that p = pm; mod n;.
e Finally, for any 1 < ¢ < ¢t and 0 < p < n; — 1 we have the following
equivalence relations:

ey ~ ety and S ~ .o
Let T = (M, V,0) be an object of Tri(A), where M is given by and V
by . The isomorphism allows to express the gluing morphism 6 via a
collection of matrices ((67,0Y),...,(07,07)). Note, that the direct sum decom-
position induces a division of these matrices into horizontal blocks, endowing
their rows with certain “weights”, indicating their origin from a direct summand of
M. Concretely, for any 1 < i <t and 0 < p < n; — 1, we have d; , rows of weight

egfv)w) in the matrix ©F (respectively d; , rows of weight egfL) in the matrix ©Y).

The weight of any columns of ©F (respectively ©Y) is fi_1 , (respectively f; ).
PROPOSITION 9.9. The assignment T — ((07,0Y),...,(07,07)) extends to
the functor
Tri(A) -2 Rep(X.4), (9.7)
satisfying the following two properties:
e T c Ob(Tri(A)) is indecomposable if and only if H(T') is indecomposable;
o T',T" € Ob(Tri(A)) are isomorphic if and only if H(T") and H(T") are
tsomorphic.

PRrooF. It is a consequence of Proposition and Definition O

REMARK 9.10. One can introduce the bimodule category Rep(X,4) together
with a functor H : Tri(A) — Rep(X 4) having the same properties as in Proposition
[0:9 for any reduced non-isolated Cohen-Macaulay surface singularity A. For any
local Cohen-Macaulay ring S and an ideal J C S consider the category CM(S, J)
defined as follows:
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e Ob(CM(S, J)) = Ob(CM(S)).
oForMNéOb(CMSJ) e set

Homg(M,N) = Im(Homs(M N)— HomS(M ®s S, N ®g S’))

where S = S/J.
e The composition of morphisms in CM(S, J) is induced by the composition
of morphisms in CM(S).
Note that the canonical projection functor CM(S) — CM(S, J) is full and respects
isomorphy classes of objects. Now, in the notation of Theorem we have a pair
of functors

QIR®qa) —

CM(R, 1) B25=4 Q(R) — mod Q(A) — mod. (9.8)

It is almost tautological that the comma category of the diagram of categories and
functors is equivalent to the bimodule category Rep(X 4) for a certain bimodule
X4, see [31I] or [24] Section 2]. Moreover, the functor H : Tri(A) — Rep(Xa4)
induced by the projection CM(R) — CM(R,I), preserves indecomposability and
isomorphy classes of objects.

9.3. Reconstruction procedure

As in the previous sections, let A be a degenerate cusp. Remind that we have
constructed a sequence of categories and functors

CM(A) — Tri(A) -5 Rep(X4),

such that F is an equivalence of categories (with quasi-inverse functor G) and H
preserves indecomposability and isomorphism classes of objects, see Theorem
and Proposition Theorem provides a complete description of indecom-
posable objects of Rep(X4). In this section we explain how the combinatorics of
bands and strings can be translated into a description of indecomposable maximal
Cohen—Macaulay A-modules. Let ((w,p),h)\) be band data, respectively (w, p)
be string data. Either of them define an indecomposable object © of Rep(X4)
given by a collection of matrices ((07,©Y),...,(0F,07)) with ©F € Matg, «;, (K)
and ©) € Matg, x;,,, (K) for some ly,...,l;,dy,...,d; € No, 1 < i <t (as usual,
we identify ¢ + 1 with 1). Replacing © by an isomorphic object we may without
loss of generality assume that the coefficients of all these matrices actually belong
to m = zk[z]. Moreover, it is convenient to gather (©7,...,07) (respectively
(0Y,...,0Y)) into a big matrix ©% (respectively OY)

er 0 0 0 0 ©Y o 0
0 63 0 0 0 0 ey 0 0
o — oy — (9.9)
0 0 ...O6r, 0 0 0 0 ..o’
0 0 0 or e/ 0 0 0
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of size I xd, wherel = l;+---+I; and d = d1+- - -+d;. Remind that © belongs to the
essential image of H if and only if the conditions are fulfilled. Moreover,
are automatically satisfied for the band objects. Let (M,V,0) =T := H~1(©) be a
triple corresponding to © and M := G(T') be the corresponding maximal Cohen—

Macaulay A-module. The components M and V' of the triple T' can be computed
as follows.

(1) The discrete parameters (w, p) determine the direct sum decomposition

1) of the maximal Cohen—Macaulay R—module M: the multiplicity d;

is precisely the number of rows in the matrix ©7 (respectively ©Y) having
the weight eg’)z) (respectively eg)y)). If we write M = M; & --- & M,,
where M; € CM(R;) for 1 < i < t then rk(M;) = m;.

(2) Next, we have: V=K @-. @Kk

Consider the short exact sequence of R-modules 0 — ([M)T — M — M —0.
Then we have a direct sum decomposition M = M; @& --- & M; and each M;

is a Cohen—Macaulay R;,—module of multi-rank (m;,m;). Remind that R; =
k[xi,vi]/(xiy;) and M; splits into a direct sum of several copies of R; and k[z;] &

A=A x - x A =k[z] x -+ x k[z]

be the normalization of A. The canonical morphism A — R extends to a morphism
A — R sending z; to x; + y;_1 for 1 < ¢ < t. Moreover, we have isomorphisms of

A-modules Hom g(4;, R) = A;. Consider the diagonal embedding

KxK =K, xK, — (k(x1)) xk((y1)) x - x (k((z)) x k(%)) = Q(R) (9.10)

and the torsion free A-module U = glf SRR gff. Then there exists a unique

A-linear map U M making the following diagram
U= QR)®, U =K, s K|

5l l l(@; &) (9.11)

M~ Q(R) Qp ]/\/.TL K EBIK;”

commutative, where 7y and 7 are “forgetful morphisms” induced by the ring

M
homomorphism (9.10]). Next, consider the A-module N determined by the com-
0—— (IM)t U 0
ls

mutative diagram
N

00— (IM)t M M 0

and pose M = NT = NVV. Then according to Corollary we have: M =
(HoF)~1(0©). The reader is referred to Chapters|7|and [10|for explicit computations
illustrating the described recipe for some particular examples of degenerate cusps.
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9.4. Cohen—Macaulay representation type and tameness of degenerate
cusps

Let k be an uncountable algebraically closed field and (A, m) a complete reduced
local Cohen—Macaulay k—algebra of Krull dimension two. The goal of this section
is to give a precise definition of Cohen-Macaulay representation type of A.

In what follows, we denote X = Spec(A) the spectrum of A and X = X\{m} the
punctured spectrum of A. Since the categories Coh(X) and A —mod are equivalent,
we shall use the same notation for a coherent sheaf on X and the corresponding
A-module of global sections. Next, @ = Q(A) = Q1 x- - - xQ; denotes the total ring
of quotients of A, where all factors Q1,...,Q; are fields. The multi-rank rk(M) =
(r1,...,m¢) € Nj of a maximal Cohen-Macaulay A-module M is defined by the
property Q®4 M = Q7' &---®Qj'. For any r € N§ we denote by Ind(CM,.(A4)) the
set of isomorphism classes of indecomposable maximal Cohen—Macaulay modules of
multi-rank r. Correspondingly, Ind(CM(A)) denotes the set of isomorphism classes
all indecomposable objects of CM(A).

DEFINITION 9.11. Let Y be a Noetherian scheme over k.

o A coherent sheaf F on Y is mazimal Cohen—Macaulay if F, is a maximal
Cohen-Macaulay O,-module for any point y € Y.
e Let T be another Noetherian scheme over k. A coherent sheaf M on Y xT'
is a family of maximal Cohen—Macaulay sheaves on Y over the base T if
— M is flat over T.
— for any point A € T the sheaf M |YX o) is maximal Cohen—Macaulay
onY.
e Assume that T is a scheme of finite type over k. A family of maxi-
mal Cohen—-Macaulay modules M over base T is constant if M‘YX I =

M’YX{M} for all closed points A\, € T and strict ifM|YX{A} 2 M‘YX{#}
for all closed points A # p e T.

Standard results on flat families from [51), Section 6.3] and in particular [51] Propo-
sition 6.3.1] imply the following fact.

PROPOSITION 9.12. Let Y and T be Noetherian Cohen—Macaulay schemes and
M be a family of mazimal Cohen—Macaulay modules on'Y over the base T'. Then
M is itself a mazimal Cohen—Macaulay sheaf on'Y x T.

DEFINITION 9.13. The Cohen—Macaulay representation type of A is

e finite if the set Ind(CM(A)) is finite.
e discrete if the set Ind(CM(A)) is infinite but countable.
e tame if the set Ind(CM(A)) is uncountable and for any r € N}, there exists
at most countable (but possibly finite or even empty) set J, such that
— For any i € J, we have a quasi-projective curve F; over k and a family
of maximal Cohen—Macaulay A-modules M; over the base FE; such
that for any closed point A € E; the A-module M; »
belongs to Ind(CM,.(A)).
— For any M € Ind(CM,(A)) there exists i € J, and a closed point
A € E; such that M = M; ».

= Mi|X><{>\}
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e wild if for any finitely generated commutative k—algebra A there exists

an exact functor A —fdmod — CM(A) preserving indecomposability and
isomorphism classes of objects.

REMARK 9.14. Conjecturally, the representation type of any Cohen—Macaulay
surface singularity belongs to a one of the mentioned four types. In the definition
of tame representation type given in [37], the sets J, were required to be finite.
Indeed, the log-canonical surface singularities are tame in that sense (see [57), [37,
32]) and conjecturally, there are no other normal surface singularities of tame
Cohen—Macaulay representation type. It turned out that for non-isolated surface
singularities, the definition of representation type given in [37], has to be modified.
For example, in the case of the integral domain A = k[[z,y, 2] /(2® +y? — xyz) there
are infinitely many rank one maximal Cohen—Macaulay modules, and they live in
a countable union of one-parameter families over k, see Proposition [7.4]

We have defined the notion of Cohen—-Macaulay representation type under the
assumption k is uncountable, being mostly interested in the case k = C. The case
of countable algebraically closed fields (like @) requires a further elaboration.

THEOREM 9.15. Degenerate cusps are Cohen—Macaulay tame.

PROOF. Let A be a degenerate cusp. According to Theorem we have
an equivalence of categories CM(A) SN Tri(A). By Proposition @ the functor

Tri(A) A, Rep(X4) preserves indecomposability and isomorphism classes of ob-
jects. In the “pragmatic” sense, tameness of Rep(X,4) implies tameness of CM(A).
Now we shall show that A is tame in the sense of Definition

Let M be an maximal Cohen-Macaulay A-module, rk(M) = (r1,...,1¢) €
Nf its multi-rank, T = (]Tj ,V,0) := F(M) the corresponding triple and © =
((67,0Y),...,(07,0Y)) the corresponding object of Rep(X4). By Theorem (4.8
M is locally free on the punctured spectrum if and only if all components of © are
square invertible matrices, what is equivalent to say that © is a band object. Thus,
unless r = (r,...,r) for some r € N, the set Ind(CM,(A)) may only contain string
objects and hence is at most countable. Any indecomposable maximal Cohen—
Macaulay A-module which is not locally free on the punctured spectrum, defines a
constant family of maximal Cohen—Macaulay modules. Thus, to establish tameness
of A, we need to construct families corresponding to bands.

Let ((w, p), m, )\) be band data and M((w7 p),m, /\) the corresponding object
of CM'(A). Now we explain the construction of a strict flat family M ((w, p),m) of
indecomposable maximal Cohen-Macaulay modules over the base A} \ {0} defined
by the discrete parameters ((w, p), m). In Section we showed that ((w,p),m)

determines a maximal Cohen—Macaulay R—module M such that
M% RX 4y M((wap)am7 )‘)

for any A € k*. Let Q(]/\Z) =(r,...,7).
Pose C = k[w,w™'] and T = Spec(C) = Al \ {0}. For any A-module L we
denote L[w*] := L ®j C. Note that L[w¥] is free and hence flat as a module over
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C. Now we define the following A[w*]-module N = N ((w, p), m):

0 — (IM)"[w?] N —" > A'[w*] ——=0

_l l lg[wi] (9.12)

0 —— (IM) fw*] — M[w*] — M[w*] —0,

where é[wi] is determined by the same rule as in (9.11). Observe that all terms
in the diagram 1) are free (hence flat) over C. Thus, N|XX{/\} is a torsion free

A-module for anyvclosed point A € T. Let ¢ : X < X be the canonical embedding
and g =1 x idp : X x T« X x T. Consider the following A[w®]-module:

M = M ((w, p),m) = 3.5°(N). (9.13)

According to Proposition M [w*] is a maximal Cohen-Macaulay module over
A[wF]. Since the closed subset {m} x T has codimension two in X x T, [51}
Théoréme 5.10.5] implies that the canonical morphism M[w®] —s 7,7*(M[w=]) is
an isomorphism. The functor 7.7* is left exact, hence M is an A[w¥]-submodule
of M[w?*]. Since M[w=] is free over C', M is free over C, too. This implies that M
is flat over C'. For any closed point A € T, the base-change morphism

M’XX{A} = (]*]*(N))|X><{A} - Z*Z*(N|X><{>\})

is an isomorphism. By [20, Proposition 3.10], 2.2* (N’XX{)\}) = (N‘XX{/\})T.
Hence, M is a desired family of maximal Cohen—Macaulay A-modules correspond-
ing to the band parameters ((w, p), m). O

REMARK 9.16. Theorem [9.15| can be rephrased as follows.

e The indecomposable maximal Cohen—Macaulay A-modules, which are lo-
cally free on the punctured spectrum, correspond to the band objects of
Rep(Xa).

e Those indecomposable maximal Cohen—Macaulay A-modules, which are
not locally free on the punctured spectrum, correspond to the string ob-
jects of Rep(X4), satisfying the additional constraints (9.6)).

Now we explain that in the case of finite dimensional algebras, the notion of
tameness introduced in Definition .13 coincides with the conventional one.

Let k be an algebraically closed field (possibly countable), C} a finite quiver
with vertices {1,...,¢} and A = kQ /J a basic finite dimensional k-algebra, where
J is an admissible ideal in the path algebra H{Q. For any dimension vector d =
(di,...,d;) € Nb we denote by X, the affine variety describing all representations
of A having dimension vector d. Let Gy := GLg, (k) x - -+ x GLg4, (k). Then G4 acts
on X4 and the set of orbits X;/Gy is precisely the set of isomorphism classes of
A-modules with dimension vector d. In what follows, Ind(Rep,(A)) denotes the
set of isomorphism classes of indecomposable A-modules having dimension vector
d and Ind(Rep(A)) is the set of isomorphism classes of all indecomposable finite
dimensional A-modules.

DEFINITION 9.17. The representation type of A is

o finite if Ind(Rep(A)) is a finite set. Equivalently, for any dimension vector
d there exist only finitely many G4—orbits in X,.
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e tame if Ind(Rep(A)) is infinite and for any dimension vector d there exists
a finite (possibly empty) set Jg such that for every i € J; there exists an
affine rational curve E; C X4 with the property that any point A € E;
corresponds to an indecomposable A-module M, » and any indecompos-
able A-module M with dimension vector d is isomorphic to some M; » for
certain ¢ € Jq and A € Ej;.

e wild if for any finitely generated commutative k—algebra A there exists an

exact functor A — fdmod —=» A — mod preserving indecomposability and
isomorphism classes of objects.

THEOREM 9.18 ([30]). Any finite dimensional k-algebra has either finite, or
tame, or wild representation type. Moreover, a finite dimensional k—algebra A is
wild if and only if there exists a dimension vector d and a subvariety W C X4 of
Krull dimension at least two such that

e FEvery point x € W corresponds to an indecomposable A—module.
e For any y € Ind(Repy(A)) the intersection (Gq-y) W is either empty or
consists of one point.

DEFINITION 9.19. Let k be an uncountable algebraically closed field and A =
IkQ /J a basic finite dimensional k—algebra. We say that A has tame representation
type if the set Ind(Rep(A)) is infinite and for every dimension vector d € Nf there
exists an at most countable (possibly empty) set J4 such that for any ¢ € Jy4 there
exists an affine curve E; = Spec(C;) and an (A-C;)-bimodule M; free of finite rank
over C; such that for any closed point A € E; the A-module M; » := M;®¢;, (Ci/mA)
is indecomposable with dimension vector d (where my is the maximal ideal in C;
corresponding to \) and every M € Ind(Repd(A)) is isomorphic to some M; ) for
certain ¢ € Jq and A € E;.

PRrROPOSITION 9.20. Let k be an uncountable algebraically closed field and A =
kQ/J a basic finite dimensional k—algebra. Then A is tame in the sense of Defini-
tion |9.17 if any only if it is tame in the sense of Definition|9.19.

PROOF. If A is tame in the sense of Definition [9.17] then it is obviously tame
in the sense of Definition Assume now that A is tame in the sense of Defi-
nition [9.19 and not tame in the sense of Definition By assumption, the set
Ind(Rep(A)) is infinite. According to Theorem has to be representation
wild. Hence, there exists a dimension vector d and a closed subvariety W C Xg4 of
Krull dimension at least two, satisfying the conditions described in Theorem [9.18

On the other hand, there exists an at most countable set Jg such that for every
i € J4 we have an affine curve E; C X4 such that for each z € Ind(Repy(A)) there
exists j € J4 such that the intersection (G4 - ) N E; is non-empty.

For each i € J4 consider the following subsets in Xg4: F; := GgF; and W; =
F; N W. Then F; and W, are constructible and kr.dim(W;) < 1 for all ¢ € Jg4.
Moreover, we have:

W= ] w.
i€34
However, since k is uncountable, an algebraic variety of Krull dimension d can not
be a countable union of its constructible subsets of Krull dimension strictly smaller
than d, see for example [44] Lemma on page 150]. Contradiction. O






CHAPTER 10

Maximal Cohen—Macaulay modules over
degenerate cusps—II

In this chapter we elaborate one step further the classification of indecomposable
maximal Cohen—Macaulay modules over the degenerate cusps: k[z,vy, z]/(zyz),
Ik'[[xV y? 2:7 wﬂ/(xy7 Zw) and Ik'|:|::L.7 y7 Z7 u? U]]/(.’EZ, xu? yu7 yv’ Z’U)'

10.1. Maximal Cohen—Macaulay modules over k[z,y, z]/(zyz)
Consider a Trooooo—singularity A = kfz, vy, z]/(zyz). Let
m:A— R=R; X Ry X R3 = ]k[[l‘l,yg]] X ]k[[yl,ZQ]] X ]k[[zl,.’lﬁg]]
be its normalization, where 7(z) = 1 + x2, 7(y) = y1 + y2 and 7(z) = 21 + 22.
Then I := anns(R/A) = <a?y,a:z yz> = <x1y2,y122,21x2>R Next, we have: A =
A/T = K[z,y,2]/(zy, x2,yz) and R = R/T = Ry x Ry x Ry = k[[xlva]]/(xlyQ)
k1, 22]/(y122) X k[z1, 22] /(z122). It is convenient to introduce the ring A = = k[z] x
k[y] x k[z]. Note that the canonical map A — R factorizes through A. It is

convenient to visualize an object of the category Rep(X4) as a representation of
the “decorated” quiver (1.5)) over the field K = k((¢)):

K’nl H K’I’I’L3

.

K"y H Kme2
The isomorphy classes of objects in Rep(X 4) correspond to the transformation rule
O = S,,0!T, ", 1€ {1,2,3} and a € {z,y,2}, (10.2)

where T, € GL,,, (K) and S,, € GL,,, (D) are such that S1,(0) = S1,(0), S2,(0) =
S2.(0) and S5,(0) = S5.(0). Our goal is to describe the indecomposable objects of
CM'"(A). Remind that we have constructed functors F and H:

M (4) 5 Trif(4) 5 Rep®(x4)

where Rep® (X 4) is the subcategory of band objects of Rep(X 4), I is an equivalence
of categories and H is an essentially surjective functor preserving indecomposability
and isomorphy classes of objects, see Theorem An explicit description of
indecomposable objects of Repbd(% 4) is the following.
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DEFINITION 10.1. For a band band datum (w,l, ), where:

e w= ((a1,b1,c1,d1,e1, f2), (a2, b2, o, do, €2, f3), ..., (as, by, i, dy,er, f1)) €
75 for some t > 1 such that min(a;, f;) = min(b;, ¢;) = min(d;,e;) = 1
forall 1 <i<t.

o [ €Z-pand X € k*.

the following matrices define the corresponding indecomposable object of Repbd (X4):

A1 0... 0 By 0...0
0 Ay... 0 0 By 0
o7 = 2 3 °, O @111:
0 O At 0 0 Bt
Ci 0...0 D 0 0
0Cy...0 0 D 0
@g: . 65:
0 0 Ct O 0 Dt
0 Fy... 0 E{0...0
ST 0 Ey... O
@BZOO.Ft e;=|. .. .
H 0 0 O E;

where Ay = t* 1, By = tb’“I, Cy =t*1I, Dy = td"'L F. = tfk.[, Ep = t°1, and
H =t J with I = I; the identity [ x | matrix and J = J;()\) the Jordan block of
size [ x | with the eigenvalue .

Consider the triple T'(w,l,A) = (R",Q(A)",0), where the gluing map 6 is
determined by the above matrices (©7,0%,0%,035 03,0%). Let M(w,l,\) =
]F_l(T(wJ,)\)) be the corresponding indecomposable maximal Cohen—Macaulay
A-module. Note that M(w,l, ) is locally free of rank It on the punctured spec-
trum of A. The following theorem gives an explicit description of M (w,l, A)

THEOREM 10.2. Let A = k[x,y, z]/(zyz) and (w,l,\) be a band datum as in
Definition . Denote Ak = gavtlyl Bk = ybitlg] Ck = yortlz] Dk =
2ty T Fk = x T, E* = o410 and H = x5+ 2 with [ = I; the identity
I x 1 matriz and J = Jy(X) the Jordan block of size | x | with the eigenvalue A and
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consider the following matrices:

A, 0 ... 0 By 0...0
N 0 Ay... 0 B 0 By... 0
or=|. .. . ov=1|. .. .
0 0 Alt 0 0 Et
Cy 0...0 Dy 0 ... 0
0Cy...0 B 0 Dy... 0
0y = : 0z = :
00..C 0 0...D
0 Fy... 0 E,0...0
_ o g o, _ 0 Ey... 0
% = ~ Oz = L. .
3 0 0...F 3
HO0..0 00 ... F

Denote ©% = ©7 + (:)g, ov = ézf + ég, 07 =03 + é§ and consider the A—module
L(w,l, \) generated by the columns of the matriz
((zy)2I | (y2)?I | (x2)%1|©% |©¥ | ©) € Matyxpu(A).
Then we have:
e The module M (w,l,\) := L(w,,\)VV is an indecomposable mazximal Cohen—
Macaulay module over A, locally free of rank It on the punctured spectrum.
e Any indecomposable object of CIVI'f(A) is isomorphic to some M (w,l, \).
o M(w,l,\) =2 MW, U,XN)if and only if L =1/, A = XN and v’ is obtained
from w by a cyclic shift.
PROOF. Denote ©% = Of(z1) + O%(x2), ©Y = 07(y2) + ©45(y1) and ©* =

©3(z2) + ©35(21). According to Corollary the maximal Cohen—Macaulay A—
module M = M (w, [, \) attached to the band datum (w,l, \) is constructed by the

following recipe:

e Consider the A-linear morphism © = [©%|©Y|07] : Alt 5 RI* where we
write A" = k[z]" @ k[y]" @ k[2]" and use Hom 5 (k[z], R) = k[z] etc. It
is easy to see that there exist an isomorphism of Q(R)-modules ¥ making
the diagram

Q(R) @4 Al 10 Q(R) @p R

commutative.
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e Consider the torsion free A-module L' = L'(w, [, \) given by the following
commutative diagram with exact rows:

0 Ilt L A/lt 0
Lk
0 Ilt th th 0.

e From the above description it follows that L’ is the A-submodule of R"
generated by the columns of the matrix

<£C1y21 | y122I | leQI | (CHd ‘ oY | 6z> S Matltx(;[t(R)‘

e According to Corollary M(w,l,\) = L'(w,l,\)VV. Moreover, the
following sequence is exact:

0 — L'(w,1,A) — M(w,1,A) — H{,,, (coker(©)) — 0,

see Lemma [5.11] In what follows we shall use this sequence to compute
the reflexive hulls.

The ring R = R; X Ry x R3 is a subring of the total ring of fractions Q(A). The
units of R; (1 < i < 3) are the idempotents e; = %, eg = m and
e3 = m It is easy to see that e; 4+ ea + e3 = 1 and eje; = §;5¢; for all
1 <i,j < 3. Hence, the elements x1, 2, Y1, Y2, 21, 22 of the normalization R can
be written as elements of the total ring of fractions Q(A) in the following way:
1 = €e1x, Yz = €1Y, Y1 = €Y, 290 = €22, 21 = €32 and To = €3X. MOI‘GOVQI‘, the
element zy + yz + 2z € A is not a zero divisor. Since the module L’ is torsion free,
we have: L' = (zy +yz + zx) - L' =: L C A", This implies the claim. a

REMARK 10.3. Those indecomposable maximal Cohen—Macaulay A-modules
which are not locally free on the punctured spectrum, correspond to the string data.
They can be described along similar lines as above, but there are more cases one
needs to consider. Therefore we leave it to an interested reader as an exercise.

COROLLARY 10.4. Let M a mazimal Cohen—Macaulay A-module, locally free
of rank one on the punctured spectrum. Then we have: M = M(w, \) :=

VvV

<($y)2, (yz)zz ($2)27 xm1+1y + Axm2+1za yn1+1z + yn2+1z7 leJrlx + Zl2+1y>A

for some w = ((m1,m2), (n1,n2), (l1,12)) € Z° and X € k*, where
min(my, ms) = min(ny, ne) = min(ly, 1) = 1.
Moreover, M(w,\) = M (w', X) if and only if w = w' and A = X.
REMARK 10.5. It is very instructive to consider the case m; = mo =ny = ng =
Iy =l =1 and XA = 1. First note that L := ((xy)?, (y2)?, (x2)?, 2%y + 2?2, y%z +

y2x, 22z + 22y> = <x2y + SC2Z, y2z + y2x, 22z + 22y>. Let r = xy + yz + zz € A.
Then we have: m-r C L. From Lemma [2.5|it follows that LYY = (r) = A. Hence,

M(((l7 1),(1,1),(1,1)), 1) = A, what of course matches with the general theory.

The classification of rank one objects of CM'f(A) obtained in Corollary can be
elaborated one step further.
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PROPOSITION 10.6. Let M be a non-regular rank one object of CM(A). Then
its minimal number of generators is equal to two or three.

1. Assume M 1is generated by two elements. Then there exists a set bijection
{u,v,w} — {z,y,z}, a pair of integers p,q > 1 and X € k* such that M =
coker(A? 4 A?) with 0 = 6;((p,q),\)), 1 < i <3, where

u 0 A+ vPwd  witt
91((177 Q)7A)) = ( vp—l—)\wq VW ) ) 02((pa Q)7>\)) = ( uq+1 VW )

and 05 ((p,q). N)) = 61 ((p, @) \)) "
2. Assume M is generated by three elements. Then there exists a bijection {u, v, w} —

{x,y,2}, a triple of integers m, n, I > 1 and A € k* such that M = coker(A3 LN A?)
with 0 = Gi((m,n,l),)\), 4 <i <7, where

v w0 u wh Ao
94((m,n,l),)\) = 0 voum |, 95((m,n,l),)\) = 0 v u™ |,
At 0w 0 0 w

06 ((m,n,1),X) = 04 ((m,n,1),\)" and  07((m,n,1),\) = 05 ((m,n,1), )"

Proor. By Corollary we know that M = M(w,\) = L(w,\)VY for
some w = ((m1,ms), (n1,n2),(l1,l2)) € Z° and A € k*, where min(my,my) =
min(ny, ne) = min(ly,ly) = 1.

Case la. Assume my = ny = [ = 1. Denote for simplicity ms =m, no =n, ls =1
and
z and ug = 2%z + 2!y

2

up = 2y + ™z ug = yPr 4yt

Then we have: (zy)? = zu1, (y2)? = yug and (22)? = zus3. Hence, L = (uy, ua, us3) a.
Moreover, L is already maximal Cohen—Macaulay and we have an exact sequence

z —y™ 0
0 z —z
—-Az™ 0 y

Case 1b. Assume mo = ng = ls = 1. Again, we denote my; = m, ny =n, l; =1 and

AP — L —0.

v = 2™y 4+ \e?z, vo = "z + %z and vg = 2Tl + 22y

Then we have: (zy)? = zv1, (y2)? = yvsz and A\(z2)? = zv;. Hence, L = (v1,v2,v3) 4.
Again, L is maximal Cohen—Macaulay and we have an exact sequence

A2 — L —0.

Case 2. Assume m1 = Iy = ny = 1. Denote mo = m, n;y = n and Il = [. The case
n = 1 has been already treated in Case la. Hence, without loss of generality we
may assume that n > 2. Denote

wy = 22y + Az 2wy =y 2 + Pz and wy = 22x + 2Ty,

We have: (zy)? = zw; and (22)*® = zws. Hence, L = ((yz)?, w1, w, w3) ,. Note

that the case m = [ = 1 has been already considered in Case 1b.
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Case 2a. Assume m = 1 and [ > 2. Consider the element r = zy + y"z + A(zz +
2'y) € A and the module L = (L,r)4 C A. First note that
or = wy, yr = wy + X272 (y2)? and zr = y" " 2(y2)? + Iws.

By Lemma the Macaulayfications of the modules L and L are isomorphic.
Moreover, L = <r, (yz)2> 4 1s maximal Cohen-Macaulay and we have an exact

sequence
@ y" Azl
0 —yz
%

Case 2b. Assume m > 2. The case | = 1 reduces to the Case 2a. Hence, we
may without loss of generality assume that [ > 2. Consider the element r =
xy +y"z 4+ Ax™z € A and L= (L,m)4 € A. Then we have: xzr = wy, yr = wsy
and zr = y" 2(yz)? + Ax™ lws. Hence, the Macaulayfications of L and L are

A2 A2 [ —0.

isomorphic. Next, L= <(yz)2,w3,r> 4 is maximal Cohen-Macaulay and it has a
presentation
@ =Tt yn?
( 0 y _)\Inl—l )
A3 0 0 z

Note that the case n = 2 has to be treated separately because in that case the
presentation is not minimal. Indeed, (yz)? = z(2y + y?z + A\x™z) = zr. Hence,

A3 L 0.

L= <.’132:2 + oyt ay + oy + )\a:mz>A CA
is generated by two elements. It is easy to see that L has a presentation

AyamlL ol Sl
™ Tz

It remains to observe that the remaining cases reduce to the ones considered above.
|

A2 A2 s —0.

REMARK 10.7. Contrary to the case of simple elliptic singularities [56], Propo-
sition 5.23], not all indecomposable maximal Cohen—Macaulay modules over A are
P q
0 y ;Z)\Z is not gradable for (p,q) # (2,2)
and A € k*| since its first Fitting ideal (z,yz, y? + Az?) is not graded.

gradable. For example, coker

REMARK 10.8. In recent works of Sheridan [74] Theorem 1.2] and Abouzaid et
al. [I, Section 7.3] a version of the homological mirror symmetry for the category
CM"(A) was established, see also [9]. We hope that our result will contribute to
a better understanding of the Fukaya side of this correspondence. In particular, it
would be interesting to describe explicitly the symplectic images of rank one matrix
factorizations obtained in this section.

10.2. Maximal Cohen—Macaulay modules over k[z,y, u,v]/(zy, uv)

It seems that the only concrete examples of families of indecomposable max-
imal Cohen—Macaulay modules over surface singularities, which have been con-
structed so far, deal with the case of hypersurface singularities. From this per-
spective it is particularly interesting to consider the case of the degenerate cusp
A = k[z,y,u,v]/(zy,uwv). Indecomposable maximal Cohen—Macaulay modules
over A can be described using essentially the same technique as in Section [10.1
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The normalization of A is R = k[z, u] x k[z,v] x k[y,u] x k[y,v]. Any object of
the category Tri(A) has the form (M,V,0), where

o M = k[z,u]™ & k[z,v]™ & kly,u]™" & k]y,v]™* for some mul-
tiplicities Mgy, Mgy, My, and my,. In what follows we use the notation
Mgy, = My €tC.

o V=k((z)" ek(y)™ ®k(u)" &k(v)™ for some ny, ny, Ny, Ny € Z>g.

e The gluing map 6 can be visualized by the following diagram of vector
spaces and linear maps over K:

K= 4$> Kmeu

N

Kmawv Knu
6. Ou, (10.3)
Ko K™mvu

KMy < Y K™
The isomorphy classes of objects in Rep(¥ 4) correspond to the transformation rule
@ab — Sab@abTbila (104)

where a, b belong to {x,y,u,v} and T, € GL,, (K) whereas Sy € GL,y,, (D) obey
the constraint Sgp(0) = Spe(0). Maximal Cohen—Macaulay modules over A which
are locally free of rank r over the punctured spectrum correspond precisely to
those objects of Rep(X4) for which all vector spaces in the diagram are
r—dimensional and all linear maps invertible. We give now a classification of all
maximal Cohen—Macaulay A-modules which are locally free of rank one on the
punctured spectrum. Since the computations do not contain any new phenomena
comparing with Section [10.1} we omit them and only state the final result.

PROPOSITION 10.9. Denote J = ((zu)?, (zv)?, (yu)?, (yv)2>A. Let M be a rank
one object in CM™(A). Then M = M(w, ) :=

VvV
<J7 gLy gty ity ety p1+1v+y”2“u,vq1+1x+v‘h“y> cA
A

for some w = ((my1,ma), (n1,n2), (p1,p2), (¢1,92)) € Z® and X € k*, where
min(my, mg) = min(ng, ng) = min(py, p2) = min(gy, ¢2) = 1.
Moreover, M(w,\) = M(w', X) if and only if w = w' and A = X'.

REMARK 10.10. Let mi=ni=p1=q¢ =1, my=m,ny =n,ps =p, g2 = q.

elfm=n=p=¢g=1and A =1 then M(w, \) = A.
e Otherwise, we have:

M(w, \) = <x2u + Az o wly + u ey 4+ yP T, v + vq+1y>A C A.
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e Moreover, M (w, \) has a presentation
y000 v u™ 0 O
Ov00 O =z y? O
00z0 0 0 wu v
000uXx™ 0 0 y

AS

10.3. Degenerate cusp k[z,y, z, u, v])/(zz, zu, yu, yv, zv)

It seems that even less is known about a concrete description of maximal
Cohen—Macaulay modules over Gorenstein surface singularities which are not com-
plete intersections. In this section we elaborate the classification of rank one objects
of Cl\/llf(A) for A = k[z,y, z,u,v]/(xz, xu, yu, yv, zv). Again, all necessary compu-
tations are completely parallel to the ones done in Section Hence, we omit
them and state the final answer.

PROPOSITION 10.11. Denote J = ((zy)?, (yz)?, (zu)?, (uwv)?, (vx)2>A. Let M be

a rank one object in CM"(A). Then M = M(w, ) := <J, vy pmetly pritly
Vv

gretly ypitly pypetly satly 4 pa2tly gfitly 4 ut2+12> for some
A

W = (<m17 m2)a (nlan2)7 (plapQ)a (Qh q2)7 (tlatQ)) S Zlo and X € ]k*a
where min(my, ms) = min(nq,ne) = min(py, p2) = min(qr, g2) = min(t1,ta) = 1.
Moreover, M(w,\) = M(w', X) if and only if w = w' and A = X'.

REMARK 10.12. Let my = ny = py = ¢ = t1 = 1, whereas my = m,ny =
n,ps =P, g =qand to =t. fm=n=p=¢q¢g=1¢t=1and A\ = 1 then
M(w, \) =2 A. Otherwise, we have:

M(w,A) = <v2x+)\vm+1u7x2y+x"+1z,y22+yp+1x722u+zq+1y,u20+ut+lz>A C A.
O



CHAPTER 11

Schreyer’s question

According to Buchweitz, Greuel and Schreyer [16], the hypersurface singulari-
ties Ao = k[z,y, 2]/(2y) and Dy, = k[z,y, 2]/ (2%y—2?) have only countably many
indecomposable maximal Cohen-Macaulay modules. We gave a different proof of
this result in [20, Chapter 5], removing the assumption char(k) # 2 required in
[16]. In 1987, Schreyer posed the following question [71] Section 7.2.2].

Question. Let k be an uncountable algebraically closed field of characteristic
zero and A be a Cohen—Macaulay surface singularity having only countably many
indecomposable maximal Cohen-Macaulay modules. Is it true that A = B%, where
B is a hypersurface singularity of type A, or D, and G is a finite group of
automorphisms of B?

In this chapter, we show that the answer on Schreyer’s question is negative.
In fact, there exists a wide class of Cohen—Macaulay surface singularities of dis-
crete Cohen—Macaulay representation type. Note that Spec(A) has at most two
irreducible components for a ring A of type B as above. As we shall see below,
this need not be the case for an arbitrary Cohen—Macaulay surface singularity of
discrete Cohen—Macaulay representation type.

DEFINITION 11.1. Let t > 2 and w = ((nl,ml),...,(nt,mt)) € 72 be any
sequence such that 0 < m; < n; and ged(n;,m;) =1for 1 <i <t Set R= Ry X
-+ X Ry, where R; = R(n;,m;) = k[u;,v;] ™ C k[uy, v;] is the corresponding
cyclic quotient singularity. As usual, for (n;,m;) = (1,0) we set R; = k[u;,v;]. Let
J; C R; the ideal defined in Theorem R; = R;/J; =2 K[x;,y:]/(zsy:) and

C:=klz0,21,...,2]/(ziz; |0 <i<j<t).

Let A := A(w) C R be the ring defined through the following pull-back diagram
in the category of commutative rings:

A C
| ]
R ul R]_X"'XRt,

where 7 is the canonical projection and + is given by the following rule: v(zo) = y1,
Y(zi) = @i + yip1 for 1 <i <t —1and y(z¢) = 2. O
PROPOSITION 11.2. The following results are true.

e The ring A is a complete reduced Cohen-Macaulay surface singularity and
R is the normalization of A.

o Let I =anns(R/A) be the conductor ideal, A= A/I and R = R/I. Then
we have the following isomorphisms:

A%k[[zl,...,zt_l]]/(zizj|1§z'<j§t71)
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and R = k[z1] x ks, yo] /(w2ya) x - - - x ka1, ys—1]/ (we—19s-1) x Kye].-
The canonical morphism A — R sends z; to x;+y;y1 foralll <i <t—1.

Since the proof of this proposition is the same as of Proposition [6.2]it is omitted. O

REMARK 11.3. By Proposition the ring A(w) has the same total ring of
fractions as R = R(ni,my) X -+ X R(ng,m:). Hence, Spec(A) has ¢ irreducible
components. Note that A(1,0) = kfu,v,w]/(uv) is the A, —singularity.

DEFINITION 11.4. Consider the following decorated bunch of chains X = X(w).
e The index set I = {(1,9)} U ({2,...,t — 1} x {z,y}) U{(t,z)}.
e Forany (i,u) € I we put: §(;.,) = {f(i’u)} and €(; ) = {egz)u), ol eEZ;;I)}.
e All elements of €; ,) are decorated, whereas the (unique) element of §(; .,)
is not decorated. Moreover, we have the following ordering on the elements
of G(i,u):

62?7)36) < 687)36) <q...4 egzgl) and egz)y) < egi,)y) <q...< egzgl).
Here, for any 1 < p < n; we denote by p the unique element of {1, B
1} such that p = pm; mod n;.
e We have the following equivalence relations.
- egfv)w) N@Ei)y) forany 2 <i<t—1land 0<p<mn; —1.
= Ja) ~ J((i+1),0) forany 1 <i <t —1.
Making the same choices as those preceding Proposition we get the following
result.

PROPOSITION 11.5. We have a functor Tri(A) A, Rep(X), satisfying:
e T c Ob(Tri(A)) is indecomposable if and only if H(T') is indecomposable;
o T",T" € Ob(Tri(A)) are isomorphic if and only if H(T") and H(T") are
isomorphic.

THEOREM 11.6. The ring A = A(w) has discrete Cohen—Macaulay representa-
tion type. Moreover, any indecomposable mazximal Cohen—Macaulay A-module has
multi-rank of type (0,...,0,1,...,1,0,...,0).

PROOF. As we have shown before, the category Rep(f%(y)) has discrete rep-
resentation type (there are no bands in this case). Hence, CM(A) has discrete
representation type, too. Moreover, indecomposable objects of Tri(A) are described
by the following data ((p, q), K, w)), where

e (p,q) € Z? are such that 1 <p<q<t.

o k= (kp,...,kq) € Z9 Pt with 0 <k <ny—1for p<i<y.

e w=(bp,...,by). For max(2,p) <! < min(g,t—1) we have: b; = (a;,¢;) €
7?2, while by = c; € Z (if p=1) and by = a; € 7Z (if ¢ = t). Moreover, we
impose that min(a;41,¢) =1forallp <l <qg-—1.

If T, (k,w) = (M, V,0) € Ob(Tri(A)) is the triple corresponding to ((p, q), Ii,w)),
then we have: M = ok, ® @ Igk,. Let M = M, 4(k,w) be the maximal Cohen—
Macaulay A-module corresponding to T}, 4(k,w). Then we have: Q @4 M = Q, @
- ®Qy, where @ = Q(A) = Q(R) is the total ring of fractions of A and Q; = Q(R;)
is the quotient field of R;, 1 <1 < t. This proves the statement about the multi-
rank of an indecomposable maximal Cohen—Macaulay A-module. (]
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ExaMPLE 11.7. Since all proofs in this chapter are written in a sketchy way,
we describe in detail the following example. For ¢ > 1 and 1 < i < t+ 1, let
R; = k[z;,y;] and

R:=RiX- xR DA:= {(Tl,TQ,...,rt+1) |ri(0,z) =ri11(2,0) for 1 <i < t}.

Consider the following elements of R: v = (x1,0,0,...,0), 21 = (y1,22,0,...,0),...

2zt = (0,...,0,ys,x¢41) and v = (0,...,0,0,9¢11). Then A is the ring of formal

power series in u, v, 21, ..., 2. Note that A = A(w) for w = ((1,0), cee (1,0)). As
—_—

)

t+1 times
in Proposition [6.2] one can show that R is the normalization of A. As usual, let

I = ann4(R/A) be the conductor ideal, A = A/I and R = R/I. Then we have:
I= <u72122a < .,thth,’U>A, A = Ikﬂzlv e ~>Ztﬂ/(zpzq | 1 < p<gq < t)

and R = k[y1] x k[ze,y2]/(z2y2) x - % k[, y:]/(xty:) X k[z111]. Under the
canonical embedding A — R, z; is mapped to y; + ;41 for all 1 < ¢ < ¢t. The
matrix problem, corresponding to the description of isomorphy classes of object in
Rep(X.4), is the following.

e We have 2t matrices ((@Y), @@), e (@Ez), @ﬁy))), where

0" € Maty,,,, xn,(K) and Y € Mat,, xn, (K)

for some mq,...,myr1,n1,...,n¢ € N.
e These matrices can be transformed using the rule:

(0. 6) o (57071 56 ),

where T; € GL,,(K) for 1 < i < t; whereas Si(x) € GL,,,, (D), Si(y) €
GL,,, (D) are such that Si(w) (0) = nggr)l (0)for 1 <i<¢—1.
Observe that the obtained matrix problem is very close to the problem of classifi-

cation of indecomposable representations of the quiver

—
Q:: O— @® —H0<— @ —0:-:0— @® —0

of type Agty1 over the field K. In fact, there is an obvious map

Ob(Rep(%)) — Ob(Rep(Q)),

which is however not functorial (for category Rep(X), morphisms at sources e are
as for quiver representations, whereas for targets o they are given by “decorated
rules”). Nevertheless, in these terms it is convenient to state the final result. Using
just elementary linear algebra one can show that the indecomposable objects of
Ob(Rep(X)) can be written as follows:

e 0 KIS KE K 04—
where the left (respectively right) zero can be both sink and source. Of course,
those indecomposable objects of Rep(i) which belong to the image of H, have to
satisfy certain additional constraints, analogous to ‘

Let us now describe the indecomposable objects of CM'f(A). They are classified
by a discrete parameter w = ((a1,¢1), ..., (a, ¢;)) € Z*, where min(a;,¢;) = 1 for
1 <4<t If M(w) is the corresponding maximal Cohen—-Macaulay A-module, then
for F(M(w)) = T = (M, V, 0) we have:
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e M=R & &Ry,

® VZKl@"'@Kt,

e 0 = (2%) and W) = (2%) for 1 <i < t.
As usual, we have: M((1,1),...,(1,1)) = A.



CHAPTER 12

Remarks on rings of discrete and tame
CM-representation type

12.1. Non-reduced curve singularities

First note that our results on classification of maximal Cohen—Macaulay mod-
ules over surface singularities imply the following interesting conclusions for non—
reduced curve singularities.

THEOREM 12.1. Let k be an algebraically closed field of characteristic zero,
f =22y or 2%2y® + 2P, p > 3 and A = k[x,y]/(f). Then the curve singularity A
has tame Cohen—Macaulay representation type.

PRrROOF. According to Knorrer [62], the ring A has the same Cohen-Macaulay
representation type as the surface singularity B = k[z,vy,2]/(f + 22). Hence, it
is sufficient to observe that B is a degenerate cusp. Indeed, u? + vvw = (u +

1,02 1,22 _ 2 22 _ 1 _ _1 S

svw)? — qviw? = 2 — x%y® for z = u+ Fvw, x = v and y = Fw. In a similar way,
u? + 0P +uvw = (u+ gow)? + 0P — 102w? = 22 +aP —2%y? for z = u+ Jow, T =0
andyz%w. |

REMARK 12.2. Note that Knorrer’s periodicity theorem [62] only requires that
the characteristic of the base field k is different from two. Since the normalization of
A = k[u, v, w]/(u? +uvw) is a product of two regular rings, A is tame in the case of
an arbitrary characteristic. Hence, k[z,y]/(zy)? is tame provided char(k) # 2. We
conjecture that the rings from Theorem are tame in the case of an arbitrary field
k. This is consistent with tameness of singularities P, := k[, y, 2]/(y? — 2%, zy)
for ¢ € N>o U {oo} proven in [2I] by different methods.

Recall that by results of Kahn [57], Dieterich [28], Drozd and Greuel [35], the
reduced curve singularities T}, ;(\) = k[z, y] /(2P +y?+Az?y?), where 117+% < 1land
A € k\ {finite set of values}, have tame Cohen-Macaulay representation type for an
arbitrary base field k. See also [22] for an alternative approach to study maximal
Cohen-Macaulay modules over some T}, ;(A)-singularities via cluster tilting theory.

12.2. Maximal Cohen—Macaulay modules over the ring 5((1,0))

Let k be any field, R = k[z,y], R = k[z,y]/(zy) and 7 : R — R the canonical
projection. Let A = k[z,§]/(27), 7 : A — R the ring homomorphism given by the
rule (%) = % and 5(3) = y? and D(1,0)) := A =7"*(5(A)). Then we have:

k[z,y] D A =Kk[2*,y*, zy, 2°y, y*z] = k[u,v,w,a,b]/J,

where J = (uv — w?, ab — w3, aw — bu, bw — av, a? — uw?,b? — vw?). Obviously, A

has the following Zs—symmetry: u <> v,w < w,a < b. Moreover, the following
results are true.

83
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The ring A is an integral Cohen—Macaulay surface singularity.

The ring R is the normalization of A.

We have: Ext?(k, A) = k2. In particular, A is not Gorenstein.

Let I = ann4(R/A) be the conductor ideal. Then we have: I = (w,a,b)4 =
(zy)r. In particular, we can identify A/I with A, R/I with R and the
canonical ring homomorphism A/I — R/I with .

Let K = k((2)), L = k((22)), D = k[2] and m = zk[z]. Then Q(A) = L; x L
and Q(R) 2 K; x Ky, where I; = L and K; = K for i = 1,2. An object T of the
category of triples Tri(A) has the following form: T = (ZT], V,0), where M = R™,
V 2 L @ LE? and the gluing map 6 is given by a pair of matrices (01, ©), where
©; € Mat,,xp, (K) for ¢ = 1,2. Additionally,

e O; and ©5 have full row rank.

/

o If©, = O)+207 with ©}, ©/ € Mat,, «p, (L) then ( O; > € Mato, xp,; (IL)

o;
has full column rank, i = 1, 2.

The problem of classification of isomorphism classes of objects in Tri(A) reduces to
the following matrix problem:

(01,02) = (S7'01T1, S5 '0:T3), (12.1)
where S1, 52 € GL,,,(ID) are such that S;(0) = S2(0) and T; € GL,,(IL) for i =1, 2.

ProOPOSITION 12.3. Up to isomorphism, there exist only the following mazimal
Cohen—-Macaulay A-modules of rank one (written as ideals in A):

@1 @2 Module

(1) | (1) A

(2) | (2) (w?,a,b)

16| g5

(1z) ] (12) R’ 27 I (122)
(1) | (1z) (w, b)

(1z) | (1) (w,a)

(2) | (Lz) || (w?, a,b,0w)

(12) | (2) || (w?, a,b,uw)

Moreover, the modules in the upper part of the table are locally free on the punc-
tured spectrum, whereas the ones in the lower part are not. In particular, up to
isomorphism there exist only finitely many mazimal Cohen—Macaulay A-modules
of rank one.

PROOF. It is not difficult to see that in rank one, there are only those possibil-
ities for the canonical forms of ©1 and ©4, which are presented in the Table .
Recall, that the condition for ©; and ©5 to be square and invertible is equivalent to
the statement that the corresponding maximal Cohen-Macaulay module is locally
free on the punctured spectrum.

Let us consider in details the case ©1 = (z) and ©3 = (1). First note that this
pair is equivalent to ©; = (z) and O = (22). Let 6 : A — R be the A-linear map
sending 1 to = + y2. Then the induced I x L-linear map

LxL=QMo; 2l QU)o R QR) =K x K
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is given by the pair (01, 0,). Consider the torsion free A-module L given by the
pull-back diagram

0 I L A 0
0 I R R 0.

Let M = LVV. The reconstruction procedure tells that M is the maximal Cohen—
Macaulay A-module corresponding to the triple (R, L; oL, ((z), (1))) We have:

RDOL:= <w,a,b,g+v> w—>< 2,wa,wb,a—|—vw>A.
w A

It is easy to see that a € R has the property that m-a € L. Hence, a belongs to
the Macaulayfication of L. It is not difficult to see that

M:<a>A+L:<w2,a,vw>A cA

is maximal Cohen—Macaulay. This proves the result. All remaining cases can be
treated is a similar way. The proposition is proven. ([

REMARK 12.4. The first one—parameter families of indecomposable maximal
Cohen—Macaulay A—modules arise in rank two. Consider for example the following

pair of matrices
1 =z 1 =z
o= (L) ma e (L), 129

where m,n € Z-so and A\ € k*. They define an indecomposable maximal Cohen—
Macaulay A-module M ((n, m), )\) of rank two, which is locally free on the punc-
tured spectrum. Moreover, M((mm),)\) = M((n',m’)7)\') if and only if n =
n’,m =m' and A\ = X. Assume that n and m are even: n = 2n and m = 2m.
Consider the following ideals in A: I} = (w? a,b) and I, = (w,a,b). As in the
proof of Proposition [I2:3] one can show that

M((n,m),)\)2<( o )+ ( W 3 > ’apefp,p1,2> C A2 (12.4)

12.3. Other surface singularities of discrete and tame
CM-representation type

According to Buchweitz, Greuel and Schreyer, the hypersurface singularity
Do = k[x,y, 2]/ (z%y — 2?) has discrete Cohen—Macaulay representation type, see
also [20, Theorem 5.7]. This singularity does not belong to the class of surface
singularities introduced in Definition [11.1] This certainly means that the list of
surface singularities of discrete Cohen-Macaulay representation type given in Def-
inition [[1.1] is not exhaustive.

DEFINITION 12.5. Let ¢t > 1 and w = ((n1,m1), (n2,m2), ..., (n¢e,my)) € (Z2)
be a collection of integers such that 0 < m; < n;, and ged(m;,n;) = 1 for all
1<i<t Let Ry = R(ng,m;) = kf[ug,v;] ™ C k[uy,v;] be the corresponding
cyclic quotient singularity, J; € R; be the ideal defined in Theorem |6.4 R, =
Ri/J; = k[, yi]/(xiy;) and m : R — Ry x --- x Ry the canonical projection.
Consider the ring

C:= ]k[[u,zl,...,zt_l,v]]/(zizj,l <i<j<t—1lyuz,vz;l §i§t71).
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e Let v:C — Ry x --- x Ry be the ring homomorphism given by the rule:
y(u) =22, y(z) = y; + i1 for 1 <i <t —1and v(z) = y.

e In a similar way, let 7 : C — Ry x ---x R; be given by the rule: v(u) = 22,
Y(zi) =yi + wipg for 1 <i <t—1and y(z) = y2.

e We set D(w) =n1(v(C)).

e In a similar way, we define D(w) := 7~ (3(C)).

Note that D(1,0) = k[x,y, 2] /(z?y — 2?) is a hypersurface singularity of type Do,
whereas D(1,0) was considered in Section

REMARK 12.6. Let A be of type D(w) (respectively D(w)). The description of
indecomposable objects of the category of triples Tri(A) leads to some new matrix
problem, somewhat analogous to “representations of a bunch of semi—chains” in the
sense of [11]. It can be shown that this matrix problem has discrete representation
type for A = D(w) and tame representation type for A = ﬁ(y) Details will be
treated elsewhere.

12.4. On deformations of certain non—isolated surface singularities

In this section we state a conjecture inspired by our study of maximal Cohen—
Macaulay modules over surface singularities. It can be formulated in pure deformation—
theoretic terms.

CONJECTURE 12.7. Let k be an algebraically closed field of characteristic zero
and X — B be a flat morphism of Noetherian schemes over k of relative dimension
two. For a closed point b € B denote by X the scheme—theoretic fiber m=1(b). Let
bp € B be a closed point and Xo = Xp, = Spec(A) be the corresponding fiber.
Assume that for all closed points b € B\ {bo} the scheme X, is normal. Let
w = ((nl,ml), . (nt,mt)) with 0 < m; < n; and ged(n;,m;) =1 for 1 <i<t.

o Assume that A has a singularity of type A(w) or D(w). Then there exists
on open neighborhood B’ of by such that for all b € B’ \ {bg} the surface
Xy has only quotient singularities.

o Assume A is a degenerate cusp (i.e. it is of type AV(Q)) Then there exists
on open neighborhood B’ of by such that for allb € B’ \ {by} the scheme
Xy has only simple, simple elliptic or cusp singularities.

o Assume A is of type 5(@) Then there exists an open neighborhood B’
of by such that for all b € B'\ {bg} the scheme X} has only quotient or
log—canonical singularities.

The evidence for this conjecture is the following. By results of Auslander [4]
and Esnault [41] it is known that the quotient surface singularities are the only
surface singularities of finite Cohen—Macaulay representation type. In particular,
the representation-finite Gorenstein surface singularities are precisely the simple
hypersurface singularities.

By results of Kahn [57] and Drozd, Greuel and Kashuba [37] it is known that
log—canonical surface singularities have tame Cohen—Macaulay representation type.
Moreover, conjecturally these are the only tame normal surface singularities. The
semi—continuity conjecture (known to be true in the case of reduced curve singulari-
ties [61),[34]) states that the representation type can be only improved by a flat local
deformation: Cohen—Macaulay finite singularities deform to Cohen—Macaulay finite
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singularities, Cohen-Macaulay discrete singularities deform to Cohen—Macaulay fi-
nite or discrete singularities and Cohen—-Macaulay tame singularities can not deform
to Cohen—Macaulay wild singularities. This philosophy is confirmed by a result of
Esnault and Viehweg stating that the class of quotient surface singularities is closed
under deformations [42].






CHAPTER 13

Representations of decorated bunches of chains—I1I

The goal of this final chapter is to give a detailed proof of the key Classification
Theorem [8:2I] which describes indecomposable objects of the category of represen-
tations of a decorated bunch of chains. On the one side, its proof resembles the
reduction procedure for the “classical” bunches of chains [65], 10}, 11], see especially
the exposition in [33]. On the other hand, for the decorated bunches of chains some
essentially new phenomena arise (see especially the reduction step treated in Case
3 from Section , making the entire argument rather involved. Therefore, for
the reader’s convenience, we begin with a special case of the matrix problems in
question called decorated conjugation problem.

13.1. Decorated conjugation problem
In what follows we shall keep the notation introduced in Section 8.1

DEFINITION 13.1. We say that two matrices W, W & Mat,, ., (K) are equivalent
if there exists a pair of matrices S,7 € GL, (D) satisfying the condition S = T,
such that W = SWT~1. In what follows we shall write W ~ W, whereas ~ will
denote the usual conjugacy equivalence over k. A description of the canonical form
of a square matrix over IK with respect to ~ equivalence relation is called decorated
conjugation problem.

Being a rather special example of the category of representations of a decorated
bunch of chains, the decorated conjugation problem incorporates many key features
of the general case treated in Theorem

DEFINITION 13.2. Consider now the following canonical forms.

1. For any tuple g = (g1, .., pn) € Z™ consider the (n + 1) x (n + 1) matrix

0Ot 0 ... 0
0 0 t= ... 0
Sw=|: : - - :
0 0 0 . thn
0 0 0 0
2. Similarly, let v = (v4,...,v,) € Z" be a non-periodic sequence, m € N and & #

7(§) € k[¢] be an irreducible monic polynomial of degree d. Let F' € Mat,,qxma(ID)
be such that F' = F(7™) € Matmaxmd(k), where F(n™) is the Frobenius block
corresponding to the polynomial 7. Consider the following dmn x dmn matrix

89
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0 t 1 0 e 0
0 0 t2 ] 0
B(v,m,n) =
0 0 0 prn-i]
#F 0 0 .. 0
where I is the identity matrix of size dm x dm. (Il
THEOREM 13.3. Let W € Mat, x,(KK). Then we have:
W ~ diag(B(ul, M1, 7)o B, me, 1), S(pq) - -y S(pp)), (13.1)
for certain data (vi,mq,m1),. .., (Ve,me, 7)), oy, - - -, 1, as above. Moreover, the

blocks B(v,m, ) and S(p) are indecomposable (they do not split further) and the
following uniqueness results are true.

The equivalence class of B(v, m, ) does not depend on the choice of a lift
F of the Frobenius block F(x™). In fact, it only depends on the conjugacy
class of F over k. In particular, if k is algebraically closed and \ € k*
then the Frobenius block F((E — )\)m) can be replaced by the Jordan block
Im ().

o B(v,m,m) % S(p) for any data (v, m,m) and .
o S(u) ~S(p) if and only if 4’ = p.
o forv = (v,va,...,v,) set v = (Uny V1, -« yVn—1) Then we have:

B(wW m, 1) ~ B(v,m,)

Moreover, B(v,m,n) ~ B(D,m,7) if and only if (m,m) = (7,m) and
v =vW for somel € Z.

The decomposition is unique up to automorphisms of direct sum-
mands and permutation of blocks (Krull-Schmidt property).

REMARK 13.4. Note the following statements about the above canonical forms
B(v,m,n) and S(w).

The matrix S(p) can be viewed as B(v, 1,7) where m = ¢ is the “forbid-
den” polynomial and v = (u1,..., s, v) for p = (p1,...,p,) and some
v € Z. However, this identification is not natural from the point of view of
generalizations of the decorated conjugation problem (like representations
of decorated bunches of chains).

If the word v is periodic then the corresponding matrix B(v, m, ) is
decomposable (at least, if char(k) = 0).

Theorem [13.3] is a special case of Theorem [8.21] In the notation of Ex-
ample the canonical form B(v,m, ) corresponds to the band object
B((w, p),m, 77), where

128 125} Vn—1 Vn

(wp)= —fre fres T fre



13.2. SOME PREPARATORY RESULTS FROM LINEAR ALGEBRA 91

Similarly, S(p) corresponds to the string object S(w, p), where
(w,p)=frem frem. D fae

In the notation of Theorem [8.21] we can always start our X—word (cyclic
or not) with f € §, reducing the number of non—equal but equivalent
canonical forms.

13.2. Some preparatory results from linear algebra

In this section we collect some elementary results from linear algebra, playing a
key role in the proof of Theorem All proofs are sometimes lengthy, but always
straightforward, so we leave them for an interested reader.

LEMMA 13.5. Let Y € Mat,,x, (D) be such that tky(Y) = r. Then there exist

S € GL,,(D) and T € GL,(D) such that SYT™! = ( é tOZ ), where I = I, is

the identity matriz of size v X r and Z € Mat (;,_p)x (n—r) (D).

LEMMA 13.6. Let Y € Maty, xm(ID). Then the following results are true.

o Assume that Y € Mat,,xm (k) is invertible. Then Y ~ diag(Y7,...,Y,),
where Y; = F(n]') for some irreducible polynomials & # m € k[€] and
rmeN, 1<]l<n. ~

o Assume that Y ~ ( g ]% ) , where Z is a square invertible matriz and

Y* 0

N a nilpotent matriz. Then Y =~ ( 0 ye

) , where Y* and Y° are
such that Y* = Z and Y° = N.

Lemma shows that the description of the canonical form of X € Mat,,xm (D)
with respect to the ~ equivalence relation reduces to the case when the matrix X
is nilpotent.

Next, recall the following version of the Jordan normal form of a nilpotent matrix.

LEMMA 13.7. Let N € Maty, xm (k) be a nilpotent matriz. Then we have:

I 0

I3
N ~ N(m) :=

oO|lOo OO o O
S|l o oo O

oO|lOo oOo|lo o o
oSOl Oo oo o O

0
0
0
0

where the sequence m = (my,...,my) € 7% is uniquely determined by N, m =
nmy+---+2mo+mq and I; is the identity matrix of size my x my for all 1 <1 < n.

From Lemma [I3.7) one can easily deduce the following result.

PROPOSITION 13.8. Let W € Mat,,xm (D) be such that W is nilpotent. Then
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0 I; 0/0 0]0 00 0[{0 0f0

do o o ofo Jo o oo ofo

W=Wy+tz = 00 0[{0 0|0| +t| |Z550 0Zs 0|25
00 0[0 I]oO 00 0[O0 0f0O

1o 0 oo oo as 00 Zos 0 |2

do 0o oo ofo 75 0 01212 0 71

where the block division of Z is the same as of Wy = N(m).

Finally, we shall need the following elementary but quite useful result. Let R be
any ring and X € Mat,,x,(R). For any 1 <! < m and 1 <t < n we denote by
X4 the (m — 1) x (n — 1)-matrix obtained from X by crossing out its I-th row
and t-th column.

LEMMA 13.9 (Crossing—Out Lemma). Let m,m,n,n € N and 1 < 1 < m,
1<i<m,1<j3<nandl <j<n. Next, let W € Maty,xn(R) (respectively,
W € Mat,;xq(R)) be such that all elements of the 1-th row and j-th column of W
(respectively, of the i-th row and j-th column of W) but w,, (respectively wy;) are
zero. Let S € Matys,wm(R) and T € Mat, x5 (R) be such that SW = WT. Then we
have the following equality:

SEGI () — Pt i) (13.2)

13.3. Reduction to the decorated chessboard problem

The further strategy is the following: we shall apply only those transformations
of W which do not “spoil” the canonical form of W} and preserve the block structure
of Z in the decomposition from Proposition [13.8]

PROPOSITION 13.10. Let m = (my,...,mq1),m = (My, ..., M) € Z% be two
collections of mon-negative integers, m = my + 2mo + -+ + nm, and m = my +
2mg + -+ - +nm,. Then the vector space T'(m,m) := {A € Matz xm (k) |AN(m) =

N(@)A} has the following explicit description:

A5 A A A Y
0 ADAZ 0 4Q) o
T(m,m) =4 A= 0 0480 ofo]| | AY eMaty,m (k) ¢
0 ADAZAT AT
0 04l o al)o
0 0 A% o AQL

PROOF. Straightforward computation, see for example [46], Section VIIL.2]. O
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For p = (p1,...,pn) and p = p1 + - -+ + p,, consider the following parabolic subal-
gebras P*(p) of the matrix algebra Mat,, (k):

( A
+ pt +
Bl By, ... By,

0 By, ... B,

P+(p) =< Bt = By, € Matmxpk (]k) ’

0 0 ...Bf,

and P~ (p) is the “transpose” of P*(p). Let

D(p) = {(B*,B*) € P*(Lo) x P~ (p) |BlJlr =B,,1<1< n}
be the “dyad” of P*(p) and P~(p).

COROLLARY 13.11. Letm = (my,,...,m1) € Z%, and E(m) := T(m, m). Then
the map R : E(m) — D(m), A — (BY,B™), where BT are the following matrices
1 1) ,(1) 41
. L AD 0 0 | AL AD AL
= 1) 41 = 1) 41
LAY AD 0 AW AD
1) 4(1) 40 1
o AD AL AL ... 0 o A

is a surjective algebra homomorphism. The induced algebra homomorphism
R: E(m)/rad(E(m)) — D(m)/rad(D(m))
is an tsomorphism.

ProOOF. The fact that R is an algebra homomorphism follows from the fol-
lowing observation. Let A € E(m) be written as in Proposition If for a
pair (k,l) € N? with k # [ and p € N the block A,(fl)) is non-zero then the block
symmetric to it with respect to the main diagonal is zero. Proofs of the remaining
statements are straightforward. [

DEFINITION 13.12. For a matrix Y € Mat,,x»(K), define its valuation val(Y")
as the biggest v € Z such that Y = ¢"Y,, for some Y, € Mat,,,x,, (D). In particular,
the valuation of the zero matrix is infinity.

To proceed with the further reduction, it is convenient to use the formalism of
decorated bunches of chains, introduced in Chapter 8] Let J (respectively X) be
the decorated bunch of chains introduced in Exampl (decorated conjugation
problem), respectively in Example (decorated chessboard problem), where the
permutation o is trivial.

DEFINITION 13.13. For v € Z consider the following full subcategory of Rep(X):

Rep(X(v)) := {W € Ob(Rep(X)) |val(W) > 1/}.
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Next, consider the full subcategory of Rep(J):
Rep? (3(0)) = {W € Ob(Rep(3(0))) | W is nilpotent}.

Finally, let Repgt (J (0)) be the full subcategory of Rep” (3 (O)) consisting of standard
objects, i.e. of matrices W as in Proposition For such W we set

. Z33 Z3z Z31

Zred =
. Za3 Lo Zoy

. Z13 Zi2 Z1y

The next result follows from Lemma Proposition [13.10| and Corollary [13.11

PROPOSITION 13.14. The map R : Rep’ (J(0)) — Rep(X(0)), W = Zyea
extends to a D-linear functor sending a morphism (S,T) to (S*,T%). Here, S*
(respectively T*) is the matriz obtained from S (respectively T) by crossing out
appropriate zero columns and rows according to the decomposition of Wy in the
presentation as in Proposition [13.8 Moreover, the functor R is a representation
equivalence, i.e.

e R is essentially surjective.
o For any W,W' € Ob(@gt (3(0))) we have: R(W) = R(W') if and only
W ew'.

REMARK 13.15. Note that the last two properties imply that W € Ob(@gt Q)

is indecomposable if and only if R(W) is indecomposable.

Proposition shows that the proof of Theorem reduces to a classification
of “indecomposable decorated chessboards”. At first glance it looks like a digression
because the new matrix problem seems to be more general (and complicated) than
the original one. However, it turns out to be an illusion. In the next section we shall
see that the decorated chessboard problem is “self-reproducible” in an appropriate
sense.

13.4. Reduction procedure for the decorated chessboard problem

As in the previous section, let X be the decorated bunch of chains from Example
with trivial permutation parameter o. Recall from Section that an object
of Rep(X) is given by the data W = (d, {Wpq}p,qen), where

e d:N— Z>¢,p— d, is a function with finite support.

e For any p,q € N, W, is a matrix from Matg, x4, (K).
A morphism W = (d,{W,,}) — W = (&,{qu}) is given by a collection of
matrices (Fs,Ge) = ({Fuv}, {Guv}) such that Fi,, Guw € Maty 4 (D) for u,v €
N; Fyu = Guu for all w € N and F,, € Maty 4 (m) for u < v and Gy, €
Maty 4. (m) for u > v, satisfying the following constraint:

Z FpuWiq + FppWpq + Z FpuWiq = Z Wpthq + ququ + Z Wpthq- (13.3)

I<p I>p t>q t<q
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DEFINITION 13.16. Consider the following ordering on N x N: (p,q) < (p',p’)
ifp<p orp=p and ¢>¢q. Let W = (d, {le}) be an object of Rep(X). We say
that the block W, is minimal if val(W,,) < val(Wy¢) for all (p’,¢’) € N x N and
val(Wyq) < val(Wyg) for (¢, q") < (p,q)-

DEFINITION 13.17. For any (p,q) € N x N, let Rep="? (X(v)) be the full
subcategory of Rep (%(V)) consisting of those objects W for which the block W, is
minimal.

Convention. Let Y € Mat,, «,(K) be such that val(Y) > v. In what follows we
shall use the notation Y = ¢"Y, for an appropriate Y, € Mat,, x» (D).

Case 1. Suppose that p # ¢q. Then there exist F},, € GLq, (D), G4 € GLg, (D)
such that

~ _ I 0
(qu)o = Fpp(qu)quql = ( 0 +U )

for some matrix ¥ with coeflicients over ID. Moreover, the entire system of matrices
W = {W”} can be transformed into the following “standard” form: W = t*W,,
where W, is the following matrix:

Yp Yq

* | By : By 0 * *

0lo. 0 |I 0 0
z :

N B 0 tw *

C, | D! D% |0 B G1 | %
Tq ] I N

| 2
02 D% | Dg 0 Eg G2 ‘Lfl
* | Fy : F 0 * *
yp  Yn

Let Repsgt(p’q) (X(v)) be the full subcategory of Rep=P?) (X(v)) consisting of ob-
jects in the standard form. Clearly, the embedding Repsgt(p’q) (X(v)) = Rep=(?) (X(v))
is an equivalence of categories.

DEFINITION 13.18. The new decorated chessboard X% = X is defined by the
following rules.

o 2 {20, 2} and y, — {5", 5" }.
e The new order on € and § is defined as follows:

xl<1:z:((11)<1x512)ﬂxtandyrbyl()l)byz(f)bys foralll<g<tandr <p<s.

e The new equivalence relation (defining an appropriate bijection between
the column and row labels from Example is the following;:

) ~ yz(f),yq -~ x,(f) and xgl) ~ yl()l).

The remaining equivalence relations in X are the same as in X.
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Let W be an object of Repsgt(p’q) (X(v))) such that (Wpq)o # 0. Consider the object
Wt of Rep(i) obtained from W by the following operations.
e We cross out all rows and columns of W, containing the entry 1 in the
block Wp,.
: : (1) .(2) : : 1 (2
e Next, we give new weights x4 ’, 24 to the horizontal stripe x, and yp 7, yp
to the vertical stripe y, induced by the block division of the matrix W,.

If (Wpq)o = 0 then we pose W¥ = W.

EXAMPLE 13.19. For the object W displayed above we have: W# = t”Wﬁ,
where W¢ is the following matrix:
1 2

Y Y Yq
* Bl BQ * ES
Tp | % | % * tw *
1
I,Cq Ol D% D% E1 G1
2
ZTq | Co D% D% Eo Ga
* F1 F2 * *

PRrOPOSITION 13.20. The assignment
RPY . Repﬁt(p,q) (x(,/)) N @4(1)74)7”) (.';E(z/)), W Wt

is a representation equivalence of categories, where Rep<(®@:) (i(u)) is the full
subcategory of Rep=®? (i(u)) consisting of those objects U for which val(Upy) > v.

PROOF. Let (F,,G,) : W — W be a morphism in Repsét(p"n(i‘). Equality
(13.3) implies:
I 0 I 0
Fpp< 0 +o ) —< 0 +0 >qumodm.

~ - X Y = = X 0

Gpp = Fpp = < 0T ) mod m and qu:qu:( 7 g ) mod m
for appropriate matrices X, Y, Z, T and S over k. 5

By Crossing-Out Lemma m the equality F,W = W(, yields the equality
FiW? = WEGE, where F¥ (respectively Gu.ﬁ) is obtained from F, (respectively Gl)
by crossing—out appropriate columns and rows. Hence, we obtain a well-defined
map

Thus we have:

RP?: Homx (W, W) — Homg(W* W*),  (F.,G,) > (F, G).
Note that RP9 : Rep=) (X(v)) — Rep<((P:):) (X(v)) is indeed a functor.
Il i

To show that RPY is a representation equivalence, it is sufficient to prove the follow-
ing statement. Let f: W# —s W be an isomorphism in Rep<((?+®-*) (X(v)). Then
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there exists an isomorphism f : W — W in Repi(’”q) (X(v)) such that RP(f) = f.
Since any isomorphism in Rep(X) can be written as a composition of elementary
transformations, it suffices to prove liftability of an elementary transformation.

However, this property follows from a direct case-by-case verification. ([

Case 2. Suppose that p = ¢. According to Lemma we have: (Wpp)o =~

( g ](\)] ) , where the matrix Z is invertible and N is nilpotent. It is then clear,

that W ~ ¥V, where V is the following matrix:
Yp

In particular, t¥ Z splits as a direct summand of W. Thus, we may restrict ourselves
on the full subcategory Rep=?)°(X(v)) of Rep="*)(X(v)) consisting of those
objects for which (W,,), is a nilpotent matrix. According to Proposition m

(Wpp)o =~ N +tZ, where N is the normal form of (W), as in Lemmam Then
W ~ ¥V, where V is the following matrix:

Yp
0 0 0
0 0 Is 0|0 O|O0]|O
0 0 0 Is|0 0[0]O
2 tZs3 0 0 tZsy 0 [tZs1
0 0 0 0|0 IL|O]|O
tZss 0 0 [tZ32 0 [tZxn
tZi3 0 0 (tZ12 0 {tZnn
0 0 0

Let RepS """ (X(v)) be the full subcategory of Rep=P?)°(X(r)) consisting of
objects having the above standard form. Clearly, the inclusion Repsgt(p P) (X(v)) =
Rep=("")*(%(v)) is an equivalence of categories.

DEFINITION 13.21. Consider a new decorated chessboard X(P?) = X defined as
follows.
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e The sets &, and §, are obtained by replacing
xp = {. .. <1xz(,l) ... <1x](02) <1x1(,1)} and y, — {... Dyz(,l) > ... Dyz(f) Dyl(f)}.
Abusing the notation, we shall also write xg,l) =z, and yz(,l) = Yp.
e The new ordering in ¥ is defined as follows:

Ty < mg) <z, and Yy, > yg) > Yp

for any m < p<n €N and any [ € N.
e We have the equivalence relations ac,(gl) ~ ,(,l) for any | € N as well as all

remaining old equivalences x,, ~ y, for n # p.

Again, for any object W of Repft(p’p)’O (X(v)) let W¥ be the object of Rep(%) ob-
tained from W by the following operations.

e We cross out those rows of weight z, and columns of weight y, of the
matrix W, which contain the entry 1 in the normal form N.

e The survived rows of stripe x, and columns of stripe y, get new labels
xg) and y](,l) according to the block division of the normal form of N

(i.e. the upper label is [ if the corresponding column/row corresponds to

the nilpotent Jordan block J;(0)).

PROPOSITION 13.22. The map RPP : @i(”’p)"’(ﬂu)) — Rep®P) ") (X(v))

is functorial, where @((pm)m) (i(y)) is the full subcategory of@(i‘(z/)) consisting
of those objects V' for which val(V,,) > v. Moreover, RPP is a representation
equivalence of categories.

PROOF. All major steps are basically the same as in Proposition [[3.20] First,

we use the equality ((13.3)), Proposition [13.10| and Crossing—Out Lemma to
construct a map

RPP . Homyx (W, W) — Homy(W# W¥)

for any pair of objects W, W of Repsgt(p’p)’o (%(V)) The functoriality of RPP on
the level of stabilized bimodule categories is clear. Finally, the claim that for any
isomorphism f : W# — Wt in @((p’p)’”) (?2:(1/)) there exists an isomorphism f :
W — Wtin Repsst(p’p)’o (X(v)) such that RPP(f) = f, is essentially a consequence
of Corollary [13.11 O

13.5. Indecomposable representations of a decorated chessboard

Let X be a bunch of chains from Example[8.6] In this part, we describe indecom-
posable objects of Rep(X) (assume for simplicity of notation that the permutation
o is trivial). Although the final answer can be stated in completely elementary
terms, for the proof it is convenient to use the formalism of strings and bands from
Section

Observe that any element of X is tied. Hence, without loss of generality we
may start any X-word (cyclic or not) with an element of §. Concretely, a decorated
word defining a string representation has the form

M1 H2 Hn
(va) = Yy Ty T Ygo Ty T T Ygyr Ty (134)
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for any n € Z>o, J1,---,Jn+1 € N and (p1,...,p4,) € Z™. Similarly, a cyclic
decorated word defining a band representation has the form

V1 Vo Vn—1 Vn
(w,p) =Yy YTy T Yy YTy T T Yy, Y Ty, 7 (135)
where n € Nand ((11,v1), ..., (10, ) € (NXZ)™ is a non—periodic sequence. For a

decorated word (w, p) (respectively for a non—periodic cyclic decorated word (w, p),
m € N and an irreducible polynomial £ # 7 € k[{]) consider the objects S(w, p)
(respectively B((w, p),m, 7)) given by the same matrix as in Definition but
with an additional labeling of rows and columns with weights x,,,...,z,, ., and
Yprs- s Yy (respectively, with a,,,...,2,, and y,,, ..., %, )
3 -2 0 3
EXAMPLE 13.23. Let (w,p) =~— y1 ~ @1 — Y1 ~ T1 — Yo ~ To — Y1 ~ T1 —
1
yo~x2 — ,m e N A€ k*and m =& — A Then we get the following canonical
forms: B((w, p),m,7) =

Y % Y2 Y1 Y2 Y Y2

z1 |0 #I 0 0 0 0 I 0|0 0

z1 |0 0 ¢t2I 0 0 z1 |0 0 0210

22| 0 0 0 I 0] ~ 0 0 0|0 ¢I

z1 0 0 0 0 I 0 0 I|l0o o0
)

xa |tJ 0 0 0 0 tJ 0 0|0 O

where as usual, I = I,,, is the identity m x m matrix and J = J,,, () is the Jordan
block of size m x m with eigenvalue \.

LEMMA 13.24. Let p,m € N, v € Z and £ # 7 € k[¢] and irreducible polyno-

mial. Then the band object W = B((w, p),m, ) with (w,p) =~ yp ~ x, — s
indecomposable. Similarly, the string object S(w, p) with

174 174 v

(W, p) =Yp ~Tp = Yp~Tp — 0 = Yp ~ Ty

m times

is indecomposable as well.

PROOF. Let W be an object as above. It is sufficient to show that the endo-
morphism algebra A := Endx (W) is local. To prove this, observe that tA C rad(A)
and A/tA = k[£]/ (™) (where m = £ is the string case). O

LEMMA 13.25. For any band datum ((w,p),m,w) and l € 7 we have:
B((w,p),m,ﬂ) = B((w(l)vp(l))7m77r)a

where (w®, p®) is the rotation of (w,p) by | positions. In particular, we may
always achieve that the decoration of the exceptional edge takes the mazximal value
among all p(2) for 1 € T(wt).

PrOOF. It is a straightforward linear algebra argument. O

THEOREM 13.26. Let X be a decorated chessboard as above.
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(1) The string objects S(w, p) and band objects B((w, p),m, ) are indecom-
posable.

(2) Moreover, any indecomposable object of Rep(X) is isomorphic to some
string or band object.

(3) We have: B((w,p),m, 7T) % S(w,p) for any band datum ((w,p),m,w)
and string datum (b, p).

(4) Fizing the conventions and (any X-word starts with a col-

umn element) we also get:
(a) S(w,p) = S(w', ) if and only if (w, p) = (', p).
(b) B((w,p),m,w) = B((w,p),m, ) if and only if (x,m) = (7,m) and
(w, p) is a rotation of (W, p).
(5) A decomposition of an object of Rep(X) into a direct sum of indecompos-
able objects is unique up to a permutation and automorphisms of inde-
composable direct summands.

PRrROOF. The main ingredients are provided by Propositions [13.20] and [13.22

(1). Let W be either band or string object. According to Lemma the band
object B((w, p),m,m) with (w, p) =~ y, ~ x, = s indecomposable for any p € N,
v € Z. In all other cases, W belongs to some subcategory Rep="? (X(v)) (with
p # q) or Rep=PP°(X(1)), for some v € Z. We assume that (W) # 0. Recall
that we have constructed representation equivalences

e R=RP1: Rep=(r? (X(v)) — Rep(®:2)-¥) (X(v)) and

e R — RPP - @S(z’,p),o (%(V)) H@((p,p)w) (f{(y)) )
Then the following key property is true:

R(B((w7p)7m,7r))%B((uﬁ,[)),m,w) and  R(S(w,p)) = S(w,p),  (13.6)

where (w, p) and (w, p) are related by the following rules.
e In the case p # ¢ replace, x((f) by x4, y1(,2) by yp and every fragment
o« o mB « v A
u—yp ~xq —uvin (W,P) by u —y, ~ Ty, — Yy ~ xe — v to get (w, p).
B
e In the case p = ¢, replace every fragment u ¢ y,()l) ~ a:z(f) — v in (w,p) by
a v v B
U—Yp~Tp— - — Yp~ Ty — v to get (w,p).

l times

In the case of bands, we use Lemma to move the Frobenius block F' from the
matrix W, (if necessary). Now, the indecomposability of bands and strings follow
from Lemma [13.24] and formula (13.6)) by induction on the size of the matrix.

(2). Let W € Rep(X) be an indecomposable object, v = val(W) and (p, q) € N? are
such that the block W, is minimal. Assume first that p = g and (W), is not
nilpotent. Then W must contain some band B((w, p),m,m) as a direct summand,
where (w,p) =~— yp, ~ x, — . According to Lemma |13.24] the latter object is

indecomposable, hence W coincides with it. Otherwise, consider the reduction
functor RPY. The result follows from the formulae ([13.6)) by induction.

(3) and (4). These parts follow from the formulae (13.6) and the fact that the
reduction functor R is a representation equivalence.
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(5). The Krull-Schmidt property follows from the fact that the endomorphism
algebra of an indecomposable object of Rep(X) is local, see [7, Chapter 1.3.6]. O

The remaining part of this chapter is devoted to a complete proof of Theorem [8.21

13.6. Proof of the Classification Theorem

To simplify the notation, we keep the index 2 € I fixed, so it is no longer
mentioned when referring for blocks of the matrix W of an object (Z,W) of the
category Rep=U¥) (%) for X x y C &, x ..

Case 1. We start with the case X = {z} and ¥ = {y}, where both = and y are not
decorated. Note that X(zy) is a usual (non-decorated) bunch of chains over the
field K.

Case la. Assume first that £ 3. Let (Z, W) be an object of Rep=®¥) (%). In the
category Rep(X(xzy)) we have an isomorphism: Wyy = U := 8 ? ) . If both z
and y are untied, then any string S(xz — y) splits as a direct summand of (Z, W).
The complement of such strings belongs to the subcategory Rep<(x’y)(f£). So, from
now on we assume that at least one element of {z,y} is tied. A straightforward

computation shows that

s = {( 4 & )(5 5D}

where A, B,C, D, F are arbitrary matrices of appropriate size (determined by U)
with coefficients in the field K. The new decorated bunch of chains X9 is defined
as follows.

o If x ~ % for some T € X,,7 € I then we add a new element Z, to X,. We

have a <z, < bin %gx’ﬂ, whenever a < < b in X,. Moreover, T < Zy.

e Similarly, if y ~ g for some § € X, then we add to X, a new element
7. As above, g, inherits all order relations from its parent element g.
Moreover, § > ¥,.

e If both z and y are tied then we additionally impose: T, ~ .

The admissible transformations of (Z, W) (i.e. those automorphisms which preserve
the reduced form of Wyy) are shown in the following picture:

Y
0 E * T
[/ T Y >
0, 0 Ty
* : *
Y Ya
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A more formal way to explain the reduction is the following. Crossing-Out Lemma
13.9| implies that we have a representation equivalence (8.12). Note that in this
case Rep=CY) (%) = Rep=%¥)°(%). The correspondence (8.13) is given by the rule

a _ B o 0 _B
U—Ty~ g —V = U—T~T—Y~§—0.

If only one element (e.g. x) is tied then the translation rule is analogous:

" 0 e
Ty — 2= Y—T~T— 2.

Case 1b. Assume now that z ~ y. First observe that in Rep(X(zy) we have:
Wy = < l(: ](\)/. ) , where F'is an invertible matrix and N is a nilpotent matrix. It
is then easy to see that F' splits as a direct summand of (Z, W) in Rep(X). Moreover,
F' decomposes into a direct sum of bands B(w,m,7), where w = («— 2z ~y — ),
m € N and § # 7 € K[{] is a monic irreducible polynomial (note that w is not
decorable).

Next, we consider the full subcategory Rep=®9° (%) of Rep=*¥)(X) consisting
of those objects for which the block Wy is nilpotent. We bring Wy into its modified
Jordan normal form, see Lemma Then we reduce the entire matrix W® into
a standard form by killing with any unit entry @ of Wgy all entries of matrices
Wi, where y # U C §, (respectively Wgy, where X # v C €,), standing with @ in
the same row (respectively column). The new decorated bunch of chains X% is
defined as follows.

Yy
0 |o 0010 0
o -
U U 1-5: IU: U U
o—to—0-10-—010 0
[P SR SORPUNY I | IR S | R
0 0:0:0,0:0,0 x  ET3
T l----- . o e
R R
0 [0 0 010 010 «
********* K
0 [0 0 0!0 0!0| x 113
: :
| |
11 "l |
TTT I [
Y3 Y2 Y1
O O
K K

e For any [ € N>y we introduce new elements z; € €, and y; € §,. It is
convenient to pose 1 = x and y; = y.

e We have: x; ~ y; for all | € N and a < x; < b (respectively ¢ < y; < d)
whenever a < x < b (respectively ¢ < y < d).

e Finally, we put -+ < x3 < xo < x1 and --- > y3 > Yy > 1.
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Again, Crossing-Out Lemma yields a representation equivalence (8.12)) and
the translation rule (8.13)) is given by the formula

a B @ 0 0 B
U—Y ~T—V S U—Y~T— - —Yy~T— 0.

l times

Case 2. Now assume that both maximal elementary subchains X and y are deco-
rated. The decorated chessboard problem from Example treated in details in
Section can occur as a special case of such decorated bunch of chains Xz ).

DEFINITION 13.27. Let m,n € Nand M € Mat,, «x,(K). The valuation of M is
the largest integer v = val(M) such that there exists M, € Mat,, (D) satisfying
M = t"M,. In particular, val(M) = oo for M = 0.

On the set of pairs Bzy) = {(u, v) |u exve y} consider the following total or-
dering: (u,v) < (z,y) if either v < z or v = z and v > y. Fix the following
notations:
° Repg(?’w’”(%) is the full subcategory of Rep=*Y) (X) consisting of those
objects for which val(Wgy) > v.
e For (z,y) € By define Rep=(®¥) (%) to be the full subcategory of
Rep=%¥)¥(%) consisting of those objects for which val(Wi,) > val(Wy)
for all (u,v) < (z,y).
e Finally, Rep<®¥)¥ (%) is the full subcategory of Rep="¥)"(X) consisting
of those objects for which val(W,,) > v.
Let X(,,) be the decorated bunch of chains obtained by restricting X on (z,y) and
(Z,W) be an object of the category Repg(z’y)’"(}:), where (z,y) €Xxy C &, X §,
and v € Z.

Case 2a. Assume that x ¢ y. First note that in Rep(X(, ) we have:

v otV 0 v
Wiy =t (Way), =t ( 0 I)z:t U,

where [ is the identity matrix of size rkﬂ(((Wwy)o) and ¥ has coefficients in D.

If both elements z and y are untied then any string S(x z y) splits up as di-
rect summands of (Z, W) in Rep(X), allowing to proceed to the next subcategory
Rep<(®¥)(X). Hence, we may without loss of generality assume that at least one
element of {z,y} is tied. Similarly to Case la, we have:

Endx(m,y)(U):{<g g)’<g ?))}’

where A, B,C, D, F,G are matrices over D of appropriate size (determined by U)
satisfying the constraints AV = VE, G =tBWV and C =tV F.
The new decorated bunch of chains X[*¥! is defined as follows.
o If z ~ Z for some T € X,,7 € I then we add a new element Z, to X,. We
have: £<%, and a < Z, < b provided a < Z < band a <%, <bif a<1T<b.
e Similarly, if y ~ ¢ for some § € X, then we add to X, a new element
Y. We have ¢ < g, < d whenever c < §y < dand ¢c< g, <dif c< gy <d.
Moreover, § > Y.
e If both z and y are tied then we additionally impose: &, ~ .
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v
0 0 ' 0 0 | o
0 | |
. 0 A l i
X4 Pt : r m( D]D
0 0 0 oo iy 5
0 1 |
~ y,..,
) Yz
m
T
* o
D

Analogously to (8.12)), we get a representation equivalence
Ty . <(@,y),v <(z,y),v (xzy]
R} : Rep (X) — Rep (xt=vh.

The correspondence (8.13) between strings and bands in both categories is given
by
o _ B o v _B
U—Ty~Tp—V » U—T~T —Yy~G— 0.

The decorations of decorable words are transferred in a straightforward way. If only
¥ v

one element (e.g. x) is tied then the translation rule is analogous: &, — z — y —

T
T~T— 2z

Case 2b. Now assume that x ~ y. In the category Rep(X(,,,)) we have:

ww F 0
where F' is invertible over D and N is nilpotent modulo m. As in Case 1b, it is
easy to see that " F splits as a direct summand of (Z, W) in Rep(X), decomposing

further into a direct sum of bands B((w,p),m,ﬂ), where (w, p) = (f T~y — ),
m € N and € # 7 € k[¢] is a monic irreducible polynomial.

Next, consider the full subcategory Rep=(#)*°(%) of Rep={®¥)"" (%) consisting
of objects for which the matrix (W, ). is nilpotent. Let (Z, W) be an object of
Rep=(®¥)":°(%). As in Lemma we reduce the block W, into a normal form.
Then we bring the entire matrix W into a standard form: if Wy contains an
entry w with valuation v, then for all (u,v) € &, x §, \ {(z,y)} we kill with
it all elements of all matrices Wy, (respectively W,,) standing in the same row
(respectively column) with w.
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The new decorated bunch of chains X%Y is defined as follows.

e For any [ € N2 we introduce new decorated elements z; € €, and y; € §,.
It is convenient to write x1 = x and y; = y.

e For all | € N we have: z; ~ y; and a < x; < b (respectively ¢ < y; < d)
whenever a < = < b (respectively ¢ < y < d). Similarly, a < 2; < b
(respectively ¢ < y; < d) provided a <z <1 b (respectively ¢ <1y <1 d).

e Finally, the ordering between new elements is the following: --- < x3 <
To<xyand - > ys >y > Y.

Yy
0 0 0 0, 0 0
0 | |
6t 00—+ 0100
Al o "tA 0 tB! Lo W
X [EEEEEEEE SR R BRRRRER 1 D (4 jm

0 1 tC D) | T % W
0 : 1

L |

T 1
Y2 Y1
m
-
D
Analogously to (8.12)), we get a representation equivalence.
R :@5(17?;)%0(:{) SN @dmvy)v%x[w,yl).
The translation rule (8.13)) is given by
a B o v v B
U—Y~NT—V = U—Y~ET— - —Y~T— 0.
l times

Case 3. Assume that X = {x} is not decorated and ¥ = {y1 > ya > -+ >y, } is
decorated, where Xxy C &, x§,. This is the most tricky case in the whole reduction
procedure. Let (Z, W) be an object of the category Rep=®Y ().

Case 3a. Assume first that n = 2, ¥ = {y >z} and y ¢ z. As the first step, observe
that any object of Rep(X(xy)) is isomorphic to V' given by
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If all elements z, y, z are untied, then we can split up from any object of Rep=%Y) (%)
all direct summands isomorphic to S(z — y) and S(x — z) and proceed to the next
subcategory Rep<()w)(i‘). So, assume that at least one element of {z,y, z} is tied.
A direct computation shows that Endx (V') is the D-module of all pairs (F,G)
of matrices the form

* *
e 0 O
*2 *q
F=|e® % O G = (13.7)
© © *
(] *q *9
O3 *1

Here e means that coefficients of the corresponding block belong to K, * stands
for D and ® for m, equal indices *; mean that these blocks are equal. The key
observation is the following:

e Both non-reduced stripes of the matrix W) of the vertical blocks y
Gi1 Gis ) _

and z can be transformed by the matrices of the form
G31 Gas

(o)

e If x ~ ¥ then the admissible transformations of z—block are given by

matrices
e 0 O
F=F= | *x 0 (13.8)
e x4 %o

where F' is the matrix from (13.7).
e If y ~ g then the admissible transformations of gy-block are given by ma-

trices T = Tn T , such that T}y = Gz modm for all I,¢ € {1,2}.
To1 T2
In particular, 757 = Omodm, Thy = Fzzmodm and T7; = G11 modm,
ie. T = g : ) , where *;, %;; means that the corresponding blocks
2/

of F and T are equal modulo m.
e If z ~ Z then the admissible transformations of the Z—block are given by
matrices S = ( a3 Saa ) , where Siz = Gy modm for all [,t € {3,4}.
Sa3 Saa
In particular, Sy3 = Omodm, Syy = Fysmodm and S33 = G33 modm,

. * %
1.e.S:<® *1’)'

The new decorated bunch of chains X% is defined as follows.

o If y ~ ¢ for some § € X, then we add a new decorated element g, to X,.
If 2 ~ Z for some Z € X, then we add a new decorated element Z, to X.
Finally, if x ~ & for some z € X, then we add two decorated elements Z,
and 7, to X, (note that Z itself is not decorated)!
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e The new elements inherit all orderings from their parent elements and
parent chains. For example, if a < § < b in X, then also a < g, < b in
XEX’Y] etc.

o We have: §D> 9, 21> Z; and T < T, < Ty.

e Finally, we have impose equivalences Z, ~ ¥, and T, ~ Z,.

m
ﬁS{‘r
D
Y U
Yy z
0, 0 | * z CEK
L A0-T0-0 01 . F (\:})
- -] - =-=--- m D
0 0— 0 Ty T Yo
Z Zz
m
ke
2 AN g
D

The above computations and Crossing—Out Lemma yield a representation
equivalence (8.12). Note that in this case Rep=®¥) (%) = Rep=®¥)°(%). The
translation rule (8.13)) is given by the formulae
0 0
Ty~ Zg > T~ —y~y and Gy ~Ty = Y~y — o~ T
Case 3b. Now assume that n = 2, ¥ = {y > 2} but this time y ~ 2. Note that any
object of Rep(Xxy)) is isomorphic to some U given by

Yy z
o'o'o'ofo'o'o'o
0:,0:0:0[01010.1

mO:O:O:O 0131010
0'0'0'IL|{0'0'0"'0
0,0,,,0]0,0,0,0

If all elements x, y, z are untied, then we can split up all direct summands of (Z, W)
isomorphic to the strings S(z —y ~ z), S(x —z ~ y) and S(x — z ~ y — ). In this
case we just proceed to the next category Rep<(x’y)(ff). Hence, we might assume
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that at least one element of {x,y,z} is tied. A direct computation shows that
Endy ., (U) is the D-module of all pairs of matrices (£, G) of the form

kg 0k k0 k[ ok ok ok %

%9/ O * | % x % %
e 0 O O O
0 x3 #9[0 %y 0 x,
o x; O5 O O7
0 ®o¢ *q7 0 *g 0 *‘Y
F = [ *5 *9 ®8 @9 G: (139)

© © Ok * * *
® Og @8]0 *3 0 *g
O 0O OO © *3 *
© 7060 ©5 0 *

® sk x5 %1 Og

(] *‘P *w *g *3

O 60 0 0l o 06

We follow here the same conventions as in Case 3a. In particular, (x;,#;)
means that the corresponding blocks are equal modulo m. By notational reasons,
the congruences Gy = Gyiq1+4a modm for 1 < ¢,1 < 4 are not reflected in (13.9)).

e The admissible transformations of the non-reduced part of y—stripe are
. . Giu1 G2 kg ok
iven by matrices of the form = .
& Y ( Ga1 Gao © ok
e The admissible transformations of the non-reduced part of z—stripe are
. . G55 G57 *qr *
iven by matrices of the form = .
& Y ( G5 Grr O xy
e If there exists x ~ & then Z—stripe is transformed by matrices

o 0 0 0 0

e ¥ O O O
F=F=|® % % © O (13.10)
[ ] * * %17 @

whereas the non-reduced part of x—stripe is transformed by the matrix
(®0).
The new decorated bunch of chains %Y is defined as follows.

o We add to §, two decorated elements y, and z, which satisfy y>y., 2>z,
and inherit from their parent elements y and z all order relations.

o If x ~ Z for some & € X, then we add to X, new decorated elements
2oy, Tyz, Ty and Z,. They inherit all order relations from their parent
element Z and satisfy T < Z,, <2, < Ty, < Ty.

e Finally, we impose new equivalence relations y, ~ 2, 2y ~ T, and &, ~

Ty



13.6. PROOF OF THE CLASSIFICATION THEOREM 109

Yy z
0,070 * z
T Y K
n ! [ 1 ~ |
T h#d
A SR N e m{)p
00— o+ i+ N
] ] ] 1 z
e e D m( )]D
010 0100 A
S e - - ' @9 ------ m( )]D
0— —0— 0+ I, F hx e
1 0 1 ox *
Yy Yz z Zy
m m
— /\
tfn]D;.‘z Yk\/ﬁr
D

Again, we have a representation equivalence (8.12]). The translation rule (8.13)) is
as follows:

0 0 0
Tyo ~ Ty M TNT—Y~2Z2—T~T, 2y~ Ty = 20y —T~T

0
andy, ~T, — y~z—x ~ZI.

Case 3c. Consider now the general case when X = {z} with = not decorated and
Yy={y1 > >y,} with all y1,...,y, decorated. First one shows that any inde-
composable object of the restricted decorated bunch of chains X(xy) is isomorphic
either to S(z), or to S(a) for some untied a € ¥, or to S(b ~ ¢) where b,c € ¥, or
to S(x —a), S(x—b~c), S(x—b~c—x), where a,b, c € ¥ are as above. The new
decorated bunch of chains X%¥ is defined as follows.

e For any pair b ~ ¢ in ¥ we add to §, new decorated elements b. and ¢,
which satisfy b > b, and ¢ > ¢; and inherit all order relations from their
parent elements b and c.

e For any pair @ ~ & with a € y such that @ € X, and @ ¢ y, we add to
X, a new decorated element @, which inherits all order relations from its
parent @ and satisfies @ > a,.

e If there exists x ~ & for some & € X, then for any a € y we add to X, a
new decorated element Z,. Moreover, for any pair b, ¢ € y such that b ~ ¢
we add to X, a pair of decorated elements Z. and Z.,. All these new
elements inherit all orderings from their parent .

e Assume that Z||z and {a <b< f <c<9d} Cy with b ~ ¢. Then we have

j<id<lficb<]§75<]3~3f<]3~3bd<i'b<$fa.

e In the above notations we impose the following equivalence relations.
— If b,c € y are such that b ~ ¢ then Zy ~ ¢p, T ~ b, and Tpe ~ Tep.
— If for a € ¥ there exists a ¢ y such that a ~ & then Z, ~ a,.
Then we have a representation equivalence (8.12)) with translation rules (8.13)) for
0

0
strings and bands given by &, ~ ¢, — T ~x —b~c¢, To~b. — T ~x —c~b,
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0 0 0
Tpe ~Tep > T~ —b~c—x~Tand Ty ~ay, — T ~x — a ~ a. The case

when X is decorated and y not decorated is completely analogous. ([
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