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Abstract. We establish sufficient conditions for the existence of the limiting values
of a certain analog of the Cauchy type integral taking values in a three-dimensional
harmonic algebra with two-dimensional radical.

1 Introduction

Let T be a closed Jordan rectifiable curve in the complex plane C. By Dt and D~ we
denote, respectively, the interior and the exterior domains bounded by the curve I'.

N. Davydov [1] established sufficient conditions for the existence of limiting values
of the Cauchy type integral

1 [ g(t)
— | —=dt, e C\T, 1.1
2mi ) t—¢& 3 \ (L11)
r
on I' from the domains D" and D~. This result stimulated development of the theory
of Cauchy type integral on curves which are not piecewise-smooth.
In particular, using the mentioned result of the paper [1], the following result was
proved (see [3]): if the curve I' satisfies the condition (see [13])
O(e) :==sup bO¢(e) =0(e), ¢—0 (1.2)
ger
(here O¢(e) :=m{t € I': |t — £| < €}, where m denotes the linear Lebesgue measure
on I'), and the modulus of continuity
we(e) == sup  [g(t1) — g(t2)]

t1,t2€F,|t17t2‘<€

of a function g : I' — C satisfies the Dini condition

1

/wg—<n)dn < 00, (1.3)

n
0
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then integral (1.1) has the limiting values in every point of T from the domains D+
and D~.

Condition (1.2) means that the measure of a part of the curve I' in every disk
centered at a point of the curve is commensurable with the radius of the disk.

In this paper we consider a certain analogue of Cauchy type integral taking values
in a three-dimensional harmonic algebra with two-dimensional radical and study the
question about the existence of its limiting values on the boundary of the domain of
definition.

2 A three-dimensional harmonic algebra with a two-
dimensional radical

Let Az be a three-dimensional commutative associative Banach algebra with unit 1
over the field of complex numbers C. Let {1, p1, p2} be a basis of algebra Az with the
multiplication table: pipy = p2 =0, p? = py.

Az is a harmonic algebra, i. e. there exists a harmonic basis {ej,es,e5} C Aj
satisfying the following conditions (see [5, 6, 8, 9, 10]):

ef+es+e5=0, e #0 forj=1,23. (2.1)

P. Ketchum [5] discovered that every function ®(¢) analytic with respect to the
variable ( := xe; 4+ yes + zes with real z,y, z satisfies the equalities
92 92 92
<@ + 8_y2 + @) CI)(C) = (I)//(C) (6% + 6; + 63) =0 (22)
due to equality (2.1). I. Mel'nichenko [8] noticed that functions twice differentiable in
the sense of Gateaux form the largest class of functions ® satisfying equalities (2.2).
All harmonic bases in Az are constructed by I. Mel’nichenko in [10].
Consider a harmonic basis
er = 1, ey =1+ = 1ips, €3 = —p1 — —— P2
2 2
in Az and the linear span F3 := {{ = x 4+ yey + ze3 : x,y, 2 € R} over the field of real
numbers R, that is generated by the vectors 1, es, e5. Associate with a domain 0 C R?
the domain Q. := {( =z + yes + ze3 : (z,y,2) € Q} in Es.

The algebra Az has the unique maximal ideal {A;p1 + Aopo : A1, Ay € C} which is
also radical of A3. Thus, it is obvious that the straight line {ze3 : z € R} is contained
in the radical of algebra Aj.

Aj is a Banach algebra with the Euclidean norm

lall == VIl + [&]? + |&)2,

where a = & + &6 + E3e3 and &,&5,&3 € C.
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We say that a continuous function ® : {2 — A3 is monogenic in a domain ¢ C F3
if ® is differentiable in the sense of Gateaux in every point of (¢, i. e. if for every
¢ € € there exists ®'(¢) € As such that

lim (®(¢ +¢eh) —®(¢))e™! = hd'(() Vh € Es.

e—0+0
For monogenic functions ® : ¢ — Aj we established basic properties analogous

to the properties of analytic functions of the complex variable: the Cauchy integral
theorem, the Cauchy integral formula, the Morera theorem, the Taylor expansion (see

[14]).

3 On existence of limiting values of a hypercomplex analogue
of the Cauchy type integral on the line of integration

In what follows, ¢, ts, ,y, 2 € R? and the variables z, vy, z with subscripts are real. For
example, zy and g, are real, etc.

Let I'c := {7 = t; + t2e5 : t1 + ity € I'} be the curve congruent to the curve I' C C.
Consider the domain H? ={(=z+yes+ze3:x+iy € DX 2z € R} in E3. By X we
denote the common boundary of domains HZ“ and II-.

Consider the integral

®@%—ii/wﬂﬁ—<)ﬂf (3.1)

211
T¢

with a continuous density ¢ : I'v — R. Function (3.1) is monogenic in the domains HZ“
and I, but integral (3.1) is not defined for ¢ € 3.
For a function ¢ : I' — R consider the modulus of continuity

wp(e) = sup |o(11) = @(72)],

T1,m2€l¢, |1 —T2||<e

and the singular integral

[ (e -e@) -t =t [ (o) - 0(@)) (- G)ar

T T\TE (Go)

where (o € I'¢ and T¢(Gp) := {7 € I'¢ : |7 — Gol| < €}
By @i(g})) we denote the limiting value of function (3.1) when ¢ tends to ¢y € I'¢
along a curve . C HCi for which there exists a constant m < 1 such that the inequality

2| < m|[¢ = Gl (3.2)

holds for all ¢ =z + yea + ze3 € .

We can say that inequality (3.2) means that the curve is not tangential to the
surface ¥¢ outside of the plane of curve I';.

The following theorem presents sufficient conditions for the existence of the limiting
values ®*((p) in points ¢y € L.
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Theorem 3.1. Let ' be a closed Jordan rectifiable curve satisfying condition (1.2)
and let the modulus of continuity of a function ¢ : I'c — R satisfy the condition of
type (1.3). Then integral (3.1) has the limiting values (o) for all (y € ['c that are
expressed by the formulas:

B4G) = 5 [ (60 = e(@)r = G0 Mdr +9(6)
B (60) = 5 [ (0lr) = 0lG)r = G)

Theorem 3.1 can be proved in a similar way as for the Sokhotski—Plemelj formulas
in the complex plane (see, e. g., [2, 1, 3]).

Note that additional assumptions about the function ¢ are required for the existence
of limiting values of function (3.1) from HZ“ or Il on the boundary ¥;. We are going
to state and prove such results in the next section.

4 On existence of the limiting values of a hypercomplex ana-
logue of the Cauchy type integral on the boundary of the
domain of definition

Now we consider the question about the existence of limiting values ®*((y) of Cauchy
type integral (3.1) when ¢ € 1_[<jE tends to (p := xo + Yoe2 + 203 € L. For the function
¢ : I'c — R we define a function ¢ : I' — R as ¢(t) := ¢(7), where t = t; + ity € T,
T = tl —+ t2€2.

Lemma 4.1. Suppose that I' is a closed Jordan rectifiable curve. Suppose also that a
function g : ' — R and its contour deriwative g’ are absolutely continuous on I'. Then
for all ( =z + yeq + ze3 € H? the following equality is true:

L o) — o) ar = i/ﬂdt—m%/@m

2mi 2w ) t—¢& t—¢&
I T T
L V3 (g, 2" (g0, i [y—t)g(t)
+P2% ( — 722 / ﬁdt + 5 / ﬁdt + B / Tdt) , (4.1)
r r r

where € := x + 1y and ty ;== Imt.

Proof. Tt follows by Lemma 1.1 [10] that

(r—¢)! 1 2 et (iy—tz—\/g2+ Z€)3) D2 (4.2)

¢ (-9 2 (t—¢&?2 (t-

forall ( = x+yes+ze3 € H? and 7 =t +12ey € I'¢, where § := v +iy and t := ¢, +its.
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Taking into account equality (4.2) and the relation

dr = dt + %dtgpg , (4.3)

we represent integral (3.1) in the form

o(() = %/(—5 —QL /g Sdt+

1 —ﬁz’z g(t) 2 g(t)
+2m,< oy (t_£>2dt+ F/(t_é) dt)pz+
1 g(t) (y —t2)g(t)
+%§< / ﬁdmr/ - dt)’”' .

Inasmuch as the function g is absolutely continuous on I', the formula of integration
by parts for the Stieltjes integral (see, e. g., [12, p. 27]) is applicable to the last integral
included in equality (4.4). In such a way we obtain

F/ _t)ﬁd“*/ =l s

r

[ Ot [LO =ty (15)

t—¢

Further, substituting expression (4.5) in equality (4.4), we obtain

@(C)Z%m/tg_ F/ glt Sdt+

r
1 V3. [ g(t) 2 [ 9(t) i[9y~ ta)
— — = dt dt + = | =—=———==dt | ps. 4.6
+2m’< oo [ g [ gy [ T 6)
r r r
To complete the proof, in equality (4.6) it is necessary to integrate the second and
the third integrals by parts and to integrate the fourth integral by parts twice. O]

Theorem 4.1. Suppose that I' is a closed Jordan rectifiable curve satisfying condition
(1.2). Suppose also that a function g : I' — R and its contour derivative g' are absolutely
continuous on I' and, moreover, the modules of continuity of the functions g, g’ and g”
satisfy the conditions of type (1.3). Then integral (3.1) has the limiting values ®*((p)
and ©~(Co) for all (o := xo + yoea + zoe3 € ¢ that are expressed by the formulas:

B (G) = 3(G) + 5 [ (F0) = 3@ ) - ) e (4.7

!
Te
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®(G) = 5r; [ (3~ 3(@) (7 - o), (48)

21
e
where F,C ={7 =t1 +taea + 2pe3 : t; + e € L'} and

2

D(t1 + taea + z0€3) := g(t) — 209" (t) 1+ (ZZOg”(t) — ?z’zw’(t)) o (4.9)

and t := tl + ?:tg.

Proof. Passing to the limit in equality (4.1) with Hzr 3 ( — (y and seeing that £ —
&o = o + 1Yo, We obtain

2 2

J’Q:® gt — / t:é%dw

D (Co) = g(&) — 20019 (S0)+ (zggﬁ(fo) - ﬁizog'(fO))PQﬂL

n 1
271

z [9'() —g"(&) (%) , V3.
+p2<50/ r—e T t—§0 ) "
N N
1 (Yo — t2)g'(t)
I

Let us to prove the following equality:

(yo — t2)g' (1) g(t) — g(&) (9(t) — 9(&)) (yo — t2)
/—t—go dt = /—t_&) dt2+/ &) dt.  (4.11)

r r r

For ¢ > 0 we consider the point & € {t € ' : |t — &| = ¢} that is the first of the
points going after &y, and we consider the point £/ € {t € I' : |t — &| = ¢} that is the
last of the points going before &, with the given orientation of I". We consider also the
arc I'* C I" with the beginning point &, and the end point &”.

Now, we have

_ [ 9(t) —9(&) (9(t) = 9(&)) (o — t2) ,,
v [ e [

r

~ lim 9(t) = 9(&) (9(t) — 9(&)) (w0 —t2) .\ _
- l—>0 (F\F/(C | t—& it +F\F/(C : (t —&)? dt) B

(B RE ="

e Tenle(Co)
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&) (4.12)

In equality (4.12) the integrals along the set I'* N I'.({y) tend to 0 with ¢ — 0
because the functions (yo — t2)/(t — &) and (g(t) — g(&))/(t — &) are bounded. For

this reason
Lﬂm</gggﬁgm+/w@—m@mm—mﬁ> (13)

+</_ / )@w—m@xm—mﬁ)

Ie =N (<o)

e—0 t— 60 (t — 50)2
Ie Ie

Further, integrating the second integral in equality (4.13) by parts, we obtain

g(t) — 9(&) (9(t) — 9()) (o —t2) ,
! & d“*! G-er
[ - g@)% (o)~ 9(@) w0 — 1) [
B / t—¢& ot t—¢& T
P\ 1=,
g () (yo —t2) — (9(t) —9(&)) %
“f & ot =
I\I'.
~(9(t) — 9(%)) (yo — t2) e N g —ts) (414
t—&o e i t—&o

Now, passing to the limit in equality (4.13) when ¢ — 0 and taking into account
equality (4.14), we obtain equality (4.11).
Thus, it follows from equalities (4.9) and (4.11) that we can rewrite equality (4.10)

in the form
9(t) —g(&) ,, g'(t) — g'(&)
/ e dt — zop1 / R dt+

r r

+m<§/w%w—¢@wﬁ_v@%/nwwwﬂ@MH

t—&
T

i [g(t)—g(&) i [ (g(t) — g(&))(yo — t2)
+—/—t dts + —/ = e dt)

1

D (¢o) = @(Co) + 5

(4.15)

Finally, taking into account the equality

dt l dt -1
1 2 Yo 2 /
- dr = = dt Vrel 4.16
(7= o) dr t—§0+2p2<t—fo+(t—fo)2 ) refciio) (4.16)
that follows from relations (4.2) and (4.3), it is easy to conclude that the right-hand
sides of equalities (4.15) and (4.7) are equal.

Thus, equality (4.7) is proved. Equality (4.8) is proved similarly. O
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In the following theorem in comparison with Theorem 4.1, we make an additional
assumption that the curve I' is quasiconformal (see, e. g., [7]) but the number of
assumptions about the function g is reduced.

Theorem 4.2. Let I' be a closed rectifiable quasiconformal curve satisfying condi-
tion (1.2) and the function g : T' — R be twice continuously differentiable on T
and, moreover, the modulus of continuity of the function ¢" satisfy the condition
of type (1.3).Then integral (3.1) has the limiting values ®T((y) and ®({y) for all
Co = X0 + Yoez + 20e3 € X¢ that are expressed by formulas (4.7) and (4.8).

Proof. 1t follows by Lemma 4 [4] that the function g and its contour derivative g’ are
Lipschitz functions if the quasiconformal curve I" satisfies condition (1.2) and the mod-
ulus of continuity of the function ¢” satisfies a condition of type (1.3). Consequently,
the functions ¢ and ¢’ are absolutely continuous on I' and, moreover, the modules of
continuity of the functions g and ¢’ satisfy conditions of type (1.3).

Now, to complete the proof, it suffices to apply Theorem 4.1. n

Note that integral (3.1) has a discontinuous jump on the surface ¥, in Theorems
4.1 and 4.2, namely

D (Co) — @ (Co) = P(Co)-

The results of this paper have been announced in the preprint [11].



128

1

2]
3]

4]

[5]

(6]

17l

18]

19]

[10]

[11]

[12]

[13]

[14]

S.A. Plaksa, V.S. Shpakivskyi

References

N.A. Davydov, The continuity of an integral of Cauchy type in a closed domain. Doklady Akad.
Nauk SSSR. 64, no. 6 (1949), 759-762 (in Russian).

F.D. Gakhov, Boundary Value Problems. Pergamon Press, Oxford, 1966.

O.F. Gerus, Finite-dimensional smoothness of Cauchy-type integrals. Ukr. Math. J. 29, no. 5
(1977), 490-493.

O.F. Gerus, On the modulus of continuity of solid derivatives of a Cauchy-type integral. Ukr.
Math. J. 50, no. 4, 539-549 (1998).

P.W. Ketchum, Analytic functions of hypercomplex variables. Trans. Amer. Math. Soc. 30, no.
4 (1928), 641-667.

K.S. Kunz, Application of an algebraic technique to the solution of Laplace’s equation in three
dimensions. SIAM J. Appl. Math. 21, no. 3 (1971), 425-441.

O. Lehto, K.I. Virtanen, Quasikonforme Abbildungen. Springer—Verlag, Berlin — New York. 32,
no. 995, 1965.

I.P. Mel’nichenko, The representation of harmonic mappings by monogenic functions. Ukr. Math.
J. 27, no. 5 (1975), 499-505.

I.P. Mel'nichenko, Algebras of functionally invariant solutions of the three-dimensional Laplace
equation. Ukr. Math. J. 55, no. 9 (2003), 1551-1559.

I.P. Mel'nichenko, S.A. Plaksa, Commutative algebras and spatial potential fields. Inst. Math.
NAS Ukraine, Kiev, 2008 (in Russian).

S.A. Plaksa, V.S. Shpakivskyi, On limiting values of Cauchy type integral in a harmonic alge-
bra with two-dimensional radical. Preprint 2010.4 of Inst. Math. NAS Ukraine, Kiev, 2010 (in
Russian).

LI. Privalov, Boundary properties of analytic functions. 2nd ed., GITTL, Moscow—Leningrad,
1950 (in Russian).

V.V. Salaev, Direct and inverse estimates for a singular Cauchy integral along a closed curve.
Mat. Zametki. 19, no. 3 (1976), 365-380.

V.S. Shpakivskyi, S.A. Plaksa, Integral theorems and a Cauchy formula in a commutative three-
dimensional harmonic algebra. Bulletin Soc. Sci. et Lettr. Lodz. 60, no. 2 (2010), 47-54.

Sergiy Anatoliyovych Plaksa
Vitalii Stanislavovych Shpakivskyi

Department of Complex Analysis and Potential Theory

Institute of Mathematics of the National Academy of Sciences of Ukraine
3, Tereshchenkivska St.

01601 Kiev-4, Ukraine

E-mail: plaksa@imath.kiev.ua

E-mail:shpakivskyi@mail.ru

Received: 08.03.2012



