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2 IGOR BURBAN, YURIY DROZD, AND VOLDYMYR GAVRAN

INTRODUCTION

It is now well-known that the category of coherent sheaves over the projec-
tive line is derived equivalent to that of modules over the Kronecker algebra,
i.e. the algebra of paths of the quiver e 3 « [6]. The origin of this
result is the existing of a tilting sheaf T = Op1 & O(—1)p1 whose endomor-
phism ring is the Kronecker algebra. This result was extensively generalized
to other projective varieties. On the other hand in the paper [I7] it was
mentioned that there is a close relations between the categories of coherent
sheaves over the nodal cubic C' and the category of modules over the algebra
A given by the quiver with relations

a1 B1

'3'3' 51-042-:() (i=1,2).

@2 B2
This time these categories cannot be derived equivalent, since gl.dim A = 2
while gl.dim O¢ = co. An explanation of this fact was given in [12], where
the curve C' was extended to a non-commutative sheaf of algebras A such
that gl.dim A = 2 and the derived categories of coherent sheaves over A and
of modules over A are derived equivalent. Moreover, the categories Coh C'
and Coh A are “very close” via natural functors between them.

The main goal of this preprint is to generalize the last construction to a
wide class of curves, including non-commutative curves. For this purpose we
establish several general facts concerning non-commutative schemes. Per-
haps, the most important tool is the technique of minors, especially, the
endomorphism construction, which gives possibility to find a “better” non-
commutative curve closely related to the original one, almost as in [12].

Using this technique we prove, in particular, the following result, giv-
ing categorical resolutions for the category of quasi-coherent sheaves over
rational non-commutative curves.

Theorem. (see Corollary [.3.5). Let (X,.A) be a rational non-commutative
curve. There is a finite dimensional algebra A of finite global dimension and
the functors F : 2(Qcoh A) — Z(A-Mod), H : 2(Qcoh A) — Z(A-Mod)
and G : 2(A-Mod) — Z(Qcoh A) such that
(1) (F,G) and (G,H) are adjoint pairs.
(2) G is exact and the natural morphisms 1 — G°F and G°H — 1 are
1somorphisms.
(3) Ker G s both localizing and colocalizing subcategory of Z(A-Mod)
and 2(Qcoh A) ~ 2(A-Mod)/ Ker G.
In this situation we say that 2(Qcoh A) is a bilocalization of 2(A-Mod).

For special type of non-commutative curves (subhereditary ones), gener-
alizing the class of curves considered in [12], gl.dim A = 2. Moreover, in this
case A arises as an extension of a canonical algebra in the sense of Ringel

[41] (see subsection [4.4).
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1. PRELIMINARIES

1.1. Categories and modules. If the opposite is not specially mentioned,
all categories & are supposed to be k-categories, where k is a commutative
ring. It means that all sets of morphisms <7 (A, B) are k-modules and the
multiplication is k-bilinear. In the same way, all functors are supposed to
be k-linear.

Let # be a k-linear category (for instance, a k-algebra). We denote by
Z-Mod the category of (left) Z-modules, i.e. functors #Z — k-Mod, the
category of k-modules. For an object A € #Z we denote by A" the module
(A, _). If Z°P is the opposite category of Z, we write Mod-#Z = %°P-Mod
and call Z°P-modules right Z-modules. We denote by A* the right module
X(-,A). By Yoneda’s Lemma, the map A — A' gives a full embedding
of # into Mod-%. We call AT (A') free (left) Z-modules (respectively,
free right Z-modules). % is said to be fully additiv% if it is additive and
every idempotent in & splits, i.e. originates from a decomposition of its
source into a direct sum. We denote by add % the smallest fully additive
category containing &#. It can be identified with the category pro-# of
finitely generated projective right Z-modules. For a subset S of objects of
a fully additive category # we denote by add S the full subcategory of #
consisting of direct summands of (finite) direct sums of objects from S. In
particular, add A consists of direct summands of (finite) multiples nA of
the object A. Note that add{ A" | A € ObZ } coincides with the category
Z-pro of finitely generated projective Z-modules.

An additive category Z is said to be cocomplete if it contains coproducts
of arbitrary sets of objects. If S is a set of objects of a cocomplete category,
we denote by Add S the smallest fully additive subcategory containing all
coproducts of objects from S. If, moreover, #Z contains arbitrary filtered
direct limits, we denote by a‘ng the smallest fully additive subcategory
of #Z containing all filtered direct limits of objects from add S. Note that
a;d()i S D AddS.

Any functor F : #Z — %, where £ is a fully additive category can be
extended to a functor F : add Z — % and this extension is unique up to
isomorphism. In particular, it gives an equivalence of categories Z-Mod ~
(add Z)-Mod and we usually identify these categories.

For a functor F : & — % we denote by Ker F the full subcategory of &/
consisting of such objects A that FA = 0. By ImF we denote the essential
image of F, i.e. the full subcategory of & consisting of objects isomorphic
to those of the shape FA for A € Ob«/. If F is full and ImF = %, we say
that F is essentially surjective.

If % is cocomplete, we say that an object A € Z is compact if the functor
(A, _) preserves arbitrary coproducts. For instance, the modules A" and,
more generally, those from Z-pro are compact in Z-Mod. An %Z-module M is
said to be finitely presented if there is an exact sequence P, — Py - M — 0

Lor idempotent complete, or Carubian.
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with P; € #-pro. All finitely presented modules are also compact in %-Mod.
We denote by Z° the full subcategory of #Z consisting of all compact objects.

A subset S C ObZ is said to be a set of generators of Z if for every
non-zero morphism f : A — B there is a morphism g : C — A, where
C € S, such that gf # 0. If Z is abelian and cocomplete, it means that for
every A € ObZ there is an epimorphism S — X, where S is a coproduct of
objects from S. For instance, the set of free modules { A" | A€ ObZ } is a
set of compact generators for %Z-Mod.

We will say that an abelian category <7 is of ext-dimension d = ext.dim &7
if Ext?(A, B) = 0 for any two objects A, B € & and any i > d, while there
are such objects A, B that Ext?(A, B) # 0. If ext.dim(%-Mod) = d for some
additive category Z, we also say that Z is of global dimension d and write
gl.dim Z = df}]

A full subcategory ¢ of an abelian category <7 is called thick (or Serre
subcategory) if, for any exact sequence 0 — C' — C — C” — 0 in &, the
object C' is in € if and only if both €’ and C” are in ¢. Then the quotient
category < /€ is defined (see [19, Ch. III] for its definition and properties).
We denote by Iy the canonical functor &/ — o7 /4. It is exact, essentially
surjective and KerIly = %. For instance, if F : &/ — £ is a semi-exact
functor among abelian categories, its kernel is a thick subcategory of <.

1.2. Triangulated categories. We denote by %' («7) the category of com-
plexes over ./ and by (/) the quotient ¢ (7)/ho(<7), where ho(</)
is the ideal of morphisms homotopic to zero. If & is abelian, we denote
by 2(&/) its derived category, i.e. the category of fractions 5 (a7)[Q~}],
where Q is the class of quasi-isomorphisms. We use the symbol ~~ for
quasi-isomorphisms. As usually, we write €7(&), #° (), 2° (), where
o € {+,—,b} for the full subcategories of the corresponding categories
consisting of left, right and two-sided bounded complexes. If o7 is abelian
and has enough injectives, then 27 (&) can be identified with the category
AT (SF), where . is the full subcategory of injective objects. If, moreover,
4/ is of finite global dimension, then 2°(.7) can be identified with #°(.#).
Dually, if & has enough projectives, then 2~ (&) can be identified with
(L), where & denotes the full subcategory of projective objects. If,
moreover, & is of finite global dimension, then 2°(<7) can be identified with
(D).

A full subcategory .¥ of a triangulated category .7 is said to be a tri-
angulated subcategory if it is closed under shifts and extensions (or cones).
We call it thick, if, moreover, it is closed under direct summands (in par-
ticular, under isomorphic copies). For a triangulated category .7 and a
subset S € Ob.7 we denote by (S) the smallest thick subcategory of .7
containing S. For instance, if F : 7 — 7’ is an ezxact (or, the same,
triangulated) functor between triangulated categories, its kernel KerF is

2 We prefer saying ezt-dimension instead of more usual global dimension since other-
wise, for an abelian category, the latter term becomes ambiguous.
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a thick subcategory. The same is true if F : 7 — & is a homological
functor into an abelian category <. If (S) = 7, we say that S gener-
ates  or is a set of generators of 7. If 7 is cocomplete, we denote by
(S)“ the smallest thick subcategory of 7 containing S and closed under
arbitrary coproducts. If (S)“ = .7, we say that S strongly generates 7
or is a set of strong generators of . If S consists of compact objects,
(S)¥ = 7 if and only if for any non-zero T' € Ob .7 there is a non-zero
morphism S — T'[m] for some S € S and m € Z (see [35, Lemma 1.7]).
In this case (S) = .7°¢. For instance, if S is a set of compact generators
of an abelian category 7, then (S)* = 2(4/), hence (S) = 2°(&/), the
subcategory of compact objects. (The latter category is often called the
perfect derived category of <7 and denoted by DP°™ (o7).) For a subcategory
T of T we write (7 ) and (7 )* instead of (Ob.7’) and (Ob 7" ). We
also set (S1,S2,...,Sm) = (Ui~; Si) and (S1,S2,...,Sn ) = (U, Si )¥.
If o = %-Mod for some additive category #, we write 2% instead of
P (%#-Mod). Respectively, we write 2°%, where o € {+,—,b,c}. We can
choose the set of free modules Z" = { A" | A€ ObZ } as a set of compact
generators for #Z-Mod. Therefore, (Z")¥ = 2% and the perfect derived
category Z°% consists of complexes of modules quasi-isomorphic to finite
complexes of finitely generated projective modules.

If ¥ € Z is a thick subcategory of a triangulated category .7, the
quotient category .7 /.7 is defined (see [37, Ch. 2] for its definition and
properties). Again the canonical functor Il : J — 7 /. is exact (or, the
same, triangulated), essentially surjective and KerIl o = .7.

1.3. Adjoints and quotients. We need the following facts from the gen-
eral theory of localizations in abelian and triangulated categories proved in
[19, 211, 137].

Theorem 1.3.1. (1) Let o, % be abelian categories, G : o/ — A be an
exact functor and F : B — o be its left adjoint (right adjoint) such
that the natural morphism 1g — GoF (respectively, GoF — 14) is
an isomorphism. Let € = Ker G.

(a) G = Gelly, where G is an equivalence < /€ = % and its quasi-
inverse functor is F = Iy o F.

(b) F is a full embedding and the essential image of F coincides
with the left (respectively, right) orthogonal subcategory of €,
i.e. the full subcategory

¢ ={AeObs |Hom(A,C)=Ext'(A,C) =0 for all C € Ob% }
(respectively,
¢+ ={AecObe |Hom(C,A) = Ext'(C,A) =0 for all C € Ob¥% }.)

(c) € = (+6)* (respectively, € = -(€+)).
(d) The embedding functor € — </ has a left (respectively, right)
adjoint.



6 IGOR BURBAN, YURIY DROZD, AND VOLDYMYR GAVRAN

(2) Let o7, A be triangulated categories, G : &/ — A be an exact (tri-
angulated) functor and F : B — o be its left adjoint (right ad-
joint) such that the natural morphism 1lgz — GeoF (respectively,
GoF — 1g) is an isomorphism. Let € = Ker G.

(a) G = Gelly, where G is an equivalence < /€ = % and its quasi-
inverse functor is F = Il o F.

(b) F is a full embedding and the essential image of F coincides
with the left (respectively, right) orthogonal subcategory of €,
i.e. the full subcategorﬁ

1¢ ={AcOb | Hom(A,C) =0 for all C € Ob%}
(respectively,
¢+ ={AecObs/|Hom(C,A) =0 forall C € Ob%'}.)

(c) € = (+%)* (respectively, € = +(€1)).

(d) The embedding functor € — < has a left (respectively, right)
adjoint, which induces an equivalence <7 |- = € (respectively,
A|Ct S E).

Proof. The statement (la) is proved in [I9, Ch. III, Proposition 5] if F is
right adjoint of G. The case of left adjoint is just a dualization. The proof
of the statement (2a) is quite analogous. Therefore, from now on we can
suppose that & = &7 /%. Then the statements (1b) and (2b) are just [19]
Ch. III, Lemma 2 et Corollaire] and [37, Theorem 9.1.16]. The statements
(1c) and (2c¢) are [21, Corollary 2.3] and [37, Corollary 9.1.14]. Thus the
statement (2d) also follows from [37, Theorem 9.1.16]. In the abelian case
the left (respectively, right) adjoint J to the embedding 4 — & is given
by the rule A — Cok W(A) (respectively, A — Ker W(A)), where ¥ is the
natural morphism F°G — 1, (respectively, 1, — F°G). O

Remark. Note that in the abelian case the composition I1.4 ° J (respectively,
I1,1 °J) need not be an equivalence. The reason is that the subcategory +%
(%) need not be thick (see [21]).

Corollary 1.3.2. Let &/, A be abelian or triangulated categories, G : & —
B be an exact functor having both left adjoint F and right adjoint H. The
canonical morphism 15 — GeoF is an isomorphism if and only if so is the
canonical morphism GeH — 1 4.

Proof. If, say, 1 — G°F is an isomorphism, then & can be identified with
the quotient category o7 /¢, where ¢ = Ker G, and G with IIg. As H is the
right adjoint of G, the morphism G°H — 14 is an isomorphism by [19, Ch.
III, Proposition 3] or [37, Lemma 9.1.7]. O

3 Note that in the book [37] the notations for the orthogonal subcategories are opposite
to ours. The latter seems more usual, especially in the representation theory, see, for
instance, [2, 21]. In [I9] the objects of the right orthogonal subcategory € are called
€ -closed.
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A thick subcategory % of an abelian or triangulated category 7 is said
to be localizing (colocalizing) if the canonical functor G : & — &/ /% has
a right (respectively, left) adjoint F. Neeman [37] calls F a Bousfield lo-
calization (respectively, a Bousfield colocalization). In this case the natural
morphism G°F — 1,4 (respectively, 1,4 — G°F) is an isomorphism [19,
Ch.IIT,Proposition 3], [37, Lemma 9.1.7]. If ¥ is both localizing and colocal-
izing, we call it bilocalizing and call the category 7 /% (or any equivalent)
a bilocalization of <.

Corollary 1.3.3. Let € be a localizing (colocalizing) thick subcategory of
an abelian category </, Dy (/) be the full subcategory of P(f) consisting
of all complezes C* such that all cohomologies H*(C*) are in €. Suppose
that the Bousfield localization (respectively, colocalization) functor F has
right (respectively, left) derived functor. Then D¢ (<) is also a localizing
(colocalizing) subcategory of o/ and D(t )| Dg () ~ D(A |F).

Proof. We consider the case of a localizing subcategory %, denote by G
the canonical functor &/ — &7 /% and by F its right adjoint. As G is ex-
act, it induces an exact functor (%) — 2(</ /%) acting on complexes
componentwise. We denote it by DG; it is both right and left derived of
G. Obviously, KerDG = % (</). Since G°F — 1,/ is an isomorphism,
the morphism DGeRF — 14(,/¢) is also an isomorphism, so we can apply

Theorem[1.3.2)(2). O

Remark 1.3.4. (1) If ¥ is localizing and < is a Grothendieck category,
the right derived functor RF exists [2], so Z( /€ ) ~ Dy (/). We
do not know general conditions which ensure the existence of the
left derived functor LF in the case of colocalizing categories, though
it is the case when &7 is a category of quasi-coherent modules over
a quasi-compact separated non-commutative scheme and F is tensor
product or inverse image, see Section

(2) Miyatchi [34] proved that always 2°(&/ /€) ~ 23(</), where o €
{£,—bl.
1.4. Categorical resolutions.

Definition 1.4.1. Let 7 be a triangulated cocomplete category with a
set of compact strong generators. A resolution of 7 is an exact functor
G: 9(«) — 7 such that

(

) & is locally noetherian [19] I11.2].

) ext.dim &/ < oo.

) G has both left adjoint F and right adjoint H.

) The canonical morphisms GeF — 14 and 15 — Ge°F are isomor-
phisms. (Note that we only have to check one of these two condi-
tions, see Corollary )

If, moreover, the restrictions of the functors F and G onto the subcategory

T of compact objects are isomorphic, we call G, following [28], a weakly

crepant resolution of 7.

(1
(2
(3
(4
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Theorem [1.3.1] implies the following properties of resolutions.

Corollary 1.4.2. Let G : (/) — 7 be a resolution of a triangulated
category 7, as in Definition [1.4.1]

(1) The kernel . = Ker G is a bilocalizing subcategory of (/). So T
is a bilocalization of P(A).
(2) G=Gelly, where G: (). > 7.
(3) The functors F and H are full embeddings with essential images,
respectively, . and .
(4) F(7¢) € 2°().
So we are in the situation of “siz gluing functors” of [37, 9.2]. Note that the
essential images of F and H usually do not coincide.

Proof. We only have to prove the statement (4). As G has right adjoint, it
preserves coproducts. Then, for a compact object A € 7 and an arbitrary
coproduct B = [[,.;B; in B = 2(),

HB(FA,B) ~ T(A,GB) ~ T (A, 11;c;GB;) ~
>~ [ier 7 (A, GB;) = [1,c;4(FA, Bj),
so FA is compact. O

1.5. Realization theorem. We recall the following “realization theorem”
(see [25] 4.3] or [31L 2.6]).

Theorem 1.5.1. Let o/ be an abelian cocomplete category with enough in-
jective objects, S be a set of compact generators of &/ and I% be an injective
resolution of A € S. Denote by A the DG-category with the set of objects S,
the sets of morphisms A™(A, B) = [, & (IK, IE™) and the differential

d(fr) = (dB° fr — (=1)" fry1°da),

where da is the differential in the complex I%. Then () ~ Z(A), the
derived category of the DG-category A in the sense of [25], and P°() ~
7°(A)f]

Certainly, when we speak about equivalences of triangulated categories,
we always mean that they are compatible with the triangulated structure.

A cocycle from A™(I%,I}) is evidently a morphism of complexes I —
I%;[n|, while coboundaries are morphisms homotopic to zero. Therefore
H*(A) coincides with the category E = Ext*(S) whose set of objects is
S and the set of morphisms A — B of degree i is Ext'(A, B). The latter
is a graded category (with zero differential), so its derived category in the
sense of Keller is just the derived category Z(E°P-GrMod) of graded (left)
E°P-modules. Usually this derived category is not equivalent to Z(A). One

4 9°(A) is equivalent to the category ) (A) in Keller’s notations [25] 4.2]. Note also
that Keller considers right A-modules when constructing Z(A).
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needs to consider E as an A, -algebra in order to obtain a derived equiva-
lence [24), [33]. Nevertheless, the following simple partial case often occurs in
calculations.

Corollary 1.5.2. Suppose that there is a subcategory H C A such that, for
every i and every A,B € S, Z'A(Iy,Iy) = H'(I%,Iy) ® B'A(IYy,I}y). Then
D) ~ P(E°P-GrMod) and 2°(</) ~ 2°(E°P-GrMod).

Proof. Under these conditions the embedding H — A is a quasi-isomorphism
and H ~ E. (|

Obviously, there are dual results concerning projective resolutions. We
prefer injectives, since our main goal is the study of categories of coherent
sheaves.

1.6. Rouquier dimension. We recall the definition of the dimension of a
triangulated category .7 by Rouquier [42].
Let S be a set of objects from a triangulated category .7. We define (S )i
recursively, setting
(S)1=add{A[n]|AeS,neZ},
(S)ky1=add{Cf|f:A— B, Be(S), A (S);},

where C'f is the cone of f, i.e. the third object of a triangle A hpsoo
A[l]. We write (C' )k, where C € Ob .7, instead of ({S}).

The dimension dim .7 of .7 equals d if d is the minimal integer such that
(C)gr1 = J for an object C. If such d does not exist, we set dim 7 =
oo. For instance, if A is a hereditary (but not semi-simple) ring, then
dim 2°(A-mod) = 1. If A is a finite dimensional algebra over a perfect field
and gl.dim A = d, then dim 2°(A-mod) < d [42, Proposition 7.4]. If X is a
smooth quasi-projective variety of dimension n, then dim 2°(Qcoh X) < 2n
[42, Proposition 7.9]. If X is a smooth curve, then dim 2°(Qcoh X) = 1 [38].

Proposition 1.6.1. Let o7, % be abelian categories, G : &/ — P be an exact
functor, F: B — & be a functor such that GoF ~ 14. Then dim 2°(%#) <
dim 2°(7).

Proof. Let 2°(e7) = (C*)qy1. As G is exacts, G({C*)r) C (G(C®))p.
Consider any complex B* from #°(%). Then the complex F(B*) obtained by
componentwise action of F belongs to 2°(.<7), hence to { C* )q41. Therefore,
the complex GeF(B*®) ~ B* belongs to (G(C*))q+1. Hence (G(C*))g41 =
P°(RB). a

1.7. Semi-orthogonal decompositions. Let .7 be a triangulated cocom-
plete category with a set of compact generators. A sequence of subsets
(S1,S2,...,S,) of Ob.7¢ is said to be a semi-orthogonal collection if S; C

S;- for j < 4. If, moreover, (S1,S2,...,Sm ) = ¢, they say that (S1,Sa,..., S )
is a semi-orthogonal decomposition of . Certainly, then (S, So,..., S, )* =

T.



10 IGOR BURBAN, YURIY DROZD, AND VOLDYMYR GAVRAN

Suppose that 7 is a k-category for some field k. A compact object C is
said to be exceptional if 7 (C,C[n]) =0 for n # 0, while 7(C,C) = k. A

semi-orthogonal collection (Cy,Ca,...,Cy,) of exceptional objects is called
an exceptional collection. If, moreover, (C1,Co,...,Cp ) = 7€, they say
that this exceptional collection is full, or (C1,Cy,...,Cy, ) is an exceptional

decomposition of 7.

1.8. Tilting. Recall that a triangulated category .7 is said to be algebraic
if there is a fully faithful exact functor .7 — (<) for some additive
category o [25]27]. A set of compact objects T of an algebraic triangulated
cocomplete category is said to be pre-tilting if 7 (T,T’[n]) = 0 for all objects
T,T' € T and all integers n # 0. If, moreover, T strongly generates .7, the
set 7 is said to be tilting. The results of [25, Section 4.3] (see also [27,
Section 7.5]) give the following property of such sets.

Theorem 1.8.1. Let 7 be an algebraic triangulated cocomplete category
and T be a pre-tilting set of objects from 7. We consider T as a full sub-
category of 7. There is an exact equivalence (T ) ~ PTP. In particular,
if T is a tilting set, F ~ PT°P.

Note that if a pre-tilting set T is finite, then T°P-Mod ~ A-Mod, where
A = (End @1 T)°P. Note also that if gl.dim T < oo, then (T) ~ ZPTP.
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2. NON-COMMUTATIVE SCHEMES AND THEIR DERIVED CATEGORIES

2.1. Non-commutative schemes. Let X be a scheme and A be an Ox-
algebra, i.e. a sheaf of Ox-algebras, which is quasi-coherent as a sheaf of Ox-
modules. We call the pair (X,.A) a non-commutative scheme. We call this
non-commutative scheme affine (separated, quasi-compact, projective) if so is
the scheme X. We call it reduced if A has no nilpotent ideals. For instance,
an affine non-commutative scheme is just a sheafification (Spec R, A”) of
an algebra A over a commutative ring R. A morphism of non-commuta-
tive schemes f : (X, A) — (Y, B) is a pair (fx, f), where fx : X =Y isa
morphism of schemes and f# : f;(lB — A is a morphism of f ilOy—algebras.

In what follows we always suppose that all considered non-commutative
schemes are quasi-compact and separated.

We denote by Qcoh A and Coh A the categories, respectively, of quasi-
coherent and coherent A-modules. In this context Qcoh.A consists of the
sheaves of A-module which are quasi-coherent as sheaves of Ox-modules. If
A is coherent as an Ox-module, then Coh A consists of A-modules which are
coherent as Ox-modules. As we suppose X quasi-compact and separated,
the category Qcoh A is a Grothendieck category. In particular, every quasi-
coherent A-module has a quasi-coherent injective envelop. A morphism of
non-commutative schemes f : (X,.A) — (Y, B) induces the functors of direct
image f. : Qcoh A — Qcoh B and inverse image f* : QcohB — Qcoh A.
Namely, f*F = A®f§13 f)}l}". As usually, (f*, f.) is an adjoint pair, i.e.
there is an isomorphism of functors Hom4(f*F,G) ~ Hompg(F, f.G). Note
that f* does not coincide with the inverse image under the underlying mor-
phism X — Y. We write Qcoh X, Coh X etc. instead of Qcoh Ox, Coh Ox
etc. If (X, A) = (Spec R, A™) is affine, we usually identify Qcoh A with the
category A-Mod of A-modules. If A is noetherian, Coh A is identified with
the category A-mod of finitely generated A-modules.

Proposition 2.1.1. Let C = cen(A), the center of A, X’ = SpecC be the
spectrum of the (commutative) Ox-algebra C, ¢ : X' — X be the structural
morphism, and A’ = ¢~ A.

(1) A" is an Oxs-algebra, so (X', A’) is a non-commutative scheme.

(2) For any F € Qcoh A the natural map F — ¢~ ' F an isomorphism.

(3) For any F' € Qcoh A’ the natural map ¢~ ¢ F — F' is an isomor-
phism.

(4) The functors ' and ¢« establish an equivalence of the categories
Qcoh A and Qcoh A’ as well as of Coh A and Coh A’.

Thus we can suppose, when necessary, that our non-commutative scheme
(X, A) is central, i.e. Ox = cenA, in particular, that A is a sincere Ox-
module, i.e. annp, A = 0. In this case, if (X,.A) is reduced, so is also the
scheme X.
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Proof. All claims are obviously local, so we can suppose that X = Spec R
and X’ = Spec R’, where R’ is the center of the R-algebra A = I'(X,.A).
Then all claims are trivial. ([l

We say that a central non-commutative scheme (X, .A) is noetherian if X
is noetherian and A is coherent as an Ox-module. If (X, A) is not necessarily
central, we say that it is noetherian if so is the central scheme (X', A’), where
X" = Spec(cen A) and A" = ¢~1(A), where ¢ : X’ — X is the structural
morphism. In particular, an affine non-commutative scheme (Spec R, A™)
is noetherian if and only if A is a noetherian algebra, i.e. C = cen A is
noetherian and A is a finitely generated C-module.

We call ext.dim Qcoh A = ext.dim Coh A the (left) global dimension of
the non-commutative scheme (X,.A) and denote it by gl.dim.A. If (X,.A)
is noetherian, then gl.dimA = sup{gldimA, |z € X} and gl.dim A =
gl.dim A°P [11], §8.3].

Let (X,.A) be noetherian. We denote by Ip.A the full subcategory of
Coh A consisting of locally projective modules, i.e. such A-modules P that
P, is a finitely generated projective A,-module for every point x € X. For
instance, if F is a locally free coherent Ox-module, then the A-module
A ®o, F is locally projective and locally finitely generated. We say that
(X, A) has enough locally projective modules if for every coherent A-module
M there is an epimorphism P — M for some module P € Ip A. Since any
quasi-coherent module is the sum of its coherent submodules, then for any
quasi-coherent A-module M there is an epimorphim P — M, where P is a
coproduct of modules from Ip. A. An important example arises as follows.

We say that a non-commutative scheme (X, .A) is quasi-projective if it
is noetherian and there is an ample Ox-module £ [22, Section 4.5]. Note
that in this case X is indeed a quasi-projective scheme over the ring R =

Dnsol(X, L£E7).

Proposition 2.1.2. Any quasi-projective non-commautative scheme (X, A)
has enough locally projective modules.

Proof. Let L be an ample O x-module, M be any coherent .4-module. There
is an epimorphism of Ox-modules nOx — M ®p, L™ for some m, hence
also an epimorphism F = nL®(-™) — M. Since Hom4(A ®0, F, M) ~
Homp, (F, M), it gives an epimorphism of A-modules A ®p, F — M,
where A ®o, F € IpA. O

We define an invertible A-module as an A-module Z such that End 47 ~
A°P and the natural map Homa(Z,A) @4 Z — (End4Z)°? ~ A is an iso-
morphism. For instance, the modules constructed in the preceding proof are
invertible. On the contrary, one easily proves that, if A is noetherian and
cen A = Ox, any invertible A-module Z is isomorphic to A ®p, £, where
L =Homa-4(Z,Z) and L is an invertible O x-module. (We will not use this
fact.)
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We call a noetherian non-commutative scheme (X,.A) strongly Goren-
steiﬂE] if inj.dimy A = dim X. Since a quasi-coherent sheaf is injective if
and only if all its stalks are injective and a localization of an injective mod-
ule is injective,

inj.dim 4 A = sup { inj.dim 4, A, | = is a closed point of X } .

So (X,A) is strongly Gorenstein if and only if all localizations A, are
strongly Gorenstein for the closed points of X. Moreover, we can replace
A, here by its completion A4, in the m;-adic topology.

2.2. Derived categories and functors. We denote by €A, 7 A and 2.A
respectively the category of complexes over Qcoh A, the category of com-
plexes modulo homotopy and the derived category of Qcoh A. If (X, A) =
(Spec R, A7) is affine, we also write €A, 7 A and 2 A instead of € A, 7 A
and Z2A. They are equivalent to the corresponding categories for complexes
of A-modules and usually identified with them. By 2°A we denote the
full subcategory of compact objects C* from Z.A. If X is quasi-compact
and separated, 2°A consists of perfect complexes, i.e. the complexes locally
quasi-isomorphic to finite complexes of finitely generated locally projective
modules. It is proved in [36] for the commutative case. The proof in the
non-commutative case is the same, since we have the crucial ingredient:

Proposition 2.2.1. Let R be a commutative ring, A be an R-algebra and
I = (f1,f2,...,fm) be a finitely generated ideal of R. Denote by A-Mody
the full subcategory of A-Mod consisting of all modules M such that for
every element v € M there is an integer k such that I*v = 0. Let Z1A
be the full subcategory of YA consisting of all complexes C* such that
H(C*) € R-Mody for all i. Then the Koszul complex K*(f1, fa,..., fm) =

R (A ER A) is a compact generator of ZrA.
Here ® denotes ® 4 and A is naturally considered as A-bimodule.

Proof. It just repeats the proof of [7, Proposition 6.1], since the elements
f1, f2, ..., fm act centrally on A. O

If (X, A) is noetherian and has enough locally projective modules (for in-
stance, is quasi-projective), the set P of coherent locally projective modules
is a set of compact generators for Qcoh A. Therefore, (P )¥ = 2.A, hence
2°A consists of complexes quasi-isomorphic to finite complexes of locally
projective modules.

Recall that a complex Z* is said to be K-injective [43] if for every acyclic
complex C* the complex Hom*(C*,Z*) is acyclic too. We denote by K-inj.A
the full subcategory of 7 A consisting of K-injective complexes and by
K-inj, A its full subcategory consisting of acyclic K-injective complexes.

5We use this term to avoid the ambiguity, since there are several versions of “Goren-
stein” in non-commutative case. Note that according to our definition A°P is strongly
Gorenstein if so is AIf A = Ox, strongly Gorenstein is the same as Gorenstein in the
usual sense of the commutative algebra.
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Corollary 2.2.2. Let (X, .A) be a non-commutative scheme.

(1) For every complex C* in €A there is a K-injective resolution, i.e.
a K-injective complex I* € € A together with a quasi-isomorphism
C* ~TI°.

(2) 2A ~ K-inj A/ K-inj, A.

Proof. As the category Qcoh A is a Grothendieck category, (1) follows im-
mediately from [2, Proposition 5.3] (see also [43, Lemma 3.7 and Proposition
3.13]). Then (2) follows from [43| Proposition 1.5]. O

A complex F* is said to be K-flat [43] if for every acyclic complex S* of
right A-modules the complex F* ® 4 S* is acyclic. The next result is quite
analogous to [I, Proposition 1.1] and the proof just repeats that of the cited

paper.

Proposition 2.2.3. Let (X, A) be a non-commutative scheme. Then for
every complex C* in € A there is a K-flat replica, i.e. a K-flat complex F*
quasi-isomorphic to C*.

Remark 2.2.4. If (X,.A) is noetherian and has enough locally projective
modules, every complex from % ~.A has a locally projective (hence flat) res-
olution. Then [43, Theorem 3.4] implies that for every complex C from o/ A
there is an Lp-resolution, i.e. a K-flat complex F* consisting of locally pro-
jective modules together with a quasi-isomorphism F* ~» C*. For instance,
it is the case if (X, A) is quasi-projective (Proposition [2.1.2)).

A complex Z°* is said to be weakly K-injective if for every acyclic K-flat
complex F* the complex Hom®(F*,Z°) is exact.

Proposition 2.2.5 ([43, Propositions 5.4 and 5.15]). Let f : (X, A) —
(Y, B) be a morphism of non-commutative scheme.
(1) If F* € €B is K-flat, then so is also f*F*. If, moreover, F is flat
and acyclic, then f*F is acyclic too.
(2) If T € €A is weakly K-injective, then f,. I is weakly K-injective. If,
moreover, I is weakly K-injective and acyclic, then f.Z is acyclic
too.

Proposition 2.2.6 (cf. [43] Section 6]). Let (X,.A) be a non-commutative
scheme.

(1) The derived functors RHom®% (F*,G*) and RHom*(F*,G*) exist and
can be calculated using a K-injective resolution of G* or a weakly
K-injective resolution of G* and a K-flat replica of F*.

L
(2) The derived functor F* @4 G*, where G* € DA, exists and can be
calculated using a K-flat replica either of F or of G. Moreover, if G
is an A-B-bimodule, where B is another sheaf of Ox-algebras, there
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are isomorphisms of functors
L
RHompg(F* ®4 G°*, M*) ~ RHom 4(F, RHomp(G*, M*))

RHomp(F* é@A G*, M*) ~ RHom(F,RHomp(G*, M*)).

(3) For every morphism f : (X, A) — (Y,B) the derived functors Lf* :
9B — DA and R fy : DA — DB exist. They can be calculated using,
respectively, K-flat replicas in €B and weakly K-injective resolutions
in €A. Moreover, there are isomorphisms of functors

RHomp(F*, Rf.G*) ~ RHom% (Lf*F*,G*)
RHomyz(F*, Rf.G*) ~ Rf. RHom®% (Lf*F*,G*).
(4) If g - (Y,B) — (Z,C) is another morphism of non-commutative
schemes, then L(ge f)* ~ Lf*°Lg* and R(g° f)« ~ Rg.°Rfs.
If the considered non-commutative schemes have enough locally projective

modules (for instance, are quasi-projective), one can replace in these state-
ments K-flat replicas by Lp-resolutions.

In particular, let f : A — B be a homomorphism of rings. We consider B
as an algebra over a subring S (an arbitrary one) of its center and A as an
algebra over the subring R = cen ANf~1(S). Then we can identify f with its
sheafification f~ : (Spec S, B”) — (Spec R, A™). In this context the functors
(f7)* and (f7). are just sheafifications of the, respectively, the “back-up”
functor gM + 4 M and the “change-of-scalars” functor 4N — B ®4 N.

2.3. Minors.

Definition 2.3.1. Let (X, B) be a non-commutative scheme, P be a locally
projective and locally finitely generated B-module, A = (Endg P)°P. The
non-commutative scheme (X, .A) is called a minor of the non-commutative
scheme (X, B)H

In this situation we consider P as B-A-bimodule (left over B, right over
A). Let PV = Hompg(P,B). It is an A-B-bimodule, locally projective and
locally finitely generated over . The following statements are evidently
local, then they are well-known.

Proposition 2.3.2. The natural homomorphism P — Hompg(P",B) is an
isomorphism. Moreover, A ~ Endg P ~P¥ R P.

We consider the following functors:
F=P®4_:QcohA— QcohB,
(2.3.1) G = Homp(P,_) : Qcoh B — Qcoh A,
H = Hom4(P",_) : Qcoh A — Qcoh B5.

61In the affine case this notion was introduced in [I6]. Actually, the main results of this
section are just global analogues of those from [16].
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Note that G is exact and G ~ P ®p _, so both (F,G) and (G, H) are adjoint
pairs of functors. If the non-commutative scheme (X, B) is noetherian, so is
also (X,.A) and these functors map coherent sheaves to coherent ones.

Theorem 2.3.3. (1) Qcoh A ~ Qcoh B/€, where € = Ker G = P~ is
a bilocalizing subcategory of Qcoh B. Thus Qcoh A is a bilocalization
of Qcoh B.

(2) The natural morphism ¢ : Lqeoh 4 — G°F is an isomorphism.

(2") The natural morphism ¢ : GeH — 1Qcoh 4 @S an isomorphism.

(3) The functor F is a full embedding and its essential image is ~%. So
the pair (F,G) induces an equivalence between Qcoh A and +% .

(3") The functor H is a full embedding and its essential image is €~. So
the pair (H, G) induces an equivalence between Qcoh A and €.

(4) +€ coincides with the full subcategory Qcoh P of Qcoh B consisting
of all modules M such that for every point x € X there is an ezxact
sequence P, — Py — M, — 0, where Py, Py are multiples (maybe,
infinite) of Py.

Proof. Theorem [1.3.1] and Corollary show that it is enough to prove
the following statement.

Proposition 2.3.4. The natural morphism ¢ : 1qecoha — G°F is an iso-
morphism and the essential image of F coincides with Qcoh P.

As both claims are local, we can suppose that the non-commutative
scheme (X, B) is affine, so replace Qcoh B by B-Mod, where B = I'( X, B).
Then P = P~ for some finitely generated projective B-module and A = A™,
where A = (Endp P)°P. Hence we can also replace Qcoh A by A-Mod and
Qcoh P by P-Mod, the full subcategory of B-Mod consisting of all modules
N such that there is an exact sequence P — Py — N — 0, where P; are
multiples (maybe infinite) of P.

Obviously, ¢(A) is an isomorphism. Since F and G preserve arbitrary
coproducts, ¢(F') is an isomorphism for any free A-module F. Let M €
A-Mod. There is an exact sequence I} — Fy — M — 0, which gives rise to
a commutative diagram with exact rows

13 Fy M 0
¢(F1)i ¢(Fo)l ¢(M)l
GeF(F)) — G°F(Fy) — G°F(M)—0

As the first two vertical arrows are isomorphisms, so is ¢(M ), which proves
the first claim. Moreover, we get an exact sequence F(F)) — F(Fp) —
F(N) — 0, where F(F;) are direct multiples (maybe infinite) of F(A) = P.
Therefore, F(A) € P-Mod.

Consider now the natural morphism ¢ : Fe G — 1p-mod. This time 1(P)
is an isomorphism. Let now N be a B-module such that there is an exact
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sequence P — Py — N, where P; are multiples (maybe infinite) of P. Hence
there is a commutative diagram with exact rows

FoG(P) —F°G(P) —=F°G(N)—0
w(Pl)l QP(PO)l w(N)l
P P() N 0

The first two vertical arrows are isomorphisms, so ¥(N) is also an isomor-
phism. Thus the essential image of F is indeed P-Mod. O

Actually, we can describe the kernel of this bilocalization explicitly.

Theorem 2.3.5. Let Ip = Im{up : P4 PY — B}, where u(p®@y) = v(p).
Then Ker G = { M € Qcoh B | ZpM = 0} ~ Qcoh(B/Zp).

Proof. Again the statement is local, so we only have to prove it for a ring
B, a finitely generated projective B-module P and the ideal Ip = Im up.
It follows from [I3| Proposition VII.3.1] that IpP = P. Therefore, if f :
P — M is non-zero, then IpIm f = Im f # 0, hence IpM # 0. On the
contrary, if IpM # 0, there is an element u € M, elements p; € P and
homomorphisms v; : P — B such that ) vi(pi)u # 0. Let 3 : B - M
maps 1 to v and v;* = Bv;. Then at least one of the homomorphisms 7} is
non-zero. [l

The functor G is exact, so it induces a functor DG : B — Z.A mapping
a complex F* to GF*. It is both left and right derived functor of G. We can
also consider the left derived functor LF of F and the right derived functor
RH of H, both being functors A — ZB. Obviously, DG maps 2?8 to
2° A, where 0 € {+,—,b}, LF maps 27 A to 298 for 0 € { —,b}, and RH
maps 2°A to 2°B for o € {+,b}.

Theorem 2.3.6. (1) The functors (LF,DG) and (DG, RH) form adjoint
pairs.

(2) 2A ~ PB/DxB, where € = KerG = P*, as in Theorem .
Moreover, Z¢B is a bilocalizing subcategory of 2B, so DA is a bilo-
calization of 2B.

(3) The natural map 144 — DGeLF is an isomorphism.

(3") The natural map DG°RH — 144 is an isomorphism.

(4) The functor LF is a full embedding and its essential image is ~% .
So the pair (LF,DG) defines an equivalence DA ~ +€.

(4) The functor RH is a full embedding and its essential image is €.
So the pair (RH,DG) defines an equivalence DA ~ €+.

(5) The functor LF maps 2°A to 2°B.

(6) L€ coincides with the full subcategory @7_3> of 9B consisting of com-
plexes quasi-isomorphic to K-flat complexes F* such that for every
x € X and every component F* the localization F. belongs to z_%glg’Px.

The same is true if we replace 9 by I~ .
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(7) If A and B have enough locally projective modules (for instance,
X is quasi-projective), € coincides with the full subcategory PP
of DB consisting of complexes quasi-isomorphic to K-flat complexes
F* such that F. € Add P, for every i € Z and every point x € X.
The same is true if we replace 9 by 9.

Proof. (1) Let F* be a K-flat replica of M* € A and Z°* be an injective
resolution of N'* € 92B. Then LFM* = FF* and DGN* = GZ*. As P €
Ip B, the complex FF* is K-flat and the complex GZI* is K-injective. By
Proposition (2),

Homp(FF*,Z°*) = RHomp(FF*,Z°) ~
~ RHom 4(F*,GZ*) = Hom4(F*,GZ*).

Hence LF is left adjoint to DG.

Choose now a K-flat replica G* of N'* and a K-injective resolution [J* of
M:*. Then DGN* = GG* and RHM* = H7*. By [43], Proposition 5.14], H7"*
is weakly K-injective. By Proposition [2.2.6((2) and [43, Proposition 6.1],

Hom4(GG*, J°) = RHom4(GG*, J*) ~
~ RHomp(G*,HJ*) = Homp(G*, HT*).
Hence RH is right adjoint to DG.

The statements (3) and (3') follow from the statements (2) and (2’) of The-
orem [2.3.3] Then the statements (2),(4) and (4') follow from Theorem [1.3.1]

and Corollary

(5) As the right adjoint DG of LF preserves arbitrary coproducts, LF maps
compact objects to compact ones.

(6) The construction of [I, Proposition 1.1] gives for any complex M* €
9.4 a quasi-isomorphic K-flat complex F* such that all its components F*
are flat. Moreover, F* is left bounded if so is M*. By [11], Ch. X, § 1, Théoreme 1],
Fi ~lim L, where £! are projective finitely generated A,-modules, hence
belong to add A;. Then LFM® ~ FF°*. As F preserves direct limits and
FA~P, FFl ~ lim FL! and FL! € add P,. Hence M* € IE.

On the contrary, let N* € @7_3>. We can suppose that it is K-flat and
for every i € Z and every * € X we can present N as h%m/\/;’“ where
Ni € add P,. Then the complex GA* is also K-flat [43] Proposition 5.4], so
LF°oDG(N*) ~ FG(N*). As the natural map FG(P) — P is an isomorphism,
the same is true for any module from é&d()i?’x. Therefore, the natural map
LFeDG(N) — N is also an isomorphism.

The proof of (7) is quite analogous to the proof of (6), taking into account
that in this situation every complex is quasi-isomorphic to a K-flat complex
of locally projective modules. O
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3. NON-COMMUTATIVE CURVES

3.1. Non-commutative curves. We call a curve a noetherian excellent
reduced scheme such that all its irreducible components are of dimension
1. We call a non-commutative curve a reduced non-commutative scheme
(X, A) such that X is a curve and A is a torsion free finitely generated Ox-
module. Note that, due to Proposition|2.1.1] we can suppose, without loss of
generality, that the Ox-module A is sincere. In what follows (X, .4) always
denotes a non-commutative scheme and we suppose that A is a sincere Ox-
module. We denote by X the set of closed points of X, by X,¢s and X,
respectively, its subsets of regular and singular points. As X is excellent
and reduced, the set X, is finite.

We denote by tf A the full subcategory of Coh A consisting of modules
which are torsion free or, the same, maximal Cohen—Macaulay over Ox.
Recall that modules from tf A can be defined locally. Namely, let = Kx
be the Ox-algebra which is locally the full ring of quotients of Ox and
KM =K ®oy M. Then KA is a sheaf of semi-simple K-algebras and A is
an Ox-order in ICA. It means that A is an Ox-subalgebra of LA coherent
as Ox-module and such that it generates KA as IC-module. If V is a coherent
KA-module, M C V is its coherent A-submodule and XM =V, we say that
M is an A-lattice in V. Obviously, then M € tf A, and any M € tf A can
(and will) be considered as an A-lattice in M. If M is an A-lattice in
VY and r is a closed point of X, then M, is an A,-lattice in V, and M is
completely defined by the set of A,-lattices { M, | z € Xq }.

Lemma 3.1.1. (1) If M and N are lattices in a coherent KA-module
V, then My = N for almost all closed points x € X .

(2) Let M etf A,V =KM, S be a finite set of closed points of X and
for each x € S be given a KA-lattice N(x) C Vy. Then there is an
A-lattice N C V such that N, = N(x) for all x € S and N, = M,
forallx ¢ S.

Proof. The first statement is evident. The second one is easily reduced to
the affine case. Then one can repeat the proof of [I0, Ch. 7, §4, Théoréeme 3]
almost without changes. O

Lemma 3.1.2. Any non-commutative curve (X,.A) has enough invertible
modules. Namely, the set

Li={A®o, L| L is an invertible ideal of Ox }
is a set of generators for Qcoh A.

Proof. 1t is enough to prove this statement for the curve X. Moreover, we
can suppose X irreducible. We have to show that for any quasi-coherent
Ox-module M there is a non-zero homomorphism £ — M, where £ is an
invertible submodule of Ox. Evidently, we can suppose that M is coherent
and either torsion or torsion free. If M is torsion and x € supp M, there
is a non-zero map ¢ : Ox, — M. There is an ideal N' C Ox such that
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N, = Ker¢ and N, = Ox,y for y # z. Then Ox /N ~ Im¢ C M which
gives a non-zero map Ox — M.

Let now M be torsion free, so M C KM. Replacing M by its intersection
with a simple submodule of XM, we can suppose that M C K’, where K’
is a simple direct summand of K. Let O’ be the projection of Ox onto
K’. Then both modules M/ M N O" and O'/M N O are torsion. Let S =
(supp M/ MNO)U (supp O’ /M N QO). Tt is a finite set. For each z € S
there is a submodule L'(x) C M, N O isomorphic to O,. We can find a
submodule L(z) C Ox , such that L'(z) is the projection of L(z) onto K’ and
L(z) ~ Ox,. Using Lemma[3.1.1] construct a submodule £ C M such that
Ly=L(z)ifx € Sand L, = Ox,ifx ¢ S. Then L is an invertible ideal and
the projection of £ onto K’ gives a non-zero homomorphism £ —- M. 0O

We will use the duality for left and right coherent torsion free A-modules
established in the following theorem.

Theorem 3.1.3. (1) There is a canonical A-module, i.e. such a mod-
ule wa € tf A that inj.dim qwa =1 and End gwa ~ A (so wa can
be considered as an A-bimodule). Moreover, w4 is isomorphic as a
bimodule to an ideal of A.
We denote by M*, where M € Qcoh A (or M € Qcoh A°P) the
A°P-module (respectively, A-module) Hom 4(M,w4) (respectively,
Hom oo (M, w4)).

(2) The natural map M — M** is an isomorphism for every M € tf A
(or M € tf A°P) and the functors M — M* establish an exact
duality of the categories tf A and tf A°P. Moreover, if M € Coh A,
then M** ~ M/ tors M, where tors M denotes the mazimal Ox -
periodic submodule of M.

Proof. Each local ring O, = Ox , is excellent, so its integral closure in K,
is finitely generated and its completion O, is reduced. Therefore O, has a
canonical module w, which can be considered as an ideal in O, [23 Korol-
lar 2.12]. Moreover, O, is normal for almost all z € X and in this case we
can take w; = Ox . By Lemma [3.1.1] there is an ideal wy C Ox such that
wx,z = wg for each x € X. Then inj.dimy, wx = sup inj.dimox,z wx} =
1. As the natural map Ox, — End@X‘I wg is an isomorphism for each
x € X, the natural map Ox — &ndp, wx is an isomorphism too. There-
fore, wx is a canonical Ox-module. Then it is known that the functor
M = M* = Homp, (M,wx) is an exact self-duality of tf Ox and the nat-
ural map M — M** is an isomorphism. Set now w4 = Homo, (A, wx).
Then Hom 4(M,wa) =~ Home, (M,wx) for any A-module M, whence all
statements of the theorem follow. ([l

3.2. Minors for curves. In this subsection (X, B) denotes a non-commuta-
tive curve, P is a locally projective coherent A-module and A = (Endg P)°P
is the corresponding minor of B. We supplement the results of Section [2.3]
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for the functors F, G, F defined by the rules and their derived functors.
All these functors map coherent sheaves to coherent ones. The functor G
maps tf B to tf A and H maps tf A to tf B. It is not true for F, so we modify
it setting FIM = (FM)**. Then F' also maps tf A to tf B. We denote by
P’ the B-module (PV)*.

Theorem 3.2.1. (1) The functors H and G establish an equivalence of
tf A and tf* P, where tf* P is the full subcategory of tf B consisting
of all torsion free B-modules M such that for every point x € X
there is an exact sequence 0 — M, — Q — N — 0, where Q) is a
multiple of the By,-module P, and N € tf A,.

(2) The restriction of functor FT onto tf A is left adjoint to the restriction
of G onto tf B. Moreover, if M € tf A, the natural map G°F(M) is
an isomorphism and the functors F1 and G define an equivalence of
the categories tf A and tf P, where tf P is the full subcategory of tf B
consisting of all sheaves M such that for every point x € X there is
an epimorphism n'Py — Mm

Proof. (1) This statement is local, so we can suppose that X = Spec R,
where R is an excellent local reduced ring of Krull dimension 1, B = B~
for some R-order B, i.e. an R-algebra B without nilpotent ideals which
is finitely generated and torsion free as an R-module, P = P~ for some
finitely generated projective B-module P. Moreover, we can suppose that
P is sincere as B-module. Then A = A”, where A = Endg P. If L € tf A,
there is an exact sequence mA — nA — L* — 0, which gives an exact
sequence

(3.2.1) 0—L—>nA"—mA".

We denote by v the natural morphism 1g-mog — H°G. For M = A* we
have

H(A*) = Homa (P, Hompg(A,wRr)) ~
~ Hompg(P",wr) = P/,

G(P') = Homp(P,Hompg(P",wg)) ~
~ Hompg(P' ®p P,wr) ~ A",

since P¥ ®p P ~ A. Hence ¢ (P’) is an isomorphism. The exact sequence
(3.2.1) gives an exact sequence 0 — H(L) — nP’ — mP’, which shows that

H(L) € tf* P. Let now M € tf* P. An exact sequence 0 — M — nP' —

N — 0, where N € tf B, gives an exact sequence 0 — GM — G(nP') —

GN — 0. For any B-module N, )(N) maps € N to the homomorphism
N — Homa (PY,Homp(P,N)) ~ Hompg(P ®4 P",N)

mapping € N to the homomorphism P ® 4 PY — N which maps a ®
to y(a)x. Tensoring with the full ring of quotient K of B, we obtain the

"In affine case, under some restrictions, it was also established in [16].
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map KN — Homgp(KP ®ka KPY,KN). As KB is semi-simple and
K P is sincere, the natural map KP Qg4 KPY — B is surjective, hence
K1(N) is injective. If N is torsion free, hence embeds into K N, it implies
that ¢(INV) is injective. So we have a commutative diagram

0 M nP’ N
iww) lw(nm iw(m
0 ——= HoG(M) —= HoG(nP') —= HeG(N).

Since 1 (nP’) is an isomorphism and ¢ (N) is a monomorphism, (M) is an
isomorphism, so M € Im H.

(2) If M € tf A and N € tf B, then also GN € tf A, so
Homp(FT M, ) ~ Homg(FM, ') ~ Homg(M, GN),
which proves the first claim. Consider now the functors
H' = Hom4(P,_) : Qcoh A°P — Qcoh BP,
G' = Homp(P", ) : Qcoh B°® — Qcoh A°P.

As we have just proved, they establish an equivalence between the categories
tf A°P and tf* P, where tf* P consists of all right B-modules A such that
for every point z € X there is an exact sequence 0 — N, — Q — N’ — 0,
where @ is a multiple of PX and N’ € tf B,. Equivalently, there is an
epimorphism Q* — N}, i.e. N* € tf P. On the other hand,

H' M* = Hom A (P, Homo, (M, wx)) ~
~ Homoy (P @4 M,wx) = (P @4 M)" = FIM.
Hence the statement about FT and G follows by duality. O

3.3. Morita equivalence. We call two non-commutative schemes (X,.A)
and (Y, B) Morita equivalent if Qcoh A ~ Qcoh B. From Theorem it
follows that (X,.A) and (Y, B) are Morita equivalent if there is a locally pro-
jective and locally finitely generated A-module P such that B ~ (End_4 P)°P
and P, is a generator of A,-Mod for every point € X. In this case we say
that P is a local progenerator for A. It so happens that for curves we can
check Morita equivalent locally.

First of all we recall some facts concerning normal curves. An over-ring
of a non-commutative curve (X,.4) is, by definition, a non-commutative
curve (X, A"), where 4 C A" C KA and A’ is coherent as Ox-module (or,
the same, as A-module). Note that, due to Lemma over-rings can be
constructed locally. Namely, given a finite subset S C X and an over-ring
A'(z) of A, for every z € S, there is an over-ring A’ of A such that A, = A,
if z ¢ S, while A/, = A'(z) for all z € S.

We say that a non-commutative curve (X, .A) is normal if it has no proper
over-rings. Then, if (X, .A) is central, X is also normal, hence regular. If
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(X, A) is normal, every module M € tf A is locally projective [15, Theo-
rem 26.12]. If it is sincere, it is a local progenerator for A, so A is Morita
equivalent to B = (End.4 M)°P.

As a non-commutative curve (X, .A) is noetherian, excellent and reduced,
there is a normal over-ring (X, A’) of A.

Theorem 3.3.1. Let (X, A) and (X,B) be non-commutative curves such
that the rings A, and B, are Morita equivalent for every point x € Xg.
Then these non-commutative curves are Morita equivalent.

Proof. From the Morita theorem for rings it follows that for every point
x € X there is a progenerator P, for A, such that B, ~ (Endg4, P,)°P.
There is a K A-module V such that V, = K, P, for all x. In particular, V, is
a sincere K.A-module. Choose a normal over-ring A’ of A an A-lattice M
in V. Then M is a local progenerator for A" and B’ = (End 4 M is Morita
equivalent to A". We set P, = M, for all points = such that A, = A/, and
B, = B... These are almost all points of X. By Lemma cur-1, there is an
A-lattice P such that P, = P, for all . Then P is a local progenerator for
A and B ~ (End 4 P)°P. O

Corollary 3.3.2. Let (X, A) and (X, B) be two normal non-commutative

curves. If the K-algebras KA and KB are Morita equivalent, so are A and
B.

Proof. If KA and KB are Morita equivalent, there is a sincere K. A-module
V such that KB ~ (Endgx.4V)°P. Then it is known [15] that 4, and B,
are Morita equivalent for all points x € X. Thus A and B are Morita
equivalent. ([

Let I'(X,KA) = [];_; Mat(m;, D;), where D; are skew fields. Corol-
lary implies that a normal non-commutative curve (X,.A) is defined
up to Morita equivalence by the set { D1, Do, ..., D;}.

3.4. Hereditary non-commutative curves. We call a non-commutative
curve (X, A) hereditary if gl.dim A, = 1 for every x € X,j. Then Ext’y (M, N)
0ifi >1ori=1and M € tf A. Hence Et'y(M,N) = 0 for i > 2 and
Exth(/\/l,./\/’ ) has finite support for any coherent modules M and A. There-
fore, Ext’y = 0 for i > 1, so gl.dim A = 1, and ExtY (M, N) =0 if M € tf A
and N is torsion. It means that any coherent A-module is a direct sum of
a torsion free module and a torsion one. A torsion free coherent A-module
L is said to be irreducible if LA is a simple K.A-module.

As we have already mentioned, a normal non-commutative curve is hered-
itary [15, Theorem 26.12]. Moreover, any hereditary (X,.4) coincides with
the intersection of its maximal over-rings [I8, Theorem 1.1]. Therefore, if
(X, A) is hereditary and central, X is normal.

Existence of normal over-rings implies important homological properties
of non-commutative curves.
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Proposition 3.4.1. Let (X, A) be a non-commutative curve, M and N be
coherent A-modules.
(1) If i > 1, then Exty(M,N) = HY(X, &ty (M, N)) fori > 1. In
particular, Extf4(/\/l,./\/') =0ifi>1 and M is locally projective.
(2) If M is locally projective, then ExtYy (M, N') ~ H (X, Hom o(M,N)).

Proof. We use the spectral sequence
HP(X, ExtY (M, N)) = Ext (M, N).

Let A’ be a normal over-ring of A. As it is hereditary and A, = A for
almost all z € X, the modules &xt’y (M, N') have finite support for any i > 0,
which implies (1). If M is locally projective, Exti‘(./\/l,/\/‘) =0 for i > 0,
whence (2). O

3.5. Endomorphism construction. We use the results on minors in the
following situation. Let (X,.A) be a non-commutative curve, F be a co-
herent torsion free A-module, Fy = A& F and Ar = (Endq F4)P. If
E = (End o F)°P, then Ax can be identified with the algebra of matrices of
the form
A F
F &
Thus Fy is identified with the locally projective right Ar-module eAr =
(A F), where e = (}9), and FY = Homa, (Fy, AF) is identified with the
locally projective Az-module Are = (]“_f‘,) ~ Hom 4(F4, A). Moreover,
A~ eAre~ (Enda, FY)P
Let also P = Ar(1 —€) = (% ). Then P’ = Homa, (P, Ar) ~ (1 — e)Ar ~
(F' &) and (Enda, P)°P ~ (1 — e)Ar(l —e) ~ €. So we can apply the
previous results to the functors
F=F]®a-:Qcoh A — Qcoh Ar,
G = Homa,(FY,-): Qcoh Ar — Qcoh A,
H = Hom4(F4+,-) : Qcoh A — Qcoh Ax,

) , where F' = Hom4(F, A).

as well as to the functors

F/'=P ®¢_: Qcoh& — Qcoh Ar,
G' = Homa, (P, ) : Qcoh Ar — Qcoh &,
H' = Home(P', ) : Qcoh & — Qcoh Ax

and for modifications FT and F'T of the functors F and F’, which map torsion
free sheaves to torsion free ones. Qcoh A is a bilocalization of Qcoh B and
P A is a bilocalization of ZB. Namely, Qcoh A ~ Qcoh Ax/%, where ¢ =
(FY)t is bilocalizing in Qcoh Ax, and ZA ~ I Ar/ Dy Ar, where Dy Ar is
bilocalizing in . Ax. The functors F and F’ define full embeddings of the
categories, respectively, Qcoh A and Qcoh £ (Coh A and Coh £) into Qcoh Ax
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(Coh Ax). Their left derived functors LF and LF’ define full embeddings of
the categories, respectively, ZA and 2& (7°A and 2°E) into ZAr (7°AFr).
The next statement is an immediate consequence of Theorem [2.3.5

li’roposition 3.5.1. The category € = (]—X)J— is equivalent to Qcoh &, where
E = E&/ZI, where T is the image of the natural map pr : F' @4 F — E.

Proof. Indeed, the components A, F and F’ of the matrix presentation of
Ar are contained in Im pp and Imup N E = Im pr. O

Lemma 3.5.2. (1) Let M € Qcoh Ax, ppq: FeG(M) = M and ¢ :
F'eG' (M) — M be the natural homomorphisms arising from the
adjunction. Then Im ¢ + Im ¢/ = M.

(2) X = F(La) UF(Lg) is a set of compact generators of Qcoh Ar,
hence a set of compact strong generators for QAx. Therefore, P°Ar
consists of complexes quasi-isomorphic to finite complexes of modules
from add X.

(3) If L is an ample Ox-module, the set

2[;:{fi@oxﬁ®”|n€Z}U{P®oxﬁ®”]nEZ}.

is a set of compact generators of Qcoh Ax, hence a set of compact
strong generators of DArx. Therefore, P°Ax consists of complezes
quasi-isomorphic to finite complexes of modules from add X .

Proof. Let M be a quasi-coherent Ar-module, M; = eM ~ GM and
My =(1-e)M ~GM. Then M = M; & M;y (as Ox-module), FM; =
MBS F @4 My, FMy = My & F Q¢ Ma, Imopprg = My & Imp; and
Im ¢’ M = Im pg & Mo, where py : F' @4 M1 — Mo and ps 1 F @ Mo —
M arise from the multiplication Ar x M — M. It proves (1). Then (2)
follows immediately from Lemma and (3) from Proposition m U

Theorem 3.5.3. If A is strongly Gorenstein, the restrictions of LF and RH
onto Y°A are isomorphic. Hence the restriction of LF onto 2°A is both left
and right adjoint to the restriction of DG onto 2° Ar.

Proof. Note first that if M is a locally projective coherent /-module, then
the natural map FY ® 4 M — Hom 4(F, M) is an isomorphism. Indeed, this
claim is local, so it is enough to verify it for M = A, and we have already
mentioned that 7Y ~ Hom 4(F4, A).

As A has enough locally projective modules, Z°A consists of complexes
quasi-isomorphic to finite complexes of locally projective coherent modules.
Let F* be such a complex. As ICA is injective as A-module, all modules
ICF? are injective. As inj.dim 4.A = 1 and hence inj.dim 4 7' = 1 too, the
quotient modules ICF!/F* are also injective. It gives an exact sequence of
complexes

0= F s KkF L KF*/F* = 0.
Thus F* ~ Cf[-1], where C'f is the cone of f. All components of C'f
are injective, hence RH(F*) = H(C f[—1]). Applying H, we obtain an exact
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sequence of complexes

0= H(F") = HICF?) 29 Hiers /7o) — oty (P, F?)
and ExtYy (P, F*) = 0, since inj.dim 4 7% = 1 and P is torsion free. Therefore,
H(F*) is quasi-isomorphic to CH(f)[—1] which coincides with H(C f[—1]) =
RH(F*). As H(F*®) ~ F(F*) = LF(F*), we have proved the statement. [

3.6. Hereditary over-rings. Let now (X,?) be any hereditary (for in-
stance, normal) over-ring of A, Z be the conductor of H in A, i.e. the
annihilator of the right A-module H/A. Then

T(U) = { ) € K(U) | H{U)X C AU)Y}

for every open U C X, so Z can be identified with Hom 4(#,.A). Apply the
construction of the preceding subsection to the A-module 7 = H. Then
(using the corresponding notations) £ = H,

A H
Hy = (é) and P = (7—[ H) Since P and PV = (I ’H) are locally
projective as H-modules, the functors F' and G’ establish an equivalence of
the category IpH = tf H and the full subcategory Ip P of Ip Ay consisting of
all modules NV such that AV, € add P, for all z € X. Moreover, these functors
are exact, so there derived functors are just calculated by applying F’ and
G’ to each component of a complex. They establish an equivalence between
2H and the full subcategory 2P C P.Ay consisting of all complexes that
are quasi-isomorphic to K-flat complexes F* such that each component JF.
belongs to AddP,. As F’ maps K-injective complexes to K-injective, also
RHom 4,, (FM*,FFN*) ~ RHom g(M*,N*).

Consider also the submodule 7/ = (%) C H, and the quotient Q =
Hy /T = (A(éI). Note that Z' ~ F'Z and Z € Ly, so Z’ belongs to F'(Ly),
hence to Ip Az. On the other hand, G'Q = (1 —e)Q = 0. Note also that the
category Ker G in this case is equivalent to Qcoh(H /ZH).

Proposition 3.6.1. (1) 2A4 = (Q,F(Ly) )¥ is a semi-orthogonal de-
composition of DAy.
(2) Extly, (FN,Q) =0 forall i€ Z.
(3) Ext&H(Q,M) =0 for every M € Coh Ay and i > 1.
(4) Let v : N — Homy(Z,N) be induced by the embedding T — H.
Then

Hom 4,,(Q, FN) ~ H(X,Ker ),
ExthH(Q, FN) ~H(X,Cok~).

(5) Ext’, (Q,Q) =0 fori #0.



NON-COMMUTATIVE SCHEMES AND CATEGORICAL RESOLUTIONS 27

Proof. (2) follows from the equality
RHom 4,, (F NV, Q) ~ RHomy (N, G Q) = 0.

(1) I’ = F/(Z) is locally projective and belongs to (F'(Ly)) as well as
any module 7' ®o,, £, where L is an invertible Ox-ideal. There is an exact
sequence

0T @0y L= HL @0y L= QR0 L — 0,
where Q®o, L ~ Q, since Q is torsion. It shows that F(L4) C ( Q,F'(Ly)).
By Lemma DA =(Q,F(Ly))~.
(3-5) As Q is torsion, the spectral sequence
HP (X, Extdy (Q,M)) = Extl[1(Q, M)

implies that Extim(Q,M) ~ HY(X, ExtQH(Q,M)). The exact sequence
0—=7Z — H{ —- Q— 0, where Z’ € Ip Ay, implies that Sztfélﬂ(Q,./\/l) =0
for any ¢ > 1 and any coherent M, while

Hom 4,,(Q, M) ~ Ker §3,

ExthH(Q,./\/l) ~ Cok 3,
where 8 : Hom a,,(HY, M) = Hom 4,,(Z', M) is induced by the embedding
7' — HY. If M =FN, then
Hom a,, (L', M) = Hom a,,(F Z, M) ~ Homy (Z,G' M) ~ Homy (Z,N)

and, as MY = Aye, Homa,, (H{, M) ~ eM ~ N. Under these identifi-

cations 3 is transformed to 7. Finally, Hom 4, (Z’, Q) = 0, which implies
(5). O
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4. CATEGORICAL RESOLUTIONS FOR CURVES

In this section we suppose that (X, .4) is a non-commutative curve such
that X is an algebraic curve over an algebraically closed field k. Without
loss of generality we suppose that it is central, i.e. cen A = Ox. We call
this non-commutative curve rational if so are all irreducible components
of X, ie. K ~ k(t)® for some s. Let H be a hereditary over-ring of A
and X = Spec(cen). Then v : X — X is the normalization of X. In
what follows we write O for Ox and O for Og. If {X1,Xs,..., X, } are

irreducible (or, the same, connected) components of X, then O = @leéi,
where O; = 1, Ox;.

4.1. Structure of hereditary non-commutative curves. We recall ba-
sic facts about hereditary non-commutative curves in the algebraic case (see
also [14], where Theorem is given in a different, but equivalent form).
Recall that the center of such a curve is always normal. Hence, without loss
of generality, we can only consider central irreducible hereditary non-com-
mutative curves.

Theorem 4.1.1. Up to Morita equivalence, a central connected hereditary
non-commutative curve is defined by the following data (called hereditary
data):

e a normal curve X;

e q finite set S C X¢;
e an integer k(z) > 1 for each x € S.

The case S = 0 correspond to normal non-commutative curves.

Proof. Let (X, A) be a a central connected hereditary non-commutative
curve. It is known that the Brauer group Br(K) is trivial [30]. There-
fore, KH = Mat(n, ) for some n. Hence any normal O-order in KH is
Morita equivalentto Ox. Let S = {x € X | H; is not normal }, k = k(x)
and ni,ng,...,n, be positive integers such that Zle n; = n. Consider
the subring H,(ny,ne,...,nt) C Mat(n, O,) consisting of all block matri-
ces (A;j), where A;; € Mat(n; x nj,O,) and A;; = 0 (mod m). From [I5]
Theorem 26.28] it follows that every hereditary O, -order in Mat(n,K) is
isomorphic to H(ny,na,...,nk) for some k and n;. Moreover, the rings
H,(ni,n2,...,n;) and H,(my,ma,...,m;) are Morita equivalent if and
only if k = [. Thus, by Theorem the data (X, S,k(x) | z € S) define

the hereditary non-commutative curve (X, H) up to Morita equivalence. [
We denote by H(X, S, k,n), where k = {k(z) |z € S},
n={niz)|zes 1<i<k(z)},
the non-commutative curve (X, H) such that

S ={x € Xy |H, is not normal }
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and, for every x € S, Hy = Hy(n1,n2,...,Np(y)). As we have just seen,
these are Morita representatives for all irreducible hereditary non-commu-
tative curves. Note that the sums Zfﬁ? n; must have the same value N for
all z € §. Set Nj(z) = 23;11 ni(x). We denote by £ the H-module nO and
by L, ; the submodule of £ such that (L, ;), = £, if y # « and (Lyj)a
consists of all columns (ap, ag, . .. ,ak(x)) such that a; € m, for i« < N;. Note
that £,1 = £ and L, )41 = L(—7) = L ®0o O(—x). For every v € S we
have the chain of submodules

L=Ly1DLp2DLy3...D Ew,k(m) D) £I7k($)+1 = L(—x).
Let Uy j = Ly /Ly j41 for 1 < j < k(z), U, =L/L(—y)ify & 5S.
Proposition 4.1.2. (1) The set

{UpjlzeS 1<j<k(z);u{Uy|y¢S}
s a full set of representatives of isomorphism classes of simple H-
modules.
(2) Let

L:{E,ﬁ(—l‘) |x€Xcl}U{£x,j |$€S, 1 <j Sk‘($)}

Then (L) = 2°H, hence (L)* = ZH.
Proof. (1) follows from [40, Corollary 39.18]. Hence every simple H-module,
thus every H-module of finite length belongs to (L). Let M € tf H, then
KM = m(KL) for some m. If M’ = mL, then both M/(M N M’) and

M /(M/ N M) are of finite length, hence belong to (L). Therefore M €
(L), so (L) = 2°(CohH) = I°H. O

Theorem 4.1.3. In the above notations, suppose that X is rational. Let
0 € X be an arbitrary point.

(1) The set
Ly ={L,L(-0)}U{Lyj|zeS 1<j<k(z)}

generates YH, hence strongly generates ZH.
(2) If £, L" € Ly, then Exty, (L', L") =0 for all i > 0, while
1 if L =rL

or L' =L(—o), L" =L, ;,

or L'=Lyj, L'=L,

or L'=Lyj, L' =Ly, j >k,
2 i L =L(-o), LN=L,
0 in all other cases.

dim Homy (L', L") =

In particular, Ly is a tilting set for the category PH.

(3) If 0,5 are generators of the spaces Homy (Ly j+1,Laj) (1 < j < kj),
then the products 0, = 0,16,9 . .. 995,1@3- are non-zero and any two of
them generate Homy (L(—o0), L).
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Proof. (1) If X ~ P!, then all sheaves O(—z), hence all sheaves £(—z) are
isomorphic, so we can apply Proposition
(2) From the definition of £ and L;; it immediately follows that

0 it £ = "
or L'=Ly;, L"=L,

[ . " _ .
Homy (L', L") ~ or L' =Ly, L7 =Ly g, j >k,

O(o—z) if LM'=L(-o0), L" =L,
O(o) if £'=L(-o0), L' =L,
O(—o) in all other cases.

Since Ext}, (£, L") = H (Homy (L', £")), it implies the statement.

(3) One easily sees that, if z = (1: £) as the point of P!, then 6, up to a
scalar, is the multiplication by ¢ — £, where t is the affine coordinate on the
affine chart Aj. Now the statement is obvious. O

Recall that a canonical algebra by Ringel [41] is given by a sequence of
integers (k1, ko, ..., k), where r > 2 and all k; > 2 if r > 2, and a sequence
(A3, \g, ..., \y) of different elements from k (if » = 2, this sequence is empty).
Namely, this algebra, which we denote by R(ki,ka,..., kA3, ..., \), 18
given by the quiver

Ay —1,1

(4.1.1) i

c e @
Q12 Q22 Akg—1,2 Qo2
A1y : A’F

ce. O —> 0
Qa2r Ay —1,7

with relations a; = a1 + Ajag for 3 < j < r, where a; = Q;j - - - Q25005
Certainly, if » = 2, it is the path algebra of a quiver of type Ak1+k2- In
particular, if r = 2, k1 = ko = 1, it is the Kronecker algebra.

Corollary 4.1.4. Let (X,H) be a rational projective hereditary non-commu-
tative curve given by a hereditary data { X, S, k(z) |2 € S}, T = @ ey, I
A= (Endy T)®. If S = {x1,29,...,2, } withr > 2, we set k; = k(x;).
If S ={x}, wesetr =2, kg =1 and ky = k(z). If S = 0, we set
7":2, klzkgzl.

(1) A ~R(k1,ko, ... kr;A3,..., Ap) for some Ag, ..., A\
(2) The functor Homy (T, _) induces an equivalence IH ~ P A.

Proof. (1) follows from the statement (3) of the preceding theorem. As Ly
strongly generates ZH and Ext}, (L', L") =0, T is a tilting object, whence
(2) follows. O
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Actually, the preceding considerations show that a rational projective
hereditary non-commutative curve is Morita equivalent to a weighted projec-
tive line by Geigle-Lenzing [20]. It can also be deduced from the description
of hereditary non-commutative curves and the remark on page 271 of [20].

4.2. Konig resolution. Let (X, .A) be a non-commutative curve. We de-
note by Agg the subset of X consisting of all points = such that A, is not
hereditary. By J = J(A) we denote the singular ideal of A defined by its
local components

rad A, if x € Ag.
We also denote by A? the over-ring of A such that
AL ={NeKpdy | NI, € T} forall z € Xy.

Note that in commutative case, when A = Ox, J = Jx is the ideal of the
singular locus X¢;. We use the fact which follows from [40), Theorem 39.14].

Proposition 4.2.1. A is hereditary if and only if A* = A.

g {Ax if o ¢ A,

So we construct the chain of over-rings of A setting A; = A and Agq =
A?ﬁ. Proposition shows that there is n such that A,4; is hereditary
(then A, = Ap4q for all m > n). The smallest n with this property
is called the level of A. Set Ag = Z;L%Ak, where n is the level of A,
A = (End4 Ag)°P. We call A the Konig resolution of A and identify it
with the sheaf of (n + 1) x (n + 1) matrices (a;;) such that a;; € A;; =
Hom a(Ai, Aj), where A; and A; are considered as right A-modules. In
particular, A;; = A; if i < j and A; = A, = Hom 4(A;, A). We denote by
P; the A-module fteii, where e;; denote the natural matrix units of A. Note
that P; ~ Hom (A, A). Let also & = (End 4 @}F5Ap)% identified with
the sheaf of matrices (a;5) (2 < 4,5 < n+ 1) with a;; € A;j, and Z be the
ideal of £ consisting of such matrices that a;; € A/A;.

Theorem 4.2.2. (1) gl.dim A < oo.

(2) Qcoh A ~ Qcoh A/%, where € = Pi- is a bilocalizing subcategory of
Qcoh A. So Qcoh A is a bilocalization of Qcoh A. Moreover, € ~
Qcoh &, where € =E/T.

(3) The functors F = (Ag) @4 - and H = Hom 4(Ag, ) define equiva-
lences, respectively, Qcoh A ~ +€ and Qcoh A ~ €.

(4) ImF consists of such A-modules M that for every point x € Ay there
is and exact sequence Py — Py — M, where Py, P € Add P ;.

(5) 2A~ DA) Dy A and Dg A is a bilocalizing subcategory of DA.

(6) The functors LF and RH define equivalences, respectively, A ~
Y24 A) and DA ~ (24 A)*.

(7) Im LF consists of the complexes quasi-isomorphic to K-flat complezxes
M?® such that Fi € Add Py for everyi € Z and every x € Agg. The
same s true if we replace 9 by P~ .
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(8) The functor H induces an equivalence of tf A and tf* Py, where tf* Py
consists of all torsion free coherent A-modules M such that for every
x € Agg there is an exact sequence 0 — My, — Q@ — N — 0, where
N is torsion free and Q is a multiple of A7,.

(9) The functor FT, where FT(M) = (FM)*™, induces an equivalence
of tf A and FP1, where FPy consists of all torsion free coherent A-
modules M such that for every x € Asg there is an epimorphism
mPl,m — M

(10) If A is strongly Gorenstein, the restrictions of LF and RH onto 2°<f
coincide.
Thus the functor G = Hom ;((A1)',_) gives a resolution 2A — DA and,
if A is strongly Gorenstein, this resolution is weakly crepant.

Proof. (1) follows from [26]. The other statements are partial cases of The-
orems [2.3.3] [2.3.6] 3.2.1] [3.5.3| and Proposition since P; ~ (Ag),
Py ~ Ag and (End Pp)°P ~ A. O

4.3. Finite dimensional resolution. Let now (X,.A) be a rational pro-
jective non-commutative curve, (X,?H) be its hereditary over-ring (for in-
stance, a normal one). Note that (X, #) is not necessarily central and the
scheme X = Spec(cenH) is not necessarily connected. Let X, Xo,..., X;
be the connected (or, the same, irreducible) components of X. Then H =
[I;_ Ha, where X, = Spec(cenH,). We use the tilting sets

Ly, = { LY L%(~0a) }U{ LS }

from Theorem and the functor F' : QcohH — Qcoh Ay from Sec-
tion We set L% = F'L% and L] ; = F'L] ;. We also choose closed points

0a € X, and define Q = H /7' = (Aél) as on page

Theorem 4.3.1. The set T = {Q[—1],Za,fa(—oa),fg,j |[1<a< s} is

a tilting set for 2Ay. Therefore the functor Homga, (T,-), where T =
DBeerC, induces an equivalence DAy ~ DA, where A = Endga,, T.

Note that, since X is projective, A is a finite dimensional k-algebra. If
necessary, we denote this algebra A(A, H).

Proof. Tt follows immediately from Proposition [3.6.1]and Theorem[£.1.3] O
Remark 4.3.2. Let Q = I'(X, A/T)°? ~ Endy,, Q, Go = L* ® LY(—04) ®
(EBQ,Z-JE;J-), R, = (Endy, Go)®, G = @G and R = (Endy G)°P. Then
each R, is a canonical algebra (Corollary , R~]][, R, and A can be
identified with the algebra of triangular matrices

_(Q FE
1=(3 %)
with E = EX‘L}L‘H (Q,F'G). Unfortunately, this algebra needs not be of finite

global dimension, even if we consider “usual” (commutative) curves, as the
following example shows.
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Example 4.3.3. Let X C P? consists of 3 lines passing through a point
x and A = O = Ox (a plane curve singularity of type D4). Then the
normalization X of X consists of 3 disjoint projective lines X; (i € {1,2,3}).
Let z; be the preimage of z under the normalization map v : X — X,
0= .05 = 01 @ Oy & O3, where O; = v,Ox, and t; be a generator of
the maximal ideal of O; ;. As O is a unique hereditary over-ring of @, we
must take % = O. Then Z, = @?th?(’)i and m, is generated as O, -module
by the elements a = (¢1,t2,0) and b = (O,tQ,tg)ﬁ So A/T ~ kla, B]/(a, B)?,
where « is the image of a and 3 is the image of b in m,/Z,. One can also
verify that Exty (2,0) =0,/ (t?). Therefore, the algebra A in this case
is given by the quiver

&1
L] /’m\ L]
tc~—— -7
n 71 @
&2 /)
.
n Q
£ / 6
T A
L] \__,/7 L]

with relations
af = pa=a’ =4 =0,
71771:0 fori€{172a3}’

ays =0,
am = né,
By =0,
B3 = 733,

a2 = B2 = 7282
One easily checks that gl.dim A = oco.

Nevertheless, we can obtain a “good” resolution of Ox using the following
result.

Theorem 4.3.4. Let A be a finite dimensional algebra, vt =rad A, n be the
least integer such that " = 0, M = @;_,A/t", MV = Homu (M, A) and
A=Endy M.
(1) gl.dimA < n.
(2) The functors F = MY ®,. and G = Homgz (M, ) establish an equiv-
alence between A-Mod and the full subcategory MY-Mod of A-Mod

8 The curve X has a singularity of type D4 at the point z.
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consisting of such modules N that there is an exact sequence My —
My — N — 0, where My, M1 € Add M.

(3) The derived functors LF and RG establish an equivalence between P A
and the full subcategory ZM" of 1770 consisting of complexes quasi-
isomorphic to K-flat complexes having all components from Add M.

(4) Let A be self-injective (quasi-Frobenius), H = Homy(M,_). The
restrictions of LF and RH onto the subcategory Z°A are isomorphic.
So LF restricted onto 2°A is both left and right adjoint to RG.

Note that M"Y ~ Homjy (M, A) is projective as A-module, so G is exact
and LG coincide with RG and acts as G applied to a complex componentwise.

Proof. (1) is proved in [3]. (2) and (3) are partial cases of Theorems [2.3.3]
and 2.3.6]

(4) The restrictions of F and H onto the subcategory of finitely generated
projective modules are isomorphic. If C* € Z°A, it is quasi-isomorphic to a
bounded complex P* of finitely generated projective modules. Then LFP* is
obtained by applying F componentwise. As A is self-injective, the modules
P' are also injective, so RHP* is obtained by applying H componentwise,
which is the same as applying F. O

Combining Theorems [4.3.1] and [4.3.4] with the general results on minors
from Section [2.3] we see that every non-commutative curve has a resolution
by a finite dimensional algebra.

Corollary 4.3.5. For every rational projective non-commutative curve (X, A)
there is a resolution T : YA — DA, where A is a finite dimensional algebra
of finite global dimension.

Note that in this situation dim 2°A < dim 2°4 < gl.dim A.

4.4. Subhereditary case. We say that a non-commutative curve (X, A) is
subhereditary if there is a hereditary over-ring ‘H of A such that A/Z is semi-
simple, where Z = Hom a(H, A). (We always identify 7 with the annihilator
of the right A-module H/A and A/Z with the finite dimensional algebra
I'(X,A/T).) For instance, if the over-ring A" from Section [4.2|is hereditary,
A is subhereditary. If A is normal, we say that A is subnormal. Obviously,
if A is commutative, it is subhereditary if and only if it is subnormal.

In this subsection we suppose that (X, .A) is subhereditary, but not hered-
itary, and we choose ‘H and Z as in the definition above. We also use the
notations from the preceding subsection.

Theorem 4.4.1. If (X, A) is subhereditary, then gldimA = 2. Hence
dim 2°A < 2. Namely, (A/T ® G)3 = P A, where G is defined as in
Remark[{.3.3

This result is a generalization of [I2], Theorem 5.16].
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Proof. In this case Q is semi-simple, hence so is also Q. Note that every
canonical algebra can be considered as the algebra of triangular matrices

(o )

where H is the path algebra of the quiver

Q21 Qk1—1,1
ay * —> 0 DY e —> 0
L] L[] e ... o L]
a1z a2 kg —1,2
Qly
¢ —>0 ... @ —>> 0
Qg A —1,7

and S is generated as right H-module by the arrows ay,; in the notations

of (4.1.1). In particular, H is hereditary.
Thus A = Endg4,, T can be considered as the algebra of triangular ma-

trices

Q E E
A={0 1 TL.8. ).
0 0 L. Ha

where each H, is hereditary. The algebra of 2 x 2 matrices from the upper
left corner

Q E

0 ks

is also hereditary. Using the result of [39], we see that gl.dim A = 2 (obvi-
ously, A is not hereditary itself).

Thus (A)3 = 2°A 2] Proposition 7.4]. As A is the image of 7 under
the equivalence 2° Ay ~ P°A, also (T )3 = P*Ay. Then (GT )3 = 2 A
by Proposition One easily sees that GT ~ A/Z[—1] ® G, which ac-
complishes the proof. O

Example 4.4.2. Fix a point o in P" and consider the union X of n lines
of general position passing through this point. Then o in a unique singular
point of X, the normalization X of X is the disjoint union L, X; of n
projective lines X;. Let v : X — X be the normalization map, © = Ox and
0= V*OX. The conductor Z of @ in @ coincides with the ideal defining

the point o, so O/T = k(o). So X is subnormal. O = [[I, O;, where
0, = vxOx,. Hence the tilting set for O is {@i,@i(—oi) |1<i< n},
where o; is the preimage of o on X;. We suppose that the coordinates of o;
on X; = P! are (0:1). Then the algebra A defining a categorical resolution
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for X is given by the quiver with relations

Tn

Respectively, 2°0 = (k(0) © G )3, where G = @7, (O; ® O;(—0;)).
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