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Abstract. In this paper we investigated some properties of holomorphic func-
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0. Introduction

The theory of quaternionic differentiable functions has many applications
in different areas of mathematics, physics and in other applied sciences (see,
for example, [3], [4]). This theory has its origins in the paper [7] in which the
authors proposed, for the first time, an analogue of the Cauchy-Riemann condi-
tions in three-dimensional case. For the four-dimensional case, an analogue of
these conditions was considered in the paper [2] and, as a next step of this gen-
eralization, the differentiable functions in the octonionic algebra was considered
in the papers [11], [12].

Generalization of the Cauchy-Riemann conditions in all algebras obtained
by the Cayley-Dickson process (called Cayley-Dickson algebras) was done in the
paper [6], where differentiable functions of variables belonging to Cayley-Dickson
algebras were defined. For such functions, was established analogues results with
the main results of complex analysis, results which can be successfully used
in the further studies of special functions of variables with values in Cayley—
Dickson algebras.

Comparing with [6], in the present paper, we investigate another class of
differentiable functions (using the Dirac operator) in Cayley-Dickson algebras
and, more important, we provide an example of this kind of functions and an



algorithm to find such as examples. Since these functions are rather complicated
objects, it is quite important to have a way to generate examples.

The paper is organized in two sections. In the first section, we briefly pre-
sented some properties of algebras obtained by the Cayley-Dickson process and
the algorithm described by J. W. Bales regarding to an easy way to multiply
the elements from a basis in such algebras (by using ezclusive or operation and
a twist map). In the second section, by description the multiplication tables
for certain elements of the basis (Propositions 2.2 and 2.3), we obtained the
main result of this work: an example of a left hyperholomorphic function in
generalized Cayley-Dickson algebras (Theorem 2.12). Moreover, in the Thorem
2.10 we proved that for studying left A;-holomorphic functions in generalized
Cayley-Dickson algebras A, = (2::22t) with v < 0,...,7 < 0. it is suffices to

ey

1. Preliminaries

Let K be a commutative field with charK # 2 and A be an algebra over
the field K. A unitary algebra A # K such that we have 22 + o,z + 3, = 0, for
each z € A, with ay, 8, € K, is called a quadratic algebra.

In the following, we briefly present the Cayley-Dickson process and the prop-
erties of the algebras obtained. For details about the Cayley-Dickson process,
the reader is referred to [9] and [10].

Let A be a finite dimensional unitary algebra over a field K with a scalar
involution

— A A a—a,

i.e. a linear map satisfying the following relations:
ab=ba, @=a,

and
a+a,aa € K -1 for all a,b € A.

The element @ is called the conjugate of the element a, the linear form
t:A—> K, t(a)=a+a

and the quadratic form

n:A—K, n(a)=aa
are called the trace and the norm of the element a. Hence an algebra A with
a scalar involution is quadratic.
Let v € K be a fixed non-zero element. We define the following algebra
multiplication on the vector space

ADA: (al,ag) (bl, bg) = (a1b1 + ’ybgch,aTbg + b1CL2) . (1)



We obtain an algebra structure over A @ A, denoted by (A,~) and called the
algebra obtained from A by the Cayley-Dickson process or simply generalized
Cayley-Dickson algebra. We have dim (A4, ) = 2dim A.

Let z € (A,7), x = (a1,az2). The map

T (A,’y) — (A,’y) , T — T = (61,-@2),

is a scalar involution of the algebra (A,7), extending the involution ~ of the
algebra A.

If we take A = K and apply this process t times, t > 1, we obtain an algebra

over K,
1y eee
At — (»}/ ﬂK7fyt> .
By induction in this algebra, the set {eg = 1,e1,...,e,_1},n = 2!, generates a
basis with the properties:

63:7217 71€K7717é037’2177n_1 (2)
and
ciej = —ejei = Byen, By €K, By #0, i#j, ij= L.n—1,  (3)

Bij and ey, being uniquely determined by e; and e;.
From [10], Lemma 4, it results that in an algebra A; with the basis B =
{eo = 1,€1,...,en_1} satisfying relations (2) and (3) we have:

ei (eix) = 7i2x = (we;)e;, (4)

for all i € {1,2,...,n — 1} and for every = € A.

The algebras A;, in general, are neither commutative and nor associative
algebras, but are flexible (i.e. x(yx) = (vy)x = xyx, for all z,y € A;) quadratic
and power associative (i.e. the subalgebra < x > of A, generated by any element
x € A, is associative).

Remark 1.1. For v = ... = v = —1 and K = R, in [1], the author
described how we can multiply the basis vectors in the algebra A;, dim A; =
2t = n. He used the binary decomposition for the subscript indices.

Let ey, eq be two vectors in the basis B with p, ¢ representing the binary
decomposition for the indices of the vectors, that means p, g are in Zy. We have
that epeq = Vo (P, @) €pgg, Where:

i) p ® ¢ are the sum of p and ¢ in the group Z% or, more precisely, the
”exclusive or” for the binary numbers p and g;

ii) 7, is a function v, : Z% x 25 — {-1,1}.

The map 7, is called the twist map.

The elements of the group Z5 can be considered as integers from 0 to 2" —1
with multiplication ” ezclusive or” of the binary representations. Obviously, this
operation is equivalent with the addition in Z%.



From now on, in whole the paper, we will consider K = R. Using the same
notations as in the Bales’s paper, we consider the following matrices:

weas (1) me(3 ) es(A )

In the same paper [1], the author find the properties of the twist map =,
and put the signs of this map in a table. He partitioned the twist table for Z3
into 2 X 2 matrices and obtained the following result:

Theorem 1.2. ([1], Theorem 2.2., p. 88-91) For n > 0, the Cayley-
Dickson twist table =y, can be partitioned in quadratic matrices of dimension 2
of the form A, B,C,—B,—C, defined in the relation (5). Relations between them
can be found in the below twist trees:

Ag A
AD/{?}B AA 6 T
B -B

<>

B -C B C -B C -C -B
C -C

C/g}\—C - ¢ C C

Fig. 1: Twist trees([1], Table 9)

|

Definition 1.3. Let z = xg,x1,x2,.... and ¥y = Yo, Y1, Y2, ----- be two se-
quences of real numbers. The ordered pair

(x7y) = Z0,Y0,%1,Y1, T2, Y25 ----

is a sequence obtained by shuffling the sequences x and y.

Using Theorem 1.2, in [1], the author gave the below algorithm for find
Yn (8,7), where s, € Z% :

i) We find the shuffling sequence (s,r).

ii) Starting with the root Ag, we can find v, (s,7) using the twist tree. We re-
mark that ”00” = unchanged, ”01” =left —right, ”10” =right— left, 711" =right
— right.

Let H (y1,72) be the generalized quaternion algebra and H( — 1,—1) be the
quaternion division algebra. Below, you can see the multiplication tables:



el () €3
1 1 €1 €9 €3
€1 | €1 TN €3 V1€2
€2 | €2 —€3 Y2 —72€1
€3 | €3 —7€2 | 7261 —7172

Multiplication table for the generalized quaternion algebra

1 el es es
1 1 €1 €2 €3
€1 €1 -1 €3 —€9
€9 €2 —es3 -1 el
es | e3 es —e; —1

Multiplication table for the real division quaternion algebra

. 1 €1 €9 €3
1 1 1 1 1
ep |1 —-1]1 -1
ea [T -1 -1 1
es |1 1 | -1 -1

Quaternion twist table

(5 )

Quaternion twist table using notations from Theorem 1.2.

Example 1.4. Let A4 be the real sedenion algebra. That means dim A, =
16 with {1, eq, ..., 15} a basis in this algebra. Let compute eze;3 = v4(72,132)erg13.
We have the following binary decompositions:

75 = 0111, since 7=2%+2+1 and
13, = 1101, since 13 =23 +22 4+ 1.

Since 0111 ® 1101 = 1010(= 23 + 2 = 10), it results that 7 ® 13 = 10.
Now, we compute 74 (e7, e13) . First, we shuffle the sequences 0111 and 1101.

We obtain 01 11 10 11. Starting with Ag, it results: Ag Bal _oclch -C,
then v4 (e7,e13) = —1 and erej;3 = —eqp.



2. Main results

In this section, for a generalized Cayley-Dickson algebra A;, writing the
basis’s elements in a convenient way, we can obtain multiplication tables for
certain elements of the basis. Using these results, in Theorem 2.12 we provide
an example of a left hyperholomorphic function in generalized Cayley-Dickson
algebras.

2.1. Multiplication table in generalized Cayley-Dickson algebras.

Remark 2.1. i) In the generalized quaternion algebra, H (1, 72) , the basis
can be written as
{1 = €p, €1, €2, 6162}'

For the generalized octonion algebra, O(~1,v2,73), the basis can be written
{1 = €0, €1,€2,€1€2,€4,€1€4, €2€4, (6162) 64}'

Therefore e3 = ejeq, 7 = ezeq = (e1€2) €4, eae4 = eg and, when compute them,
in these products do not appear any of the elements 71,72, ys, or products of
some of them at the end.

We remark that in the algebra A; = (Vl’hi’%) in the products of the form

e1€a, (e1€2) €y, ..., ((earegrt1) ... ek )egi,

when compute them, do not appear any of the elements -1, 72, ..., 7+ or products
of some of them at the end.

ii) Using above remarks, the basis in the algebra A, = (%+t) can be
written under the form

{1 = €0,€1,€2,...,€E9t—1_1,€E9t—1,€1€9t—1,€2€2t—1,€C3C0t—1,... ,€2t71_1€2t71}
(6)
with
Cilar-1 = —egi1€; = ex—16;, i€ {1,2,...,2871 —1}. (7)

Proposition 2.2. Let A; = (%) be an algebra obtained by the Cayley-
Dickson process and {eg = 1,e1,...,en_1}, n = 2" be a basis. Let r > 1, r <
k <1i < t. Therefore

k—r+42
7+e

((earegrin) ... en)egs = (1) T (8)
k—r+3

((elegr)eyﬂ) .. €2k)€2'i = (—1) €141, (9)



where T =27 + 271 .4+ 2k 4 27 gnd

€1€2i = €2i47. (10)

Proof. From Remark 2.1, it results that we can use Theorem 1.2 for
1,72, - ..,y arbitrary. From Remark 1.1, it results T = 2" +2"+1 4 42k 427,
For T, we have the binary decomposition

15 =100...0111...10...0.
——— A A~
i—k—1 k—r+1 T

Using the same remark, we obtain egregr+1 =y, | 01...0,10...0 | egryor+1. We

r+2 r+2
7shuffling” 01...0 and 10...0 and we obtain 01 10 00 00...00 00. Starting
—— — —_———
r+2 r+2 r pairs
with Ag, it results:
4,8 48¢,
then v, | 01...0,10...0 | =1 and earegr+1 = egrygr+1.

r+2 r+2
We compute (egregrt1)eqr+2. We obtain

€or€or+1 )€or+2 = €9r_ L 9r+1€9r+2 = 011...0,10...0 | egrior+1 r+2.
(earegri)es 2742 2 Tn ) 2r42r+142
r+3 r+3

Shuffling 011...0 and 10...0, we get 01 10 1000 00...00 00. Starting with Ao, it
~—— —— —_———
r+3 r+3 T pairs
results: Ao Bal8cn —C, then

Yn | 011...0,10...0 | = —1,
— ' —
r+3 r+3
therefore egr  or+1€9r+2 = —€9r or+119r+2. Continuing this procedure, we remark

that the number of ”1” in the ”shuffling” obtained influences the sign. Since
T =27 4+ 2"+ + . 4 2% 4+ 2% has binary decomposition

Ty = 100...0111..10...0,
(b gl
i—k—1k—r+1 7

in which we have k —r + 2 elements equal with 1, we obtain relation (8). In the
same way it results relations (9) and (10). O



Proposition 2.3. With the same notations as in Proposition 2.2, for the

algebra Ay = (71’&;’71) , we have:
| er ert1
E—r+1 F—rF1
er, (-1) :+ +f132i - (—1)k r: €2it1
—r —r
€T, +1 - (*1) €oiyq — (*1) €9i

(11)

for v < k, where T =27 +2"+t1 4 42k 4 20 T, =27 427+ 4 2F apd

| er ert1
€k EM —€eM+1
€2k+1 _€M+1 —€en

where M = 2F 4+ 2t

(12)

Proof. Case 1: r < k. We compute er,er. We have ep,er = v (s,q) ear,
where s, q are the binary decomposition of 77 and 7. The binary decomposition

of M is My =T, @ T. Tt results M = 2¢,

s = 00...0111...10...0, ¢ = 100...0111...10...0.
N A A~ A A~
i—k k—r+1 7T i—k k—r+1 7T

By ”shuffling” s ® ¢, we obtain

01 00 00...00 11 11 11 ...11 00 00 ...00 00.

(i—k) pairs (k—r+1) pairs T pairs

Starting with Ay, we get:

1 11 1

A B a8 B4l BB cBcl8 B ped

A

i—k k—r+1

Therefore 7 (s,q) = (_1)k7r+1 ‘

Now, we compute er, er1. For this, we will ”shuffling” 00...0111...10...0 with
A A~

i—k k—r+1

100...0111...10...1. It results
A A~
i—k k—r4+1 r

01 00 00...00 11 11 11...11 00 00...00 O1.

(i—k) pairs (k—r+1) pairs T pairs

Starting with Ay, we get:

01 0 00 11 11 11 11 11 11 — 00
A B AR Bas clcs-cacs . B =n)rttel

A

T

B (-t

i—k k—r+1

r



For er, y1er, "shuffling” 00...0111...10...1 with 100...0111...10...0, it results
A A~ —— A A~

i—k k—r+4+1 17 i—k k—r+1 7

01 00 00...00 11 01 01...01 00 00...00 10.

(i—k) pairs (k—r+1) pairs T pairs

Starting with Ag,we get:

01 , 00 00 . 11 11 11 11 11 rtl 00 10 a1
A DBADLBAS -CHCH-CHC— . () eR L3 - () e.
A
i—k k—r+1 r

For ep, +1e74+1, we compute first (77 + 1) ® (T'+ 1) . We obtain:

@+t + 42 )@ (2n+ 2t 2R 4204 1) =

=100...0111...10...1 | ® | 100...0111...10...1 | =
A A~ —— A~
i—k k—r+1 7T i—k k—r+1 7T

= 10...0000...00...0 = 2%.
NN —N =~
i—k k—r+1 7T

Now, ”"shuffling” 00...0111...10...1 with 100...0111...10...1, it results
N A A~ —— A A~

i—k k—7r+1 17 i—k k—r4+1 r

01 00 00...00 11 01 01...01 00 00...00 11.

(i—k) pairs (k—r+1) pairs T pairs

Starting with Ag, we get:

A B A48 Ba8 cBcB cBcB . B ne®

A

i—k k—r+1

Case 2: r = k. We have M = 2F®T = 2! 4-2%. For eyrep, ”shuffling” 00...010...0
N— A~

with 100...00...0, it results
——
i—k  k+1

01 00 00...00 10 00 00 ...00.
(i—k) pairs (k+1) pairs

Starting with Ag, we get:

J
IE
Q

01 00
Ag —A— ... —A=>C =
i—k k+1

i—k k41



For egrep 1, "shuffling” 00...010...0 with 100...00...1, it results
i—k  k+1 i~k k+1

01 00 00...00 10 00 00 ...01.
(i—k) pairs (k+1) pairs

Starting with Ay, we get:

01 00 00 10 00 00 01
Ay A—>.. 2 A=>C—>C—..—-C.
———

i—k k+1

ete.d

Proposition 2.4. Let Ay = (222t be an algebra obtained by the Cayley-
Dickson process. For any x1,xa,...,x: € R — {0}, we have that

(%---m)w VLT, ey VeTF
R /= R '

Proof. Let A; = (%) with the basis {eg = 1,¢e1,...,e,_1}, n = 2! and
2 2
let A] = (%) with the basis {e} = 1,¢/,....¢/,_,} such that () =

viw?, i € {1,2,..,n — 1}. We remark that (z;e;)> = z27; and from here, it
results that the map 7 : A} — A, 7(e}) = e;x; is an algebra isomorphism. O

The above proposition generalized Proposition 1.1, p. 52 from [5].

Remark 2.5. From Proposition 2.4, it results that for each n = 2! there
are only n non-isomorphic algebras A;. These algebras are of the form A; =
(L2t with yq, ...,y € {—1,1}.

2.2. A;—holomorphic functions.

Definition 2.6. Let {eg = 1,e1,...,e,1} be a basis in 4, = (L=t
n = 2t. To domain Q C R~ we will associate the domain Qe = {¢ =
rie1+ ...+ Tp_1ep_1: (X1, 22,. .., 2n—1) € Q} included in As.

Consider a function ® : Q¢ — A; of the form

n—1
() =Y Tplar, 22, Tn1)er, (13)
k=1
where (21, 22,...,2,-1) € Q and &y : Q@ = R.

We say that a function of the form (13) is left A;—holomorphic in a domain
Q¢ if the first partial derivatives 0@y /0xy exist in Q and the following equality

10



is fulfilled in every point of €:

22l 90
D[®](¢) = Zekaixk =0
k=1

The operator D is called Dirac operator. Note that if A, is the generalized
quaternion algebra, then the left A;—holomorphic functions is also called hyper-
holomorphic. We also note that every hyperholomorphic function ® in a domain
Q¢ is a solution of the equation

0*® " %P + e 0
717833% 7278:3% 7172781% =0

Remark 2.7. Let H (71, v2) be the generalized quaternion algebra with the
basis {1,e1,ea2,e3}, 11 < 0, 72 < 0 and H( — 1,—1) be the usual quaternion
division algebra with the basis {1,4,7,k}. Let Q be a domain in R3, and let
Q¢ == {( =zityj+zk: (z,y,2) € Q} be a corresponding domain in H(—1, —1).
The function ® : Q¢ — H( — 1, —1) of the form

(I)(C) = U1 (x7yaz) + ug (xay,z)l+ us (fE,y,Z)] + uq (SL’,y,Z) k.

is hyperholomorphic in the domain 2 if

0P 0P 0P

[PUC) =g, +ig, thg,
For another domain A C R3, we associate the domain AE = {E = Tei+yes+
Zes : (Z,7,%2) € A} in the algebra H (1,72). The Dirac operator in H (y1,72),

denoted by D, is
~ 0 0

D .= 61% +ega—g+ega—g.

The elements of bases in H (—1, —1) and H (1, 72 ) satisfy the following equal-
ities:
er =ivV—m, e2=7jvV—"72, e3=kymn. (14)
Now we establish a connection between hyperholomorphic functions in the
algebras H(—1, —1) and H (71, y2), where 73 < 0, 72 < 0. For this, we denote
1 1 1
rT=—=, Yy=-—y, z2=-—n2.
These relations give us the operator equalities:

o 1 o9 o 1 090 0 1 0

oz VTN oz’ 57@] B V2 37/’ 0z /2 9z
Now, using relations (14) and (15), we obtain

~ ~ o o0 o0
D[‘I)](C):ﬁ% +€287§ +e3—= =

9z

11



od 1 od 1 0d 1

— i\ 4 e —— o+ k— —— 172 =
i V=1 n 0y /=72 s 9z /172 e
0D 0D o

= Z@ +35‘7y + k% = D[‘I’](C) =0.

Using the above notations, we obtain the following theorem:

Theorem 2.8. Let Q be an arbitrary domain in R3 and A be a domain in
R? such that the coordinates of the corresponding points ( = xi+yj + zk € Q¢

and 5: zTe) + yes + Zes € AE satisfy the following relations:
1 1 1
= —, Y= Yy, z = z.
v V=2 V172
Then if the function ® : Q. — H(—1,—1) is hyperholomorphic in the domain
Q¢, then the same function ®, of (, is hyperholomorphic in the domain AZ €

X

H(y1,72) with v1 < 0, v2 < 0. The converse is also true.
Proof. The result directly follows from Remark 2.7.00

Remark 2.9. (i) The above Theorem tell us that for studying hyperholo-
morphic functions in generalized quaternion algebras H(vy1,72) with v1 < 0,
v2 < 0 it is suffices to consider hyperholomorphic functions only in the usual
quaternion algebra H(—1, —1).

(ii) The result similar to the previous remark was established in the paper
[8] (Theorem 5) in a three-dimensional commutative associative algebra.

Theorem 2.10. Let A; = (2223t) be a generalized Cayley-Dickson algebra

with v1 < 0,...,7 < 0. Let Q be an arbitrary domain in R2 -1 gnd A be a
domain in R~ such that the coordinates of the corresponding points ¢ =
ri€1 + ...+ Tot_1€2t_1 € Q( and ( = T1€) +To€a + ...+ Tot_16Eat_1 € AZ
satisfy the following relations
1 1 1 ~

T1, To=——=1=T9, ..., T = ——————T,.

v 72 (=Dt ..oy

If the function ® : Q¢ — (71"@"71) is left A¢-holomorphic in the domain Q,
then the same function ®, but depending of ( is left Ai-holomorphic in the
domain AE € A;. The converse is also true.

xr1 =

Proof. Let {1,e1,...,en-1} be a basis in (== and {1,211} be
a basis in A; = (%)

Since
€1 =e1v—7, € =ex/—Y2...,

cln—1 =e€n1V (=)t oy,

the result is obtained from a simple computation as in Remark 2.7.0J

12



Remark 2.11. Using above Theorem, it is obvious that, for studying left
Ay-holomorphic functions in generalized Cayley-Dickson algebras A, = (Z-t)
with 71 < 0,...,v% < 0. it is suffices to consider left A;-holomorphic functions
only in the algebras (%) .

Now we consider another class of differentiable functions. Let A; = (w) ,
with 1 = ... =y = —1, and the domain 2 C R2". We denote with Qe :={(=
xo+zier+...+xp_16n-1: (X0, x1,...,2n—1) € Q} a domain in A;. This domain
is called congruent with the domain €.

We consider a function ® : Q¢ — Ay of the form

n—1
@(C) = Zq)k(mOax17"'7xn—l)ek7 (16)
k=0
where (2o, 21,...,2,-1) € Q and &5 : Q@ = R.

We say that a function of the form (16) is left Ai—hyperholomorphic in a
domain ¢ if the first partial derivatives 0®y/0xy exist in Q and the following
equality is fulfilled in every point of Q:

In the following, we will provide an algorithm to constructing a left A;—hyperholomorphic
functions. Using the above notations, let v (x,y) be a rational function defined
in a domain G C R2. In the following, using some ideas given in Theorem 3
from [12], we will give an example of left A;—hyperholomorphic function, for all
t > 1, t € N. For this, we consider the following functions:

1
61 =x0 +e1ry, ¢ = —(x0+e171),

€1
1 _
P2s—1 = Tas — €1T25+1, P25 = *;(5825 —e1Tast1), 8 €{1,2,..,2"71 — 1},
1
Fy (Q) = v (1, 92) + v (p1,p2) e2 + v (p3, pa) ea + [V (ps, ps) €2] ea+
+v (p7, ps) es+ (v (po, pro) e2) es + (v (p11, p12) €4) es + [(v (p13, pr4) €2) ea] e+ ...
=1 i k—1 t—1
-t Z(Z( U (PMypi—15 PM,;) €27 ) €201 ... ) €21 )€21) + Z (v (pai—1, pai) €2i)
i—4 k=1 r=1 i=1
where M,j; = 27 4+ 27+ 4 .. 4+ 2F 4 91,
It results
Fy (¢) = v (1, 92) +
=1 i k—1 t—1
+Z( (Z”U (PMy1i—15 PM,y,) €27 )€2rs1 .. )€k )€ai ) + Z (v (p2i-1,p2i) €2:)
i=1 k=1 =1 i=1

13



Fy(Q) = Fi-1 (O +
t—2 k—1

+(Z Zv pM'rk(t—l)_l’erk(t—l)) €or)egrti...)eqk )eot—1)+V (Pot—1_1, Pot—1) €gt—1.
k=1 r=1

We denote with Cag the ”complex” planes {zgs + e1T2541 : Tas, Tost1 € R}
and with Doy := {(1'25, SUQSJrl) P Xoste1Tos41 € (CQS}, s € {0, 1,2,.., 2t7171} the
Euclidian planes. Let Gos be a domains in Co and let 625 be the corresponded
domains in Dos. We have the following theorem:

Theorem 2.12. With the above notations, we consider the functions v (¢1, ¢2)
and v (p2s—1,p2s) defined in the corresponding domains Go C Cy and Gas C
Cas, s € {1,2,....271 —1}. Then the map F; (¢) is a left At—hyperholomorphic
function in _the domam @ C Ay which is congruent with the domain Go X G’g X
Gy X .. XG2111CR , for t > 1.

Proof. For t = 1, we have F} (¢) = v (¢1,¢2), which is an holomorphic
function in Dy C Cy, as we can see in [12], Theorem 3.

For t = 2, we obtain F5 ({) = v (¢1,¢2) + v (p1, p2) ez and for t = 3, we get
F3 (C) =7 (¢1, Q52) —+v (pl, pg) e +v (,037 p4) €eq. F2 (C) and F3 (C) are hyperholo—
morphic, respectively octonionic hyperholomorphic function, from Remark 2.1
and Theorem 3 from [12].

For t > 4, using induction steps, supposing that F;_; (¢) is a left A;_;-
hyperholomorphic function, we will prove that F; ({) is As-hyperholomorphic.
That means D[F;] = 0. From relations (6) and (7), we have that

2t 1 2t=1_1 ot 1
8Ft - 8Ft aFt _
Zekaxk Z e"?axk + Z e’cgl,k -

k=0 k=2t—1

2t—1_1
OF,
= DI|F;_ t— [ —
[Fia] +egen kZJ) ekaxk+2t71

221 OF,
From induction steps, we obtain D[F;_1] = 0. We will prove that > € i

0. This sum has 2t~! terms. First two terms are:

( OF; OF, ):

—e
8$2t—1 8x2t71+1

v Opge-1_1 ov  Opgi—1 ov  Opge-1_1 i Ov  Opgi-1
= —e
ap2t71,1 8$2t71 8,02“1 6x2t71 ap2t71,1 8I2t—1+1 6p2t71 al'Qt—lJrl

14
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L N v (_1>—e( v (—er) + v >_
5‘,02“1,1 (9,02t71 €1 ! 8,02“1,1 ! ap21,71

ov ov ov ov

= + e — —e =0.
8p2t—1_1 8p2t—1 ! 8p2t71_1 18p2t71
Since €2 = y1, 72 = 1, 692?1,1 and ap‘z:’_l can be written as agi-1_1 () +

bot—1_1 (C) e, respectively age—1 (¢)+bae—1 (¢) e1 where age—1_1 ({), bae—1_1 (¢),
agi—1 (), bye—1 ({) are real valued functions.

Case 1: r < k. In the general case, we denote T = 27 +27+1 . 4 2F 4 2t—1
and Ty = 27 4+ 2"+ 4+ . 4+ 2% for r < k. We will compute the terms

OF; OF}
—eTl TxT — €T1+1 781'T+1 B
We compute first gf;. It results

5F< ( Ov_Opr—1  Ov Opr

Oz Opr—1 Oxr dpr 3367«) €97 )€gr+1)...69k )€gt—1 =

0 ov —1
:< ( v + v > €2r)€2r+1>...€2k)€2t—1 =

3PT— 1 3PT Z

( < dv + v e )e )egrt1)...eqx )€
=1 ... - r r+1 )... k t—1.
Dpr1 | oppCL) cx e 2k )€2

Since we can write 8p8TU_1 under the form ar_1 () + br—1 ({) e1 and 3‘9;; under

the form ar (¢) + br (¢) e1, where ap_1, br_1, ar, by are real valued functions,
using Proposition 2.2, we obtain:

OF, _ v +ﬁe ear)e )...eax)e =
axT — 8pT_1 apT 1 or or+1)...Cok 2t—1 —

= (...(aT_1(C)621v)62r+1)...62k)62“1 + (...(bT_l(C)el)EQT')€2r+l)...€2k)62t71+

+(...(ar(Q)er)ear )egrir)...eon )egi-1 + (...(br(C)er)er)ear )egrtt)...eok )Egi—1 =

= ar—1(Q)(=1)* " 2er + br_1 (O(=1)* e+

Far(Q)(- )P er i — br(Q) (-1 er.

15



OF}

Using Proposition 2.3, relation (11), we compute —er, P

oF;

—ery 5 — = e <aT—1(C)(1)kT+2€T +br_1(O) (=) Ber  +
T

Far(Q)(~1)F " Hepy - bT<<><—1>k—T+2eT) _

= (DD e b QDD e ) -

o ( o (LT(C)(—1)k_r+3(—1)k_r+162i+1 o bT(C)(_l)k—r+2(_1)k—r+162i) —
= (ara (@12 e b (1P e ) -
(- ar O e (O ()P e )

Now, we compute BaF t—. We obtain
TT41

OF, _( < v Opr_1 v Opr

)627‘)627‘+1 )...€2k)€2t—1 =

0xr41 Opr—1 0741 Opr Oxr41
ov n ov ) ) )
=(..[ — e1+ —— |ear)egrit)...0n )egi1.
Bpr 1 Bpr or )€r+1)...€9k )€1
Since we can write 8p8TU_1 under the form ar_; () + br—1 ({) e1 and 3‘?71; under

the form ar (¢) 4+ br () e1, where ap_1, br_1, ar, by are real valued functions,
using Proposition 2.2, we obtain:

OF  _ v +ﬁ ear)e )...eqk )€ =
= ... 1 opr 27 )€or+1)...€9k )€ot—1 =

— e
0T 41 Opr—1

= (...(—aT_1(C)el)egr)egrﬂ )...€2k)62t—1 —(...(bT_1(<)€161)62r)62r+1)...621«)62t—1 +

+(...(ar(Q))ear)egr+1)...eax Jegi—1 + (...(br(C)e1))ear )egrt1)...e9x )eoi—1 =

= —ar_1({)(=1)" " Feryy + br_1 (O)(-1)F e+
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+ar (O (=DM 2er + br(Q)(=1)F T Fery.

Using Proposition 2.3, we compute _€T1+1%FL«

OF;
—er4+15 T =

P —eTi+1 ( —ar—1(O)(=1)" " ep iy +br_1(Q)(—1)F T Per+
TT+1

Far(O)(~1)F " 2ep + bT<<><—1>“+3eTH> _

k—r+1

N ‘<GT1<<><—1>’”+3<—1> egi — bT1<<><—1>k”2(—1)’“”“6241)‘

k—r+1

- ( —ap(Q)(—=1)" "3 (-1) €giy1 — bT(C)(—l)k_r+3(—1)kT'HeQi) =
= — <aT—1(<)(_1)2k2T+462i — bT—l(C)(_1)2k2r+3€2i+1> -

_ ( o GT(C)(71)2k72T+362i+1 . bT(C)(1)2k2T+4627‘,> )

Now, we can compute —er, gTF; — eT1+1£75‘+1. It results
OF; OF;
—eT o T el =
! 8$T it 8$T+1

= (e e — by VP e ) -
(- ar O e~ ()P e )
o e N T A B

(= @D ey~ b1 e ) =0,

Case 2: r = k, we use Proposition 2.2 and Proposition 2.3, relation (12) and

it easy to show that
OF; OF;

8xT + 35ET+1
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Remark 2.13. The above proposition generalizes Theorem 3 from [12].

The Algorithm

1) Input ¢.

2) Input functions v, ¢1, ¢o.

3)Forie{l,..,t —1}, ke {l,..,i}, r € {1,...,k — 1}, compute M,; =
2N 4.+ 284 2% v (pM'r'k:i_l’ pM'r'k:i) = an,,,; + B,y €1

4) Forie€ {1, ..t —1}, ke {1,..,i}, r € {1, .k —1},

-if r < k, we compute

( (OzMT,ﬁ. + B]\/[T,“El) 627‘)62r+1...)€2k)62i) =

k—r+2
= (=1 (s My — BMp €M, 1)

-if r = k, we compute
v (p2i—1,pai) €2i = (i1 + Bai_1€1)en =

= Qgi_1€9i + Bgi_1€2i+1.

5) Output function

t—1 ¢+ k—1
Fy (C) = (bla ¢2 + ( ( k T (aMrki (C) CMyp; — ﬂMrki (C) eMrkz‘*l)))—"_
i=4 k=1 r=1
t—1
+Z (agi_1(C) ei + Pai_1 (¢) €2it1) -
=1

Conclusion. In this paper, we generalized the notion of left A;—holomorphic
functions from quaternions to all algebras obtained by the Cayley-Dickson pro-
cess and we provided an algorithm to find examples of left A,—hyperholomorphic
functions, using the shuffling procedure given by Bales in [1].

The theory of the right A;—holomorphic functions and the theory of the right
A;—hyperholomorphic functions are similarly to the corresponding theories for
the left functions and can be easy treated, using the above ideas and procedures.

This paper is supported by the grant of CNCS (Romanian National Council
of Research) PN-II-ID-WE-2012-4-169.
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