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CONSTRUCTIVE DESCRIPTION OF MONOGENIC FUNCTIONS
IN A HARMONIC ALGEBRA OF THE THIRD RANK

S. A. Plaksa and V. S. Shpakovskii UDC 517.96

By using analytic functions of a complex variable, we give a constructive description of mono-
genic functions that take values in a commutative harmonic algebra of the third rank over the
field of complex numbers. We establish an isomorphism between algebras of monogenic func-
tions in the case of transition from one harmonic basis to another.

The efficiency of methods of the theory of analytic functions of a complex variable in the investigation of
plane potential fields inspires mathematicians to develop analogous methods for space fields. These methods
can be based on mappings of Banach algebras.

In [1-3], commutative associative Banach algebras were constructed such that twice Gateaux differentiable
functions with values in these algebras have components satisfying the three-dimensional Laplace equation.

Let A be a commutative associative Banach algebra (over the field of real numbers R or the field of com-

plex numbers C) with basis {e }7—;, 3 < n < . If the basis elements ¢;, e,, and ez satisfy the condition

€12+€%+€§ = 0, (D)

then, by virtue of the equality

’d  *®  *® s a2 o
Az D := + + = @” e +e5 +e3 ),
3 ax2 ay2 azz (C)( 1 2 3 )

every twice Gateaux differentiable function ®({) of a variable { = xe; + ye, + ze3, x,y,z € R, with values

in the algebra A satisfies the three-dimensional Laplace equation
Az dD = 0,

i.e., it is a monogenic potential 3, p.30].

Following [1-3], we call a triple of vectors ey, e,, e3 satisfying relation (1) a harmonic triple, and an
algebra A that contains a harmonic triple a harmonic algebra.

In [1-3], all harmonic bases in third-rank algebras over the field C were described and it was proved that
harmonic three-dimensional algebras over the field R do not exist. Some four-dimensional harmonic algebras
over the field R were constructed in [4]. An infinite-dimensional harmonic algebra over the field R was con-
structed in [3, 5].
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In the present paper, we consider the harmonic algebra A3 [2, 3], whose basis (note that it is not har-
monic) consists of the identity 1 of the algebra and of elements p; and p, that satisfy the multiplication rules

Pt = P2, pip2 = p3 = 0. )

By virtue of the fact that, similarly to complex potentials of plane fields, monogenic potentials form a func-
tional algebra in the domain of definition, the algebra A3 contains a collection of monogenic potentials no less
than the set of holomorphic functions in the algebra C, and there is a no lesser collection of tools for their con-
struction. In Theorem 1.7 in [3], monogenic potentials were explicitly constructed in the form of principal ex-
tensions of holomorphic functions of a complex variable to the algebra Aj.

In what follows, we give a constructive description of all monogenic potentials in the algebra Aj using
analytic functions of a complex variable. We also establish an isomorphism between the algebras of monogenic

potentials ®({) of a variable { = xe; + ye, +ze3, x,y, z€ R, under the variation in the harmonic basis

{e;,er,e3} inthe algebra Aj.

1. Constructive Description of Monogenic Functions in the Algebra Aj

It was shown in Theorem 1.6 in [3] that harmonic bases in the algebra A3 are the bases {e},e;,e3}
whose decompositions in the basis {1, p;,p,} have the form

er = n + nppp + n3po, (3)
ez = my + mypPy + m3pPy,

where n; and my, k = 1,2, 3, are complex numbers that satisfy the system of equations

1+nlz+m12

0,

mny + mmy = 0,
4)

n% + m% + 2(mny + mymsy) = 0,
noms — n3my # 0,

and at least one number in each of the pairs (n;,n,) and (my,m;) is different from zero. Moreover, multiply-
ing the elements of harmonic bases of the form (3) by arbitrary invertible elements of the algebra, one can obtain
all harmonic bases in the algebra A5 [3, p.29].

In the algebra A s, we consider the linear span E3 := {C =xe; +ye, +ze3:X,y,Z € R} generated by the

vectors e; = 1, ep, and e3. We associate a subset S of the three-dimensional space R? with the set

S¢ = {§=xe; +yer +ze3: (x,y,2) €S} in Ej.
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A continuous function @ : Q¢ — A3 is called monogenic in a domain Q¢ c E3 if ® is Géteaux dif-
ferentiable at every point of this domain, i.e., if, for every (e Q¢ , there exists an element @' (C) of the alge-
bra Aj such that

8EI(}1+O(cI>(§Jra;z))—eb(c))e—l = h®'({) VhekE;.

The element @’ ({) is called the Gdteaux derivative of the function ® at the point {.

Necessary and sufficient conditions for the monogeneity of a function @ (Cauchy—Riemann conditions)
were established in Theorem 1.3 in [3]. We write these conditions here in a compact form:

00 toL() 0D 0P
= —e3. (5 )
0z ox

= - e,
dy o 2
The monogeneity of a complex-valued function F(§) of a complex variable & is understood as its holo-

morphy in the case where & = T+in or antiholomorphy in the case where & = T—in, 1,m € R.
Let f be a linear continuous functional defined on A3 whose kernel is the maximal ideal

7= {7\,1[)1 +7\,2p2 : }\,1,7\.2 € C}
andlet f(1) = 1. Itis known [6, p. 147] that f is also a multiplicative functional, i.e., the equality f(ab) =
f(a)f(b) holds forall a,be As.

It follows from the decomposition of the resolvent (see [3, p. 30])

1 nHy+myz
n 2Y 2

-0 =

t—x—my—mz (t—x—nly—mlz)2

2

nyy+m nHy+m

+ 3y +msz - (noy + myz) o>
t—x—-my—mz) t—x—nmy—mz)

VieC: t#x+nmy+mz

that the points (x, y,z) € R3 corresponding to the noninvertible elements { = xe; + ye, + zez of the algebra
A5 form the straight line

x+ yRen; + zRem; = 0,
L:
ylmn; + zImm; = 0

in the three-dimensional space R3.

A domain Q c R? is called convex in the direction of the straight line L if it contains each segment that
connects two points of it and is parallel to the straight line L.
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Lemma 1. Let a domain QcR> be convex in the direction of the straight line L and let @:
Q¢ — A3 be a monogenic function in the domain Q. If points C;, C; € Q¢ are such that ) —C; € L,
then

D) - @) € T. (6)

Proof. Let (x1,y;,z1) and (x,,y>,2,) be points of the domain € such that the segment that connects
them is parallel to the straight line L.

In the domain €2, we construct two surfaces with common edge, namely a surface Q that contains the
point (xq,y;,z;) and a surface X that contains the point (x,, y,,z2), such that the restrictions of the func-
tional f to the corresponding subsets Q¢ and X, of the domain € are bijections of these subsets to the

same domain G of the complex plane, and, moreover, at every point {, € Q¢ (or Lo € %), one has

lim (@ +eC-C0) - @(Co))e™ = @' (o) - &o) (7

e—0+0

forall e Q¢ suchthat {o+e(—Cp)eQr forany ee(0,1) (or, respectively, for all {eX; such that
Co +e(€—-Cp)e Xy forany €€ (0,1)).

As the surface Q in the domain €2, we take a fixed equilateral triangle with vertices A;, A,, and Aj
centered at the point (xy, y;,z;) the plane of which is perpendicular to the straight line L. We now continue
the construction of the surface X.

Consider the triangle with vertices Al' s A; , and A; centered at the point (x5, y,22), lying in the do-
main , and such that its sides AjA;, A3A%, and A{A; are parallel to the segments A;A,, A,As, and
A1A3, respectively, and have smaller lengths than the sides of the triangle A;A,A;. Since the domain Q is
convex in the direction of the straight line L, we conclude that the prism with vertices A;, A;, A;, Al”, A; , and
A;’ such that the points A{' , Ag , and A;’ lie in the plane of the triangle A;A,As and its edges A, A, m =
1, 3, are parallel to the straight line L is completely contained in €.

We now fix a triangle with vertices B;, B,, and Bj such that the point B,, lies on the segment A,,A,,
for m = 1, 3 and the truncated pyramid with vertices A, Ay, A5, B, By, and B; and lateral edges A, B,,,
m =13, is completely contained in the domain €.

Finally, in the plane of the triangle AjAjAj3, we fix a triangle 7 with vertices C,, C,, and C5 such
that its sides C,C,, C,C;, and C,C; are parallel to the segments AlAy, A3A%, and A[Aj, respectively,
and have smaller lengths than the sides of the triangle AjA3A3. By construction, the truncated pyramid with
vertices By, B,, B;, C;, C,, and C; and lateral edges B,C,,, m = 1,_3, is completely contained in the do-
main Q.

Let X denote the surface formed by the triangle 7 and the lateral surfaces of the truncated pyramids
A1AyA3B1B, B3 and BB, B3CiC,C5.

Since the surfaces O and X have a common edge, the sets Oy and Xy are mapped by the functional f

onto the same domain G of the complex plane. In the domain G, we define two complex-valued functions
H; and H, such that, forevery & e G, one has
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H\€) = f(®)). where &=f(§) and {eQ,

H,(8)

f@@Q), where E=f(C) and Cexp.

Let us show that H; and H, are functions of the complex variable & monogenic in G. Note that,

acting by the functional f on equality (7) and using the linearity, continuity, and multiplicativity of the func-
tional, we get

Jim (f(@(Go +C - o)) - f@@E))e™ = f(@ CNE) - &)

This implies that the functions H; and H, have derivatives at the point f({y) € G in all directions, and,
furthermore, these derivatives are equal for each of the functions H; and H,. Therefore, according to The-
orem 21 in [7], the functions H; and H, are monogenic in the domain G.

According to the definition of the functions H; and H,, we have H;(§) = H,(§) on the boundary of
the domain G. By virtue of the monogeneity of the functions H; and H, in the domain G, the identity
H{(§) = H,(§) holds everywhere in G. Consequently, for {; := xje; + yjea + z1¢3 and {5 := xpe +
Ypes + 2pe3, one has

[(@@G) - @) = f(@(E) - f(P(E)) =0,

ie., ®((,;)— ®({;) belongs to the kernel Z of the functional f.
The lemma is proved.

Note that the condition of the convexity of the domain € in the direction of the straight line L in Lem-
ma 1 is essential. In what follows, we construct an example of a domain €2 that is not convex in the direction of
the straight line L and a monogenic function ®: Q¢ — A3 for which relation (6) does not hold for some

Ci» 6, € Qg suchthat §, -G e Le.

Let D denote the domainin C onto which the domain € is mapped by the functional f. Consider the
linear operator A that associates every monogenic function ®: Q¢ — A3 with a function F: D—C ac-
cording to the relation F(§):= f(®({)), where { = xe; +ye, +ze3 and § = f({) = x+ny+mz. It

follows from Lemma 1 that the value of F (&) is independent of the choice of a point { for which f({) = &.
By analogy with Theorem 2.4 in [3], we prove the following statement:

Theorem 1. Let a domain € be convex in the direction of the straight line L. Then every function
®: Qr = A3 monogenic in the domain Q¢ can be represented in the form

O = - [(ADOE-0dr+ Do) Ve, ®)
e

where Ut is a closed Jordan rectifiable curve that lies in the domain D and encloses the point 7@,

and @ : Q¢ — 1 is a certain function monogenic in the domain L) and taking values in the ideal 1.
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Note that the complex number & = f({) is the spectrum of the element { of the algebra As, and the
integral in equality (8) is the principal extension of the monogenic function F(§) = (A®)(§) of the complex
variable & to the domain Q.

It follows from Theorem 1 that the algebra of functions monogenic in the domain Q¢ can be decomposed
into the direct sum of the algebra of principal extensions of monogenic functions of a complex variable in = Q¢
and the algebra of functions monogenic in €¢ and taking values in the ideal 7.

The principal extension of a function of a complex variable F: D — C to the domain Il; := {CeEs:
f(£) e D} was constructed in explicit form in Theorem 1.7 in [3]; the decomposition of this extension in the
basis {I,p;,p>} has the form

1 _ ,
2_75' '[ Ft)(t-C) Yat = F(x+my+mz) + (nyy+myz) F (x+niy+mz)p;
[
I’

(nyy +myz)*

+ ((n3y+m3z)F’(x+n1y+mlz) + F”(x+n1y+mlz)]p2 9)

VE = xe +yep +ze3ell.

It is obvious that a domain IT of the space R3 congruent to the domain IT; is an infinite cylinder whose gen-

eratrices are parallel to the straight line L.
In the theorem below, all monogenic functions defined in the domain €); and taking values in the ideal 7
are described with the use of monogenic functions of the corresponding complex variable.

Theorem 2. Let a domain € be convex in the direction of the straight line L. Then every monogenic
Junction ®q : Q¢ — T that takes values in the maximal ideal 1 can be represented in the form

() = FE)p1 + (FE)+my+m2) F(E))ps (10)
VE = xey+ye +ze3 €8y,
where F, and F, are arbitrary functions monogenic in the domain D and & = x +njy+mz.
Proof. Since @ takes values in the maximal ideal, we have
D(8) = Vi(x,y,2)p1 + Va(x, 3, 2) P2 (11)
where V,:Q— C for k = 1, 2. The function ®,({) satisfies the conditions of monogeneity (5) for
O = @. Substituting relations (3) and (11) into these conditions and taking into account the uniqueness of the

decomposition of elements of the algebra A; in the basis {1,p;,p>}, we obtain the following system of
equations for the determination of the functions V; and V;:
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M _ M
dy Lo’
Vs v v,
== ) — + o —=,
dy ox ox
(12)
M W
3z ox

Vv, Vv oV,
—= = my— + m —=.
0z

Using the first and the third equation of system (12), we determine the function V;. For this purpose, we
first separate the real and the imaginary part of the expression

€= (x+yRen+zRemy) +i(yImn; +zImmy) =: T+ in (13)

and note that the indicated equations yield

v, Vi Vi
Limn = i—LImn, —Imm = ia—llmml. (14)
T

on ot an

It follows from the first equation of system (14) that at least one of the numbers Im#n; and Imm; is not
equal to zero. Using (14), we get

v .V
A 15
o : at (15)

We prove that V| (x1, y1,21) = Vi(x2, y2,22) for points (xy, y1,21), (X2, ¥2,22) € Q such that the seg-
ment that connects these points is parallel to the straight line L. To this end, we consider the domain G in C

and the surfaces Q and X in € defined in the proof of Lemma 1 and introduce two complex-valued functions
H, and H, in G as follows:

Hl(é) Vl(x’y,Z) for (%)’aZ)EQ,

Hy(E) = Vi(x,y,z) for (x,y,2)€ZX,

where the correspondence between the points (x, y,z) and & € G is described by relation (13).

By virtue of equality (15) and Theorem 6 in [8], the functions H; and H, are monogenic in the do-
main G. Further, the identity H{(§) = H,(§) in G is proved in the same way as in the proof of Lemma 1.
Therefore, the equality V(xy, y1,z1) = Vi(x2, ¥2,22) is proved.

Thus, a function V; of the form Vj(x, y,z) := F(§), where F(§) is an arbitrary function monogenic in
the domain D, is a general solution of the system
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M _ M
dy Lo’
(16)
v, v,
M N
0z ox

which consists of the first and the third equation of system (12).
Using the second and the fourth equation of system (12), we obtain the following system of equations for

the determination of the function V,(x, y, z):

dy Do 2
(17)
oz ' ox 2

A particular solution of this system is the function

a(x, 3,2) 1= (may+myz) F(E).

Indeed, substituting v, into the first equation of system (17), we obtain

’ aF, aF, aF aF’ aF/
ny Fi(§) + nay {;)(;g) + myz 1(6) =m % + nmﬁ% + mmyz —s)(f) ,

dy

which is true by virtue of the identities

R(E) =

of@)  9hE@) _  IhE)
ox dy P

By analogy, we establish that the function v, satisfies the second equation of system (17).
Therefore, the general solution of system (17) is represented as the sum of its particular solution and the
general solution of the corresponding homogenous system [analogous to system (16)]

Va(x,3,2) = F(E) + (nyy + myz) R(E),

where F5, is an arbitrary function monogenic in the domain D.
The theorem is proved.

By virtue of (8) and (10), in the case where the domain €2 is convex in the direction of the straight line L
all monogenic functions @ : Q¢ — A3 can be constructed with the use of arbitrary three complex-valued mon-

ogenic functions F(§), F(§), and F>(§) of a complex variable § € D as follows:



CONSTRUCTIVE DESCRIPTION OF MONOGENIC FUNCTIONS IN A HARMONIC ALGEBRA OF THE THIRD RANK 1259

1 _
®Q) = o [ FOU=07"dr + piFite+ my+ma)
17 FC

+ pz(Fz(x +my+mz) + (npy+msz) Fl'(x +my+ mlz)) (18)
VE = xe +yep +ze3€Q;

moreover, the decomposition (9) of the principal extension of the function F in the basis {1,p;,p,} 1is also
true.

Theorem 3. Let a domain € be convex in the direction of the straight line L and let a function
®: Qr — A3 be monogenic in the domain . Then ® can be extended to a function monogenic in the

domain HQ .

The statement of the theorem follows directly from equality (18), whose right-hand side is a monogenic
function in the domain II¢.

Let us construct an example of a domain €2 that is not convex in the direction of the straight line L and a
monogenic function @: Q¢ — A3 for which relation (6) does not hold for some §;, {; € Q¢ such that

Cr-CielLe.
Consider the harmonic basis

ey = i+%ip2, (19)

NG

e3 = —py —Tipz

[i.e.,wehave nj =i, ny = i/2, n3 = m =0, my = -1, and m3 = —\/gi/2 in decompositions (3)];
furthermore, the straight line L coincides with the axis Oz .
Consider the domain Q¢ that is the union of the following three sets:

Qg) = {xe; +yey +ze3 € E3:|x+iy|<2,0<z<2, —w/4 <arg(x +iy) < 3n/2},
Q(Cz) 1= {xe1+yez+ze3eE3:|x+iy|<2,2Sz£4, Tl:/2<arg(x+iy)<31t/2},
923) = {xe;+yey +ze3 € Byt |x+iy| <2, 4<2<6, T/2<arg(x+iy)<9n/4}.

It is clear that a domain € of the space R? that is congruent to it is not convex in the direction of the straight
line L.
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In the domain {2’; eC:|&|<2, —-n/4 <arg& <3m/ 2} of the complex plane, we consider the holomor-
phic branch H;(§) := In|&|+iarg& of the analytic function Ln& for which Hy(1) = 0; in the domain
{€eC: |E_,| <2, m/2<arg& <9n/4}, we consider the holomorphic branch H(§) := In|§|+iarg& of the
function Ln¢& for which H,(1) = 2mi.

We construct the principal extension @; of the function H; to the set Qg) U QEZ) and the principal

extension @, of the function H, to the set Qéz) U Q(QS) by using relations of the form (9):

PR P I E )
1(8) = Hi(x+y) 2+ i) ! [2(x+iy)+8(x+iy)2}

iy - 2 i oo
©:(0) = Halr+iy) - rmm P [2(x+iy)+8(x+iy)2Jp2,

where { = xe; + yey + ze3.
Since ®;({) = @,({) ontheset Q) the function

() for Ce Qg) UaQ®,

(0] =
© ®,() for Ce Q(S)

is monogenic in the domain Q. Moreover, for {; = e; +e3 and {, = e; + Se3, we have {, —(; € L, but

D(C,) - ©(§) = 2mi - 4p; — (12+23)p, & T,

i.e., relation (6) is not true.
The statement below is true for monogenic functions in an arbitrary domain €.

Theorem 4. Let a function @ : Q¢ — Az be monogenic in the domain Q. Then the Gdteaux deriv-

atives of all orders of the function ® are monogenic functions in the domain €.

Proof. Since a ball U centered at an arbitrary point (xg, yg,20) € Q and completely contained in the
domain € is a convex domain in the direction of the straight line L, we conclude that equality (8) is true in the
neighborhood U of the point Co = xpe1 + yoea + zpe3, and the integral in this equality has Gateaux deriva-
tives of all orders in U . Furthermore, the function @, admits representation (10) in U, by virtue of which
the function @ is infinitely differentiable with respect to the variables x, y, and z . Therefore, the Gateaux
derivative @ satisfies conditions of the form (5) in Ug, i.e., itis a monogenic function. By analogy, we es-
tablish that the Géteaux derivatives of all orders of the function @, are monogenic functions in Ug .

The theorem is proved.
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By virtue of Theorem 4, every function ®: Q¢ — A3 monogenic in the domain ¢ is a monogenic po-

tential in this domain.

2. On Isomorphism of Algebras of Monogenic Functions in Different Harmonic Bases

Let M(Ej, Qg) denote the algebra of functions monogenic in the domain €2 < E3 and taking values in

the algebra Aj.
Parallel with a harmonic basis {e;,e,,e3}, we consider another harmonic basis {é,é,,é5}. Let

Ey = {0 = 5o+76,+%6: £.5.2eR}

denote the linear span generated by the vectors ¢;, e,, and e; and let Q@ denote a domain in E;.

We now indicate the correspondence between the domains €2¢ and Qi in the case of transition from the
basis {e,e;,e3} tothe basis {&),é,,é3} for which the algebras of monogenic functions M (E3, Q¢) and
M(E;5, Qi) are isomorphic.

Consider several auxiliary statements.

Lemma 2. Suppose that the harmonic bases {e|,es,ez} and {é;,é,,é3} are related to one another

as follows:
51 = € = 1,
€ = ojep+0ger +rPr+ P2, (20)
ez = Prey +Brer +e3+r3ipr +r32p2,

where 0O, 0y, B, Bo € R, 0y # 0, and nry, o, 131, 1 € C. If a function @ : Q¢ — Az is mono-

genic in the domain QC’ then the function

BQ) = Q)+ D) ((rui+rmip + (mai+rpi)p)+ %‘D”(C)(lef"‘@lf)zpz (21)

is monogenic in the domain fzi such that the coordinates of the corresponding points { = Xe; + yé, +

Zes € Qﬁ and § = xe; + ye) +ze3 € Q¢ are connected by the following relations:
X = )?+oc1)7+B12,

y = 0+ P27, (22)
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Proof. Let us show that function (21) satisfies the necessary and sufficient conditions of monogeneity:

0P = 8252, 9o = 8253. (23)

EE: 09z ox

Relations (22) yield the operator equalities

9 _ 9

oF  ox’
A
¥ ax oy
p) p) 9 0
% Bl$+323_ >

Taking these equalities into account, we obtain the following expressions for the partial derivatives of function

20D):
od ob 09’ . B B B "o B
5 g‘*‘ . ((r21y+r312)91+(r22Y+"322)Pz)+5 . (1213 +1312)°p2
@ _— 824-0( a—q)+(oc aCI)I+0L aq),)((r V+1317)
% = 1ax 2 PN 1 E 2 dy 21Y T 1312)P1

- . 0D
+ (mpy+ri)py) + g("zlpl +1opP2)

1 0" "), ., d
oy +0 (m13+m312)"pa + " (r1y + 13121 P2,
X

+ —
2 ox dy

0P oD ob oD 09O
— + —(r31p1 + r32P2)

a3 P th eyt e T

o0’ 1O L N - - -
+ | Bi +B2 + ((”21)’+V312)P1 + (”22y+”322)l32)
ox dy 0z

1(, 00" . 00" od” o g ’v
+ = + + + + — + .
2([51 . B2 > o J(”zly 312)" P2 02 (1Y + 1312131 P2

Substituting the obtained expressions for the partial derivatives of function (21) and expressions (20) for the
elements ¢, and é3 in equalities (23) and taking into account the rules of multiplication (2) and conditions

(5), we establish that conditions (23) are satisfied.
The lemma is proved.
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Lemma 3. Suppose that harmonic bases {ej,e,,e3} and {é,,é,,é3} are connected by relations (20)

and a function @ : Qi — A3 is monogenic in the domain Qi' Then there exists a unique function ®(()

monogenic in the domain Qg that satisfies equality (21), where the coordinates of the corresponding points

C = Xé|+ye, +7e5 € Qi and § = xe; + ye, +ze3 € Q¢ are connected by relations (22).

Proof. Consider the function

") 7+ 7r312)7p2 - (24)

N | —

D) = Q) - PO (tni+rdp + (mF+ripy)+

The monogeneity of this function is proved by analogy with the proof of the monogeneity of function (21).
Let us show that function (24) satisfies relation (21). To this end, we multiply both sides of equality (24)
by p,. This yields

P @) = P2 @(0),
whence
P2®' (@) = p2@' (), 2@ (D) = p2@" Q). (25)
By analogy, multiplying both sides of equality (24) by p;, we get
p1®() = P @) - P2 @' Q) (ruF+r312) = PP Q) — P2 @ Q) (215 + 1312,
which yields
P® Q) = p®' Q) +p2® (O) (17 +r312). (26)

Substituting (25) and (26) in equality (24), we obtain relation (21).
We now prove the uniqueness of a monogenic function @ : Q¢ — A3 that satisfies equality (21). For this

purpose, it suffices to show that the function ® =0 in Qi is associated only with the function ® =0 in

Q. Indeed, for ® = 0, equality (21) takes the form

’ ~ ~ ’ ~ ~ 1 n ~ ~
D)+ D Q) (ryy+r2)pr + ©(Q) i +r322)pa + E(D Q) (15 +1312)°py = 0. (27)

Multiplying both sides of identity (27) by p, and taking into account the rules of multiplication (2), we obtain
®({)p, = 0. This identity yields

' (Qp, =0, D" (p, = 0. (28)
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Similarly, multiplying both sides of identity (27) by p; we get
D) p + D () (i +r32)py = 0.
With regard for the first relation in (28), this relation yields the identity ®({)p; = 0. Therefore,
'(E)p1 = 0. (29)

Finally, using relations (27)—(29), we obtain the identity ® = 0.
The lemma is proved.

Now let {ej,er,e3} be the harmonic basis whose elements are defined by equalities (19) and let

{é,é5,e3} be an arbitrary harmonic basis in Aj.
The elements of the basis {€;,é,,é3} can be represented in the form

& = aelV, & = ail, & = ail), (30)

where a is an invertible element of the algebra A3, and the elements of the basis {él(l), éél), Egl)} admit de-

compositions of the form (3) in the basis {1,p;,p>}, in which, by virtue of the equality 1+ n12 + m12 =0, it
may be assumed without loss of generality that Imn; # 0. Then the elements of the basis {é'l(l), é&l) , éél)} can

also be represented in the form

551) = oqe + Oyey + npr + P2,

~(1) _
ey’ = Biep + Poey + ez + 1r31p; + r3ppa.

Here and in what follows,

o := Reny, o, :=Imny, Bl := Remy, Bz = Immy,
Ny = ny, rp = n3 — Eilmnl,
NEDEE
3 i=my + 1, rn :=m3+—2 i——ilmm,.

Theorem 5. Let {ej,ey,e3} be the harmonic basis whose elements are defined by equalities (19) and
let {&,,é5,e3} be an arbitrary harmonic basis in Az whose elements are represented in the form (30).
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Let Qr be an arbitrary domain in E3 and let f)g be a domain in Es such that the coordinates of the
corresponding points i = Xé;+yé, +7Zes € f)g and C = xe + ye+ze3 €Qy are connected by rela-
tions (22). Then the algebras M(E3, Q¢) and M(E;5, Q&) are isomorphic, and, moreover, the corre-
spondence between the functions ® € M(E3,Q¢) and ® e M(E5, Qi) is given by equality (21).

Proof. We define a domain Qg&) in
EP = {10 = ze(" 456" + 26 : 25.2€R}

so that the coordinates of its points é(l) are connected with the coordinates of the corresponding points { e Q¢
by relations (22). We associate every function ® e M(Ej3, Q¢) with a function oW e M(E§1), flg()l)) by a
relation of the form (21). By virtue of Lemmas 2 and 3, this correspondence between the algebras M (E3, Qg)

and M(E, Q(}({)) is bijective. Furthermore, it follows from the equality
dPCEM)OPEY) = 1) @2(Q) + (@1(8) PHE) + P2 (Q) DIE) ) ((ra1F + r312)p1 + (r2F + 1327)p2 )

(D7(E) @2(0) +2D7(8) @H(L) + D1 (Q) @5 (L)) (ra15 + r312)7 pa

+

N | —

that the product of functions &Dgl), &)(21) € M(Egl), Qgg}) corresponds to the product of functions @, P, €
M(E3,Q;), i.e., the algebras M(E3, Q) and M(ED, f!g(f)) are isomorphic.

Finally, an isomorphism between the algebras M (E{", QéH)) and M (E3, Qi) is established by using
the equality

(@) := oY),
where é = Xe|+ye,+7ez€ Qi and i(l) = )Eél(l) + yéél) + Zégl) € Qg(?) . The monogeneity of the function
® in the domain Qi is an obvious corollary of monogeneity conditions of the form (5) for the function oW

and the invertibility of an element a € A5.
The theorem is proved.

In view of Theorem 5, it is obvious that, in the subsequent investigation, it suffices to consider monogenic
functions ® e M(Ej3, Qg;), where the linear span E5 is generated by the harmonic basis whose elements are
defined by equalities (19).

This work was partially supported by the Ukrainian State Foundation for Fundamental Research (project
No. 25.1/084) and the Ukrainian State Program (project No. 0107U002027).
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