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1. Introduction

Munn algebras appeared in the theory of semigroups as semigroup algebras of completely 0-simple
semigroups [1, 6]. They were immediately used for the study of representations of such semigroups. An
important input was made by Ponizovskii in the paper [7], where he established the cases when a finite
0-simple semigroup is representation finite, i.e., only has finitely many indecomposable representations,
over an algebraically closed field k whose characteristic does not divide the order of the underlying group
of its Rees matrix presentation [1, Th. 3.5]. He also considered the case of semigroups that are unions of
mutually annihilating 0-simple semigroups with common zero.

The questions remained what happens if the field is not algebraically closed and when the represen-
tation type of such a semigroup is tame, i.e., indecomposable representations of each dimension form a
finite number of 1-parameter families. In this article we give a complete answer to these questions (also
for the fields of characteristics that does non divide the orders of the underlying groups). Of course,
in the case of an algebraically closed field our criterion of finiteness coincides with that of Ponizovskii.
Actually, we obtain criteria of finiteness and tameness for all Munn algebras with semisimple base, even
in a bit more wide context than they are considered in [1]. To prove these results, we establish a relation of
modules over Munn algebras with representations of valued graphs in the sense of [2] (in the algebraically
closed case they are just representations of quivers in the sense of [4]). Then we apply the criteria from
this paper.

It follows from [3] (and can be easily checked directly) that in all other cases the Munn algebra M
(or the corresponding semigroup) is representation wild over the field k, i.e., for every finitely generated
k-algebra A there is an exact functor A-Mod — M-Mod mapping non-isomorphic modules to non-
isomorphic and indecomposable to indecomposable.
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2. Munn algebras

In this paper algebra means an associative algebra over a commutative ring k. We do not suppose that
such an algebra is unital, but always suppose that modules over such algebra are also k-modules and the
multiplication by elements of the algebra is k-bilinear. We denote by A-Mod and Mod-A, respectively,
the categories of left and right A-modules. By A! we denote the algebra obtained from an algebra A by
the formal attachment of unit. Then the categories of A-modules and unital A'-modules are equivalent.
So A and B are Morita equivalent if and only if so are A! and B'. We consider the elements from A as
formal sums A + a, wherea € A, A € k.

Definition 2.1.

(1) Let R be a k-algebra and 4 : N — M be a homomorphism of R-modules. Define a mul-
tiplication on Hompg(M, N) setting a - b = aub. The resulting ring is called a Munn algebra
and denoted by M(R, M, N, 1)} We say that this Munn algebra is based on the algebra R. We
denote by M (R, M, N, ) the algebra obtained from MI(R, M, N, 1) by the formal attachment of
unit.

(2) AMunn algebraM(R, M, N, 1) is said to be regular if the homomorphism  is von Neumann regular,
i.e., there is a homomorphism 6 : M — N such that u6p = p. For instance, this is the case if R
is von Neumann regular, while M and N are finitely generated and projective and p # 0 (it follows
from [5, Th. 1.7]).

Remark 2.2. One can see that M((R, M, N, ) has a unit if and only if there are decompositions M =~
M; @ M; and N 2~ N; @ N, such that Homgp (M3, N) = Homgp(M, N;) = 0 and the map ft = pry o u|n,
is an isomorphism N = M. Then the unit u : M — N coincides with @~ L. Actually, in this case
M(R’M>N) /J/) x~ M(R)MI)NI) ﬁ') x~ EndR Ml-

Proposition 2.3. Let M(R, M, N, u) be a regular Munn algebra. There are isomorphisms M ~ L & M’
and N >~ L & N’ such that with respect to these decompositions u = ('t 8).

Proof. Let® : M — N be such that u6p = . Then u6 : M — Mand O : N — N are idempotents.
Therefore, M = M; & M, where M; = Imub, M, = Keruf and N = N; & N,, where N; =
ImOu, Ny = KerOp. One easily sees that Ker ¢ = Ker O and Im o = Im 116, so ft = pry o jt|n; is an
isomorphism and i™! = pr; 06|, while |y, = 0 and pr, ot = 0, hence u = (’g 8) with respect to
these decompositions. Obviously, it implies the claim.

Definition 2.4. We write M(R, L, M, N) instead of M[((R,L & M,L @& N, j1), where u = ( IOL 8), and call
such a Munn algebra normal. Thus every regular Munn algebra is isomorphic to a normal one. As above,

we denote by M! (R, L, M, N) the algebra obtained from M(R, L, M, N) by the formal attachment of unit.

Lemma 2.5. Let A and C be two rings, P be a right C-module, M be a right A-module and N be a right
A - left C-bimodule. Define the natural map ¢ : P ®c Homu (M,N) — Homu (M, P @c N) mapping
P Q®f to the homomorphism x — p ® f(x). If P is projective and either P or M is finitely generated, ¢ is an
isomorphism.

The proof is obvious. O

! This definition is a bit more general than that from [1, 6], where only the case of free modules is considered.
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Lemma 2.6. Let A be a unital ring, 1 = e; + ez, where e, e; are orthogonal idempotents. We denote
A; = eA, Ajj = ejAej = Homg (A), A;) and identify A with the ring of matrices

Al Ap
. 2.1
(AZI Azz) @D
Let P be a progenerator of the category Mod-A11. Then P* = (P ®a,, A1) @ A, is a progenerator of the
category Mod-A, hence A-Mod =~ B-Mod, where B = Endy P*. The ring B can be identified with the ring

of matrices
Bii Bz
B= , 2.2
(le Bzz) @2

where Bi1 = Enda,, P, Biz = P ®4,, A12, Ba1 = Homy,, (P, A1), Bay = Az,

Proof. For some m there is an epimorphism of A;-modules P — A1, which induces an epimorphism
(P ®4,, A1)™ — A;. Hence, A is a direct summand of (P ®4,, A1)™ @ A, and PF is a progenerator of
A-Mod. Using Lemma 2.5, we obtain:

Homy (P ®4,, A1,P ®a,, A1) =

~ Homy,, (P,Homa(A1,P ®4,, A1) =

~ Homy,, (P,P ®4, A1) ~ Endy,, P;

Homy (A2, P ®a;, A1) = P®a,;, A12;

HOmA (P ®A11 AlaAZ) = HomA11 (Pa AZ])'

It gives the presentation (2.2) for Endg p. O

Theorem 2.7. Let M = M(R, L, M, N) be a normal Munn algebra, C = Endg L and P be a progenerator
of the category Mod-C. Then M is Morita equivalent to the normal Munn algebra M(R, P ®¢c L, M, N).

Proof. LetA = M!(R,L, M, N). Consider the idempotentse; = (} §) and e, = 1 —e,. The presentation
(2.1) of the algebra A is of the form

( C Homg (M, L) )

Homg(L,N) k + Homg(M,N) (2.3)

By Lemma 2.6, A is Morita equivalent to the algebra B of the matrices of the form (2.2), where, due to
Lemma 2.5,

By = Homc(P, P) ~ Homc (P, P ®¢ Homg(L, L))
~ Hom¢ (P, Homg(L,P ®c L) >~ Homgr(P ®¢ L,P ®¢ L);
Bi; = P ®c Homg(M, L) >~ Homgr (M, P ®c L);
By1 = Hom¢ (P, Homg(L, N)) >~ Homg(P Q¢ L, N);
By, =k + Hompg(M, N).

But it is just the matrix presentation of MY(R,P ®c L, M,N). O
The following fact is evident.

Proposition 2.8. [];_; M(Rx, Mk, Ni, k) =~ M(R, M, N, 1), whereR = [[;_; Rix M = @j_; My, N =
@Di—1 Nk and ju|n, = px.

Remark 2.9. Note that [];_; M (R, My, Nk, ux) % MY (R, M, N, ).
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Let now R be a semisimple ring. Then R = [[;_; Rk, where Ry = Mat(dy, Fx) for some integers dj
and some skewfields Fx. So any Munn algebra based on R is a product of Munn algebras based on the
simple algebras Ry. All of them are regular, so can be supposed normal.

Proposition 2.10. Let R = Mat(d, F), where F is a skewfield, U be the simple R-module, L = U", M =
U™, N = U". The algebraM(R, L, M, N), up to isomorphism, only depends on r, m, n and does not depend
on d. In particular, it is isomorphic to MI(F, F', F™, F".

We denote the algebra M(F, F', F", F"") by MI(F, r, m, n)2

Proof. Indeed, Homg (U, UY) ~ Mat(l x k,F) does not depend on d and with respect to such
isomorphisms M(R, L, M, N) = Mat((r 4+ n) x (r + m), F) with the multiplication a - b = aub, where
w= ((I) 8) (of size (r + m) x (r + n)) and I is the r X r unit matrix. O

Theorem 2.11. Let Ml = [];_; M(F, rx, mk, ng), where Fy are skewfields. Then M is Morita equivalent
to H;czl M (Fg, 1, my, ng).

Proof. Let R = [[_; Fx, Ly = F;¥ and L = [[;_; L. Then Cx = Endg Ly =~ Mat(rx X r%, F). Let Py
be the simple right Cr-module. It is a progenerator of the category Mod-Cy and Px ®c, Lx > Fi. Now
apply Theorem 2.7. O

We denote the algebra M(F, 1, m, n) by M((F, m, n). It is the algebra of (n+ 1) x (m+ 1) matrices over
F with the multiplication a - b = aub, where p is the (m + 1) x (n+ 1) matrix with 1 at the (1, 1)-place
and 0 elsewhere.

3. Representations

In this section we consider representations of finite dimensional regular Munn algebras over a field k
with a semisimple base. According to Theorem 2.11, such an algebra is Morita equivalent to a direct
product M = [];_; My, where My = M(Fy, my, ng) and Fy are skewfields. If mpy = np = 0,
M(Fg, mg, ;) = Fy and is a direct factor of M'. So we can and will suppose that there are no such
components in M. The algebra M contains an idempotent ex which is the (nx + 1) x (mj + 1) matrix
with 1 at the (1, 1)-place and 0 elsewhere. Let g9 = 1 — Y ;_, ex. Then, if k # 0, eMle, = Fi,
eoM'ex = F¥, eeMley = F*, eeM'ey = k + Pj_, My, where M ~ Mat(ng x my, Fi), and
exMle; = 0if 0 # k # [ # 0. Choose an Fy-basis {ax, ak, . - .»Akm, } in each space exM'ey and an
Fy-basis {bi1, bias - - . » bin, } in each space eoM!ex. Then akibjj = 0 for all k,L,i,j, bza;y = 0if k # 1
and {by;ay} is a basis of M. For every M!-module V set Vx = ¢V (0 < k < s). It is a vector space
over Fy. The multiplication by ay; gives rise to a k-linear map ay; : Vo — Vi and the multiplication
by by; gives rise to a k-linear map f; : Vx — Vo. Since Homg (Vo, Vi) =~ Homg, (Fx ®xk Vo, Vk)) and
Homy (Vi, Vo) ~ Homp, (Vi, Homy (F, Vo)), both @ and § can be considered as matrices over Fy of
appropriate sizes. So V' is defined by the set of maps (or of matrices) {a;, Bjj} such that a;8); = 0 for all
k,1,1,j. We present it by the diagram

0 {oki}
Ve Vi O 4><{/3} Vo,
kj

2 Ponizovskil [7] denotes this algebra by 20(Em-tr,n+rr, F).
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A homomorphism ¢ : V — V" is given by a set of Fi-linear maps ¢ : Vx — V} (0 < k < s), where
Fy = k, such that ¢rog; = ;00 and oy = ,Bl’chbk, i.e. the following diagram is commutative:

0 {ouki}
{Vk} O=—/———=V
{Bis}
{¢k}i ld’o (3.1)
0 logg)

¢ is an isomorphism if and only if so are all ¢y.
Set Vi = Zl,j Im Bj; € Vo, V— = Voo / V. Then ay;(V4) = 0. Hence oy, can be considered as a map
V_ — V) and we obtain a diagram

V_

with the condition )", jIm By = V.. Such diagram can be considered as a representation of the
realization (MM, Q) of the valued graph (I', d) in the sense of [2]. Namely the vertices of the graph T’
are {+,—,1,2,...,s}, dy = dimy Fy, dx = (mg, mdy), d_x = (ngdy, ng) and djj = 0 otherwise. The
orientation Q of the edge {k,+} is k — + and that of the edge {—, k} is — — k. The modulation M
of I is given by the algebras Fy and F+ = k, Fr-F_-bimodules yM_ = mFy and F-Fg-bimodules
+ My = niFy. Thus a representation of this realization is indeed given by a set of Fy-vector spaces Vj,
Fy-vector spaces Vi and a set of linear maps @y : nyV_ — Vi and Bl : m;V; — V4. There components
are just ag; and ;.

vV {Vi)
Vi

Theorem 3.1. Let Rep™ (9N, 2) be the full subcategory of the category of representations of (I, ) such
that Y ;_ Im B = Vy and (;Kera = 0. Let also M-Mod™ be the full subcategory of M-Mod
consisting of such modules V that Zl,j Im By = (); Ker ak;. Denote by T the ideal of the category M-Mod™*
consisting of all morphisms ¢ : V. — V' such that ¢ = 0 for k # 0, ¢o(V4) = 0 and Im ¢y C V'_. Then
M-Mod™ /Z ~ Rept (M, Q) and I? = 0.

Proof. We have already constructed, for any M-module V, the representation V. By definition, V €
Rep™ (I, ). Given a homomorphism ¢ = {¢x} : V — V’ as in (3.1), we obtain linear maps ¢ :
Vi — V) and¢_ : V_ — V’ such that together with the maps ¢y they give a morphism ¢ : V — V'.
Obviously, ¢ = 0ifand only if ¢ € Z. Thus we obtain a functor ® : M-Mod"/Z — Rep™ (I, Q).
Obviously 72 = 0.

Let W = (We,, Wo, W_,0, B | 1 < k < s) be a representation from Rep™ (901, Q). Set Wy =
W, @ W_, take for a; : Wy — Wy the maps that are 0 on W, and coincide with the components of
oy on W_, and take for ,31]- : W) > W, the components of ; : W) — W It defines an M-module
W e M-Mod" . Ifyy : W — Wisa morphism of representations, set Vo(w) = Yy (wy) + Y (w_) if
w = wq +w_, where wx € Wy It gives ahomomorphism VW —> WL Taking its class modulo Z, we
obtain a functor ¥ : Rep™ (M, Q) — M-Mod™ /Z. One easily verifies that this functor is quasi-inverse
to ®. O

Remark 3.2. Since 7> = 0, the isomorphism classes of objects in M-Mod™ are the same as in
M-Mod*/Z. The only indecomposable representations not belonging to Rep™ (91, ) are two trivial
representations such that Vi = k (or V_ = k) and Vi = 0 for k # + (respectively, for k #= —). The
only indecomposable M-module not belonging to M.-Mod™ is the 1-dimensional vector space with zero
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multiplication by the elements of M. Therefore, the representation type of the algebra M (finite, tame or
wild) is the same as that of the realization (901, 2) of the valued graph I".

It is proved in [2] that the representation type of (207, 2) actually only depends on the valued graph
itself. Namely, it is representation finite if and only if all its connected components are Dynkin graphs
and representation tame if and only if all of them are Dynkin or Euclidean (extended Dynkin) graphs
and at least one Euclidean graph occurs. For the list of these graphs see [2, p. 3]. In all other cases it is
representation wild.

Taking into account the construction of the valued graph I' from the algebra M, we can establish
the representation type of any finite dimensional Munn algebra with a semisimple base. Actually it only
depends on the set of triples {(dk, myi, nx)}, where dy = dimy Fr. We use the following notations:

T(drs.. . dr | dryrs. .5 ds) =

= {(dl) 1) 0), e (dr, 1’ 0)’ (d7+1’ 0) 1)’ e (dS) 0> 1)})
and, for ¥ = T(dy,....d, | dry1s. .., ds),

S@=Y_ d

$'® = Z;:rﬂdk’
S(%) =S (T) + ST(T).

Certainly, mayber =0 orr =s.

Theorem 3.3. Let Ml = [[;_, M(F, mi, n), T = {(dy, my,ng) | (mp,ng) # (0,0)}, where dy =
dimy Fy.

(1)* M is representation finite if and only if T = %o U Ty, where Tp = T(dy, ..., d; | dri1,...,ds) for
some dy and

(a) either T1 = @ and max{S~(Ty), ST (Tp)} < 3
(b) or Ty = {(1,1, 1}, S(Tp) < 3 and max{S~(Tp), ST (Tp)} < 2.

(2) M is representation tame if and only if T = Ty U Ty, where Ty = T(dy,...,dy | drg1,. .., ds) for
some dj and

(a) either Ty = ¥ and T is one of the sets

{(LLD, (1,1, D} {2 LD}, {(1,2,0} {(1,0,2)},

(b) or T = @ and max{S~ (%), ST (Tp)} = 4,
(c) or Ty ={(1,1,1)} and S™(Tp) = ST(Tp) = 2.

(3) In all other cases M is representation wild.

Proof.

(1a) In this case the graph I' is a disjoint union of 2 graphs of the types A;, A3, D4, By, or Bs.

(1b) In this case I' is of one of the types A3, A4, As, D5, D¢, By, or Bs.
In other cases I" is not a disjoint union of Dynkin graphs.
From now on we only list the cases when M is not representation finite.

(2a) In these cases I is, respectively, of type As, or By, or Ays.

(2b) In this case I' is a disjoint union of two graphs, where either both are of types D4, BD3, By, Ayq, or
G, or one is of one of these types while the other is of a type cited in case (1a).

31f the field k is algebraically closed, hence all dy = 1, this result coincides with that of Ponizovskii [7, n° 5].
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(2¢) In this case I' is of type D, BDs, or Ba.
(3) Inall other cases the graph I' is not a disjoint union of Dynkin and Euclidean graphs.

4., Semigroups

We apply the obtained result to representations of finite Rees matrix semigroups. Recall [1, Section 3.1]
that such semigroup M(G, p, g, ) is given by a finite group G and a matrix p of size p x g with coeflicients
from the group G. The elements of M(G, p, g, j1) are q x p matrices with coefficients from G’ = GL1{0}
containing at most one non-zero element and the multiplication is defined by the rule a - b = aub. If
the sandwich matrix p is regular, i.e., every column and every row of ¢ contains a non-zero element, the
semigroup M(G, p, g, t) is 0-simple (hence completely 0-simple) and every finite 0-simple semigroup is
isomorphic to a Rees matrix semigroup with a regular sandwich matrix [1, Th. 3.5]. We always suppose
that the matrix p is non-zero; otherwise M(G, p, g, () is just a semigroup with zero multiplication.

Let k be a field, R = kG and M = M(G, p, q, ). Obviously, kM = M(R, RP,RY, ), where u
is considered as an element of Mat(p x g, R) and is identified with an R-homomorphism RY — RP.
We suppose that chark { #(G). Then R is semisimple. Namely, let Uy, Uy, .. ., Us be all irreducible
representations of G over k, Fy = Endg Uy, dy = dimy Fx and u; = dimyg Uy. Set ¢ = Z—’; Then
R >~ []i—; Rk, where Ry = Mat(ck X cx, Fx), and Mat(p x g, Rx) = Mat(pck x gck, Fx). Denote by
the projection of ; onto Mat(pcy X qck, Fx) and set rp = rk k. As u # 0, also all uy # 0 and the Munn
algebra kM is regular. Then kM = [T;_, M(Fx, rk, mg, n), where my = pex — r and ng = qcg — .
Theorem 2.11 now implies the following result.

Corollary 4.1. kM is Morita equivalent to ]_[i=1 M(Fy, my, ng).

Remark 4.2. Note that ¢ | my — ng and "% = p — g does not depend on k. In particular, if my = ny,

or my > ng, or my < ng for some k, the same holds for all k.

From Corollary 4.1 and Theorem 3.3, taking into account Remark 4.2, we obtain a classification
of representation types of Rees matrix semigroups, in particular, of 0-simple semigroups. In the next
theorem we use the just introduced notations.

Theorem 4.3. Let M = M(G, p,q, 1) be a finite Rees matrix semigroup, k be a field such that chark {
#(G). Set T(M) = {(di, m> nge) | (mp nge) # (0,0)}.

(1)* M is representation finite over the field k if and only if

(a) either ¥ = {(1,1,1)}
(b) or #(G) < 3 and ¥ contains either only triples (d, 1, 0) or only triples (di, 0, 1).

(2) M is representation tame over the field k if and only if

(a) either T(M) = {(1,1,1),(1,1,1)}, or T(M) = {(2,1, 1)},
(b) or #(G) = 4 and T(M) contains either only triples (dk, 1,0) or only triples (dx, 0, 1),
(c) G={1}and T(M) = {(1,2,0)} or (M) = {(1,0,2)}.

(3) Inall other cases M is representation wild over the field k.

Note that in cases (1a) and (2a) p = q, while in cases (1b) and (2b) the group G is commutative.

4If the field k is algebraically closed, hence all d = 1, this result was proved by Ponizovskii [7].
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Remark 4.4. According to Proposition 2.10, the algebra kM (G, p, g, i) only depends on the ranks ry.
Elementary transformations of the matrix 1 do not change these ranks. Obviously, using them one can
obtain a matrix u’ such that there is a non-zero element in every row and in every column. Therefore,
kM(G,p,q, 1) ~ kM(G,p,q, ') and M(G, p, g, ') is a 0-simple semigroup [1, Thm.3.3]. Thus, for
every Rees matrix semigroup with a non-zero sandwich matrix there is a 0-simple semigroup with the
same representation theory.

If a finite semigroup S = \//_, M; is a union of pairwise annihilating Rees matrix semigroups M;
with common 0, its semigroup algebra kS is a direct product of semigroup algebras kA1; and all of them
are Munn algebras. So we obtain the following result.

Theorem 4.5. Let S = \/f:1 M, where M; = M(G;j, mj, nj, ;) are finite Rees matrix semigroups, k be
a field such that chark t #(G;) for all i. Denote

T. = ) #(G,

m;>n;

> #G,

o= J TM,
mi#n;

Ti=J Ty

mi=n;

T

(1)> S is representation finite over the field k if and only if

(a) either ¥ = 0, max{T~,T-} < 3 and all triples from ¥ are either (di, 1,0) or (dx,0, 1)
(b) or Ty ={(1,1, 1)}, Ts + T< < 3, max{T-,T.} < 2 and all triples from % are either (d, 1,0)
or (dy,0,1).

(2) S is representation tame over the field k if and only if

(a) To =0, max{T-,T.} = 4 and all triples from T are either (dx, 1,0) or (di, 0, 1),

(b) or Ty ={(1,1,1)}, T> = T< = 2 and all triples from %y are either (dy, 1,0) or (dx,0, 1),
(c) or Ty = 0 and either T, = {(1,1,1), (1,1, D} or T = {(2,1,1)},

(d) or Ty =Wand Ty = {(1,2,0)} or Tp = {(1,0,2)}.

In the last case there is a unique index i such that m; # n; and the corresponding group G; = {1}.
(3) Inall other cases S is representation wild over the field k.
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5If the field k is algebraically closed, this result easily follows from that of Ponizovskii [7, n°5] and Remark 4.2.
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